Pure and Applied Mathematics Quarterly
Volume 3, Number 2

(Special Issue: In honor of

Leon Simon, Part 1 of 2)

513—538, 2007

Maps of Bounded Variation with Values into a
Manifold: Total Variation and Relaxed Energy

Mariano Giaquinta and Domenico Mucci

In this paper we illustrate some ideas and results concerning the following ques-
tion which is relevant in several instances and, in particular, in the calculus of
variations. Given an integral energy &(u), as for instance the Dirichlet energy,
the total variation or the area, and a sequence of smooth maps uj from the unit
ball B™ of R™ into an oriented, compact and boundaryless smooth Riemannian
manifold ) in such a way that supj £(ux) < oo, we would like to describe the
limit points of wug. As it has been shown particularly in the last fifteen years and
is quite well known, the process of convergence of the wg’s in general produces
concentration of energy and loss of geometrical information. Our problem is that
of recovering as much as possible of the energy and of the geometry of the limit
points. As shown in [9] one way of doing this is by looking at the graphs of
the wuy’s, i.e., in terms of Cartesian currents: this allows at least to preserve the
homological properties of the maps uj in the limit. In this paper we focus on
and survey some recent results concerning the case in which &£(u) is the total
variation of u, and our main reference will be, besides [9], the recent paper [12].

1. THE TOTAL VARIATION

In the sequel B™ will denote the unit ball in R® and ) a smooth oriented
Riemannian manifold of dimension M > 1, isometrically embedded in RV for
some N > 2. We shall assume that ) is compact, connected, without boundary.
In addition, we assume that its integral 1-homology group H;()) := H1(Y;7Z)
has no torsion.

VECTOR VALUED BV-FUNCTIONS. Let w : B" — ]RN. be a function in
BV (B™,RN), ie., u = (u',...u") with all components v/ € BV(B"). We
recall that the Jump set of u is the countably H"~ !-rectifiable set .J,, in B" given
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by the union of the complements of the Lebesgue sets of the u/’s. Let v = v, (z)
be a unit vector in R™ orthogonal to J,, that exists at H" '-a.e. point x € J,,
and let ui(aj) denote the one-sided approximate limits of u on J, so that for
H" a.e. point x € J,

lim p" / u(z) — w=(@)| dz = 0,

=07 By (x)
where B;)t(x) ={y € By(x) : £(y — ,v(x)) > 0}. Note that a change of sign of
v induces a permutation of v and u~ and that only for scalar functions there
is a canonical choice of the sign of v which ensures that u*(z) > u™(z). The

2

distributional derivative of u decomposes into the sum of a ”gradient” measure,
which is absolutely continuous with respect to the Lebesgue measure, of a ” jump”
measure, concentrated on a set that is o-finite with respect to the H"!-measure,
and of a ”Cantor-type” measure. More precisely,

Du = D% + D7u+ D%,
where
D% = Vu - dx, D'u = (ut(2) —u () @v(z)H" 'L J,,
Vu := (Viu,...,Vyu) being the approximate gradient of u, compare e.g. [6],
[16], [2], [9, Vol. I]. We also recall that {uj} is said to converge to u weakly
in the BV -sense, uj, — u, if up — u strongly in L'(B",RY) and Du; — Du
weakly in the sense of (vector-valued) measures. We will finally set
BV (B",Y) :={u € BV(B",RY) |u(z) € Y for L™ae. 2z € B"}.

THE TOTAL VARIATION. To every map u € BV (B"™,)) we associate its total
variation, given for every Borel set B C B™ by

(1.1) Erv(u, B) = /B |Vu(z)| dx + \Dcu\(B) + . HY(1,) dH" ().

Here, for any z € .J,,, we let H'(l,) denote the length of a geodesic arc I, in Y
with initial and final points u~ (z) and u™(x). Moreover we set

STV(u) = gTv<’U,, Bn) .
Note that if u is smooth, at least in W11(B™, Y), i.e. u € WH(B*" RY) with
u(z) € Y for L™-a.e. x € B", then
Erv(u, B) :/ |Dul| dz .
B

Moreover, clearly for every w € BV (B™,)) we have
|Du|(B) < &y (u, B).

LOWER SEMICONTINUITY. By slicing it is then not difficult to show the fol-
lowing.
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Proposition 1.1. Let n > 2 and u € BV (B",)). For every sequence of smooth
maps {ur} C C1(B™,Y) such that u, — u weakly in the BV -sense, and for any
open set A C B"™, we have

k—oo

liminf/ |Dug| dz > Ery (u, A) .
A

DENSITY RESULTS. The previous definition of the total variation is motivated
by the 1-dimensional case, n = 1. In fact, we have

Theorem 1.2. For every u € BV (B,Y) there exists a sequence of smooth maps
{ur} € CY(BY,Y) such that w, — u weakly in the BV -sense and | Duy||;1 —
Erv(u) as k — oo.

If n > 2, this is not anymore true. Indeed, the map z/|z| from B? into S*
has no smooth strict approximation as in Theorem 1.2. In fact, were this true,
according to what we are going to discuss below, the currents G,, integration
over the graphs of the wuy’s would converge to the current integration over the
graph of z/|z[, thus the boundary 0G|, L B? x S' would be zero, since by
Stokes theorem 0G,, L B% x S' = 0 for every k, while 0G| LB? x S1 =
—80 x [ S1], as it is easily seen.

However, it turns out that the density results of Bethuel [3] in the setting
of the Sobolev space W11 (B", ) extend to the class BV (B",)). Recall that
R°(B™,Y) denotes the set of all the maps u € W1(B",)) which are smooth
except on a singular set 3(u) of the type

S(u) =%, reN,
i=1
where ¥; is a smooth (n — 2)-dimensional subset of B with smooth boundary,
if n > 3, and ¥; is a point if n = 2. The following density results appear in [3].
Theorem 1.3. The class R$°(B",)) is strongly dense in WH1(B")).
Theorem 1.4. The class C*(B",)) is dense in R{°(B™,Y) in the strong W1!-
topology if and only if the first homotopy group of Y is trivial, i.e., m()) = 0.
The following holds for maps in BV (B™,)), see [12].

Theorem 1.5. Let n > 2. For every uw € BV(B™,Y) there exists a sequence of
maps {ur} C R°(B™,Y) such that up — u as k — oo weakly in the BV -sense
and

(1.2) lim |Dug| dx = Epy (u, B").

k—o0 Bn

As a consequence, by using Theorem 1.4 we immediately infer the following.
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Corollary 1.6. Suppose that m1(Y) = 0. For every u € BV (B",)) there exists
a sequence of smooth maps {uy} C C1(B™Y) such that u, — u as k — oo
weakly in the BV -sense and (1.2) holds true.

