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Abstract:We consider Cauchy problem for three-dimensional Navier-Stokes
system with periodic boundary conditions with initial data from the space
of pseudo-measures ®(a). We provide global existence and uniqueness of
the solution for sufficiently small initial data.

1. INTRODUCTION

Three-dimensional Navier-Stokes system with periodic boundary conditions
after Fourier transform can be written in the form:
¢

(1) v(t,k)=exp —t\k:]%o(k:)+27ri/exp{—(t—s)]k]2}z<k,v(s,k—l))ka(s,l)ds
0 lez?

Here k € Z3, t € Ry, v(t,k) € C3, v(t, k) Lk for any k # 0 and v(t,0) = 0 for

all t > 0. wvo(k) is the initial condition and Py denotes Leray projector to the

<k7 >

|k[?

that the viscosity ¥ = 1 and that the external forcing is absent.

subspace orthogonal to k and has the form P, = Id — k. Also (1) assumes

T. Kato in [K] proved the local existence theorem for the 3D-Navier-Stokes
system on R? and global existence and uniqueness theorem in the space L: (R3)N
LY(R3) for small initial conditions.

In this paper we consider Cauchy problem for the system (1) with initial data
from the space ®(«) which is analogous to the subspace ®(«, «) introduced in
[S1], [S2] and consists of functions of the form
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o(@) = {10 = Tk 0 [ supleti)] <00, 0 = sup 4110

We assume o > 2 and shall write = 2 + . V. Kaloshin and Yu. Sannikov
announced the global existence theorem in the spaces ®(a), o > 2 for small
initial data (see [KS]). In this paper we give a detailed proof of this result which
shows also the character of decay of solutions in this case. It is worthwhile to
mention that according to our point of view a similar result is not valid in the
continuous case of k € R3.

Second author acknowledges financial support from NSF Grant DMS 0600996

2. MAIN RESULT

The purpose of this paper is to prove the following theorem.

co(k)
Ll
condition and 6 = §(«) is sufficiently small. Then the equation (1) has a global
c(t, k)
s
L2\ {0}), t > 0.

THEOREM 1. Let 0 < 3¢ < 1 and ||vo|la < § where vg = is the initial

solution v(t, k) =

such that c(t, k) is a continuous mapping of [0,00) into

colk)
e P

0 and assume that for some integer m we constructed the
t < m, such that

The proof of the Theorem 1 goes by induction. Put Héo)(k:)

HgY (k) = Go(k) =
solution v(t, k), 0 <

(2) v(m, k) = HY (k) + HY) (k) + G (k)
where
H(O)(k‘) _ eXp{_m‘kP}CO(k)

Ll ’

HD (k) =Y exp{—(m — 5)[k[}h{" (k)
j=1
and

= Zexp{—(m — ])‘kF}gJ(k)

=1
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Suppose that for all § < m functions h§-1)(k:) satisfy the inequalities:

D162 exp {—%\kF}

D (k)| <
3) |hy (R)| < e ,

while the functions g;(k) satisfy the inequalities:

) g,y < 222 ot i)

Here § > 3 is a constant and d, D with indices denote various absolute con-
stants which appear during the proof, but their exact values play no role in the
arguments.

Consider 0 < ¢t < 1 and write down the solution of (1) in the form:

m . (1)
exp{—(m + t)|k|*}co(k exp{—(m — j + t)[k|*}h; "’ (k)
oltm, k) = & Z k|2 +
=1
) s J
mr,j‘% +Zexp{ m — j+ )|k g; (k) + g1 (t, )

We show that the inequalities (3), (4) holds for hgll(l, k) and gm+1(1, k) respec-
tively.

