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0. Introduction

Inspired by the Langlands program much attention has been paid to Galois repre-
sentations during the past several decades. Early on, there was the progress made
by Langlands, Tunnell, and Buhler toward understanding Artin’s conjecture (re-
garding the holomorphicity of L-functions) for two dimensional representations.
Since Galois representations are usually not induced by one-dimensional char-
acters, automorphic induction does not bring about a simple reduction of the
Langlands correspondence to class field theory. Instead, as a basic question, it
became of interest to understand the so-called primitive Galois representations,
i.e. those representations which are not induced representations. However be-
sides some numerical results these considerations did not contribute much to the
proof of Langlands’ conjecture. Nevertheless it is challenging to have a more
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direct view at Galois representations. Replacing primitive by stable representa-
tions the irreducible Galois representations are parametrized by conjugacy classes
of admissible pairs, and a basic step to better understand the conductor is the
conductor problem for Heisenberg representations which is the main topic of this

paper.

The Galois group G of a local field F', viewed from a global perspective, is the
decomposition group of a fixed prime ideal. The group structure of G implies that
the degrees of its irreducible primitive representations are powers of the residue
characteristic p. A. Weil [W] studied these representations in the case p = 2 and
H. Koch [Ko] treated the general case. Next J. Buhler [B] and G. Henniart [He]
succeeded in finding formulas for the conductors of primitive representations of
degree exactly p. Because the Langlands correspondence commutes with charac-
ter twists it was natural to study the conductor problem for twist classes, and
it was rather obvious that, to deal with the general case, it is enough to know
the minimal conductor in each twist class. Moreover, in local Galois theory it
is possible to reduce the minimal conductor problem for primitive representa-
tions (or, more generally, stable representations, see section 4) to the simplest
type of nonabelian irreducible representations, namely the Heisenberg represen-
tations. Whereas one-dimensional representations of G factor through quotient
commutator groups G/[G,G], Heisenberg representations factor through maxi-
mal quotients of the form G/[[G,G], G|, which are two-step nilpotent groups.
The minimal conductor of a twist class of Heisenberg representations is then di-
rectly related to the filtration of the second central step [G, G]/[|G, G], G] which is
induced by the filtration {G" },cq, of ramification subgroups of G. Thus the min-
imal conductor problem reduces to the consideration of filtered quotient groups
of the form G” N [G,G]/G" N[[G, G], G] which are indexed by positive rational
numbers v (Proposition 2.2). Systematic study of these filtered groups began in
[Zi1],[Zi2] and continued in work of Cram [Cr2],[Cr3] and Kaufhold [Kh2]. Be-
cause these results have never been put into journal articles, we shall review them
here with some added remarks.

For G := Gal(F|F), the Galois group of a local field F, class field theory
implies that a dense subgroup of the abelian quotient G/[G, G] identifies with the
multiplicative group F*. Consequently, the second central step |G, G]/[[G, G], G]
identifies with the alternating square F* A F*. It follows that the filtration of
the second central step (see above) corresponds to a filtration, denoted UUY,
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of F* A F* and this becomes the basic object to be studied. In fact, for the
conductor problem it would be enough to know this filtration modulo p-powers,
ie. on F* ANF*/(F*)P ANF*, where p is the residue characteristic of F'. Actually
it is enough to consider the group U of principal units instead of FX.

Class field theory also implies that the filtration of G/[G, G| by ramification
subgroups corresponds to the filtration of F'* by the principal unit subgroups
UY = 1+ p”. The crux of the matter is that a concrete characterization for
the filtration UUY of F* A F* involves a choice of coordinates; in other words,
in the spirit of [Sel] it would be necessary to represent F'* A F*, or rather
UANU = U' AU, as the covering group of some proalgebraic group. But the
coordinates which give the filtration

(0.1) U’ =00 N (U AUY /(U AU?

arise naturally by applying the so-called truncated exponential(see section 7) or
in the general case the Artin-Hasse exponential (see section 12). The coordinates
are naturally indexed by a certain set of triples (s, ¢,7) € S which is denoted Sy,
and Sy 1 in sections 7 and 13 resp. However, it turns out to be a delicate problem
to make the filtration (0.1) explicit by writing down a sequence of coordinate
relations. There are two problems involved in passing from the coordinates to
the filtration. The first is to specify the jumps of the filtration (0.1), i.e, to specify
those rational numbers v = j(s,¢,7) € Q4 such that U0 >TU " is a proper
inclusion for all € > 0. Cram solved this problem completely in [Cr3] (see section
13).

The more difficult problem of describing the filtration in terms of coordinates
remains without a complete solution at the present time. A basic step toward
the solution of this problem is the study of s-extensions, i.e. of the factors U A
U'/N AU' such that

(0.2) UsJustt - UlYN

is surjective for some integer s > 1. In particular this implies (U')? C N.
Therefore if e = ep|q, is the absolute ramification exponent of F', then s must be
prime to p and less than e* := ep/(p — 1). We call N a complement of U* if (0.2)
is an isomorphism. It appeared as an irritating complication that the filtration
UU" on U ANU? /N AU" depends on the choice of the complement N. However,
the right complement was chosen in [Cr2]. In section 11 we try to explain how
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the filtration varies with the complement, and in the appendix to that section we
discuss the implications for the conductor formula of a primitive representation.
The final results on the filtration on

(0.3) ULAUY(USTH U AU (N AN),

where N = (s is Cram’s complement, are Theorems 7.1% and 15.4. At first only
the case s < p — 1 had been studied, but the more complicated general result
appeared as [Cr3], Proposition 4.1.2. From Theorem 7.1* follows immediately
Theorem 7.1 which describes

1) the filtration of U A UY/U A Ut if t < min{e,p — 1} or equivalently
t < min{e*,p}. In this case the filtration is simply given by the fact that more

and more coordinates vanish.
The best result so far is

2) a description of the filtration of U AU /U (U)P AU for t < min{e*, p?}
([Cr3], Theorem 1.5.2). Here it occurs for the first time that we need relations
between different coordinates to describe the filtration. The result does not fol-
low directly from results concerning s-extensions; it depends upon a study of
extensions with two jumps. This will be sketched in section 16.

Let us briefly summarize the contents of this paper. In sections 1-4 we give
basic facts concerning representations of local Galois groups, in particular Heisen-
berg representations, which serve as motivation for what follows. In sections 5-7
we state the main results in the simpler case 1). In sections 8-10 we give some
selected proofs and in section 11 we discuss the filtration for complements other
than Cram’s complement and implications for the conductor formula of primitive
Galois representations. In sections 12-16 we sketch some of the powerful results
of [Cr3] and state the main results concerning the filtrations of (0.3) and in case
2).

We will freely use results of local class field theory where our main reference
is [Se].

Finally T want to thank Allan J. Silberger for his constant support when I was
preparing this paper. Also I want to thank G.-Martin Cram for some discussions
at an early stage of preparing these notes and for allowing me to review the results
of his second thesis.
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Notation: Often we consider quotients A/B such that A does not contain B.
This means that A/B = AB/B. Beginning from section 6 we will write UU"
instead of UUY N (U AUY).
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1. Heisenberg representations

Let p be an irreducible representation of a (pro-)finite group G. Then p is
called a Heisenberg representation if it represents commutators by scalar
matrices. If C1G = G, C*71G = [C'G, G] denotes the descending central series
of G, the Heisenberg property means C3G C Ker(p), and therefore p determines
a character X on the alternating square of A := G/C?G such that

p([a1,as]) = X(a1,a2) - E

for a1, as € A with lifts a1, ao € G. The equivalence class of p is determined by
the projective kernel Z, which has the property that Z,/ C?G is the radical of X
and by the character x, of Z, such that p(g) = x,(g) - £ for all g € Z,,.

Proposition 1.1 [ZiRF]| Proposition 4.2The map p — (Z,,x,) is a bijection
between equivalence classes of Heisenberg representations of G and pairs Z, x such
that

(i) Z C G is a coabelian normal subgroup,
(ii) x is a G-invariant character of Z,

(i1i) X(g1,92) = X(glgggl_lggl) is a nondegenerate alternating character on
G/Z.

For pairs (Z, p) with properties (i)-(iii) the corresponding Heisenberg representa-
tion p is determined by the identity:

(G:2)-p=IndF(x).
Two Heisenberg representations p;, po induce the same alternating character
X1 = Xg if and only if po = x ® p; for some character x of A.

Moreover, assume that every projective representation of A lifts to an ordinary
representation of G. Then by I. Schur’s results:

(i) the commutator map
AN, A= C?G/C3G, a1 Aag — [ay,as)

is an isomorphism;

(ii) the map p — X, € X (AAzA) from Heisenberg representations to alternating
characters on A is surjective.
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Now let F|Q, be a p-adic number field and G = Gal(F|F) the absolute Galois
group. Then the lifting property holds, and via class field theory we turn (i) into

an isomorphism:

(1) c: FF* = C?G/C3G,

where F'F” := lim(F* /N Az F"* /N) is the profinite completion of the alternating
square of F'*. If K|F is the abelian extension corresponding to the norm subgroup
N C F* and if Wi denotes the relative Weil group, then the commutator map
for Wi p induces an isomorphism:

(2) ¢: F*/NANFX/N — K} /IpK*,

where K5 denotes the norm 1 subgroup and IpK* the augmentation with re-
spect to K|F. Taking the projective limit over all abelian extensions K|F' the
isomorphisms (2) induce:

(3) c: FF* = lim KX /IpK*,

where the limit on the right side refers to the norm maps. This gives a more
explicit description of Heisenberg representations of the Galois group:

Corollary1.2 The set of Heisenberg representations p of G = G is in bijective
correspondence with the set of all pairs (X, x) such that:

(i) X is a character of FF*,

(ii) x is a character of K* /Ip K>, where the abelian extension K|F corresponds
to the radical N C F* of X, and

(i1i) via (2) the alternating character X corresponds to the restriction of x to
Given a pair (X, x), we construct the Heisenberg representation p by induction
from Gk to Gp:

(F*:N)-p=Ind g1r(x),
where N, K are as in (ii) and where the induction of x (to be considered as a

character of Gg) produces a multiple of p. From (F* : N) = [K : F] we obtain

the dimension formula:
dim(p) = v/(F* : V),
where N is the radical of X.
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Let M be any subgroup between N and F* and consider the class field L|F
which corresponds to M. Then we have an exact commutative diagram:

XA T X x NLjpANLp X X X X X X
L*ANL /NK|LAL ————— FXANF*INAN F*——F>*NF>*/(MAM)(NAF*)

| | |

N
KX JILK* —  K}JIpk* & L} /TpNg|p-

Note that Ly C N (K*) because Npp: L* /N (K*) —~+ M/N is a surjec-
tive map between groups of the same order. From the diagram we see a more
direct construction of p. Choose M maximal isotropic for X and consider the
class field L|F which corresponds to M. Since X is trivial on M A M we see that
X’K; is trivial on the kernel of Ny, : Ky /IpK* — Ly, /IpNgj, and therefore
there is a character x, of L™ /Ir N1, such that x = x1, o Ngz. Then we obtain
p =Ind 11 r(xr) independently of the choice of x1,. Heisenberg representations of
dimension p are obtained from bicyclic extensions K O L O F of degree p?> and
characters xp, of L /Ip Ny, which are nontrivial on Ly = IrL*.

