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In the celebrated paper [T] J. Tits proved the following fundamental dichotomy
for a finitely generated linear group :

Let G be a finitely generated linear group over an arbitrary field. Then either
G is virtually solvable or G contains a free non-abelian subgroup.

His proof of this alternative based on geometrical ideas came form Schottky
groups. Recall that a Schottky group G is a group of fractional linear transfor-
mations of the hyperbolic plane H? generated by a set of hyperbolic elements S =
{gi,i € I} and has the following property : there exist disjoint subsets D;t,z' el
and D of H? such that for every i € I :

L. g (Ujer-D; U D) C D;f for n >0
2. g1 (Ujer,j2iD; UDC) C D; for n <0.

Note that from the definition immediately follows that the group G is a free group
with free generators g;,¢ € I. Indeed, let g = gZ“ e g;:k be any reduced word.

Take p € D°, then gp € Dii1 C H2\ D°. Therefore g # 1.

One of the main purposes of the present work is to show how the beautiful ideas
of Tits were developed in our joint works with G. Margulis [MS1], [MS2], [MS3].
Our interest to free subgroups of linear groups was initiated by the following
Problem 1 (V. Platonov) Does there exist a maximal subgroup of infinite index

in SLy(Z) forn >3 ¢

We proved in [MS1] that the answer is positive. Actually we proved that
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Let G be a finitely generated linear group over an arbitrary field. Then either
G is polycyclic or G contains a mazximal subgroup of infinite index.
We proved this as a corollary of the following theorem:

Let G be a finitely generated linear group over an arbitrary field. If G is not
virtually solvable then G contains a pro-finitely dense free subgroup.
We remark that questions about existence of a dense free subgroup in topolog-
ical groups are very important and leads to a many deep consequences (see for
example [BG2]).
Conjecture ( [DPSS], [P]). Let G be a finitely generated linear group and let G be

a pro-finite completion of the group G. Assume that G contains a free subgroup.
Then does G contain a finitely generated pro-finitely dense free subgroup?

E. Breuillard and T. Gelander proved this conjecture in [BG2]

A. Shalev asked me a slightly different question. Namely R
Problem 2 (A. Shalev). Let G be a finitely generated linear group and let G be

the pro-finite completion of the group G. Assume that G contains a free subgroup.

Does G contain a finitely generated free subgroup which is pro-finitely dense in G
¢

In general an answer to this question is negative. For example it is not true if
G is a lattice in a semisimple Lie group of real rank 1. But for lattices in higher
rank semisimple groups the answer is positive [SV].

Several resent very interesting results [BG1],[BG2],[GGI] were proved under
the influence of [MS3]. Therefore we decided to use this opportunity to explain
some modifications of the concept, ideas and proofs from this paper together with
further development done in our works [AMS1], [AMS2]. Based on this, we will
give a short proof of Platonov’s problem, construct a new counterexample to a
Prasad-Tits conjecture and state some new and recall some old problems.

In the last section we will complete a proof of the following:
Conjecture (G. Margulis) Let S be a crystallographic semigroup, then S is a

group.
Our proof of the above conjecture is based on existence of a free subgroup in the

Zariski closure of S with some additional geometric properties. This step was
done in [S].

We will use standard definitions of algebraic group theory, Lie group theory and
group theory (see [B], [H], [R ]). The letters Z,Q,R,C,Q, denotes respectively
the set of integers, rational, real, complex and p—adic numbers. The index of a
subgroup H of a group G will be denoted by |G/H]|. If G is a group and S C G,
then by Ng(G) ( resp. Cs(G)) we denote the normalizer (resp. centralizer) of S
in G. By (S) we denote the subgroup of G generated by S. We denote as usual
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by GL, and SL, the group of invertible and unimodular n by n matrices. An
algebraic subgroup of GL,, defined over a field & is called an algebraic k—group or
a k—group. The set of all k—points of an algebraic variety W will be denoted by
W(k). If ¢ : G — H is a k-rational homomorphism of k-groups G and H and
the field [ is an extension of k then the natural homomorphism ¢(l) : G(I) —
H(l) will be denote by ¢ as well. Let V' be a finite dimensional vector space.
A subgroup G of GL(V) is called irreducible if there is no proper G invariant
subspace of V. Accordingly, we call a representation p : G — GL(V) irreducible
if the image p(G) is a irreducible subgroup of GL(V'). A representation p : G —
GL(V) is called strongly irreducible if for every subgroup H of finite index of G
the group p(H) is irreducible. If k is a local field and W is an algebraic k—variety
then W (k) has two natural topologies, namely induced by the topology of k and
by the Zariski topology of W. In case it will be necessary to avoid confusion the
second topology will be distinguished by the prefix ”k” i.e., k—open, k—dense etc.