3. PROOF OF THE MAIN RESULT

Denote
(6) HOL, (1, ) = S22 ?];‘Qlk|2}co<k>7
(1) HY (1. k i exp{—(m — J';'Q\kIQ}hgl)(t, k) . h%{l’gta k)7
j=1
(®) Gt (65) = 3 exp{—(m — j + O} (1. )

J=1
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and

(k, H'(s,k — 1)) PeH" (s,1)
|k — 1]l

(H' @ H") (t,k) = i/exp{—(t —oPr Y
0

kez3\{0}
k—1#£0

If we substitute (5) into (1) we can write the expression for h&}rl(t, k):

(9) B (8 k) = [k (Hy © B ) (8 K)

and the expression for g,,11(t, k):

8

(10) gmpr(t. k) = > I8 (1 k) + Z 189 (4, k) + 1, (8, k)
Jj1=1 Ja=1

15590, k) = (H' @ H”) (¢, k),

1991 k) = (H' @ gmy) (k) + (gmes @ H') (&, k)

and H', H" are either Hr(n)ﬂ(t, k), or Hr(rgrl(t k) or Gpm1(t, k) except the case
H =H" = H,S?il which corresponds to the hfnzrl according to (9). Therefore j;

changes from 1 to 8 and j» changes from 1 to 3. Also

3
IT(n)H(t? k) = gm+1 ® gmi1.

We see that I\ )1 does not depend on gn,11(t, k), gil is a linear function

of gm+1(t, k) and I( )+1 is a quadratic function of gp,41(t,k). Therefore (10) is
a typical equation which can be solved by iterations if the coefficients are small
enough. Below we provide necessary estimates and later we come back to the
analysis of (8).

1

3.1. First estimates. Here we show that all functions h,,’ ; behaves like gauss-
ian functions of ¢|k| and then provide necessary estimates for coefficients in (10).

As in [S1], [S2], we use the identity:

2

a1az ay

11 k—1? 1?2 =
(11) ai| 1 + az|l| P

’k‘Q (a1 + CLQ) | — k

An estimate of Hfill At first we estimate hgrlbll(t, k). From (9) it follows
that
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t

B (t) =(Hy o B8 0) = 2ni [ expl—(t = )k}
0
).

Z (kyco(k — 1)) Preo(l

m S —1? m S 2 S
e (= (m )k 1 = (m 4 5) )

ZEZ3\{O}
k—1#

Using (11) we can write

t
m|k|? S
a0l <o {50 [ op(—- DI
0

Z <k7c(](k - l)>PI€CO(Z) exp{72m|l . %k|2}d8 <

1ez3\{o0} |k B l|a|l|a
k—1#£0
k[*\ exp{—5|k[*} — exp{—t|k[*}
exp{ 2 Ik
_ _ 1112
Z exp{ k2ml|la l i|k| } <
o) k=1
k—1#£0
< D362 exp C(m Atk 1 - exp{—g[kI*}
|| 2 |k

Substituting this inequality to (7) we conclude

D30 (1 —exp{—§[kI"}) TR j
Y, 0] < 22 DY oxp {-m+1- ik} <

B& k]2 A
(12) =1
D462 (1 — exp{—L|k[2}) (m + 1)]?
< _
S Tk e P 2

Estimates for Hr(rjlﬂr)l ® Héﬁ)l We present detailed estimate only for Hﬁ?}rl ®

Hgil since all other terms can be estimated in the same manner. From (11) and
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(12) we have
¢

(02 © B )0 0] < K8 [ expl~(2 - o)k}

0
_ 12— mts | g2
R SR [l S
[k —1[2[l]>

1ez3\{0}

k—15£0
1o {=3(m + )|l — ==k
3 m + 9 exp m+ S 3
< |kls exp{—3|k| }/exp{ =)k} S e ds
0 gt

Since « + 2¢ > 2 the last sum is not more than some constant Ds. We get

m+1 — exp{—t|k|?
(13) |, @ B >\<|k|p5e><p{ W} fk{PH}

Similarly, for (H, r(nll ® Hr(n)ﬂ)(t, k) we can write

1 _ 2
() [0 @ 0] < Dpesp { " | LB

K|

3.2. Spaces F,,(c). Fix positive constant 3 > 0 and introduce functional space

Fm(c)
Fon(c) = {f(k) 10 < 5 exp{—cv ), b # o}, [ Fllme = inf Dy

We show that functions g,,+1(%, k) belong to the spaces ¥, with uniform con-
stant if only all coefficients in (10) are sufficiently small. First of all we show that
HUD g H(j2), J1 + j2 > 0 belongs to the space F,,(d2) for some constant ds. It
follows from previous estimates, that all of these functions decay as a Gaussian
functions. For our purpose it is convenient to consider them as functions from
the space F,,(d2). Since m|k| > 1 we can write