Finally we remark that for any field extension E|F the diagram
EE* —— C?Gg/C%Gg
NetrANeir | |
FF* —“ C?Gr/C3Gp
is commutative. Therefore:
Proposition 1.3. Let E|F be a finite extension.

(i) The Heisenberg representation p = (X, x) restricts to an irreducible represen-
tation pg if and only if the norm map Ngp : E* — F* /N is surjective, where
N denotes the radical of X. For the corresponding class field K we have then
KNE=F and pg = (X o (Ngr A Ngjr), X © Nek|k)-

(ii) The restriction plgy is isotypic if and only if N 0 Ngyp is the radical of
X|NE|F/\NE\F' Then we obtain:

pley = \/(FX : N - Ngip) - pE-
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We still mention the following characterization of Heisenberg representations
which is useful if we want to identify them under the local Langlands correspon-
dence:

Let p be an irreducible representation of G = G and identify finite characters
xr of F* with characters of Gp. The torsion number ¢z (p) is the number of all
XF such that yr ® p = p. Then:

Proposition 1.4. The torsion number tp(p) of an irreducible representation

divides dim?(p), and equality holds if and only if p is a Heisenberg representation.

Appendix: Heisenberg representations with symmetric or symplectic
structure

Let p = (Z,,x,) be a Heisenberg representation of G' of dimension n =
(G : Z,) in the space V|C. We consider the decomposition

(*) VeV =Sym2(V)® Alt2(V), tr2 =trl  +tro,

into the sum of the symmetric and alternating square of V. If ¢ is a 1-dimensional
character of G, then < ¢, p ® p > 0 is equivalent to the existence of a nonde-
generate bilinear form

®: VeV —-C, suchthat ®(gui,gve) =1(9)P(v1,v9).

Depending on whether ¢ meets Sym? (V') or Alt?(V') the form ® will be symmetric
or symplectic.

Propositionl.5. For a Heisenberg representation p = (Z,,x,) the following are
equivalent:

(i) p ® p contains a 1-dimensional character 1,
(“) ¢|Zp = Xga

(113) X,Q; is a character of Z,/C*G,

() X(g1,92) = Xp(glgggl_lggl) satisfies X% = 1.
(v) G/Z, is an Fo vector space.

The proof follows from Frobenius reciprocity because Proposition 1.1 implies

p®p=IndZ(x2).
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As a consequence we see that n = dim(p) is a power of 2, and p ® p is the sum
of 1-dimensional characters, namely of all ¢ such that |7, = x2. Because of (¥)
we see that (for n # 1) we must have characters 1) which meet Sym?(V) and
others which meet Alt?(V). Therefore if the conditions of Proposition 1.5 are
fulfilled, then p will admit symmetric structures and symplectic sructures as well
(provided that n # 1). The function f(g) = x,(g?) is then a well defined function
on G/C?G (but not a character because (df)(g1,92) = X (91, 92) = X (g2, 1)), and
all characters ¢ must have the properties: 1(g) € {£x,(¢?)} if g € G — Z,, and
¥(9) = xp(¢?) if g € Z,. They are obtained as ¢ = pf, where ¢ is a +1function
on G/Z, such that dp = X.

In the case G = G we have Corollary 1.2. Then in the case of Proposition
1.5 the radical N of X must contain F XZ, and therefore N = F*? is the only
nontrivial possibility if the residue characteristic is p # 2.

Remark. In aletter to M.F.Vigneras (25.11.1984) I asserted that Heisenberg rep-
resentations cannot admit symplectic structures. A counterexample by D.Prasad
prompted me to write this appendix. One can do more considering primitive or
stable representations (see sections 3, 4 below) but I will not go into this.

2. Next we want to know the Swan conductor of p = (X, x). Let {G'}i>0.c0
be the ramification subgroups of G = G in the upper notation. For irreducible
representations p of G we have the numerical invariants

j(p) == max{i; pla: # 1}, swr(p) = dim(p) - j(p),

where the second number, the (exponential) Swan conductor of p, is always an
integer. This follows from [Se],VI,§2, proof of Cor.1, because the restriction
of p (being irreducible) to ramification subgroups is either trivial which means
(pla;,ui) = 0 or disjoint from trivial and then (p|q,, u;) = dim(p).

Definition 2.1. Let UU? C FF* be the subgroup which under (1) corresponds
to G' N C2G/G' N C3G C C?°G/C3G, and for a character X of FF* put

(4) J(X) = max{i; X|py: # 1}.

Proposition 2.2. [Zil|section 2 The Swan conductor of p = (X, x) satisfies

swp(p) = swr(p) =/ (F* : N) - j(X),
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where N s the radical of X. The right side is precisely the minimum of all Swan
conductors for Heisenberg representations p corresponding to X. Let po = (X, xo0)
be a minimal representation corresponding to X. Then in general we will have

p=xr®po= (X, (xroNgir)xo) and
(5) swp(xr ® po) =/ (F* : N) - maz{j(xr),j(X)},
where j(xr) = maz{i; xr|yi # 1} refers to the principal unit filtration in F*.

It is suggestive to consider the groups UU? as principal unit subgroups of FF*.
A jump of the filtration UU" is a rational number v > 0 such that UUY > UU"*¢
is a proper inclusion for all € > 0. As we see from (4), we have direct access to
the conductors of Heisenberg representations of our Galois group G if we know
the filtration UU? and its jumps explicitly.

3. In connection with the local Langlands conjectures it became of in-
terest to know the irreducible representations of G = Gal(F|F) and in particular
those representations which are primitive, i.e. those irreducible representations
which cannot be constructed as induced representations from a proper subgroup
H C G. A. Weil [W] commenced the study of these representations and complete
results were given in H. Koch [Kol:

Theorem 3.1., [Ko|.An irreducible representation p of G is primitive if and only
if the following conditions are fulfilled:

(i) The restriction of p to the subgroup of wild ramification V' C G is irreducible;

and

(ii) there exists a finite tame normal extension K|F such that the restriction px
to Gk C G is a Heisenberg representation px = (X, x) where the character X of
KK is totally anisotropic with respect to the natural action of G |p-

Let N be the radical of X. Since both p and px = (X, x) fulfill condition (i),
it follows that:

Uk-N=K*,

where U ]1< denotes the principal units of K. Thus N determines a totally and
wildly ramified abelian extension of K. Moreover we must have:

(UL)P CN.
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Otherwise the maximal power p”, (v > 1) such that (UL)?" ¢ N would be an
isotropic G g|p-module. In particular we see that (K*)P C N.

Proposition 3.2. [He|,Theorems 1.7 and 5.3. Let p be a primitive irreducible
representation of G. Then (with the notations of Theorem 3.1(ii)):

6)  swr(p) = —— - swr(px) > 50p(p) = —— - VX N) - jrec(X),
EK|F CK|F

where the estimate actually occurs for appropriate character twists of p.

The conductor formulas (5) and (6) suggest that one should try to give the fil-
tration UU? of FF* and also the jumps of that filtration explicitly. The remarks
following Theorem 3.1 suggest that one should begin by studying the filtration
modulo (F*)P A F*. We are going to review here the results of [Cr3] and [Kh2]
concerning this question. To put things into perspective we mention that Propo-
sition 3.2 applies to a wider class of representations, which we will call stable
representations.

4. Stable representations and admissible pairs

In order to obtain parameters for the irreducible representations of the Galois
group G = Gal(F|F) it turns out to be convenient to work with stable instead of
primitive representations. An irreducible representation p of G is called stable
if: (x) The restriction of p to ramification subgroups G for v € Q, v > 0, is

always isotypic.

Remark. We remark that p is primitive if and only if (x) holds for all normal
subgroups N of G, because G is pro-solvable (Theorem of T.R.Berger).

As a variant of Theorem 3.1 one can prove [ZiRF], sections 4-6:

Proposition 4.1. An irreducible representation p of G is stable if and only if
the following conditions are fulfilled:

(i) The restriction of p to the subgroup of wild ramification V. C G is still irre-
ducible,

(ii) there exists a finite tame normal extension K|F such that the restriction pg
to Gx C G is a Heisenberg representation px = (X, x), where the character X of
KK* is nondegenerate on all principal unit subgroups U}{ in the following sense:
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If N C K* is the radical of X and if X; is the restriction of X to Ufi( A U[io then

NNUj =rad(X;) for alli > 1.

Again we have UL - N = K* because condition (i) is the same as in Theorem 3.1.
Moreover let M; = UL (NNU%)/(NNUL) for all i > 1, and let M;* C UL /NNUL
be the orthogonal complement with respect to X. Then we have

Uk/NNUj =M =@ M; 0 M,
i>1
and M; N Mlﬁl ~ M;/M;+1 and therefore K* /N = M is again p-elementary.

Now for a fixed base field F' and G = G we consider admissible pairs
(K|F, p) which means:

(i) p is a stable representation of G .

(ii) For each ramification subgroup G the induction Ind gjmcy (pGrnav) is ir-
reducible. (We remark that Gx N GY = GZK‘F(V) is a ramification subgroup of
G and therefore we have up to isomorphism a unique irreducible representation
pcncr < plaxnay-)

(iii) The extension K|F is minimal in the sense that Ind x|z (p) will not be stable

for proper subextensions K D FE D F. In fact it is enough to check here the cases
where K|FE is ramified of degree p.

In an obvious way we can form conjugate admissible pairs (sK|F,sps—!) for

any s € G.
Proposition 4.2.( [ZiRF], 2.2 and 6.1). The map
(K|F,p) — Indgrp(p) € G
induces a bijection between G-conjugacy classes of admissible pairs and irreducible
representations of G.

It is obvious that the conductor formula (6) also includes the case of stable

representations.