G. Margulis became my official adviser in the mid 70’s At that time in the

former USSR such a step was really non-trivial and might have had many reper-
cussions. I want to express here my deep gratitude to Grisha Margulis for all he
gave me as a teacher and as a friend.
Acknowlegment: The author would like to thank several institutions and founda-
tions for their support during the preparation of this paper: SFB 701 in Bielefeld
University, ENI in Bar-Tlan University, Yale University, NSF under grant DMS
0244406, USA- Israel Binational Science foundation under BSF grant 2004010,

1. Ping -Pong and free subgroups.

We will start from the following proposition which actually comes from Schot-
tky groups and the proof based on the same arguments.
Lemma 1.1. Let G be a group acting on a set X. Let S = {H;,i € I} be a

collection of subgroups of G and let {X;}icr be a set of disjoint subsets of X and
let xg be a point , o € X. Assume that

1. xzg € X \ Ujer X;
2. h; (Ujel,jyéin) C X; forallh; € H; and i € I,
3. hixg € X; for allh; € H; and i € I.

Then the group (S) is a free product of groups H;,i € I.

Corollary 1.2 (Ping-Pong Lemma) . Let G, X, S = {H;,i € I}, {X;}icr and x
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be as in Lemma 1.1. Assume that for every i € I , H; is an infinite cyclic group
generated by some element h;. Then (S) is a free group and h;,i € I are free
generators.

It is easy to see that the following statement is true.
Lemma 1.3. Let G be a group and p : G — H be a homomorphism of a group.

Let S = {h;,i € I} be free generators of a free group (S). Assume that for every
i € I we choose g; € G such that p(g;) = h;. Then the group generated by {g;,i €
I} is free and {g;,i € I} are free generators.

Let V be a finite dimensional vector space over a local field k with absolute
value | - | and let P = P(V') be the projective space based on V. Let g € GL(V)
and let xg(A) = [[" (A — X)) € k[A] be the characteristic polynomial of the
linear transformation g. Set Q(g) = {\; : |\i| = maxi<j<n [Aj|}. Put xi(A) =
[Thco) (X = Ai) and x2(A) = [1),¢0(y) (A — Ai). Since the absolute value of an
element is invariant under Galois automorphism then y; and y2 belong to k[\].
Therefore x1(g) € GL(V) and x2(g) € GL(V). Let us define by A(g) (resp. B(g))
the subspace of P corresponding to ker(xi(g)) (resp. ker(x2(g))). Put Cr(g) =
B(g) U B(g™'). Recall that g € GL(V) is called prozimal if A(g) is a point.
A proximal element ¢ has a unique eigenvalue of maximal absolute value hence
this eigenvalue has algebraic and geometric multiplicity one. For S C GL(V)
set Q(S) = {g € S : gand g~! are proximal}. We will often use for an element
g € Qo(GL(V)) the following notation A(g) = A% (g), B(g) = B¥(g), A(g~!) =
A~(g) and B(g~") = B~ (9).

For an element g € Qo(GL(V')) the dynamics of the group (g) are very trans-
parent. Let us formulate their properties in terms of the projective map g induced
by g on the projective space P. Namely, the sequence of maps g" where n is pos-
itive integer converges to a map sending all points in P\ B(g) to the point A(g)
and the sequence @_1)” where n is positive integer converges to a map sending
all points in P\ B(g~!) to the point A(g~!). This easily follows from the next
Lemma 1.4. Let g€ Qo(GL(V)) and let K be a compact subset of P\ B(g). Let

d be the distance between the two compact subsets K and B(g). Assume that U
is an open subset in P such that A(g) € U. Then there exits a positive integer
N = N(U,d) such that g"K C U for alln > N.

To illustrate the dynamics of a subgroup let us conceder the following
Ezample 1 . Let G = SL3(R). Let g1 and g2 be two diagonal matrixes where

g1 = diag(a,a 1), > 1 and g2 = diag(1,a,a" 1), a > 1. Let A be the abelian
group generated by {g1,¢g2}. Clearly A is a free abelian group of a rank 2 . Let
An = {g719¢5",In| > N,|m| > N}. Put ey = (1,0,0),e2 = (0,1,0),e3 = (0,0,1).
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Consider the set ¥ = {t1e1 + toes + tzes, Z‘% t; = 1,t; > 0,i = 1,2,3}. Let
P(X) be the projectivization of ¥ and let 9P(X) be the boundary of P(X). Let
q (correspondingly, €; i = 1,2,3 ) be the point of P(X) which corresponds to the
line span by the vector 1/3e;+1/3e2+1/3es3 (correspondingly, e; @ = 1,2,3) . The
boundary dL of the orbit L = A\q = {aq,a € A} is a subset in OP(X). Let us give
some explanation how to understand what will be the set of a limit points. Let
{g}ien be a sequence of elements from A, then g; = ¢g7"¢g5". Since we are looking
for a limit points of the set {g;q};cn in the projective space we can assume that
g = diag{a™T™i o~™+2mi 11 Assume that n; > 0,m; > 0. Let k be an integer
such that m; = 2n; +k;. There are three possibilities : k; — oo (1), k; — —o0 (2)
and k; — k, (3) when i — oo. Then the sequence of projective transformations
gi converge to the quasi projective transformation (see the definition in H.Abels
in this volume) g; = diag{1,0,0} in the case (1), g2 = diag{0,1,0} in the case
(2) and g3 = diag{a*,1,0} in the case (3). Conceder this maps as a projections
7,0 = 1, 2, 3 of the space R?. Then the sequence {g;q}ien can converge to the
points m;q,7 = 1, 2, 3. It is not difficult to see that for every e there exists N =
N(e) such that if a € Ay then d(ag,0L) < € and if U; (respectively Us, Us be
a neighborhood of the point €1, (respectively €3, €3) then the set L\ (U; U Uy U
Us) is finite.