THE RELAXED BV-ENERGY. In view of the above it is reasonable to study
the lower semicontinuous envelope of the functional Ery : BV(B™,Y) — [0, +o0]
given by

: Lom
(1.3) Erv(u) == /Bn |Du|dx if we CH(B™,Y)
+00 elsewhere in BV (B™,)).

More precisely, we define the relazed BV -energy Erv BV(B™Y) — [0, 4]
as the greatest functional on BV(B™,)) which is lower than or equal to u —

Erv(u) and is lower semicontinuous with respect to the weak convergence in the
BV -sense.

By Proposition 1.1 we clearly infer that
(1.4) Erv(u) < Ery(u)  Yue BV(B™)Y).
Therefore, by Corollary 1.6 we readily obtain
Corollary 1.7. If m1(Y) = 0, then equality holds in (1.4) for every u € BV (B™,)).

However, if m1()) # 0, in general the strict inequality ”<” may hold in (1.4),
even for Sobolev maps u € Wh1(B",)), as we have seen.

In order to analyze the structure property of the relaxed BV -energy, first we
introduce the class of Cartesian currents cart’»!(B" x ))) which arise in a natural
way as weak limits of sequences of graphs of smooth maps up : B® — Y with
equibounded W''-norms. We first focus on the easier case of dimension n = 1,
where the main features can be easily outlined.

CURRENTS CARRIED BY BV-FUNCTIONS. The structure of a function in
BV(B™,Y) suggests to associate to any such function u a suitable current T, €
Dy 1(B™ x Y), i.e., a linear continuous functional acting on compactly supported
smooth n-forms in D"(B" x )) with at most one vertical differential, compare
Sec. 3 below. Any form w € D™!(B"x)) may be decomposed as w = w(® 4w (1)
according to the number of vertical components, where

N n /\
(15) W@ = ¢(z,y)de and wh = Z Z(fl)”_igbg(a:, y) dzt A dy?

j=1 =1

for some ¢ € C°(B™ x )) and ¢§ € C5°(B" x Y), and

dot :==dz" A dx P AdetT A A da .
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We split
T, =T +TS + T
into its absolutely continuous, Cantor and Jump parts, and define Tu(w(o)) =
T%(w©), where
(1L6)  Ted(w,y)de)i= | dlwu()de Vo CE(B"x ),
B™

so that T/ (w®) = T (w(®) = 0. Moreover, if w = wM satisfies (1.5), we set

N
ToM):=) " | (Vi (2), ¢ (,u(x))) de
j:l

(1.7) Z ¢ (2, u(z)) dDCw
B7L
w®) ZZ/ ( <Z>j (z,y) dy’ ) vi dH" 1 (z) .
7j=1 =1
Here ¢ = ( ,...,gb]) and, for any x € Jy, 7, agrees with the 1-current

integration on an oriented geodesic arc [, in ) with initial and final points
respectively given by u™(z) and u"(z), so that 9[l,] = dyt(z) — Oy (2)-

We notice that the definition of T, depends on the choice of the geodesic arcs
l;. In particular, if u € W1(B", ), clearly T, = T? and hence T, agrees with
the current G, integration of forms in D™!(B™ x ))) over the rectifiable graph
of u, defined in an approximate sense by

(1.8) Gy = ([Id>=u)x[B"],
where (Id > u)(x) := (x,u(x)), compare [9].

Moreover, by Sec. 3 below we infer that the parametric variational integral Fi 1
associated to the total variation integral satisfies for every Borel set B C B™

Fi1(Ty, B xY) =Ery(u, B) Vu e BV(B™",Y).
Also, in any dimension n > 2 we have

Proposition 1.8. For every uw € BV(B™)) we find the existence of a se-
quence of maps {ur} C R?°(B™,Y) such that u — u weakly in the BV -sense,
Gy, (W) = Ty(w) for every w € DV(B™ x Y) and

lim ]Duk] dx = Ery(u, B").

k—o0

However, we recall that if n > 2 in general the current T, has non zero
boundary in B™ x ), even if u € WH1(B" ).
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2. CARTESIAN CURRENTS IN DIMENSION ONE

In this section we discuss some features of 1-dimensional Cartesian currents in
B! x Y and, in particular, we discuss a gap phenomenon and the relaxed area
functional. If n =1 we set

cart(B! x V) := {T € cart(B' x RY) | spt T C B' x Vi,

where cart(B! xR"™) denotes the class of integer multiplicity (say i.m.) rectifiable
currents T' in B' x RY such that 9T B! x RN =0,

sup{T(p(z,y)ly| dz) | ¢ € CI(B' x RY) and |[¢]| <1} < oo,

T(o(x,y)dz) > 0 if ¢ > 0 and mx(T) = [B'], where 7 : R — R" and
7 : R™N — RN are the orthogonal projections onto the first n and the last N
coordinates, respectively.

From the properties of the class of Cartesian currents cart(B" x RY), compare
[9, Vol. 1], we infer that the class cart(B' x ))) contains the weak limits of se-
quences of graphs of smooth maps uy, : B! — ) with equibounded W' !-energies;
it is also closed under the weak convergence in Di(B! x )) with equibounded
masses. Moreover, every T € cart(B' x )) is an i.m. rectifiable current in
R1(B' x ), see [6], and to T it corresponds a BV-function ur € BV (B',))
such that

(2.) T(0(o.9)do) = [ olaur()) da
for all ¢ € C°(B™ x RY) such that |¢(z,y)| < C (1 + |y|), and
(—1)”_iT(<p($)d/a;i Adyl) = (D,;uz_'p, Q) = —/ uz‘p(x) - Dip(x) dx

n

for all ¢ € C}(B").

CANONICAL DECOMPOSITION. Let T € cart(B! x )). Since T has finite
mass, 11— T(Xp,(z) A7), where € B! and 0 < r < 1 — |z, defines a current
in D1(Y). The 1-dimensional restriction of T over the point x

Tu(TL{z} x V) € Di(Y)
is the limit
Ty (T {z} x Y)(n) = R T(xp,@)An), neEDY).
There is a canonical way to decompose a current T € cart(B! x V). We first

observe that the 1-dimensional restriction of T' over any point x in the jump set
Ju, of ur is given by

Tu(TL{z} xY) =0, x Iy,
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', being a 1-dimensional integral chain on ) such that 0T, = 5@ (@) ~ 5u; ()
where u}.(x) and uy(z) here and in the sequel denote the right and left limits of
ur at x, respectively. Therefore, by applying Federer’s decomposition theorem
[6], we find an indecomposable 1-dimensional integral chain -, on Y, satisfying
0y, = 5uJTr ()~ (5u; () and an integral 1-cycle C, in ), satisfying 9C, = 0, such

that
(2.2) Iy =9 +C; and M(T;) = M(v,) + M(C,) .