Remark. If we consider only representations of dimension prime to p, then
admissible pairs (K|F,p) consist of [K : F| prime to p, dim(p) = 1 and our
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properties are equivalent to the properties introduced by R. Howe [Ho]. (see also
[KoZ] 1.8 and §3.)

Example. If 0 € G is irreducible then in general it seems hard to find an
admissible pair (K|F, p) which defines 0. According to [ZiRF],Theorem 1.4 one
has to consider a representation filter with leading term o. But if 0 = (X x)
is a Heisenberg representation then the construction of p is much more direct.
Consider X; = X|yipy: for all i > 0 and denote R; := rad(X;) C U'. If rad(X) =
N then obviously N N U? C R;, and according to Proposition 1.3(ii) o is stable
if and only if this is an equality for all ¢, i.e. R; C N. Otherwise consider
M =T1[2,N R

Then M is isotropic for X and therefore:
NcMcM*cF* correspondingto K DEDLDF,
where K is the class field of N. We consider the commutative diagram:

K|

FF*/Ngip AF* 5 KX K

TNL\F/\NMF T

CKI|L

LL* /Ny, AL K} JILK*
l lNK\E
LL*/(Ngj, AL*) —25 EX /I E”

We have the isomorphism Ny p : L* /Ng - Ly — Npjp/Ngjp = M+ /M. Since X
restricted to M+ has the radical M we see that the alternating character X, of
L* such that X1,(aAb) = X (Npp(a) ANpp(b)) will have the radical Ng- L D
Ngr- So it lives on the lowest row of the diagram. In correspondence we find
XE a character of E* /I E* such that xg o Ng|g = x. Then p = (X, xg) is a
stable Heisenberg representation of G, and (L|F, p) is the admissible pair which
defines o. Note that Heisenberg representations are monomial but nevertheless
they can be stable of dimension greater than one, and therefore the admissible
pair will not be supported by a character in general.

Finally we remark that stable representations come as tensor products of elemen-
tary stable representations.

An irreducible representation p of G = Gal(F|F) is called elementary stable if
there is a positive v = v(p) € Q such that:
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(a) p on GY is still irreducible,

(b) p on G*¢ is scalar for all rational £ > 0.

Per|Qp

— i and that there exists a finite tame Galois

This implies that 0 < v <
extension K |F such that

(¢) px = (X, x) is a Heisenberg representation of Gy,
(d) vk = ek - v is an integer,

(e) there is a natural surjection UIV(K/U[V{KJr1 — K*/N where N denotes the
radical of X

(f) the restriction of X onto U A UYS has the radical N N UK D URKT!,

Proposition 4.3.[Khl]. FEvery stable representation p of G decomposes into
a tensor product p = p1 ® --- ® p, of elementary stable representations with
different numbers v; = v(p;). The decomposition is unique up to character twists.
In particular the rational numbers v; are uniquely determined. Conversely every
tensor product of elementary stable representations p; with different numbers v(p;)

1s an irreducible stable representation.
The proof depends on the following facts from [ZiRF]:

(i) A stable representation is a tensor product of irreducible projective represen-
tations of factor groups G/G"*¢ such that the representation on G /G¥*¢ is still
irreducible. (By a projective representation we understand here a representation
with a multiplier.)

(ii) Stable representations with respect to a descending central series are always
Heisenberg.

And moreover

(iii) The full Galois group G has trivial Schur multiplier and therefore if ¢ is any
cocycle on a finite factor group G/N we find always a function ¢ on G such that
c = dp.

5. A strategy. Our base field is F'|Q,. We want to know more on the filtration
UU' of FF* which has been defined in section 2. For an abelian extension K|F
let g be the corresponding Herbrand function (Serre IV,§3). Then under (3)
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we must have:
(7) ¢ UV = (U 0 K 1K
K

where the principal unit subgroup U} for v ¢ 7Z is defined through the next
integer v+ > v, and the projective limit has to be taken with respect to the norm
maps. The idea is to exploit this formula.

For subgroups A, B C F* we let A A B denote the product inside of F'F*.
Some preliminary results are the following:

Proposition 5.1.[Zil].

(i) It is basically enough to study the induced filtration UU* N (UL A UY) on the
alternating square of principal units. UU* = UU N (UL AUY) x U A (7p).

(i3) For alli € Q, i > 1 we have U' AU CUUN (UL AUY), and equality holds
for the integers 1,...,p.

(iii) All jumps of the filtration (i) are bigger than 1, not integral, and there exists

a power p¥ depending on F such that all jumps are in ]% - 7.

Restricting to the filtration UU? N (U A U') we get the following refinement
of (3). We fix a complementary group Cr of U! in F* and consider only abelian
extensions K|F with norm group Ngp(K*) 2 Cp. We will call them Cp-
extensions. Then we have the following diagram ([Zi2], Prop.2.2(iii)):

Ny AUY/Ny AN, —— U'AUY/N; AN, —— U AUY/N; AU?
o | l |
IeUL[Ip K —— C*Wip/IrKy ——  C*W!'/IpUf,

in which the maps ¢ and ) are, respectively, injective and surjective. We also note
that N1 = Ngp(K*)N U' and that the commutator c in Wi induces vertical

isomorphisms in (8) which connect the filtrations UU® and U}ﬁK'F(Z), respectively.
The left vertical map is given explicitly as c(z Ay) = 2“v~!, where & € U}, is

a preimage of x € N1 under the norm map and y — wy, € Ggp via class field
theory. In particular, we obtain

9) c: UV N (U AUY) 2 Lim(U" Y 0 C°Wh )/ Ir Uk,

P
K
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where the projective limit extends over all C'r-extensions and CQI/V}(| 7 denotes
the commutator subgroup of the first ramification group of the relative Weil
group. Since K and F have the same residue field kp the formula (9) tells us
that a quotient UU N (U AUY)/UUT N (U AU?) is a subquotient of kp. Ac-
tually the quotient is 2 kp or in some exceptional cases it is half of that. We
will speak of full jumps or half jumps. In accordance with what we have said
above we will concentrate on the filtration UU* N (U A U') mod ((UY)P A UY).
In order to simplify notation, beginning from now we will write UU® instead

of UU'N U AU'. We begin with two special cases.

6. The filtration on U' AU'/U% AU

We fix a prime 7 and use the identification
(10) kp Av, kp 2 U'ANUYJUP AU, anb— (1+arp) A(L+brp).

For a convenient description of our filtration we need a second identification. Let
¢ be the F,-Frobenius and kp{¢} the noncommutative polynomial ring such that
¢-a=¢(a)-¢p=aP-¢forac kp. Let f = [kp :F,] denote the absolute inertial
degree. We will write:

trg=1+¢+ -+ ¢t €kp{o}.

Then the second identification is L : kp A kp — kp{¢}:

-1
(11) anb € kp ANkp — L(aNb) :== Z(ad)”(b)—bgf)”(a))qb” =a-try-b—b-try-a.

v=1

The image are polynomials ) ¢, ¢” such that ¢”(cy—,) = —c,. If f is even we
obtain the relation ¢// 2(0f /2) + ¢y = 0. We call them alternating polynomials.

Theorem 6.1. The induced filtration U0 on U' A Ul/U? AU' has the jumps
sg = 1+ ]ﬁ for ¢ = f—1[f/2],...,f — 1, and via (10), (11) the subgroup
UU™ corresponds to alternating polynomials with coefficients ¢; = 0 for i =

f=1f/2,...,4 = 1. If f is even then the first jump s /9 is a half jump.

Instead of reviewing a proof (see [Zi2]) we go immediately to a more general case.
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7. The filtration on U' AU /UL AU

Let e be the ramification exponent of F'|Q, and put ¢ = min{e,p — 1}. Then
(UYY? c UL hence the factor group U! /U'*! is p-elementary, and the truncated
exponential Exp(z) :=14+z+---+ (pp_l), induces the isomorphisms

t
(12) E': k%> (a,. .. ap) — HExp(amiﬂ) c Ut Uttt
=1

(13)  E'AE': kL AEL S UYAUY U AU, aAb— Ef(a) A EYD),

for vectors a,b € kb, where 7p is again a fixed prime. We will always identify
a; € kr with its multiplicative representative in the valuation ring Op.

On the other hand we embed k% A kL. into the noncommutative ring k5" {¢}
of polynomials with matrix coefficients such that ¢A = ¢(A)¢ for A € k%Xt. (It
is the endomorphism ring of the additive group G!, defined over kp.) For row
vectors a = (ay, ..., a) € k% the embedding L : kL AkL — kiX'{$} is the following
generalization of (11):

(14) k;t /\kFBCL/\br—>La/\b ZLV¢ a't’f’qg'b— tb‘thb'aEk%Xt{qﬁ}

with matrices L,, such that (L,); ; = a;¢”(bj) — b;¢”(a;). Note that the polyno-
mials have now a coefficient Ly which is a skew symmetric matrix. The image
of (14) consists of all polynomials L = Zf ' L,¢" such that ¢V(Ly—p) = — L,
forv=1,...,f —1and 'Ly = —Lg, where for p = 2 one has to add that the
diagonal of Lg is zero. We obtain the relations

(15) &T2((Lgsa)ig) + (Lya)ii =0, for f even

which will give us ¢ half jumps in that case.

Remark 7.0 The image L(k% A k%) of the map (14) is an F,-space acted on by
the multiplicative group (kj)" if we put:

xL = diag(xy,x9,...,2¢) - L-diag(x1,x9,...,2¢)

for € (k3)! and L = >, L,¢". More explicitely this means ((zL),);;
z;¢" (x;) - (Ly); ;. We are going to filter L(k% A kL) by (kj)'-subspaces. In par-
ticular we have an action of kj using diag(z,2?,....,2t) if z € ky. The more
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sophisticated filtrations found by Cram [Cr3] (see beginning from section 12 be-
low) are invariant only under this latter action. In fact as one can see from section

12, the action of k. only uses powers z! where 7 is prime to p.

Theorem?7.1.[Kh2].Let be t < min{e,p — 1}. Then:

(i) The jumps of the filtration UU' on U* AU /U AU are the numbers
v(s,b,r) :=s+ r/pf_g

for integers 1 <r < s<tandl=0,...,f —1, where equality r = s is allowed
only if £ > f/2. These numbers begin from v(1, f — [f/2],1) and increase to
v(t, f —1,t), where r, {, s play the role of digits of first, second and third order,
respectively.