We will say that two elements g € Qo(GL(V)) and h € Qo(GL(V)) are
transversal if A(g) U A(g~') € P\ Cr(h) and A(h) U A(h™Y) C P\ Cr(g). The
simple consequence of Lemma 1.4 is the following
Lemma 1.5. LetS = {g1,...,9m} be a subset of Qo(GL(V')) such that g; and g;

are transversal for every i,j 1 <1i,5 < m. Then there exists a positive integer N
such that for every sequence of positive integers ki, ..., kp, such that ky > N for
all t with
1 <t < m the set S(k) = {glfl,...gfnm} is freely generates of the free group

(S(k)).
Definition 1.6. Let G be a subgroup of GL(V) and go € Qo(G). We say that

the set F'={g; € G,i € I} is a go—free system for G (or simply go—free system if
it is clear which group is considered) if g; € Qo(G) for all i € I and there exists
a set of open subsets O = {0; = O;(F),0; C P,i € I}, a set of disjoint compact
sets K ={K; = K;(F),K; C P,i € I}, an open Uy = U(go) and a compact subset
Ky of P such that

1. A(g:) U A(g; ) C O, ; foralliel,
2. A(go) UA(gy") € Uo

3. infier d(K;, Cr(go)) >
4, K C P\Uie]K

5. g Kj C O; for everyi,j € I,i# j and non-zero z € Z.
6. g K C O; for every i € I and non-zero z € Z.

CK
c
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From this definition immediately follows that the group generated by a go—free
system F' is free and elements of I’ are free generators.
Lemma 1.7. Let a finite subset F of G be a go—free system. Let g be an

element from Q transversal to gy and to every element from F. Then there are
two positive integers N such that for every n > N there exists a positive integer
M = M(n) such that if g = g39™g, ", then F = F'Ug is a go-free system for all
m > M.

Proof. Let di = d(AT(g) U A= (g),Cr(go)) and let do = inf;c; d(K;, Cr(go)).
Put dy = 1/4min(dy,ds) and let B(A™ (go,do)) be a ball of radius dy with
center in A”(go). It follows from Lemma 1.4 that there exists a positive in-
teger N1 = Ni(do, B(A™(g0),do)) such that go~"K; C B(A (go),dp) for all
positive n > Nj. Since At (xgx~!) = TAT(g), A (zgz~!) = TAT(g) and
Cr(zgz~t) = ZCr(g), then Uic1K; € P\ Cr(ghggy ") for all n > Ny. Set d(n) =
d(Uier K, Cr(gygg9, ™). By Lemma 1.4 there exists a positive integer Ny =
Ny(do, Up) such that go" (AT (g)UA™(g)) C Uy for all n > No. Two elements g and
go are transversal, therefore two elements gjgg," and go are transversal for all
n > max{Ny, Na}. Forn > N set h = g{{gg, " and d}, = d(n). There exists a com-
pact subset K}, an open subset Oy, in P such that AT (h)NA~(h) C O, C Kp, C
Uy and
Ky, C P\ Cr(go). From K} C Uy follows that gI'K}, C O; for all i € I. It follows
from Lemma 1.4 that there exists My = M;(dy) such that /ﬁmKi C Oy, for all
m, |m| > M. Since Kj, € P\Cr(go) there exists a compact set K* C Up such that
AT(g)UA~(g) € K*. By Lemma 1.4 there exists a positive integer M5 such that
e C Oy, for all all integers m, |m| > Ma. Put M = max{Mj, Ma}. Set g =
h™ then F = F U {g} is a go—free system for m > M.

Then from Definition 1.6 no.5 follows that for every open subset U,
90" (AT (g) UA(9)) CU C Uy and n > Ny for every ¢ € I and positive in-
teger m we have g"U C O;. Lemma 1.4 now shows that there exists M =
M(d(n),U) such that g"(K;) C U for all i € I and m > M. Since elements g
and gy are transversal elements gy and gg'g"g, ™" are transversal for all integers
m and n. Combining the above arguments, we conclude that F=FU g is a
go—free system. O

Therefore we have the following important
Corollary 1.8. Let F, go, g be as in Lemma 1.7. Let H be a subgroup of finite

index in G. Assume that x € G and g € xH. Then there are two infinite sets of
positive integers N and M such that g = ggg™g," € *H and the set F = FUyg
is a go—free system for alln € N, m € M.

The proof is straightforward.
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Assume now that :

1. There exists a proximal element in G.
2. The Zariski closure G of G is a semisimple group.
3. G N G is an absolutely irreducible subgroup of GL(V).

Then
Proposition 1.9. Let H be a subgroup of G. Assume that H contains a

prozimal element and G° N H is Zariski dense in G°. Then for every g € G the
set gH N Qy(G) is nonempty.