CURRENTS ASSOCIATED TO GRAPHS OF BV -FUNCTIONS. Next we associate
to any 7T € cart(B! x )) a current Gy € Dy(B' x ))) carried by the graph of
the function up € BV (B',Y) corresponding to T, and acting in a linear way on
forms w in DY(B' x V) as follows. We first split w = w(® + WM according to
the number of vertical differentials, see (1.5), so that

N
w® = ¢z, y)dz  and WM = Zqﬁj(az,y) dy’ ¢, ¢’ € C3°(B' x V).

j=1
We then decompose G into its absolutely continuous, Cantor, and Jump parts
Gr:=T"+T7°+1’7

and define T%(w©®) := o(z, up(x)) de, TC (W) =T7 (W) =0 and
Bl

T(wWM): Z ¢J z,ur(z ))Vuz‘p(x) dx
T¢(wm) _Z<DCUT7¢](' ()

I(wh): Z /. ( )by ) vl (o),

where -, is the mdecomposable 1-dimensional integral chain defined by means
of the 1-dimensional restriction of 7' over the point x € J,,., see (2.2).

Notice that the definition of G obviously depends on ~, and hence, in con-
clusion, on the current T' € cart(B' x )). Moreover, we readily infer that the
mass of Gp is given by

M(Gr) = M(T*) + M(T“) + M(T"7),

where

/Bl\/1—|—|VuT(:E)|2d:E, M(TY) = |D%ur|(BY), M(T7) = | H'(y.)dH’(z).

Jup
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A DENSITY RESULT. If u : B! — ) is smooth, or at least e.g. v € Wh(B!)),
and G, is the current carried by the graph of u, see (1.8), the mass of G,, agrees
with the area A(u) of the graph of u

M(Gy) = A(u) := /B1 V 1+ |Du(z)]?dx .

The following strong density result for the mass of G holds true.

Proposition 2.1. For every T € cart(B! xY) there exists a sequence of smooth
maps {ux} C CY(BY,Y) such that ux, — ur weakly in the BV -sense, Gy, — Gr
weakly in D1 (B! x V) and M(Gy,) — M(Gr) as k — .

VERTICAL HOMOLOGY. Let now ZV1(B! x)) denote the class of vertically
closed forms

ZV(B xY) == {w e DYB' x V) | dywV =0},
where d = d, + d, denotes the splitting of the exterior differential d into a

horizontal and a vertical differential. Moreover, we say that Tp — T weakly in
Z11(Bt x D) if Ti(w) — T(w) for every w € ZLH(B! x V).

By Proposition 2.1, since by Stokes theorem 0G,, L B! x Y = 0, whereas
Gy, — G, we obtain that

8GT [ Bl X y =0.

We recall that in higher dimension n > 2 in general G has interior boundary,
i.e., OGrL B™ x Y # 0. Setting then

Sr:=T—Gr,
by (2.1) we infer that Sr(¢(z,y)dz) =0 and Sr(dg) = 0 for every ¢ € C5°(B! x
V). Therefore, by homological reasons, since

inf{M(C) | C € 21()), C is non trivial in Y} >0,

similarly to [9, Vol. II, Sec. 5.3.1] we infer that

I
Sr=) 6,xC; on Z"(B'xY),
i=1
where {z; :i =1,...,I} is a finite disjoint set of points in B!, possibly inter-
secting the Jump set J,,., and C; is a non-trivial homological integral 1-cycle in
Y. Note that the integral 1-homology group H;()) is finitely generated, being
torsion-free.

Remark 2.2. Setting

I
ST,sing =T—-Gr — 25931 x Ci,
=1



Maps of Bounded Variation with Values into a Manifold... 521

it turns out that St ging is nonzero only possibly on forms w with non-zero
vertical component, w® # 0, and such that dyw(l) # 0. Therefore, ST sing is a
homologically trivial i.m. rectifiable current in Ry (B! x )).

As a consequence, setting
I
(2.3) T =Y "6, x Ci,
=1

every T € cart(B!x)) decomposes into its absolutely continuous, Cantor, Jump,
Homological, and Singular parts,

T=T"+T° +T +T" + Sr ing -

GAP PHENOMENON. However, a gap phenomenon occurs in cart(B! x))). More
precisely, if we set

M(T) := inf{lim inf M(G.,) | {ur} € CY(B",Y), Gy, —T weakly in D;(B'xY)}

we see that there exist Cartesian currents T € cart(B! x ) for which
M(T) < M(T).

Example 2.3. Following [9, Vol. I, Sec. 4.2.5], if T = G, + dy x C, where
u =P € is aconstant map and C € Z1()) is a I-cycle in ), it readily follows
that for every smooth sequence {ux} C C1(B',)) such that G,, — T weakly
in Dl(B1 x )) we have that

li]ininfM(Guk) > M(T) + 2d, d := disty(P,spt C),

where disty denotes the geodesic distance in Y. In fact, clearly M(T) =
LY(BY) + M(C), whereas for every e > 0, if k is sufficiently large we have
that wuy : (—e,e) — ) has to connect twice the point P to the support of C' and
to parameterize the 1-cycle C, so that

&€
/ | Dug|dx > 2d + M(C) .
—E&

Remark 2.4. This gap phenomenon is due to the structure of the area integrand
u— /14 |Du|?, and it is typical of integrands with linear growth of the gradient,
e.g., the total variation integrand u +— |Du|. This does not happen e.g. for the
Dirichlet integrand w +— 3|Du|? in dimension 2, compare [10]. In this case, in
fact, the connection from one point P to any 2-cycle C' € Z2())) can be obtained
by means of ”cylinders” of small 2-dimensional mapping area and, therefore, of
small Dirichlet integral, on account of Morrey’s e-conformality theorem.

HOMOLOGICAL THEORY. In order to study the currents which arise as weak
limits of graphs of smooth maps wuy : B! — ) with equibounded total variation,
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supy, || Dug|| 1 < oo, the previous facts suggest us to consider vertical homology
equivalence classes of currents in cart(B! x )). More precisely, we give the
following

Definition 2.5. We denote by cart® (B! x )) the set of equivalence classes of
currents in cart(B! x ))), where

T~T < T(w)=Tw) YweZ"'(B'xY).