(ii) Take the coefficients (Ly)s, as independent coefficients of our polynomials
(14), where r, £, s vary as in (i). Then under

(16) (E'ANE") o L7': L(kfp Aw, ko) — U AU /U AU

the filtration UUY corresponds to the filtration {F"}, such that F* = L(k%Ag, k)
ifv=uv(l, f—[f/2],1), and for F*St7) the next term F¥' of the filtration is given
by adding the relation (Lg)s, = 0. So we end with F¥' =0 for v =v(t, f — 1,t).
And in the case when f is even, the jumps v(i, f/2,i) for i = 1,...,t are half
Jumps.

Remarks. 1. For kp = IF,, the example of section 6 gives nothing, whereas for
t # 1 the map (16) will give us the t(t;) full jumps v(s,0,7) = s+ r/p for
1<r<s<it.

2. Because of the relation ¢*((Lf_¢)rs) = —(Ly)s, it would be possible to take
(L¢—¢)rs as independent coefficients.

3. In the case t = 2, f = 4 the polynomials L have the form:

_(0-c —¢(b) —¢(9) a—¢*e)\ o [b—8(d)) 5
) () e (757 (70

with a,...,h € k where a = (L2)1,1, f = (L2)2,2 satisfy (15), and the jumps are:
L+1/p* = a=0,1+1/p =b=02+1/p' 5 ¢c=0,2+1/p" =d=0,

The proof uses the fact (see Proposition 5.1(ii)) that for U AU /UL AU the
filtration UUY is a refinement of the filtration U' AU® for s = 1,...,t. Let k; for
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i =1,...,t denote the different copies of kr and use the notation k. Aks = k, ®k,
for r < s. Then instead of (13) (14) we may consider the maps:

(17) ESANEg: (®5_ k) Nks — UL AU /UL AUST
(18) L (@71kr) Nbs — {0} C k7 {0},

where the matrices L, € k3%, (Ly,)i; = a;¢”(bj) — bi¢”(a;) are now latches of
level s, i.e. (L,);; =0 unless (i <sand j=s)or (i =sand j <s.)

We denote s°{¢} the image of (18) in k°**{¢}. Then it is possible to decompose
(16) into the maps

(19) (ESANEy)o L7 %{¢} — UL AU /U AU

for all s =1,...,t. We fix s and according to Theorem 7.1 (ii) we try to identify
the groups UUY /U AU for s < v < s+ 1 in 2*{¢}. Theorem 7.1 is then a
consequence of

Theorem 7.1%.  The filtration {UU" },>5 of U' AU /U AU has the jumps
v(s,l,r) for integers r, £ as in 7.1(i), and under the isomorphism (19) the filtra-
tions F'N2*{p} and {UU" },>, correspond.

On the other hand we also want to describe the dual filtration .7-":( s,0,) O the
space (k! AKY)* =2 (UL AU /U AUL)* of alternating characters which is given
as

X e fl)/k(s,é,r) lf](X) < I/(S, & T)
i.e. if X is trivial on UUY(*47). For this we consider the form (a,b) = tr(a-*b) € F,,
on k' and identify F, with roots of unity u, C C. Then we obtain
LE'ANEY) =2 (KPAEY*, P Xp
which sends the polynomial P = Zi;é P, - ¢ to the alternating form
Xp(a,b) = tr(a - P('D)).
Proposition 7.2 We have rad(Xp) = Ker(P) hence dim(Xp) = /[k! : Ker(P)]

is the dimension of Heisenberg representations (X, x) where X identifies with Xp

in the sense explained after 5.1. The minimal conductor is
swp(Xp) =+/[kt: Ker(P)]-j(Xp) € Z,

i
hence & codimg, (Ker(P)) — log,(denom(j(Xp)) > 0.
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Now we ask for the filtration 77, ) of L(k* A k') such that

(19.1) PeF)em ifandonlyif j(Xp)<wv(s{r).

Let S = Sy, be the set of all triples (s, ¢, 7) such as in Theorem 7.1(i) and consider
on L(k' A k') the F,- bilinear pairing

t
(19.2) <P L>=> trypn((Prp)ii- (Lyp)ia) + Y, tr(Posr- (Le)sr),
i—1 (s.L.r)es’

where the first terms only occur if f is even and where S’ is S without the
triples from the first terms. We note that (15) for the polynomials P and L
implies that (Py/2)ii - (Lg/2)ii is invariant under ¢!/2, and therefore the trace

trpg = 1+¢)—i—...+¢571 is well defined. Concerning the action of (k)" introduced
in remark 7.0 we see:

(19.3) <zP,L >=<P,zL > .

Now an easy computation shows:

Proposition 7.3 If P=Y/"1 P, .¢" € L(k' A k"), then Xp(a,b) =< P, L(a A
b) > . Therefore f:(sh) = f”(s’e’T)L with respect to the nondegenerate pairing
(19.2).

Remark. We note here that the pairing (19.2) and the Proposition 7.3 extend
to the more general case where we consider U' A U' modulo p-powers. See the
remark at the beginning of section 14.

Therefore Theorem 7.1 has the following
Corollary 7.4. Let be t < min{e,p — 1} and consider the isomorphism
(U AU U AU =5 Lk A k)
which takes X to the polynomial Px such that X (E'(a) A E'(b)) = Xp, (a,b) for
all a, b € k% Then:

J(X) < v(s,4,r) if and only if Px € ]—":(5“), where f:(sh) consists of all
polynomials P such that (Py)sp, = 0 for all (o, p) € S such that v(o, A, p) >
v(s,l,r).

Remark. Now the assignment v — F is covariant in the sense that F,, increases
together with v. If we add relations (L;)s, = 0 where we go now in opposite
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direction then the conductor j(X) goes down. In the case t = 2, f = 4 (see
remark 3) we obtain

h=0<j(Xr)<242/p,
h=g=0<j(X1)<2+1/p,...,
h=g=-=a=0%sj(X1)<1+1/p%
which means that X = 1.

8. What are the jumps ? [Zi3]

Let Oy C U! be a subgroup which is a complement of U*/U**! i.e. Cs D UsH!
and U /Ut = U /U x C;/U*H! is a direct product. Such a Cj exists for all
s < t but besides the trivial case C; = U? it is not unique. We obtain natural

isomorphisms
(20) ULAUSJUL ANUSTY S UL AU /(U AUSTYH(Cs A Cy),

and the natural projection

t
(21) U' AU U AU — [T U AU (U AT (C A C)
s=1

is also an isomorphism.

Proposition 8.1 Assume s < t. Then the filtrations UU" /(U AUtV (Cs A Cy)
on the right side of (21) have disjoint jumps for the different values of s. Therefore
(21) is a direct product of filtered groups and the maps (20) are isomorphisms of
filtered groups.

For the proof we consider s-extensions K |F, where s > 1 is an integer. This
means that K|F is a Galois extension such that s is the only jump in the filtration
of Gk |r by ramification subgroups. Equivalently K |F is abelian and the norm

residue map induces a surjection:
(22) kp 2 U /U — F* [Ngjp 2 G p.

Hence p" := [K : F] < p/, and, with N; := Nz NU" = Ngp(Uj) for i =
1,...,s, we obtain Us*! C N, and U®/N, — U'/N;. Because (22) factorizes via
UsJUSTE — US(FX)P JUSTH(F*)P — F* [Ny p we have 1 < s < Frand pts
(unless s is the upper bound), where e refers to F'|Q,. Maximal s-extensions will
correspond to norm subgroups Ng|p = Cs - Cp C F* for complements Cr and
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Cs as above. If s #£ ppfl, then every s-extension is extendable to such a maximal

s-extension. From (8) we obtain:
Lemma 8.2 If K|F is an s-extension with norm subgroup N1 = NK|F(KX)HU1
then (3) induces an isomorphism

(23) c:U' AU /(UY AUSTH (NG A Ny) = CPWg o/ Tr (K5 - U,

such that UUY corresponds to U;ﬁK‘F(V) N C2W}<|F. Moreover we have CQW}qF =

U NKE, Kp C U, and for a Ab € Ny AU we eplicitly have c(a Ab) =

aw—! ¢ IFU}(/ ~, where a € U}{ is a preimage of a under the norm map and
b— wy € G| via class field theory.

To realize the values of all possible jumps it is convenient to study the bigger
quotients C’QI/V}(‘F/IFUIS(Jrl =H1 (Gkip U;(H).

Proposition 8.3 Let f = frq, and let v be the position of s in the sequence
of all numbers > 1 which are prime to p. Then for any s-extension of degree
[K : F| =p" the group I:T_l(G;qF, Uf;rl) is p-elementary of Fp,-dimension f-r-n
and the filtration Ul N K} /IpUS = Ul N C’2I/VllqF/IFU?'1 (for i > s) has
exactly v - n jumps of full size, namely i = s + jp* where £ = 0,...,n — 1,
j=1,...,8 and p 1 j. In particular U;{er” N C2W}(|F/IFU;’(+1 ={l}ifs<p
because then: s + sp™ 1 < s+ p™.

Proof. The proof is by induction on n. We mention that
C*Wiqp/IrUk — K /IpK* = H(Ggp, K.
In the cyclic case n = 1 this vanishes and therefore
H Y Ggp, USY) = IpUL JTpU!

in that case. We may use that the groups of our filtration occur as images of the
maps H (G p,Uj) — H NGk, Ui for i > s. In the induction step we
go from K to E|K such that [E : K| = p and consider the exact sequence

cor

ﬁil(GE\Ka Up) =5 ﬁil(GE\Fv Up) A, ﬁil(GIﬂFa U[ﬁEIK(i)) — {1}.
Then we can apply the induction hypothesis for E|K and K|F. d

Now we may use Lemma 8.2 in order to see that the jumps of Proposition
8.3 will correspond to the jumps s + j/p" ¢ on the left side of (23). Since in
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Proposition 8.1 the assumption is s < ¢ < p we obtain disjoint sets of jumps for
different values of s. This ends the proof.

In the next step we will see the positions of the jumps more precisely. We
preserve the assumptions of Proposition 8.3 and for the commutator subgroups
of the ramification groups W7, . (upper numeration) we simply write: CW/ :=

. K|F
CQWI](|F. Then:

Proposition 8.4. Let be 1 < j < s,pfj. The filtration Ui, NCWJ /CWIT! has
exactly the jumps i = s+ jpt, £=0,--- ,n— 1 which are full size.

We will need a series of Lemmas:

Lemma 8.5. CWJ C UIS(H forall j=1,...,s.