Remark 1.10.  This important proposition first was proved in [MS 3]. A

different proof of this proposition can be deduced from the main theorem in
[AMS].

The principal significance of the next theorem is in reduction to linear groups
over local fields which allows us to use all above arguments. First this reduction
was done in [T] for a finitely generated linear group where the Zariski closure is
connected. A reduction to linear groups over local field in the general case when
the Zariski closure is not necessarily connected is considerably more complicated.
Theorem 1.10. Let G be a finitely generated non virtually solvable linear group,

than there exist a local field k vector space W over k and irreducible representation
p: G — GL(W) such that

1. There exists a proximal element in p(G).
2. The Zariski closure G of p(G) is a semisimple group.
3. G N p(G) is an absolutely irreducible subgroup of GL(W).

Since G is not virtually solvable, we can assume that the Zariski closure of G
is semisimple. The proof splits naturally into a few steps.

Since we can reduce our group by taking a factor-group by non-trivial con-
nected normal subgroup, it is easy to see that
Step 1. It is enough to prove our statement under the following assumption:

the Zariski closure of G is the wreath product F ! G, where G is a simple (non-
connected) algebraic group of an adjoint type and F is a finite group. The descrip-
tion of F 1 G follows
F1G, = GE % F where F acts on GL' by shift.

Step 2. Observe that it is enough to prove the statement of Theorem 1.10 for a

group G such that the Zariski closure of G is a simple algebraic (not necessarily
connected) group of adjoint type

Indeed by step 1 we can assume that our group is a wreath product F! G, where
G, is a simple (non-connected) algebraic group of an adjoint type and F' is a
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finite group. In [AMS1, Theorem 5.17] we proved that if G is a direct product
G = IIT'G; of semisimple groups such for every 1 < ¢ < m there exists g e @
such the projection Wi(g(i)) of ¢ is a proximal element in G; then there exists an
element g € G such that 7;(g) is a proximal element for every 1 <i < m. Hence
if there exists a representation we need for GG, taking the m-th tensor product
of this representation we have an irreducible representation of G¥* which we can
and will extend it to F'{ G,. This representation has all the necessary properties.

Since the Zariski closure G is a simple group of adjoint type we will assume that
G < Aut GY
Step 3. This step splits naturally into two cases:

Casel. The factor group G/G° is cyclic.
Case 2. The factor group G/G° is the symmetric group of degree 3

Since the proof of the statement in the case 2 may be handle in much the same
way as in case 1, for the sake of exposition we restrict ourselves to the case G/G°
is a cyclic group. By using standard arguments, we conclude that there exists a
non torsion element g € G such that G is generated by G°U{g}. Since G is finitely
generated, it follows from [T, Lemma 4.1] that there exists a local field k with
absolute value |-| vector space W over k and absolutely irreducible representation
p: G — GL(W) such that p(g) is proximal. We claim that the group p(G" N
G) = @G is absolutely irreducible. Suppose the contrary. Let W=w R k and
Wy be a minimal G invariant proper subspace of W. Put x = p(g). Then there
exist integers i1, ...,%; such that W= Wo@ Wi, @--- @ W;, where W;, = xsW.
Since z" is a proximal element for all positive integer n € Z, the eigenvector v cor-
responding to the maximal eigenvalue belongs to some W;. Suppose for instance
v € Wy. Then xtv € W;,. Therefore 2'1v and v are two different eigenvectors for
a proximal element x and correspond to the maximal eigenvalue, a contradiction.
Remark 1.12. 1In the reduction done in [T], Tits used an easy but crucial lemma

saying that for a finitely generated infinite group G there exists a local field k
with a absolute value |-| such that for some element g € G at least one eigenvalue
has an absolute value # 1. This fact can be deduced from a natural and useful
generalization proved in [BG2, Lemma 2.1].

2. Dense free subgroups.
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For a start let us prove the Platonov problem.
Proof Observe that there exists a proximal element in SL,(Z). Indeed, let g be

a diagonal matrix g = diag (a1, ...,a,), a; > 0a; € R, a1 > ag > -+ > a,. Since
the action of the group generated by g on SL,(R)/SL,(Z) is ergodic, then by
well-known arguments [R] for every neighborhood of identity U € SL,(R) there
exists an infinite set of positive integers M such that the intersection Ug™U N
SL,(Z) # 0,m € M. From g € Qg (SL,(R)) follows that there are a positive
integer M and a neighborhood of identity U, U C SL,(R) such that Ug™U C
Qo (SL,(R)) for m > M. Let go € Qo(SLn(R))(SLn(Z). The group SL,(Z)
is absolutely irreducible; therefore there exists x € SL,(Z) such that two ele-
ments h = zgox ™' and gy are transversal. Consequently, there exists a positive
integer k such that {h*} is a gy free system. Therefore we will assume that {h}
is a gp—free system. It is not difficult to show that there exists a gop—free sys-
tem F' = {hi,...,hs} such that the group generated by F' is Zariski dense in
SLp(R). Then [W] for n > 3 the pro- finite closure F* of F' is subgroup of finite
index in SLy,(Z). Let z;F*,i = 1,...,t be all different classes SL,(Z)/F*. By
Corollary 1.8, there exist elements hgy1, hs4t such that hgyy € x;F* 0 =1,...,t
and Fy = {h1,...,hs,hst1,...,hsyt} is a go —free system. It is clear that the
group generated by Fp is pro-finitely dense in SL,(Z) for n > 3. Since the group
SL,(Z) is finitely generated there exists a maximal proper subgroup H which
contains Fjy. Obviously H is a maximal subgroup of SL,(Z). Assume that the
index SL,(Z)/H is finite. Then H is a proper pro-finitely dense open subgroup
of SL,(Z) which is impossible and the proof is completed.