We observe that if T ~ T, then the _underlying BV-functions coincide, i.e.,
ur = ugz. Therefore, we have T = 7% and TC = TC, whereas in general

T + T7. However, we have that

T/ +1" =T +T"7 on Z'(B'x)Y).
JUMP-CONCENTRATION POINTS. For future use, we let
(2.4) Jo(T) = Jy, U{z; :i=1,...,1}

denote the set of points of jump and concentration, where the x;’s are given by
(2.3). We infer that J.(T') is an at most countable set which does not depend on

the representative T, i.e., Jo(T) = J,(T) if T ~ T. By extending the notion of
1-dimensional restriction 7y (T'L {z} x V) to equivalence classes, we infer that
7u(To{z} xY) =0 if v ¢ J.(T). As to jump-concentration points, letting
Z2HY) = {n e DY) | dyn =0},
it x € Jy,, with = # x;, we infer that
%#(TL{«T}XJ)):’YCC on Zl(y)7
where 7, is the indecomposable 1-dimensional integral chain previously defined,
and if x = z;, see (2.4),
FpT o} x V) =+ G on 2\,
where C; € Z1()) is the non-trivial 1-cycle defined by (2.3), and ~;, = 0 if
€Ty ¢ JuT-

VERTICAL MINIMAL CONNECTION. For every Cartesian current 7€ cartb}( B! x

Y) and every point x € J.(T') we will denote by

(2.5)

Pr(z) = {y € Lip([0,1], ¥) [7(0) = ug(x), (1) = up(), X
10, D)) =7 (T {x} x V)(n) VneZ(V)}

the family of all smooth curves v in Y, with end points ujTE(m), such that their
image current v4[(0,1)] agrees with the 1-dimensional restriction 7y (7L {z} x
Y) on closed 1-forms in Z!())). Moreover, we denote by

(2.6) Lr(x):=inf{L(y) |~y eTr(z)}, x e J.(T),
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the minimal length of curves v connecting the ”vertical part” of T over = to
the graph of up. We remark that the infimum in (2.6) is attained, i.e.,

Vee J(T), F~velrplz) : L(y)=Lrp(x).
RELAXED AREA FUNCTIONAL. Let us now introduce the functional

A(T) ::/ \/1—1—]VuT(x)de—i—\DCuT](Bl)—i-/ Lr(x) dH(x) .
B! Je(T)

Note that for every T € cart!'!(B! x J)) we have
(2.7) min{M(T) : T ~ T} < A(T).

The following lower semicontinuity property holds.

Theorem 2.6. Let T € cart™!(B' x V). For every sequence of smooth maps
{ug} € CY(BYY) such that Gy, — T weakly in Z11(B' x V), we have

likm inf M(Gy,) > A(T).

Moreover, we also have the following density result.

Theorem 2.7. Let T € cart™'(B! x V). There erists a sequence of smooth
maps {ur} C CYBYY) such that G,, — T weakly in Z11(B' x V) and
M(Gy,) — A(T) as k — oo.

As a consequence, if we denote, in the same spirit as Lebesgue’s relazed area,
A(T) = inf{lim inf A(ug) | {u} © C1(B,Y), Gu, — T weakly in Z1,1(B' <)},
we conclude by Theorems 2.6 and 2.7 that

A(T) = A(T) VT € cart" (B x )).

From Theorems 2.6 and 2.7, (2.7) and the closure of the class cart(B! x ))
we infer:

(i) the functional T' +— A(T) is lower semicontinuous in cart!(B! x )
w.r.t. the weak convergence in Z171(B1 x V);

(i) the class cart’!(B! x ))) is closed and compact under weak convergence
in Z1(B' x Y) with equibounded A-energies.

We finally notice that similar properties hold if one considers the total vari-
ation integrand u — |Du| instead of the area integrand w +— /1 + |Du|?. In
particular, setting

E11(T) = /B \VuT(x)dx—i—]DCuT](Bl)—i—/J(T) L) dHOz),
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compare Sec. 3 below, for every T € cart!(B! x J) we have & 1(T) = inf

liminfy_o, / \Duglde | {up} € CY(BY,Y), Gup — T weakly in Zy1(B x
Bl

»}.

3. CARTESIAN CURRENTS, BV-ENERGY AND WEAK LIMITS

In this section we deal with the weak limits of graphs of smooth maps wuy :
B™ — Y, in any dimension n, with equibounded W'!-energies. We first state a
few preliminary results.

HOMOLOGICAL FACTS. Since H;()) has no torsion, there are generators
[71]s--.,[s], i-e. integral 1-cycles in Z1(}), such that

H(Y) = {Zns [vs] | ns € Z} .
s=1

By de Rham’s theorem the first real homology group is in duality with the first
cohomology group H}p(Y), the duality being given by the natural pairing

(O ) = (w) = / v, W emOR), [WeHRLD).

~

We will then denote by [w!],...,[w®] a dual basis in H},(Y) so that ~s(w") =
dsr, where dg- denotes the Kronecker symbols.

D, 1-CURRENTS AND BOUNDARIES. For p =1,...,n, we denote by DPL(B™ x
Y) the subspace of compactly supported smooth p-forms in DP(B™ x ) of the
type w = w©® + w® where w¥ denotes the component that contain exactly
Jj differentials in the vertical ) variables. We also denote by D, 1(B™ x V) the
dual space of DP!(B"™ x V). For example, if u € Wh1(B", Y), then G, is an
(n,1)-current in D,, ;(B™ x V) defined in an approximate sense by (1.8).

If {Ti} C Dp1(B™ <)), we say that {T}} converges weakly in D) 1(B" x ),
T, — T, if Ty(w) — T(w) for every w € DPY(B™ x Y). Trivially, the class
Dp1(B™ x Y) is closed under weak convergence.

The exterior differential d splits into a horizontal and a vertical differential
d = dy +dy. Of course 0,T(w) := T(dyw) defines a boundary operator 0, :
Dy 1(B" x Y) — Dp_11(B™ x Y). Now, for any w € D" LY(B" x Y), dyw
belongs to D™!(B™ x Y) if and only if dyw(l) = 0. Then 9,7 makes sense only
as an element of the dual space of Z"~11(B" x ), where

z2PY(B" x Y) == {w e DPY(B" x V) | dyw =0} .
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&11-NORM. For any w € D"}(B" x Y) and T € Dy, 1(B™ x V) we set

(0)
w9 (x,
Jole s 5= max{s;g'ljmy”, [ s |w<1><:c,y>|da:} ,

ITlle,, = sup{m) lwe DB x ), [wle, < 1}.

It is not difficult to show that ||T'[|e,, is a norm on {T" € D,1(B" x )

IT|le,, < oo}. Moreover, || - |l is weakly lower semicontinuous in D, 1, so
that {T'€ D, 1(B" x ) : ||T|le;, < oo} is closed under weak D, j-convergence
with equibounded & 1-norms. Finally, if supy ||Tk||e,, < oo there is a subse-
quence which weakly converges to some T' € D, 1(B" x V) with [|T|g, , < oc.