Proof. Because of CW7 = CW* - IFU}{ and IFU}‘{ - U}‘{+s we can restrict to the
case j = s. We consider the division algebra D of invariant 1/p", (p" = [K :
FT). The relative Weil group W = Wi is imbedded into D and from [ST] we
conclude:
W) = WUy forall v>0,€Z,
where ¢ = g |r and where Up are the principal units in D. This is because K |F
is fully unramified. From ¢(s) = s we get W* = W NU3$, hence CW* C WNU%
because CU3F C U%S. From the exactness of Uj, — wel) s G0 and GV =
{1} for v > s we see WNUZ = K*NUZ% = U%, because D/K is unramified. [J
We fix 0 # 1 € G and consider
v €Uk — a7 e IpU COW' CUL.
This induces
U}‘(/U;';A 1-¢ CWi/CWi-i—l N U?S/U?-s-i-l
and in case p { ¢ the combined map is an isomorphism ([Se|, p. 79, Ex. 3a.).
Thus we obtain:
Lemma 8.6. Let be 1 < j < s andptj. The filtration Ui N CWI/CWITL has
the first jump i = s + j which is of full size. O
Now we consider an intermediate field K D E D F with [K : E] = p, [E:
F] = p"~ !, for instance take E to be the fixed-point field of o. Then:

1 — (CWI JCWITh) i)y — CWI JOWIHL X5 (ewd Jewit) g p — 1

is exact and IpUy /IpULT = (CWI /CWItY) e/ = UL /UL We have
an isomorphism

. . . N . .
(%) Uittt nowd jow it B (oW Jow I g p



Ramification in Local Galois Groups - the Second Central Step 319

because the left side intersects the kernel of the norm map trivially and it has
the same order as the right side.

We must prove that Ny, r maps the quotient U}{ NCWJI/CWitl onto Ug(i) N
(CWj/CWjH)E/F with ¢ = pg /g, if i > s+ j. This follows from:

A Y . 4
Lemma 8.7. U NCW/ it Ug(z) N CWE/F, Y =YK/E;
is surjective for j=1,...,s andi > s+ 1.

Proof. We proceed by induction on j. The case j = 1 follows because CW?! =
U NKE and Ng p(Up NKR) = Ug(v) NE} for all v > s+ 1. Now we assume
the Lemma to be true for a certain j and consider the commutative diagram

Uvinowitt o yinowi - ULNOWI/CWIt!

! ! |

VR nOWip —— URY N OWyy —— URY 0/(CW3 [OWH )y

in which the maps ¢ are injective, the maps 7 are surjective, and the vertical maps
are the norm maps Ny, . By the induction hypothesis the middle vertical maps
are surjective for i > s+ j. Therefore, by (x), the right and left vertical maps are
also isomorphisms for ¢ > s + j + 1. O

Proposition 8.4 now follows by applying (%), Lemma 8.7, and induction on n
(p" = [K : F]).

Corollary 8.8. Let K|F,G,s,p",W = W be as above. Then C’W‘S/IFU}(”;rl
is p-elementary of F,-dimension fn (f = fF|Qp) and the principal unit filtration
UkﬂCWS/IFUf<+1 has the jumps i = s+ sp® which are of full size (( =0,...,n—
1).

For the last result see [Zil](8.5).

9. Cram’s complements

We restrict again to s < ¢, and we consider the different factors on the right
side of (21). Each factor has its filtration

U'ANU S (US ANUP)(Cs ACy) D (UL AU (Cs A Cy).
The terms we denote I' D I's D Ay resp. This filtration has a splitting, namely:
(24.1) T/As=Cs AU A, x  T4/A,

(24.2) C*Wyp/IpU}, = IpUL [ IpU; < C*Wy p/IpU},

where L|F is the maximal s-extension corresponding to the norm subgroup Cs-Cr,
hence L;Ui‘*‘1 = Uj. The maps from (24.1) down to (24.2) are given through
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the commutator in Wr,r and connect the filtrations as described in Lemma 8.2.
Because of Propositions 8.3, 8.4 and Corollary 8.8 we have some information on
the jumps on C’QWLI‘F/IFUE, C2W£|F/CQWE|F and C2WE|F/IFUE, and we can
transport this to get information on the jumps on I'/A,, T'/T'g, I's/Ag resp..

So far everything is independent of the complement Cs which we have chosen.
But in general it is not true that the splitting (24) is a direct product of
filtered groups, a phenomenon which gave rise to many irritations. To ensure
that (24) is in fact such a product one has to choose an appropriate complement
Cs of U%/U*T! namely as a variation of (12) take

(25) CL=E(ky @ Dky1®{0}) cU U

The C? were considered first by G.-M.Cram [Cr2], and we call them Cram’s
complements. We will also use the notation C, = E*~*(k$ ) c U' /U, Then
we obtain

Proposition 9.1. For Cs = C the filtrations induced by {UU"}, on the factors
of the right side of (24) have disjoint jumps, namely v = v(s,{,r) for r < s on
the first factor and v = v(s, ¥, s) for £ > f/2 on the second factor.

Remark. The jumps on the second factor are the same for any choice of Cs but
in general these jumps may occur also on the first factor.

Proof. The crux of the proof is to identify the filtration of
(26) c:C,ANUYAy =5 IpULJIRUS, aAb— @t

where the map refers to the end of Lemma 8.2 in the case when Ny = C5 =
C! is Cram’s complement. In particular one wants to show that the filtration
U}; N IFU,%/IFUE does not admit jumps of the type i = s + sp’. In a first step
one has to express the norm map in terms of coordinates:

Fix a prime 77, such that Npg(7.) = 7p and let 7 = Npg(m) for any
subextension K|F of L. For the pair (K, mg) let C5(K) be Cram’s comple-
ment on the K-level. Then it is possible to describe the norm map in terms of
coordinates, namely:

dmy...ygd
B1®- @ ke M i@ Dkey

(27) Es—ll lEs_l

Nk

Cs(K) /U C, /Ut

is commutative if [K : F] = p?. In particular the norm map for Cram’s com-
plements is surjective. This gives us a modified version of (26). Put A4 (K) :=
(U AU (Cs A N1(KIF)), ie. Ag(K) D Ag(L) = Ag. Then (26) turns into

(28) Cs NUY/AS(K) =5 IpCy(K) /TpU
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for all subextensions K |F of L.
Lemma 9.2. We have natural isomorphisms
(29) IpCy(K) [TpUR = IpUg [TpUf = C*Wie o/ C* Wi,
which respect the principal unit filtration, i.e.
Ui N IrCs(K)/IpURT == Ul 0 C*We p /C* Wi o
for alli. Equivalently the filtration Ut N IFC’S(K)/IFU;{H has no jumps of type
i= s+ sph.
Proof. The maps (29) are isomorphisms because the norm map for Cram’s com-

plements is surjective. Next we want to exclude the jump ¢ = 2s. Via the left
vertical of (27) we obtain a map

(30) (k1@ @ kso1) @ Ggp — IpCs(K) /IpUF — U JUZT
To make this explicit a careful computation is necessary.

Lemma 9.3, [Cr2], [Kh2], 4.3 Let x, € k. =k, 0 € Gk, and let b(o) € k
such that 751 =1+ b(o) - w5 mod U, Then:

Erp(z,mi)” =1+ r2,.b(0)e - 745 mod Ut

for allr =1,...,s — 1 where ¢ € U} is a principal unit which does not depend
on o and r. O

Now we use the isomorphism

s+1 /.254+1 ~ 7rs+1 2s+1
P [p T = U U

and observe that kp = W (kp)/pW (kr) (where W (kr) denotes the Witt ring) acts

on p?l/piﬁﬂ, because vi(p) = [K : Fle >t > s. So we may consider p?l/piﬁﬂ
as a kp-space with basis {e - 7r}}+5; r=1,...,s}. From Lemma 12 we see that via

(29) IrCs(K) is contained in the subspace generated by {e-75*; r =1,...,s—1}.
and therefore IrCs(K)NUZ C Uf(sﬂ, which means that ¢ = 2s cannot be a jump
for the filtration Ul N IpCs(K)/IpU.

For the induction step we consider the direct product
(31) C*Wiep/ TPURT = IrCy(K) [ TrUR™ x C* Wi o/ TrUR.

We denote the three terms A, B, C, respectively.We use induction on ¢ to show
that:

(i) U N B has no jumps of type i = s + sp’.
(i) U NA=Ul NB x Ui NC for all i < s+ sp’*1.
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Proof. We know the possible jumps of A and C. For ¢ = 0 we can use U;('H NA =
A, U¥NC =C and U¥NB = Uz N B to obtain (ii) for all i < 25+ 1. Then we
apply Corollary 8.8: Uz N C = Uy*P N C which gives us (ii) for all i < s+ sp.

We assume (i), (ii) for some ¢ > 0. Thus we know (ii) for ig = s + sp‘*!. This
implies
U}?HQAQ U}?ﬂB X U}?ﬁC, T=y-z.
Now we consider a tower K D E D F such that [K : E] = p. Then by Lemma
8.7 we obtain an isomorphism:
N : US" nA 25 U5 0 Ag e,

‘41
Now we use Ng|p(z) = Ngg(y) - Ngp(2) and Ngp(z) € UEHP t1n App
. ‘ 4
because z € U™, Moreover Nie(y) € U™ n Bpjp = Ugtr 1 Bgr by
induction hypothesis. Therefore:
‘41
NKlE(Z) € UngSp + N CE\F

We know that C has only jumps of type s + sp’ (Corollary 8.8) and again by
Lemma 8.7 we have the isomorphism:

. . ~ 4 £
NK\E : U;? ﬂO/U;(OJrl NnNC — UEJFSP DCE|F/U2+SP 1 mCE|F

Then we conclude vin

zeUl ne=Usr" ne.
Therefore our original equation x = y - z implies now y € U;?H N B which gives
(ii) for i = ig+ 1. Since 7 is a full jump for C' we must have U}? NB = U}?H NnB
which is our assertion (i) for ¢ 4 1. Finally using once more Corollary 8.8 we see
that (ii) for i = ig + 1 will imply (ii) for all i < s 4 sp‘*2.

We have seen that (31) is a direct product of filtered groups. But then (24.2)
and (24.1) are direct products of filtered groups too and Proposition 9.1 is proved.
O

Corollary 9.4. Let s <t and X be a character of U' NU' /(U AU (N1 ANy)

as in Lemma 8.2. Moreover assume that Ny is in the radical of X.
(i) If Cram’s complement C% is contained in Ny, then

. . S n
](X) = .](X|(US/\U5)(N1/\N1)) € {S + W, L=mn— [5]) ceey = ]-}

(ii) If CL € Ny, then it may happen that j(X) = s + pnj,g for some j < s.

For 9.4(ii) see Proposition 11.4 and remark.