Since a subgroup of a finite index of a finitely generated group is a finitely
generated group we reformulated [MS1]| Platonov’s problem as following;:
Conjecture (G. Margulis, G. Soifer) Let G = SL,(Z) and H be a mazimal

subgroup of G. Assume that H is a finitely generated group, then the index G/H
1s finite.

This conjecture is true for n = 2. Furthermore it is true if G is a lattice in SLa(R)
(see [SV]). Y. Glasner pointed out that SL,(Z) is a maximal subgroup of infinite
index of a lattice SL,,(Z[1/p]). Nevertheless the above conjecture is still open for
n > 3.

When our results were announced [MS 1] we received a letter from G.Prasad
with the following conjecture
Conjecture (G. Prasad, J. Tits) Every maximal subgroup of SL,(Z), n > 3 of

infinite index is virtually free.

We show in [MS2] that there exists a not virtually free maximal subgroup of
an infinite index in SL,(Z) for n > 4. Now we will show that for n = 3 this
conjecture is also not true. Recall that the group SLs(Z) is virtually free.
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Theorem 2.1. There exists a mazimal subgroup of infinite index in SL3(Z) which

is not virtually free.

Proof. Let G = SL3(R) and I' = SL3(Z). Let g1, g2 be two commuting elements
from Q(I") which generate a free abelian group of rank 2 . Let e, eg, e3 be their
eigenvectors corresponding to a three different eigenvalues. Consider the set ¥ =
{t1e1+taea+tses, Z? ti=1,t; > 0,i =1,2,3}. Let P(X) be the projectivization
of ¥ and let OP(X) be the boundary of P(X). Let ¢ (correspondingly, €; i =
1,2,3 ) be the point of P(X) which corresponds to the line span by the vector
1/3e1 + 1/3ea + 1/3es3 (correspondingly, e; ¢ = 1,2,3). Analysis similar to that
in Example 1 with a bit more routine calculations shows that elements g; and go
will fulfil following properties:

1. The boundary OL of the orbit L = Aq = {dq,a € A} is a subset of IP(X)
2. Let U; be aneighborhood of the point ¢€;, ¢ = 1,2, 3. Then the set 0L\ (U;U
Us U Ug) is finite.

Hence there are two lines Ly and Lo in the projective space P such that LN
L; =0 fori=1,2 and ¢ = L1 N L. It is easy to see that there exists a positive
integer N and neighborhood W of the point ¢ and a compact Kqg, W C K{ such
that a"Ko N (L1 U L) = 0 for all @ € A and |n|] > N. Let gy be a hyperbolic
element of G such that B*(go) = L1, B~ (go) = L2 and A" (go) U A~ (go) C W.
Put Ag =< ¢V, g >. Then there exists a positive d such that the distance
minge 4, d(aKo, Ly ),d(aKo,La) > d. Since the action of the subgroup group
generated by go on SL3(R)/SL3(Z) is ergodic, for every neighborhood U of the
identity in the group G there exists an infinite set of positive integers M such
that UgiU NT # 0. Hence because for m € M At(¢™) = AT (g), A= (¢™) =
A= (g),B*(¢g™) = B*(g) and B~ (¢g™) = B~ (g) for every positive ¢ there exist
neighborhood U of the identity in the group G and positive integer My such that
it m > My for every g € UgiU we have

L. g e QO(G)7
2. At(g)u A (g) W,
3. Unez a"Ko C P\ (B*(g) UB™(g)).

Therefore we can and will assume that gg € I'. Let g be an element from I’
transversal to go. It follows from (2) and (3) since A1 (go) UA™(g0) € P\(B*(g9)U
B~ (g)), that there exists a positive integer Ny such that for n > Ny we have
9o "Unez a"Kog'n)g C P\(B*(g) UB~(g)). Hence there exists a positive integer
Np such that for n > Ny we have BT (gfgg,") U B~ (95995 ") C P\Unez a"Kp.
Repeated application of Corollary 1.8 enables us using an arguments from [SV]
to claim that there exists a finite gg —free system F = {f;,1 < i < m} such that
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1. The group generated by F' is pro-finitely dense in I'.
2. AY(fi) UA=(f;) CW for every i,1 <i<m.
3. d(@" Ko, (BT (fi) UB~(fi)) > d/2 for every 1 <i < m and a € Ay.