WEAK LIMITS OF SMOOTH GRAPHS. Let {u;} € C1(B™,)) be a sequence
of smooth maps with equibounded W'!-energies, supy, ||[Du| ;1 < 0o. The cur-
rents G, carried by the graphs of the uy’s are well defined currents in D,, 1 (B" x
Y) with equibounded &; 1-norms. Possibly passing to a subsequence, we then
infer that G,, — T weakly in D,, 1(B" x )) to some current 7" € D,, ;(B" x)),
and ug — ur weakly in the BV -sense to some function ur € BV (B",)). There-
fore, we clearly have that

(o) o) = [ olwur(e)de Vo€ CE(B D).

Moreover, by lower semicontinuity we have ||T||g, , < oo whereas, since the G, ’s
have no boundary in B™ x ), by the weak convergence we also infer

(3.1) OT =0 on Z"M(B"x)).

CURRENTS ASSOCIATED TO GRAPHS OF BV -FUNCTIONS. As in the previous
section, we associate to the weak limit current 7" € D, ;(B"™ x )) a current
Gr € Dy 1(B" x Y) carried by the graph of the corresponding function ur €
BV (B™,)), acting on forms w in D™!(B" x ) as follows. We decompose G
into its absolutely continuous, Cantor, and Jump parts

Gr=T"+T+T".
If w=w®+u® where w® and wM are given by (1.5), we define G7(w®) =
Tw), where T%(w®) is given by (1.6), where this time u = uz, and we
set TCw®) = T7(w®) = 0. Moreover, we define T%w™), TC(wm), and
T7(wW) as in (1.7), with T instead of T,, where 7, is the indecomposable
1-dimensional integral chain defined as in the previous section. We will see that

Ve is well-defined for H" t-a.e. @ € Jy,, since |T|g,, < oo, compare (2.2) and
Definition 3.5 below. In general 0GrL B™ x ) # 0. However, setting

ST::T—GT,
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we clearly have St(¢(x,y)dr) = 0 for every ¢ € C°(B™ x )). Moreover, we
also have:

Proposition 3.1. Sp(w) = 0 for every form w = w®) such that w = dyw for
some & € D"LO(B™ x ).

Proof. Write @ := wy, A n for some n € CP(Y) and ¢ = (p!,...,¢") €
C5e(B™,R™), where
n

(3.2) wp = 3 (1)1 () da.
i=1
Since
d(wy A ) = dive(z)n(y) de + (—1)"71w¢ A dyn
and T'(d(wy, Am)) = 0T (wy An) = 0, we have
(=D)"T(dive(z)n(y) dz) = T(w, A dyn),
so that
St(we Adyn) = (=1)"T(dive(2)n(y) dz) — Gr(wy A dyn) -
Moreover, since T(g)y = Gr(0), by (1.6) we have
T(divplahn(y)do) = [ divg(@n(ur(w))dz = ~(D(your). )

n

whereas, taking gzﬁg = ¢ Dy;m in (1.5), by the definition of Gr, since 0y, =
0 +.y—0 -\ we infer
up(z) ur ()

n—1 = 877 J
(Gl A dyn) =3 [ S (ur(a)) (Vidy () pla) d
j=1
N

+ / (n(uf(z)) — n(ugp(2))(p(z), v(z)) dH" .

ur

Finally, by the chain rule for the derivative D(noup) we obtain

(=1)""'Gr(w, Adyn) = (D(nour),¥)
and hence that Sr(w, A dyn) = 0. O

In conclusion, similarly to [9], Vol. II, Sec. 5.4.3, we infer that the weak limit
current T is given by

(3.3) T=Gr+Sr, Sr=)» LJT)x7y on Z"(B"x)),
s=1
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where Ls(T) € Dy,—1(B™) is defined by
(3.4) Ls(T)(¢) := Sp(n# ¢ A7#w®) Vo e D HB").
Finally, setting

s
(3.5) Stsing =T —Gr =Y Ls(T) X s,
s=1
see Remark 2.2, it turns out that S7 g, is nonzero only possibly on forms w
with non-zero vertical component, w(!) # 0, and such that dyw(l) #0.

PARAMETRIC POLYCONVEX L.S.C. EXTENSION OF THE TOTAL VARIA-
TION. We recall from [9], Vol. II, Sec. 1.2 that the parametric variational integral
associated to the total variation integral is a well-defined functional T' — Fj 1(T')
on currents T' € Dy, 1(B" x ) satisfying ||T'||g, , < oo. It is lower semicontinuous
with respect to the weak convergence in Dy, 1(B™ x )), and satisfies

F11(Gy) = /n |Du(z)| da

if T =G, forsome u € Wh1(B" V), see (1.8). Now, if T € D,,1(B"x ) is the
weak limit of a sequence {Gy,} of graphs of smooth maps {u;} C C*(B",))
with equibounded Whl-energies, by lower semicontinuity we have F1(T) < oo.
Moreover, writing 7" as in (3.3), we have

Fia(T) = Fi11(Gr) + F1.1(S7) ,
where
FLi(Gr) = / Vur(x) dz + |DCur|(B™) + [ HY(ve) dH" ().
B Jug

In addition, if the singular part St ., defined in (3.5) vanishes, and if the
Ls(T')’s are i.m. rectifiable currents in R,_1(B™), we have

Fra(Sr) = M(Ls(T)) - M(7s) -
s=1

(GAP PHENOMENON. Similarly to the case of dimension n = 1, a gap phe-
nomenon occurs. More precisely, in general for every smooth sequence {ux} C
CY(B™,Y) such that Gy, — T weakly in D, 1(B" x ) we have that

li]gninf f171(Guk) > .7:171(T) +C
—00
for some absolute constant C > 0, see Remark 2.4.

VERTICAL HOMOLOGY CLASSES. In analogy with the previous section, Def-
inition 2.5, we then consider wertical homology equivalence classes of currents
satisfying the same structure properties as weak limits of graphs of smooth maps
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up : B" — ) with equibounded total variation, supy ||Duk||;1 < oco. More
precisely, we say that

(3.6) T~T < T(w)=Tw) Ywe Z"(B"xY).

Moreover, we will say that T, = T weakly in 2, 1(B" x Y) if Ty(w) — T(w)
for every w € Z™Y(B™ x ).

BV -GRAPHS. Extending the structure properties of the current Gp € Dy, 1(B" x
Y) carried by the graph of uy € BV(B™,Y) and associated to the weak limit
current T' € D,, 1(B" x V), we give the following

Definition 3.2. A current G € D, 1(B" x)) is said to be in BV —graph(B™ x
V) if there exists a function u = u(G) € BV(B™,Y) and for H" -a.e. x € J,
a 1-dimensional integral chain v, in Y, satisfying 0ve = dy+(z) — Oy (), fOr
which the following structure properties hold. G decomposes into its absolutely
continuous, Cantor, and Jump parts

G:=G"+G"+G’.
If w=wO +w® where W and WY are given by (1.5), we have G(w®) :=
GHw ), where G*(w©®)) is given by (1.6), and G€(w®) = G' (W) = 0. More-

over, G*(wM), GCwW), and G’ (M) are given by (1.7), with G instead of
T, where 7, 1is previously given.