Ramification in Local Galois Groups - the Second Central Step 323

10. Proof of Theorem 7.1

Now in particular we know that for Cram’s complements Lemma 9.2 holds.
We consider the diagram:

orm™ ' ®@w
(k1@ - @ kgo1) A (ks/N) "2 E% (k) @ - @ ki) ® Gg|p
(32) | o) |

Cy AU AL(K) N [rCy(K)/ TpUS,

where N C ks corresponds through (22) to the s-extension K|F, and Norm ™!
means reversing the first row of (27). We denote {F} }, the filtration of (k;®---®
ks—1) A (ks/N) which via the main diagonal of (32) corresponds to the filtration

U;ﬁK'F(V) NIpCs(K)/IpUs . Then we have seen the following properties:

(i) The filtration F" := Fiy, has the jumps v = v(s,?,r) where s is fixed and
0e{0,....f—1}, re{l,...,s— 1} may vary.

(ii) F§ is a quotient of F¥, and the filtration F§ has the jumps v(s,?,r) for
¢ > dimg, (N), whereas the induced filtration F* N ((k1 @---®©ks—1) AN) has the
complementary jumps v(s,£,r) for £ < dimp, (V).

(iii) If we combine the main diagonal of (32) with the second map of (30) which

is given by Lemma 9.3 and if we use the basis {en}*; r =1,...,s— 1} resulting

from Lemma 12, then we obtain a coordinate map

(k1@ @ ks—1) A (ks/N) — ksy1 @ - D kas,
which takes F]l\',(s’e’r) for £ = dimp,(IN) to coordinate vectors (zsi1,...,%2s1,0)
such that zg11 =+ = xs3,-1 = 0.

With these three properties the filtration on the first factors of the
factorizations (24.1), (24.2) is identified if we assume that C; = C is
Cram’s complement. We still have to deal with the filtrations on the second
factors. In the case s = 1 this comes down to Theorem 6.1 and has been dealt
with in [Zi2]sections 3, 5 and 6. Also in the case s > 1 the result is independent of
the choice of Cs and the proof is very similar as for s = 1. ([Cr3],4.3 and [Kh2],5.
resp.) Altogether this proves Theorem 7.1%.

11. Other complements
Each linear map 7 € Homp, (k1 © - - - © ks—1, ks) induces
iDT k@ Dk k1D Dhsy, v—xDT(2).
Therefore

Homp, (k1 @ - @© ks—1,ks) 2 7+ Cs(7) 1= E¥(Im(i © 7)) C Ut/ustt
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turns Hom, (k1 ®- - -@©ks—1, ks) into the space of parameters for the complements
Cs of U*/U*T! in U'/US*L. Cram’s complement C’, = C4(0) is obtained for the
trivial map 7 = 0.

We make some remarks on the filtration of (26):
c: Co(T) NUY/ A (1) == IpUL JTIpUS

if C5 = C4(7) is an arbitrary complement of U$/U**! in Ul. We restrict to the
case where s < t < min{e, p— 1}, which implies U' AU® = UU*. Then the natural
isomorphism

Co(r) NUS JU ANUSTY 25 Cy(1) AU/ AG(7)
is compatible with the filtration because for v > s:
(Cs(T) NUYNUUY = (Co(r) ANUH N (U AU NUUY = (Cs(7) NUS) NUU”.
We consider the isomorphism
(33.1) UL AUS UL AUSTE PLES s A gy 2 54}
which is compatible with the filtrations UU” mod U AUt and F¥N_*{$} resp..
Put:

Ig(r) :==Im(i®T) C k*.
Then under (33.1) we have:
Co(r) NU® JU ANUSTY o T(7) A ks = L(Ig(T) A k)

which is compatible with the induced filtrations. The map i & 7 : k' — k
induces k= A kg — I,(7) A ks C k* A ks and therefore

(17 L A k) 2 L(I(r) A ky) Co*{0).

This map is a section for the natural projection map
(33.2) P{py = L(k* Nks) = L(K* ™' A ks) @ Lk A ks) — L(E*™! A k)
which forgets the diagonal entries (Ly)s s of the polynomials L €_°{¢} for £ =
L. f—1.
Lemma 11.1 The projection (33.2) restricted to L(Is(7)Aks) is an isomorphism

L(I(7) A kg) = L(ES™' A ky)
which maps L(Is(7) A ks) N FY into L(k*~1 A kg) N F¥.

S

Proof. According to Theorem 7.1 a polynomial L € L(Is(7) A k) is contained
in L(Is(1) Nks)NFY for v = v(s, £,r) if a certain subset of the coefficients (Ly)s ,
vanish. But the projection map (33.2) replaces the diagonal coefficients (L))s.s
(where X varies) by zero, hence the condition to be in F" is preserved. [OWe note
that, according to Theorem 7.1, the jumps of F¥ N L(k*~! A ks) are precisely the
numbers v(s,l,r) = s+r/p/~ for r < sand £ =0,..., f — 1, and these are full
jumps. We ask whether it is possible for the filtration 7 N L(Is(7) A ks)
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to have other jumps, i.e. jumps v = v(s,{, s) for £ > f/2. For this we interpret
the map (i ® 7)% : L(k*" ' A ks) == L(Is(7) Nks) as (i ® 7)F = i @ 7%, where
7L L(k*™Y A ks) — L(ks A k) is induced by 7. That means:

(33.3) LL((ay, ... as—1) Abs)] = L(7(ay, ..., as_1) A bs).

In other words, polynomials L = )" L,¢" € L(Is(7) Aks) have the property that
the diagonal coefficients (Lg)s s for £ = f —[f/2],..., f — 1 are linear functions
of the other coefficients (Ly),, where r < s. Assume that (L), for a fixed
¢ is a linear combination of coefficients {(Ly)sp; A = 0,...,f =1, p < s}
with nontrivial contributions from coefficients (Ly)s, such that s + p/p/=* >
s+s/p’ =% Then (Ly)s, = 0 for s+p/p’ ~* < s+s/p/~* does not imply (L;)s,s = 0,
and therefore L(I5(7) A ks) N FY has a jump for v = v(s,?, s).

If a = (a1,...,as) € k* and b= (0,...,0,bs) € ks, then L(a Ab) €.°{¢} and
according to (14) we obtain:
(Ly)sj = —bs¢”(a;) ifj#s
(Lu)is = ai¢”(bs) = =¢"((Lf—v)si) ifi#s
(Lv)s,s = as@”(bs) — bs¢”(as).
For r € Home(kS_l, ks) we obtain as = 7(aq, ..., as—1) and therefore:

(Lu)ss =T(a1,...,as-1)9"(bs) — bs@d”(7(ai,...,as—1)).

In (33.3) we have defined 7% for homogeneous arguments. But we need now to
give a general expression for the linear extension 7% : L(k*~Y A kg) — L(ks A ks).
Our result will be Proposition 11.3 below. Since we can write:

(34) Lk Y Akg) = L(ky Aks) @ --- @ L(ks_1 Aks)

it is basically enough to study the case s = 2. Then 7 € Homg,(k1, ko)
and in order to describe ¥ we have to express (Ly)2,2 in terms of (Ly); for
0=0,...,f=1. We put A\, := (L,)2,1 and X := (Ag,..., Af_1) € kf. We have
now only two copies of k and consider a € k1, b € ko. Then a Ab+— A(a AD) =
—(ab, p(a)b,. .., "1 (a)b) is an isomorphism

(*) Ak®@k =5 Lky Akg) = k7.

Now let o = (o, ..., f_1) be a basis for k|F, and form the matrix
T (;Sf_l(ao)
A= DT :
ap 1. Hagp)

The matrix A is invertible because under (*) the rows of A correspond to the
k-basis ag @ 1,...,0p_1 @1 of k® k.
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Lemma 11.2. Identifying L(ki A k2) = k! the map 7% : k' — L(ka A ko) is
given explicitly as T7(\) = Zl{;i L,¢", where

(35.1) L, = (Ly)22 = (AT, ¢"(1(e)) — (0" (AAY), 7(a)).
If T € Homy, (k1, k2) is even k-linear, then:
(35.2) (Lv)2,2 = ¢"(T(1)) A — 7(1)@" (Af—p).

Proof.  Obviously the map L, = L,()) is Fp-linear. Therefore it is enough
to prove that in the case A = Ma A b) = —(ab, ¢(a)b,..., ¢  "1(a)b) we obtain
(Ly)2,2 = 7(a)¢”(b) — b¢”(7(a)).

Let [a]a = (a0,...,a7-1) € IF{: be the coordinate vector of a with respect to
the base a. Then obviously [a]oA = (a,...,¢ " (a)), hence A = —b - [a]A. If

we substitute this on the right side of (35.1) and use that [a], is ¢-invariant then
(35.1) turns into:

(Ly)2,2 = —b([aa, ¢"(7(a))) + ¢"(b)([aa, () = —b"(7(a)) + ¢"(b)7(a),
as asserted.

If 7 is k-linear we get 7(a) = 7(1) - a and therefore:

L, = ¢"(T(1))AA7Y, ¢"(@)) — 7(1)¢"(AA™1, 077 (a))).
Now (35.2) follows because ‘¢”(«) is the v + 1-st column of A. O
Remarks. 1. The formula (35.1) does not depend on the choice of the base a.

If 3 =aM, M € GLs(F,) is another base then A is replaced by B = ‘M A and
7(8) = () M.

2. If we write 7(«) = «[7]n where [7], € IF{,CXf is the coordinate matrix of 7
then in (35.1) A~1, 7(a) are replaced by A~! ¥[7],, « resp.

Using (34) we state the result in the general case:

Proposition 11.3. Consider T € Hom]Fp(k:s_l,k) and let T; be the restriction
of T to the i-th copy of k. Then for L € L(k*~! A ks) with coefficient vectors
(La)si = ((Lo)syis- - (Lf-1)si) we obtain TH(L) = ZZ;}(L,,)S,SQV’, where

s—1

(Lo)ss = Y ((Le)siA™", 8" (7i(@))) = (8" ((Le)s,i A7), mil@)).

i=1
In particular if T is k-linear then

s—1
(Lo)sis = Y 6" (r(1)(Lo)si — (1) ((Lp—1)s,i)-
i=1
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Therefore in this case the complement Cs(T) is as good as Cram’s complement
C5(0) because the filtration UU" on Cy(T) AU/ A4(T) has only the jumps v(s,(,r)
forr <s.

Proof. We are left only with the last statement. We have to prove that the
filtration F*NL(Is(7) Aks) has no jumps v = v(s, £, s) for £ > f/2. But according
to our second equation (Lg)s s linearly depends on (Lg)s; and (Ly_g)s, for i <s.
We have s +i/p/ =" < s+ s/p/ =t and s +i/p’ < s+ s/p/~* because £ > f/2.
Therefore if we come to v = v(s,£,s) the coefficients (L¢)s; and (Ly_g)s; are
already zero, hence the condition (L;)s s = 0 is empty.