Indeed, assume that f € Q(T') is an element transversal to gg. Since for every
neighborhood U of A™(gg) there exists a positive integer Ny such that for all n >
Ny we have g7 (Upez a"Ko) C U. Therefore if U € P\ (B*(f) UB™(f)) then
G " (Upez a"Ko) € P\ (BT (f)UB™(f)) for n > Ny. Hence Uyez a"Ko C P\
(Bt (g"fg~™) UB (¢g"fg")) for n > Ny. As we proved in [SV] there exists a
finite set of elements fi, ..., fr such that the Zariski closure of the group < fs > is
connected for every 1 leqs < k and the pro-finite completion of the group F; =<
fi,..., frx > is a subgroup of a finite index in I'. It follows from Lemma 1.7 that
we can and will assume that fq,..., fi is a go—free system and fulfil property no3.
Let T1,T, be all different co-sets I'/F;. Repeated arguments above enabled us
to show that there are elements fiy1,..., fxar such that the set fi,... fyi, is a
go—free system which fulfil properties nol,2,3.

It follows from no.3 that there exists a compact Ky such that U,cza" Ky C Ky
and d(Kn, BT (f;)UB™(fi)) > d/4. Tt follows from Lemma 1.4 that there exists
a positive number Ny such that f'Ky C W for all n > Nj. Set n; = 2N; for
i=1,....,k and n;, > Ny, " € M; for i = k+1,...,k+r. Then the group

F =< f",... ;: _’;;[r > is a free subgroup which is pro-finitely dense in I' such

that fK N C W for every f € F. Hence the group generated by Ag and F' is
a free product Ag * F'. Therefore a maximal subgroup of I' which contains the
group generated by Ag and F will be a maximal subgroup of I'. This subgroup
will be of infinite index since the group generated by Fis pro-finitely dense. This
subgroup contains a free abelian group Ag of rank 2. Hence it is not virtually
free. U

There are some other results in the spirit of the statement of Theorem 2.1, see
for example [S], [V].

Let G be a subgroup of GL, (k) where k is a local field. The full linear group
GL, (k) and hence any subgroup of it is endowed with the standard topology that
is the topology induced from the local field k. We will denote by || - || a norm on
G Ly, (k) induced from the local field absolute value |-|. Let S = {s1,...,8m,$; €
GL,(k)} be a finite set. Put S(e) = {(51,...,5mn) such that ||5; — s;|| < ¢ for all
1 <i<mande > 0}. Assume that I' is a finitely generated dense subgroup
of a connected semisimple group G, G < GL, (k). We claim that there exists
g0 such that for every ¢ < gg the group generated by the set {s1,..., 5, } where
(51,..-,5m) € S(e) is dense in G (see [BG2, 5.1]). Indeed, there exist a finite
set S1 = {g1,...,91} where | = dim G and &; such that if ||g; — g;|| < &1 for i =
1,...,1 then the group generated by S; = {91,...,91} is dense in G. Since T is
dense in G then there exist elements 7; € I" such that ||7; — g;|| < e1/2 for all i =
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1,...,0. Then 7; = w;(s1,...,Sm). Consider maps w; : G X --- x G — G where
—_——
m
i =1,...,1. There exists an € such that if ||5; — s;|| < e for all i = 1,...,[ then
lwi(51, .-y 8m) — wi(s1,...,8m)|| < e1 and therefore ||w;(51,...,5m) — gil| < e1

for all i = 1,...,l. Hence the group generated by the set {s1,...,5,} will be
dense in G.

E. Breuillard and T. Gelander proved in [BG2] the following topological Tits
alternative.

Theorem 2.2 [BG2]. Let k be a local field and T’ a subgroup of GL, (k). Then T
contains either open solvable subgroup or a dense free subgroup.

Note that for a non discrete subgroup I' the two cases are mutually exclusive.
Hence if I a dense subgroup of a semisimple connected Lie group G, then for any
set

S ={v,...,vm} of generators of I" there exists an ¢y such that for every ¢ < g¢
there exists S = (31,...,9m) € S(e) NI x --- x I such that the group < S > is

m
free and dense in GG. For a compact connected Lie group one can deduce this fact
for a from [S, Proposition 4.5].

Let G be a connected compact group Lie. Then the set of torsion elements of
G is dense in G. Therefore for every € and any set of generators S = {7v1,...,vm}
of a subgroup I there exists (71, ...,7m) € S(g) such that the group generated by
S = {71, -..,9m} is not free because it contains torsion. On the other hand every
finitely generated linear group has a subgroup of a finite index without torsion.
Therefore we state the following
Conjecture. (G. Margulis, G. Soifer.) Let G be a non solvable connected Lie

group. Assume that the subgroup of G generated by a set S = {s1,...,8nm} is a
free dense subgroup. Then for every e there exists (s7,...,sk) € S(e) such that
the group generated by the set S* = {s%,...,sk} is not virtually free.

This conjecture first was stated for a compact group and it was proved recently

by T.Gelander. His results show that it will interesting to answer to the following
Problem. Let G be a connected Lie group let F' be a free dense subgroup of G

generated by a set S = {s1,...s,}. Is it true that for every dense subgroup T' of
G and every e there exists a set {v1,...,n} such that {v1,...,v} C S(¢) and
<yeeoyyn >=1T.