As already noticed, in general 0GL B™ x Y # 0.

Definition 3.3. We denote by &1 —graph(B™x)) the set of equivalence classes,
in the sense of (3.6), of currents T in Dy 1(B™ x Y) which have no interior
boundary,

oT =0 on Z"YYB"xY),

finite &1 1-norm, i.e.

ITle,, = sup{m) lwe 2P (B x V), |wle, < 1} < oo,

and decompose as
s
T=Gr+Sr, Sr=)» L(T)xy on Z"(B"xY),
s=1

where Gp € BV —graph(B" x )), see Definition 3.2, and Ls(T) is an i.m.
rectifiable current in R,_1(B™) for every s.

Remark 3.4. Note that if T ~ T, in general Gz # Gr. However, the corre-
sponding BV -functions coincide, i.e., u(Gr) = u(G5), see Definition 3.2. This
yields that we may refer to functions up € BV(B",)) associated to currents T

in &1 —graph(B" x Y).
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JUMP-CONCENTRATION SET. If £(7T) denotes the (n — 1)-rectifiable set
given by the union of the sets of positive multiplicity of the Ls(7")’s, we infer
that the union

(3.7) Jo(T) := Jyup U L(T)

does not depend on the choice of the representative in 7. As in dimension one,
the countably H" !-rectifiable set J.(T) is said to be the set of points of jump-
concentration of T.

RESTRICTION OVER POINTS OF JUMP-CONCENTRATION. Let T € 5171
—graph(B™ x Y) and let vy : Jo(T) — S™ ! denote an extension to J.(T)
of the unit normal v,, to the Jump set J,,. For any k = 1,...,n — 1, let

—k
P be an oriented k-dimensional subspace in R™ and Py := P + E n . \iVi
1=

the family of oriented k-planes parallel to P, where A := (A1,..., A\p_x) € R ¥,
span(vy, ..., v,—k) being the orthogonal space to P. Since T' has finite £ j-norm,
similarly to the case of normal currents, for £ %-a.e. A such that Py N B™ # (),
the slice T 7w 1(Py) of T over 7~!(Py) is a well defined k-dimensional current
in &1 —graph((B" N Py) x YV) with finite & ;-norm. Moreover, for any such A
we have

J(T_n=Y(Py)) = J(T)N Py in the H" '-a.e. sense,

whereas the BV -function associated to T'L Py is equal to the restriction up p, of
ur to Py. Therefore, in the particular case k = 1, as in Sec. 1 the 1-dimensional
restriction

(3.8) Tu(Tea'(P)u{z} x V) € D1(Y)

of the 1-dimensional current T'L 7~ !(Py) over any point x € J.(T) N Py such
that vp(xz) does not belong to P is well defined. In this case, from the slicing
properties of BV-functions, if x € (Jo(T)\ Ju;) N Py we have ur|p, (z) = ur(z).
Moreover, if x € Jy, N Py, the one-sided approximate limits of ur are equal to
the one-sided limits of the restriction urp,, i.e.

uJTr‘PA (z) =uf(z) and Ui py () = up(x),

provided that (v,vy,(z)) > 0, where v is an orienting unit vector to P. We
finally infer that, for H" !-a.e. point x € J.(T), the 1-dimensional restriction
(3.8), up to the orientation, does not depend on the choice of the oriented 1-space
P and on X\ € R"! provided that z € Py and vr(z) does not belong to P.
As a consequence we may and do give the following

Definition 3.5. For H" '-a.e. point x € J.(T), the 1-dimensional restriction
Tu(TL{z} x V) is given by (3.8) for any oriented 1-space P and X € R}
such that = € Py and (v,vr(x)) > 0, where v is the orienting unit vector to P.
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BV-ENERGY. The gap phenomenon and the properties previously described
lead us to define the BV -energy of a current 1" € & 1 —graph(B™ x)) as follows.

Definition 3.6. For H" '-a.e. point x € J.(T) we define T'r(z) and Lr(x)
by (2.5) and (2.6), respectively, where mu(TL{x} x V) is the 1-dimensional
restriction given by Definition 3.5.

Definition 3.7. The BV-energy of a current T € &£, 1 —graph(B" xY) is defined
by
fa(l, B x V)= / (Vur(z)|de + D ur|(B) + / Lor(x) dH" ()
B Jo(T)NB

for every Borel set B C B™. We also let
5171(T) = 51,1(T, Bn X y) .

Of course, if T = G,, is the current integration of n-forms in D™!(B™ x Y)
over the graph of a function u € WH1(B")), see (1.8), then

51,1(GU,B)=/B’DU($)d$-

CARTESIAN CURRENTS. We then give the following

Definition 3.8. We denote by cart’'(B"™ x Y) the class of currents T in
&1 —graph(B™ x Y) such that & 1(T) < 0.

LOWER SEMICONTINUITY. Using the lower semicontinuity result in dimen-
sion n = 1, see Theorem 2.6, and applying arguments as for instance in [4], we
obtain in any dimension n > 2

Theorem 3.9. Let T € cartV!(B™ x Y). For every sequence of smooth maps
{ug} € CH(B™,Y) such that Gy, — T weakly in Z,1(B" x Y), we have

lilgninf/ |Duy| dx > E11(T) .

—00

A STRONG DENSITY RESULT. In [12] it is also proved in any dimension
n > 2

Theorem 3.10. Assume that the first homotopy group m1(Y) is commutative.
Let T € cart"}(B™ x Y). There exists a sequence of smooth maps {up} C
CY(B™,Y) such that Gy, — T weakly in Z,1(B"xY) and ||Dug||;r — E11(T)
as k — oo.

Remark 3.11. We notice that the commutativity hypothesis on the first homo-
topy group m1()) cannot be removed. If 71()) is non-abelian, even in dimension
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n = 2 we find functions u € WH1(B2,)), smooth outside the origin and satisfy-
ing the null-boundary condition

(3.9) 9G, =0 on Z"LYB"xY),

such that for every sequence of smooth maps uy, : B" — Y for which G,, — G,
weakly in Z, 1(B™ x )) we have

k—o0

liminf/ \Duk\da:ZC—i—/ | Du| dx
B2 B2

for some absolute constant C' > 0. For example, compare [11] in the case of the
area.

RELAXED TOTAL VARIATION FUNCTIONAL. In the sequel we shall always
assume that the first homotopy group 7;()) is commutative. As a consequence,
setting

E1(T) = mf{nminf,ﬁm [gn |Dugldz = {ux} € CYB™Y), Gy — T

weakly in 2, 1(B" x y)} , by Theorems 3.9 and 3.10 we conclude that

E11(T)=E1(T) VT € cart™ (B" x V).