Now we consider the decomposition J*{¢} = L(k*~! A ks) @ L(ks A ks) with
projection maps pr; and pry resp. and the map

dr :°{¢} — Lks A ks),  dr(L) := pry(L) — 7" (pry(L)).
Proposition 11.4. Let UU" be the induced filtration on
U'ANUS/Cs(T) NUS = UL AU JCs(1) AU, Then under
ULANUS/Cy(T) NUS — U AU JUTE ANU® — Liks A k)
the filtration UU" corresponds to the filtration d.(F'N2*{p}).
Proof. For L € *{¢} we have d.(L) = L mod L(I4(7) A ks) because
pry (L) + 7% (pry (L)) € L(Ls(7) A ks)-
Therefore the diagram

gy T Lks k)

- l

ot —— H{o}/LUs(T) A ks)
is commutative and d.(F*N2*{¢}) can be identified with

(F*Ns*{¢}) mod L(Is(T) Nks). O

Remark. We note that L(ksAks) C F'Nu*{¢} if v < wv(s, f—[f/2],s) such that
v(s, f —1[f/2],s) is the first jump of the filtration d.(F*N.*{¢}). But depending
on 7 this can now be a much more subtle filtration of L(ksAks) than the standard
filtration (for 7 = 0), and in particular jumps v(s, ¢, r) with r < s may occur.
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Appendix: Application to primitive representations

If p is a primitive irreducible representation of G of dimension p¢, then accord-
ing to Proposition 3.2 we have

Sw(p) = —

Pk (X),
CK|F

where K|F is a tame extension and X is an alternating character defined on
K* ANK*/N A K* such that for Ny ;== NNU% :

K*/N 2 UL/N1 2 Uk /A x - x Uk /A,

where A1 N---NA, = N7 and Ufg'/U;}'H —» Ul /A; for different s1,...,s,. This
corresponds to the fact that p is the tensor product of r elementary stable repre-
sentations (see section 4).

We restrict to the case that p is elementary stable which means r =1, Ny = Ay
and s; = s. Then we obtain the conductor formulas

are—y s+ 1)

jrk(X)=s+s/p/t, sw(p)=p
eK|F

if Ny fits with a complement Cs which is as good as Cram’s. We must have
¢ > f—d > f/2. On the other hand if N; does not fit with such a good complement
then we could have:

Ity
_Sp T4
_ -t

Jkr(X)=s+j/p" > s+s/p VA sw(p) .
K|F

for some j =1, ..., s, where again ¢ > f —d > f/2. For a particular example see
[Crl].

12. The Artin-Hasse exponential and a model for U! A U!

So far the filtration UU* has not been described modulo (U!)? AU! but modulo
appropriate larger subgroups of U AU In his attempt to come close to this final

aim G. M. Cram [Cr3] makes use of the Artin-Hasse exponential (see H. Hasse
[H] and I. R. Shafarevich [Sh]).

Notation: Let e, f be the ramification exponent and inertial degree of F'|Q,
and let Oy = W (kr) be the Witt ring in Op. Let I be the set of integers prime
to p which are less than e* = p-£7. Note that |I| = e and that U= UYR :=
U'J(UMYYU®" is filtered by the subgroups U~ = U”/R for v € I.

We want to identify the e-dimensional kp-spaces ki = {(a;)icr} and U'/R.
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The Artin-Hasse exponentials are power series

Exp(a,z) = exp(z a®" 2P pT™) € Opl[z]]
n=0

which can be defined for all a € Og. One has Exp(a+ b, z) = Exp(a, z)Exp(b, x),
and Exp(a, z) = Exp(ax) mod z? is the truncated exponential. For a fixed prime
element mp we will use the identification

(36) Exp! : k! 3 (ai)ier — HEXp(ai,ﬂ'%) cU'/R.
i€l
which maps k; into U = U'R/R. This induces
Exp’ AExp’ i k' Ap, kT =5 (U AU /U AR.
Again we want to use the injection (14)
Lk Akl — kD (o)
in order to identify the filtration UU".

13. The jumps in the general case

Let S = Sy 1 be the set of all triples (s, £,r) such that £ € {0,..., f -1}, s,r €I,
r < sandr = sonlyif ¢ > f/2. The image L(k! Ak!) consists again of polynomials
Zl}:é L,¢" with L, € kL7 where the coefficients (L), for (s,¢,r) € S may
serve as independent coefficients. A problem is posed now by the fact that the
map
r

*) (s,ﬁ,r)€S|—>u(s,€,r):s+W

need not be injective. It may happen that s is much larger than p. As a con-
sequence the values v(s,¢,r) from Theorem 7.1 are no longer distinguished by
s. For instance for s = p¥ 4+ 1 we could have: p¥ + 1 + p;fl =p'+2+ z% and

2V +1+ %Zfll =24+ 3+ 2,,%1 resp. Injectivity of (*) is preserved only if s is fixed.

We write (s,¢,7) ~ (0, p) to mean that v(s,¢,7) = v(o,\,p) and we let
[s,£,r] denote the equivalence class of (s,/,r). Equivalence implies A = ¢ and
p=r— (0 —s)p/~* In the present case the filtration UU" of U' AT will have

other jumps v = j(s,£,r). These jumps separate the elements of [s, ¢, r].
Definition 13.1. For s € I consider the inverse Herbrand functions

Tr—3s
pf

ps(x)=zif x<s and =s+ if ©> s,

(p(s)(x> — ...0 SDS” o (ps,’
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where s < s’ < s < .-+ C I is the set of successors of s which are in I. In
particular put p®) (x) = = if s € I is mazimal.

Theorem 13.2 ([Cr3], Th.5.2.1(a)). The jumps of the filtration UU” ofU1 A
T' are the numbers

v =j(s,0,r) = (s + ﬁ) for (s,6,7) € Sy.1.

Remarks.
1. The numbers j(s,¢,r) for (s,¢,r) € Sy are all different.
2. v(s, £, r) is the maximum of all numbers j(o, ¢, p) such that (o, ¢, p) ~ (s,4,7).

3. Instead of U AT we may also consider U' A UY/UL A UTHU)P for any
t € I. Then the Theorem holds if we replace I by I; = {s € I; s < t} and also
change the definition of j(s, ¢, r) by using I;.

Ad 1. The denominator of j(s,#,7) has to be p* ¢ for some a > 1. Therefore
§(s,0,7) = j(o, A, p) implies p®/—¢ = p®/= hence £ = \, @ = a because £, \ €
{0,..., f — 1}. Furthermore j(s,¢,7) = s1 + ki/p* ¢ such that k& > 0 and
§(s,0,7) < s}, or s1 € I is maximal. Now assume s1 + k1 /p% ~¢ = o1 + k1 /p*/~*
and s; < o1. Then j(s,¢,7) > o1 > s’l, hence s1 € I must be maximal, which is
a contradiction.

Ad 2. The elements (o, )\, p) € [s,¢,r] all have different values o. If ¢ is the
maximal of these values then o + p/p/~ < ¢’ or o € I is maximal, and therefore
jlo, A\, p) = v(o, A, p) = v. On the other hand j(s, £, ) = o) (v) < D (v) = v if

s < o.

We will quote now the main result leading to the proof of 13.2. Let s € I and
Cs C U! be a complement such that U$/U*Tt = U!/C;. Consider the maximal
s-extension K|F such that N p(Uj) = Cs. Then we obtain an exact sequence :

(37) TAAT e TN S TG TAT Y = TAT /(T AT (),

where the arrows are injective and surjective resp. and Ng|p(aAb) = Ngp(a) A
Ng\r(b).

Proposition 13.3 ( [Cr3]Th.5.2.1(b)). Concerning the first arrow of (37) we

have
Ngp(UUk) = UU?Y 0 Im(Ng ),
where ¢ = @ 1s the inverse Herbrand function for K|F.

The Theorem is easily deduced from the proposition. We have [K : F| = p!
and K|F is an s-extension. Therefore ¢ = s in the notation of definition
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13.1. By induction we may assume that U}( A Uk /U}{ A Uje has the jumps
J(o, A, p) for (o, X\, p) € S 1<s. They are transferred into the jumps ¢, 0j(0, A, p).
And from the right side of (37) we get the additional jumps v(s, ¢, 7).

14. First remarks on the filtration in the general case

As in section 7 we have a bijection between the set (L¢)s, of independent
coefficients in L(k! A kT) and the set j(s,¢,r) of possible jumps of our filtration.
In both cases the parameters are the triples (s,/¢,7) € Sy,;. The arrangement of
the numbers j(s, ¢, 7) in terms of the parameters (s, ¢, r) is now more involved and
the same holds for the filtration F7(47) of L(k! A kT). Nevertheless Proposition

7.3 holds and therefore f;‘(s’e’r) = fj(s’é’T)L.

If we replace F' by an unramified extension F'|F then I is left unchanged
whereas f increases. But for (s,¢,7) € Sy the numbers v(s,4,7) < s+ s/p <
e* + e*/p have an upper bound which depends only on e, not on f. Therefore
replacing F' by F’ which means to take f sufficiently large, we can always move
to a situation where

J(s,0,1) = pg(s+1/p' %) forall (s, f,r)€ Ssr,
i.e. either j(s,{,7) =v(s,4,r) <, or

s+ T/pf_K - <5
p! ‘

We note that the last inequality certainly holds if s < p(1 + p/) because then:
(38) r<s<pl+p)<p/~ta+p) < (s —s)p/ T+ (" = )p* L.

J(s,0,7) = g (v(s, b,7)) =5 +

Proposition 14.1. For an unramified extension F'|F we have
(i) Npyp(Up:) = U, for all i > 1
(ii) Npp(UUf) = UUy for all v > 1. O

We describe now the norm map in terms of our models. We have to find the
map 7 such that the diagram

ﬁ}w /\U;/ — ]’C,I/\ k/I E— L(kﬁll A ]'C,I)
NF/‘F/\NF/‘FJ trl/\trfl Tl
UpAUp —— K AR —— Lk AT

becomes commutative. One easily checks that

T(Y Li')= Y P

weZ/ f! veL/f
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where P, = try (3 ,epr—1 () Lu)- The inner sum extends over the preimage of v
under the projection map pr : Z/ f'Z — 7/ fZ. [Cr3](Proposition1.4.3.) Proposi-
tion 14.1(ii) means that the filtrations F'” of L(k'" A k1) and F* of L(k! A k)
are related through T(F'") = F¥ = FH*, where p > v is the next jump in the
filtration of L(k! A k7).