3. Euclidean crystallographic semigroups.
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Recall that a semigroup S acts properly discontinuously on a topological space
X if for every compact subset K C X the set {s € S|sK N K # @} is finite.
A semigroup S is called crystallographic if it acts properly discontinuously and
there exists a compact subset Ko C X such that UscgsKg = X. In the case when
X =R" and S C Isom X, § is called a Euclidean crystallographic semigroup.

In this section we will prove the following conjecture due to G.Margulis.
Conjecture Let S be an Fuclidean crystallographic semigroup, then S is a group.

Here is a scenario of our proof of the above conjecture. The main idea of the
proof is to show that the Zariski closure G of a semigroup S does not contain a
free subgroup. We prove this using our ideas and results from [S]. Therefore by
the Tits’ alternative G is a virtually solvable group. Hence the linear part of G is
a compact virtually solvable group. Consequently the linear part of GG is virtually
abelian. Combining this with the fact that S acts properly discontinuously, we
show that every element in S is invertible. Thus S is a group.

Let us recall some necessary definitions . Let G = Aff R" be the group of all
affine transformation of the n—dimensional real affine space R™. This group is
the semidirect product of GL,(R) and the subgroup of all parallel translations
which can be identified with R", i.e,

AffR" = R" x GL,(R).
We will consider the natural homomorphism
¢ AffR" — GL,(R),

and because the group AffR" is semidirect product we have for every element g €
AffR™ the decomposition

g=uvg L(g), vy € R", (g) € GL,(R").
Let ¢ be a positive definite quadratic form on R™. Then
TsomR" = {g € AfIR" : q(¢(g)(x)) = a(x)}.

Hence if g € IsomR" then /(g) € O(q). Let g € IsomR" and let V%(g) = {v €
R™: ¢(g)v = v}. Recall that an element g of an algebraic group G, G C GL,(R)
is called regular if and only if
dim V(g) = min V°(x).
im V(g) = min V(z)

Let g € AffR" then there exists the maximal g —invariant affine space A°(g) of
R"™ such that g induces a translation on it. This translation can be zero and in
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that case all points in A°%(g) are fixed points. It is easy to see that if we define
the vector v°(g) as follows: consider a point z € A%(g) put

0 T e——
U9 = e —a]

gr —

then this vector does not depend on z. We define v"(g) = 0 if there exists
a g—fixed point. For every set of vectors X in R" there is a smallest convex
cone Cx such that X C Cx. Therefore for every semigroup S C IsomR" there
exists the convex cone C(S) defined as C(S) = Cx, where X = {1%(g), g €
S, £(g) is a regular element of the group £(S)}. Let V9(S) be the subspace gen-
erated by the set {V9(g)}ges. Assume that there is no non-trivial S-invariant
affine subspaces of the affine space R™ then

Lemma 3.1. V°(S) =R,

Proof. Tt immediately follows from [S, Lemma 4.1] that V°(9) is an ¢(S)-invariant
subspace of the vector space R™. This subspace is non-trivial because S acts
properly discontinuously. Since the closure £(5) is a reductive group, there exists
an £(S)-invariant subspace W of R™ such that VO(S) @ W = R". Assume that
W # {0}. We have the natural projection of the affine space R™ onto to the
affine space A7 = R"/V?(S) along V°(S) and hence an induced homomorphism
p:S — Isom Aj. Let £(p(g)) be the linear part of p(g). Since V°(g) C V9(S)
there exists a fixed point for every element p(g),g € S. Therefore the closure
of the group generated by p(g) is compact for every g € S. Thus the group
p(S) is compact. Hence there exists a p(S)—fixed point pg in A; . Consequently
po+VO(S) is non-trivial proper S-invariant affine subspace. Contradiction which
proves the lemma. O

Consider the closure C(S) of the cone C'(S) in R™. Our next goal is to prove
Lemma 3.2 Let S be a crystallographic semigroup. Then C(S) = R™.

Proof. By [S, Lemma 4.1] it is enough to prove that C(S) = R™. To obtain a
contradiction assume that C'(S) # R™. Then there exists a non-zero vector vy in
R™ such that the scalar product (v,vg) < 0 for all v € C(S) and there is a vector
v € C(S) such that (v,vg) < 0. It follows from our assumption and Lemma 3.1
that there exists an element sg € S such that V(sg) & C(S). Let v* be a vector
from VO(sp) such that (v*,vg) > 0.