PROPERTIES. By Theorems 3.9 and 3.10 we readily infer the following lower
semicontinuity result.

Proposition 3.12. Let {T},} C cart™!(B"xY) converge weakly in Z,1(B"xY),
T, — T, to some T € cart™'(B" x V). Then

8171(T) S hk{n inf 51?1(Tk) .

Moreover, we obtain that the class of Cartesian currents cart!!(B" x ) is
closed under weak convergence with equibounded energies.

Theorem 3.13. Let {T},} C cartb1(B" x ) converge weakly in Z,1(B™ x Y),
Ty — T, to some T € Dp1(B" x)), and sup, &11(Ty) < oco. Then T €
cart(B" x )).

Therefore, by the relative compactness of & 1-bounded sets in Dy, 1(B" x ))
we readily infer the following compactness property.

Proposition 3.14. Let {T}} C cart"}(B" x Y) be such that supy, &11(Ty) < .
Then, possibly passing to a subsequence, T, — T weakly in Z,1(B" x )) to
some T € cart™(B" x ).
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Example 3.15. Of course, for every T € cart}(B" x ) we may decompose
(3.10) T=T,+Sr on Z"(B"xY),

where u = up € BV(B™,Y) is the BV-function corresponding to 7" and T, €
BV —graph(B™ x )) is defined as in Sec. 1 above, i.e., by means of geodesic arcs
l; connecting v~ (z) and u'(z) at the points z in the jump set .J,. However,
even in dimension n = 1 and in the particular case ) = S', the unit sphere, in
general it may happen that the BV-energy of T' cannot be recovered by the sum
of the BV-energies of its component T, and Sr in (3.10). If ) = S!, in fact,
we have St 4ing = 0, i.e., the equivalence classes of elements in cartLl(B" x S 1)
have a unique representative, and the energies & 1(7") and Fi1(7") are equal,
i.e., no gap phenomenon occurs. Consider the current 7% € cart™ (B! x S!)
given by

T =[(~1,0)] x 6p, + [(0,1)] X dp, + 6o X 74, 6 € [0,2n],

where Py = (cosf,sinf) and ~, is the simple arc in S’ connecting the points
Py and Py in the counterclockwise sense. If m < 6 < 27 we clearly have

TU:[[(_LO)]] X5P0+[[(071)]] ><5}:‘9“‘60 X:Yiev

where 7 is the simple arc in S' connecting the points Py and P in the
clockwise sense, so that we may decompose T? as in (3.10) with Sy = 5o x [ S*].
Since

Fir1(T,) = H'(Fp) = 27 — 0, Fi1(Sr) =27,

we infer that the sum of the energies Fi1(T) + F1,1(S7) is greater than the
energy of T?, as clearly

E(T?) = Fia(T?) = H' () = 6.

4. THE RELAXED BV-ENERCGY OF FUNCTIONS
In this section we analyze the relaxed BV -energy é;—{/(u) of functions u
in BV(B™)), i.e., the lower semicontinuous envelope of the total variation
functional (1.3). Of course, it may be equivalently defined for every function
u € BV (B™,Y) by
weakly in the BV—SGDSQ} .

Remark 4.1. It is obvious that one may equivalently require that wi — u
strongly in the L!'-sense.
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In the sequel we assume that the first homotopy group 71()) is commutative.
Moreover, we denote by

(4.1) T, = {T € cart’"(B", ) | ur = u}

the class of Cartesian currents 7' in cart''(B"™ x ))) such that the underlying
BV-function ur is equal to u, compare Definition 3.8 and Remark 3.4.

For future use, we also recall from [9], Vol. II, Sec. 5.4.2, that for every u €
WhL(B",Y) the homological singularities of u are well-defined for every s =
1,...,5 by the currents Ps(u) € D,,_2(B"™) given by

(4.2) Ps(u)(¢) := G (r7 ¢ ATHWw®) V¢ e D"3B").

We finally recall the following facts.
Definition 4.2. For every k=2,...,n and T € D,,_(B"), we denote by
mipn(I') :=nf{M(L) | L € Rp—g+1(B"), (0L)LB" =T}
the integral mass of I' and by
mypn(I') == inf{M(D) | D € Dy,_p41(B"),(0D)_B" =T}

the real mass of I'. Moreover, in case m;pn(I") < oo, we say that an i.m.
rectifiable current L € Ry_k+1(B™) is an integral minimal connection of T' if
(OL)_B" =T and M(L) = m; pg~(T').

By Federer’s theorem [7], and by Hardt-Pitts’ theorem [13], respectively, in the
cases k =n and k =2 we have that
(43) m; Bn (F) = My Bn (F) .
RESULTS. We have the following.

Theorem 4.3. For every u € BV (B",)) we have é;/(u) < 00.
From the results of the previous sections, we then obtain the following repre-

sentation.

Theorem 4.4. For any uw € BV (B™,Y) we have
(4.4)
5Tv(u) = inf{ng(T) | T e %}

:/ |vu(x)|dx+\DCu(B”)+inf{/ Lr(z) dH"(x) |TeTu} :
Bn Jo(T)

where T, J.(T), and Lp(x) are given by (4.1), (3.7), and Definition 3.6, re-
spectively.
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SKETCH OF THE PROOF OF THEOREM 4.3: We first notice that it suffices to
show for every u € BV (B",)) the class 7, is non-empty, see (4.1). In this case,
in fact, if 7' € 7,,, by Theorem 3.10 we find a smooth sequence {uy} C C1(B",))
such that G,, — T weakly in Z,, 1(B"x)) and ||Dug||;x — £11(T) as k — oo;
this yields also that up — upr weakly in the BV -sense, where ur = u.

Now, if {ux} is the approximating sequence given by Proposition 1.8, since
up € R°(B™,Y), the real mass of the singularities Ps(ug), see (4.2), is bounded
by the L'-norm of Duy. Moreover, by Hardt-Pitts’ theorem (4.3) we infer that
the real mass agrees with the integral mass. Therefore, we are able to connect the
singularities of the uy’s by means of i.m. rectifiable currents in R, _1(B™), this
way defining a sequence

5
Ty = Gy, + ZIL,? X7, € cart™(B™ x )),

s=1

where ¥ € R,,_1(B") is such that
Po(ug) = —(OLY)L B®  and M@@gc/ \Dug| dz |
B

so that
sup&11(Ty) < C sup/ |Dug| dz < C Epy (u, B") < o0,
k k

n

where C' > 0 is an absolute constant. Therefore, by compactness, Proposi-
tion 3.14, possibly passing to a subsequence we find that 7 — T weakly in
Zn,1(B" x Y) to some T € cart!(B™ x )) satisfying

E1(T) < 1i]§n inf & 1(T}) < o0

by lower semicontinuity, Proposition 3.12. In particular, since uip — u weakly in
the BV -sense, we find that the underlying BV -function ur = v and hence that
T € 7,, as required.