15. The norm map for s-extensions - a refinement and a generalization
of Theorem 7.1* We consider s-extensions [K : F] = p? as in section 8, i.e.
(22) holds. We use (36) to define Cram’s complement Cs C U'/R as the image

of the hyperplane of k! given by as = 0. Obviously [ Cs, and often
we will consider Cs in U'/UST'R. Again let L|F be the maximal s-extension
corresponding to the norm subgroup Cs-CF and assume K C L. In K we consider
Cs(K) relative to a prime element 7 such that Ny p(mx) = 7F.

Lemma 15.1. : Assume s < e = ep|qg,. Then the norm map Nk | : Uk JU Rye —
ULJUSH Ry respects the splitting U JUY'R = Cs x (USR/U**'R). In particular
it induces an isomorphism Ny : Cs(K) — Cs which in terms of (27) — with
the exponential replaced by the Artin-Hasse exponential — is given now by a lower
triangular matriz with main diagonal: diag = (¢, ..., ¢%).

More precisely let Q@ = Q(¢) € krp{¢} be the additive polynomial which ac-
cording to [Se], V, §3,6 corresponds to Ng|p : deUf;rl — U}/U;H. We note
that @ is uniquely determined by the properties:

(i) @ has highest coefficient 1 and divides ¢/ — 1.

(ii) Under a € kp — 1+ an}, € Uj. /U the subspaces Ker(Q) and Ker(Ng r)
correspond.

Furthermore let Iy = {r € I; r < s} and let N, be the matrix of type I x I with
entries 1 at the positions (s, s), (s{—1},s —p),...,(s{—r},s —rp),... as long as
s —rp > 1 and with the convention that s{—r} means r steps backwards in the
sequence [ of numbers prime to p. All other entries of Ny are 0. Note that for
s < p the only entry 1 is at position (s, s).

Lemma 15.2 ([Cr3], Theorem 2.4.2). Keep the assumptions of the previous

Lemma and replace
Q=¢"+na-10"" + -+ 0 € kr{¢}

by

QU = B¢+ ng_1 Nog™™ + -+ + oN? € kT {4}
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Then the diagram

I Is
kF kF
Ea:p?; l lExpif

N,
Co(K) x U JUSH'R —5 ¢, x U JUSHR
18 commutative.

Whereas (27) was valid only for s < t < p, Cram’s arguments work for all
s < e. Note that in (27) the norm map has been considered only on Cy. For @1}
this means that the last row and column have to be removed. For s < p this
turns Ny into the zero matrix.

The proof is by iteration, beginning from loc.cit. Proposition 2.1.7, a2):
Ngr(Exp(a, 7t)) = Exp(aP, %) (1 + a - TrK|F(7T§<)) mod U5
if
[K:F]=pand1<i<s.

Since K|F is in L it is possible to obtain more information on the trace of the pow-

s—1

ers of mg. The correcting factor on the right can be replaced by Exp(ano, F;_ ?)
if i = s mod p and by 1 otherwise. This implies the Lemma in case [K : F| = p
(loc.cit. Lemma 2.4.1), and then one can argue by induction.

We want the results of section 9 for the less restrictive assumption s < e. There-
fore we also need a more general version of Lemma 9.3.

Lemma 15.3 ([Cr3],3.3.1). Assume s < e. Then it is possible to choose T
such that:

9t =1+ 95(0)ms mod UE  for allo € Gr|F

where O5(0) € kj, and this implies:

Ezp(a, 7[';()071 =1+ rds(o)nk(ary + dla)m)y + ¢2(a)ﬂ;§)2 +---) mod UIQ(SJFI7

foralll <r <s.

As we did after Lemma 9.3 we may again consider Ufjl / U?j“ as a kp-space,

and the Lemma shows that the 2s-coordinate of Exp(a, 7} )71 is always zero, if
r < s. Therefore IrCs(K) N UI2{S - UIQ(S'H7 and this proves Proposition 9.1 in our
more general context. The induction argument is basically the same as in section
9.
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Using (16), (19) and (20) we consider now the commutative diagram

L AR —s T AT

(39) l l
Moy = U AT /(T ATH(C NG,
where the left vertical is the natural projection which forgets all entries not in
2*{¢}. Then as a generalization of Theorem 7.1* we obtain:
Theorem 15.4([Cr3|Proposition 4.1.2). Assume that 1 < s <e. Then:

(i) The jumps of the filtration UU" on T A ﬁl/(Ul A USH)(C’S A Cs) are the

numbers

v(s, b,r) :=s+r/p/~*
where s is fived, 1 <r < s and { =0,...,f — 1, and where the equality r = s
is allowed only if ¢ > f/2. These numbers begin from v(s,0,1) and increase to
v(s, f —1,s), where the order can now be different than in Theorem 7.1.

(i1) Take the coefficients (Lg)s, as independent coefficients of our polynomials
L €.*{¢}, where v, ¢ vary as in (i). Then under the lower horizontal map
of the diagram the filtration UU  corresponds to the filtration {F"}, such that
FY =25} if v = v(s,0,1), and for F*SE7) the next term F¥ of the filtration
is given by adding the relation
(Lg)sr + qﬁg((Lf,g)s,s_pZ(s_r)) =0 ifr<s, £#0, ands — pé(s —r)>0
(Le)sr =0  otherwise.

So we end with F¥' =0 for v =v(s, f —1,s). And in the case when f is even,
the jump v(s, f/2,s) is a half jump.

Due to Lemmas 15.2 and 15.3 the proof is basically the same as in section 10
where we used (27) and Lemma 9.3 resp..

16. More on the filtration in the general case

For s € I we consider Cram’s complement Cy C T' as in the last section. We
will use the notation

CCy = (CsACHT AT cT AT

Then we have Ny<;CCys = T AT and

(40) U' AT /T AT = [ U'AT jCo,

sel,s<t
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as in (21). But contrary to Proposition 8.1 this is no longer a direct product of
filtered groups because different factors can have jumps in common. Therefore

Theorem 15.4 on the factors U AT /CCy is not enough to fix the filtration on
the left side of (40). Instead we consider

Clsy :=CCsNCCy
(41) U AT JCC,y =T ' AT JCC, x T AT /CCy,
where s, s’ € I are consecutive numbers. On the other hand we consider:
P o{¢} =2 {o}+2" {9} C LK AK).

Then similar to (39) we have the commutative diagram:

L AR —=—  T'AT

(42) | |
S} — T AT JCCyy
where the left vertical projection forgets all entries of L € L(k! A k') which are

not in J°{¢}. As a variation of (37) we have the exact sequence:

Nk

Uk AU /CCy(K) ZE T AT jcC, 0 — T AT JCCy
and by an argument which is similar to what we did at the end of section 13 we
see:
Lemma 16.1.
(i) The jumps of the filtration UU" on ' /\UI/CCS’S/ are the numbers py (s, L,r)
and v(s', X, p) where £, v, X\, p may vary as allowed by the definition of Sy .

(i) The numbers from (i) are all different, and for f large enough we always
have: @y (s,l,r) = j(s,¢,1).

For the very last statement see (38).

Corollary 16.2. If f is large enough the numbers j(s,{,r) where s is fized
occur as jumps of T A Ul/CC&S/ but never occur as jumps ofU1 /\Ul/C'C'ShS/1
for s1 > s. And the numbers j(s,€,r) such that j(s,l,r) # v(s,{,r) cannot occur
as jumps also in the case when s; < s.

Proof. Assume the contrary of the first statement. Then we must have j(s, ¢, 1) =
v(s, A\, p), hence the denominator of j(s, ¢, r) is small. Thus j(s,¢,r) = v(s, £, 1)
and v(s,£,r) = v(s}, A, p) > s§ which is a contradiction.

It may happen that j(s, ¢, r) occurs as a jump of U' /\UI/CC'&,LS/1 for s1 < s. For
that it is necessary that j(s,¢,r) = v(s,¢,r) = v(s], A, p). But then we must have
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sh = s. It 8§ < sthen v(s), A, p) stands for a different jump of U AUl/Ul AT

namely for the jump j(s], A, p) # v(s), A, p) = j(s,4,7). O
Therefore if f is large it is enough to study the filtrations UU" /CCs ¢ for all

pairs of consecutive numbers s, s’ € I in order to make the ﬁltratioﬂwy}y

explicit. This is done in [Cr3] sections 7 and 8. Similar as the study of UU  /CC,

needs to consider s-extensions K|F which are related to Cram’s complements, it
is now necessary to study abelian extensions E|F of the following type:

E = L - L' where L|F is a Cs-extension of degree p", n > 1 and L'|F is of
maximal degree p/ corresponding to Cram’s complement Cly.

Then a careful analysis of the isomorphisms (23) for E, s’ instead of K, s
leads to the following

Theorem 16.3 ([Cr3]Theorem 1.5.2). Assume t < min{e*,p?} and f large.
Then:

(i) The jumps of the filtration UU  on T A Ul/Ul AT are the numbers
J(s, 4, r) = @y (v(s,L,r)) for triples (s,¢,r) € Sgp,.
1) Take the coefficients (Ly)s, as independent coefficients of our polynomials
(ii) :
Le L(k}‘ A k{ﬁ), where T, £, s vary as in (i). Then under
T AT T AT = Lkl A KR
the filtration UU' corresponds to the filtration {F"}, such that for Frsbr) the
next term F*' of the filtration is given by adding the relation
(Le)sr + O (Ly—)s s pt(sr) =0 ifr <s, £#0, ands—p'(s—r)>0
(Le)sr = (Lo)gr p(sr—sypr—¢ =0 if€=f—1andr — (s’ —s)p/ >0
(Le)sr =0  otherwise.
Remarks.

1. In accordance to Corollary 16.2 the relation which specifies the jump
J(s,£,7) only includes coefficients (Ly)e,, for o € {s, s'}. Moreover the relation
always begins with the term which is prescribed by Theorem 15.4.

2. The assumption ¢t < p? implies that relations v(s,f,7) = v(a,l,p) are
possible only for ¢ = f — 1, that means denom(v(s,¢,r)) = p. For higher
denominators we will always have v(s,f,r) = s + r/p/ =% < s’ and therefore
v(s,€,r) = j(s,¢,r). This is the reason why the second relation in the Theorem
only occurs for £ = f — 1.

3. Because of Proposition 7.3 it is easy also to specify the dual filtration

]::(875,7“)' We leave this to the reader.
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