Let K be a compact subset in R" such that Uscg sK = R™. Fix a point pg in K.
It is clear that if p,, is a point of R"™, where p,, = pg + mvg and m is a positive
number, then there exists s,, € S such p,, € s, K. Therefore for every point p €
K

lim —mP P (3.1)
m—o0 |smp — p



Free Subgroups of Linear Groups 1001

Consider the subset {{(sm)}men of the compact group O(q). We can and will
assume that this sequence is converge to some element go of the closure ¢(S)
in O(q). Put g1 = £(s0)gy " Since g1 € £(S) there is a sequence {3, }men of
elements from S such that the sequence {{(5,,)}men converges to g;. We can
assume that for every point p € K we have

lim 15m(p) — pll

= 3.2
w2 Torup —pl 32
Define t,,, = $;,Sm for all positive integers m. Let us show, that
lim (v°(tm),v0) > 0. (3.3).
m—0o0

Indeed, let g, = 3,,'po and let v, be a vector vy, = tmGm — Gm/|[tm@m — Gml|-
Since thm —Qqm = tmpo —P0+ SmQm — qm and Hngm - QmH = Hgmpo _pOH from
(3.2) follows that

lim v, =v*. (3.4).
m—0o0

The sequence {{(5p,)}men converges to g1. Therefore the sequence {¢(t,)}men
converges to £(sg). Thus the sequence {V°(t;,)}men converges to the subspace
VO(t). Now we use the following idea. Let g be an euclidian transformation and
let m, : R® — A%(g) be the orthogonal projection onto A%(g). Then for every
point x of R™ we have 7,(gz —z) = av’(g) where a = ||my(gz—x)||. Consequently
because the sequence {V9(t,,)}men converges to the subspace VO(t) from (3.4)
follows that lim,, ..o v2, = v*. Hence lim,, oo (v%(tm),v0) > 0.. On the other
hand, v°(t,,) € C(S). Therefore (v°(t,,),v9) < 0. Contradiction which proves
the lemma. O

We will use the following fact proved in [S, Proposition 4.5].

Proposition 3.3. Let S be a subsemigroup of Isom R™. Assume that ((S) is a

connected non-solvable group. Then for every finite set g1,...,gm C S such that
v9(g;) mon-zero for all i,1 < i < m, and every positive £, < 1, € R, there are
elements g7, ..., g5, C S such that

(1) Semigroup generated by g3, ..., g%, is free and g7, ..., g}, are free genera-
tors,
(2) @°(g7),v%(g:)) > 1 —¢ for all i,1 <i < m.

Proposition 3.4. Let S be a crystallographic semigroup, then the Zariski closure
G of S is a virtually solvable group.

Proof. On the contrary assume that the group G is not virtually solvable. With-
out loss of generality we can assume that the group G is connected. It follows
from Lemma 3.1 and Lemma 3.2 that there exists a finite subset {si,...,sp} of
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S such that convex hole of the set {v%(s1),...,v%(s;m)} is R™. Hence there exists
a positive real number ¢, € < 1 such that if vectors wy,...,w,, are taken such
that (w;,v%(s;)) > 1 — & then the convex hole of the set {wy,...,wy,} is R™. Let
so be any element of S such that v°(sg) # 0. It follows from Proposition 3.3 that

there exists a subset s§, s ..., s, such that

(1) subgroup generated by the subset {s§, s} ..., s}, } is free and s, s7 ..., sk,

are free generators,

(2) convex hole of the set {v°(s}),...,v%(s%,)} is R™.
Since the convex hole of the set {v9(s?),...,v%(s%,)} is R", there exists a positive
real number § = J(s]...,ss,) such that for arbitrary unite vector v € R™ and
some vector v;,,1 < ip < m we have cos £(v,v;,) < —d. Let x; € A%(s}) be
a point i,1 < i < m. Put l; = ||sjz; — ;] for each 4,1 < i < m . Setl =

maxi<i<ml;. Fix a point pg € R™. Let p be a point of R". It is easy to see
that there exist positive integers j,1 < j < m and k; such that d((s}f)kﬂ'p,po) <

V1 —62d(p,po) + %l. Assume that the euclidian distance d(p,pg) > g—é. Then

there is a positive number § = 60(4) < 1 such that if d(p, py) > g—é we have

d((s3)™ p, po) < 0d(p, po)- (3.5)

Let us now define the following infinite set of disjoint subsets S; of S. Let S*
be a subsemigroup generated by the set {s}...,s},}. Put S; = S*sg. Let dj =
minges; d(spo,po). By (3.5) we have that d; <. Since subsets S; are disjoint the
intersection B(po, 21/6%) N S; is non-empty for every positive integer j. Therefore
the semigroup S does not acts properly discontinuously on R™. Contradiction. [

Now we will prove the Margulis conjecture.

Proof. Let G be the Zariski closure of the semigroup S. Let us show that G N
R™ is a finite index subgroup in G. It is enough to show that if the group G
is connected then G C R™. From Proposition 3.4 follows that the group #(5) is
solvable. This group is compact and connected, therefore it is an abelian group. It
is well known that a finitely generated linear group contains torsion free subgroup
of a finite index. Therefore by above arguments we can and will assume that S
is torsion free. Thus for two different regular elements s; and so from S we have
VO9(s1) = VO(s3). Then by lemma 3.1 V?(s) = R for every regular element of S.
Consequently for every element s € S we have ¢(s) = 1. Therefore the connected
component G° C R”.

Let Sy = G°N S. It follows from Lemma 3.2 since GV is a subgroup of finite
index in G that C(S%) = R™. On the other hand the semigroup S° contains
only translations and acts properly discontinuously. Therefore S° is a group. It
is clear that if a subsemigroup of finite index in semigroup is a group then the
semigroup is a group which proves the statement.
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