PROOF OF THEOREM 4.4: Let {uy} C C*(B",)) be a smooth sequence with
equibounded energies, supy, |[Dug||;1 < oo, and weakly converging to u in the
BV -sense, see Theorem 4.3. By compactness, Proposition 3.14, possibly passing
to a subsequence we find that G,, — T weakly in Z,1(B" x V) to some T €
cartb1(B™ x V) satisfying ur = wu, ie., T € 7,, see (4.1). Since by lower
semicontinuity, Proposition 3.12,

5171(T) < thH 1nf/ |D’LLk| dIL‘,
—00 Bn

we readily conclude that

inf{& 1 (T) | T € Ty} < Erv(u).
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To prove the opposite inequality, by applying Theorem 3.10, for every T € 7,
we find a sequence of smooth maps {uy} C C*(B™Y) such that G,, — T
weakly in Z,1(B" x)) and ||Dug|pr — £1,1(T) as k — oo. Since the weak
convergence G, — T yields the convergence uy — ur weakly in the BV -sense,

and ur = u, we find that c‘:’;/(u) < &1(T), which proves the first equality
n (4.4). The second equality in (4.4) follows from the definition of BV-energy,
Definition 3.7. g

The above facts simplify if we specify them to v € WH1(B™, Y) and/or Y =
S recovering this way previous results, compare e.g. [8], [5], and [14].

THE RELAXED WH-ENERGY. The relaxed energy of u € Wh1(B" ) is of
course given by

a,/l(u) = inf{liminfkaooan |Dug|dx | {ur} C Cl(any), U — U
strongly in LI(B",RN)} )

see Remark 4.1. In this case, Theorem 4.4 reads as

Corollary 4.5. For any u € WHY{(B",Y) we have g;(u) < 00. EBvery T € T,
has the form

T=Gu+ », LgxC; on Z"Y(B"x)),
geH1(Y)

where Lq = 7(Ly, 1, Zq), see [6], is an i.m. rectifiable current in R,—1(B™), and
Cy € Z1(Y) is an integral 1-cycle in the homology class q. The BV -energy of T

s given by
81’1(T) _/ |Du]da:+ Z / ﬁT ClHn 1( )

q€EH1(Y)
where, for x € Ly, we have Lp(x) :=1inf{L(y) | v € [y(x)} and
FlI(‘r) = {7 € Llp([07 1]7y) ’ 7(0) = ’7(1) - u($) ) 7#[[(07 1)]] € Q} :
Finally, the relaxed energy of u is given by

E{j(u)—/Bn ]Du(x)\dw—i—inf{ / Lo(x) dH" (z) ITET}.
Hiy(

qe

THE CASE Y = S'. Further simplification arises if we assume ) = S'.
In this case, in fact, St sing = 0, i.e. the equivalence classes of elements in
cartb(B™ x S!) have a unique representative, and the energies & 1(T) and
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F11(T) are equal, i.e., no gap phenomenon occurs. Moreover, if = belongs to
the jump-concentration set J.(T'), the 1-dimensional restriction has the form

Tp(To{z} x Y =[] +q[S'],
where ¢ € Z and [7,] is the current associated to a suitably oriented simple
arc v, in S! connecting the points uy(z) and wu}(x), where ur is the function
in BV(B",S!) associated to T, and v, = 0 if x ¢ J,,.. Consequently, in (4.4)
we have
Lr(x) =M (12) + 27 ||

and hence for every T € cart!!(B" x S1) the BV-energy agrees with the energy
obtained in [8], compare Theorem 1 of [9, Vol. II, Sec. 6.2.3]. Moreover, we
recover the following estimates about the relaxed energy, compare [5] and [14].

Proposition 4.6. For every u € Wh1(B", S') we have
(4.5) Ela(u) <2&1(u),  where & 4(u) = / |Du| dz .

Moreover, for every u € BV (B™, S') we have
(4.6) Erv(u) < 2€rv(u),

where Epy(u) is the total variation of w, given by (1.1).

Proof. If uw € WhHL(B™ S1), its singular set is the current P(u) € D,_o(B")
given for any ¢ € D""2(B") by P(u)(¢) := 0G, (17 ¢ A 7#wg1), where

1 1 2 2 1
= — (1 dy? — 42d
wgt 2W(y Y —ytdy)

is the normalized volume 1-form in S'. Therefore, P(u) is the boundary of
the current D(u) € Dp_1(B") defined for any ¢ € D"~ 1(B") by D(u)(¢) :=
Gu (7% ¢ N7 wg1). Since we estimate
1
M(D(u)) < / | Dul| dz

2

we infer that the real mass m, pn(P(u)) < &1,1(u, B")/27 and therefore, by
Hardt-Pitts’ theorem [13], that the integral mass m; p»(P(u)) < &11(u, B™)/2m,
see Definition 4.2 and (4.3). As a consequence, since for every ¢ > 0 we find a
current 1" € 7, such that

T=G,+LxS" and  &.1(T)=E1(u) +2n M(L),

where L € R, _1(B") satisfies M(L) < m; gn(P(u)) + ¢, taking into account
Theorem 4.4 we obtain (4.5).

In the more general case u € BV(B",S'), by Proposition 1.8 we find the
existence of a sequence of maps {uy} C Wh(B", S1) such that up — u weakly
in the BV-sense and & 1(u) — Erv(u). Moreover, for every k we find a smooth
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sequence {u,(lk)}h c CY(B™,S') converging to wu, strongly in L' and such that

51,1(u§f)) — E;(uk) +1/k as h — oo. Finally, by (4.5) and by a diagonal
argument we readily obtain (4.6). O

Remark 4.7. Following [15], since 71()) is commutative, if v € R°(B™,Y),
for every s =1,...,5 we may find an integral current L € R, _2(B™) satisfying

—(0Ls)L B™ = Ps(u) and M(Ls) < C |Du| dx ,
B?’L

see (4.2), where the absolute constant C' > 0 does not depend on u. Therefore,
arguing as above it is not difficult to show that for every v € WhH1(B" )

(4.7) E11(u) < C(n,Y) - E11(u),

where C'(n,)) > 0 is an absolute constant, only depending on n and ). Finally,
by Proposition 1.8, we conclude that

Erv(u) < C(n,Y)-Erv(u)  Yue BV(B™Y),

where Ery(u) is the total variation of u given by (1.1) and the optimal constant
C(n, ) is the same as the optimal constant for W1l -functions in (4.7).
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