mlk?\ _ Ds k|
_ < —° _
eXp{ 3 } SEECPUTT B

for some constant Dg. We see that (nygzrl ® Hﬁll)(t, k) e ?mﬂ(%) and

( 5) H +1 ® m—&-l”m—&-l,% 9

for some constant Dg, which does not depend on t.
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Assuming that Gy,11 € Frq1(d2) we can write for G4 ® Hf,?il

t
(Gosr ® HO ) (6, K)] < |Gt 1,050 K] / exp{—(t — 5)|k[*}-
0

Z exp{—day/m[k — 1| — m|l|2}ds
1]k — 1|1

1ez3\{0}

k—1£0

For the last expression we get

exp{—dav/mlk — U] = m|l|*} < exp{~dav/m|k|} exp{dav/mll] — m|l]*} <

d
< Dip exp{~da/m|k|} exp{|l - 5 jm\?}

So for (Gp41 ® Hr(r?ll)(t, k) we obtain

sexp{—da[ K|/} 1 — exp{ |1’}

©
(G ® Hy,Ly (8K)) < Dit[| Gt lm1,, R k|2

All other terms in I, (1)

ma1(t, k) can be similarly estimated.

Thus we embed the first term in the representation of g,1(t, k) given by (10)
into the space F,,+1(d2). Now we provide the necessary estimates for the terms

Ir(r::’arl and Ir(rfzrl‘

Estimate for ISZ’L. We show, that for given functions f1, fo€F+1(d2) f®fo

also belongs to the space Fy,1(do) and || f1, fallm+1,do <D12]| f1llmet1,a, || f2||m+1, do
for some constant Dqs.

Write down the estimate

t
[f1 @ fol <N fillmivdellf2llmir.a. K] /eXP{—(t — s)[k[*}
0

Z exp{—dovm + 1(|l| — |k — l|}d8 o

1Pk — 117 h
1ez3\{0}
k—15£0
D 1 — exp{—t|k|?
< 13||f1||rr|z;€—|12,gz_||3f2||m+1,d2 exp{—dak|v/m T 1} I|3]£ LS

Since § > 3 and the last expression is not more than 1, we get

D m m
1) Inw pl < Pl o g, )
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In particular, for gm+1(t k) € Fmt1(dz) it follows that

(17) 115251 (Rl ,00 < Daallgmna () 1.0,
Estlmates for I,(nll Here we produce the upper bound for [|[1®) (¢, k)|lmi1.0,, =

Z 7J2)(t k) assuming, that gm+1(t, k) € Fpnt1(da).
J2=1

(i1 (6 ) ® HYL (8, 5))] < lgmet [l 1.a,0]k] / exp{—(t — 5)|k[*}-

Z exp{—day/m[k — 1| — m|l|2}ds
|k —1P]i)e

1€Z3\{0}

k—1£0

Again for the last expression holds

exp{—day/mlk — 1| - mli]’} <

2

Q\F

So for (gm+1(t, k) ® Hggil(t, k)) we can write

1 — exp{—tk|’} exp{—da/mH]}
|| ||

For the terms g,,+1 ® G.,4+1 we can produce an appropriate estimate using (16).

(g1 (8, )@ HYL | (£,8))] < Digllgmes 1l 1,450

All other terms in Ifnzrl(t, k) can be estimated in a similar way.

Collecting all present estimates we see that for some constant newcon

(18)  lgmr1(ts k) lms1,de < D176” + D1gdllgmr1llm+1,ds + Drollgm1lii1.as

So for sufficiently small § all coefficients in (18) are small and the equation (10)
can be solved by iterations. The solution g,,+1(¢, k) belongs to Fp,+1(d2) and
unique in this class of functions. Each function g,,1(¢, k) provides the unique
solution v(m +t, k) of (5). The Theorem 1 is proven.
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