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Maps of Bounded Variation with Values into a
Manifold: Total Variation and Relaxed Energy

Mariano Giaquinta and Domenico Mucci

In this paper we illustrate some ideas and results concerning the following ques-
tion which is relevant in several instances and, in particular, in the calculus of
variations. Given an integral energy E(u), as for instance the Dirichlet energy,
the total variation or the area, and a sequence of smooth maps uk from the unit
ball Bn of Rn into an oriented, compact and boundaryless smooth Riemannian
manifold Y in such a way that supk E(uk) < ∞, we would like to describe the
limit points of uk. As it has been shown particularly in the last fifteen years and
is quite well known, the process of convergence of the uk’s in general produces
concentration of energy and loss of geometrical information. Our problem is that
of recovering as much as possible of the energy and of the geometry of the limit
points. As shown in [9] one way of doing this is by looking at the graphs of
the uk’s, i.e., in terms of Cartesian currents : this allows at least to preserve the
homological properties of the maps uk in the limit. In this paper we focus on
and survey some recent results concerning the case in which E(u) is the total
variation of u, and our main reference will be, besides [9], the recent paper [12].

1. The total variation

In the sequel Bn will denote the unit ball in Rn and Y a smooth oriented
Riemannian manifold of dimension M ≥ 1, isometrically embedded in RN for
some N ≥ 2. We shall assume that Y is compact, connected, without boundary.
In addition, we assume that its integral 1-homology group H1(Y) := H1(Y;Z)
has no torsion.

Vector valued BV -functions. Let u : Bn → RN be a function in
BV (Bn,RN ), i.e., u = (u1, . . . uN ) with all components uj ∈ BV (Bn). We
recall that the Jump set of u is the countably Hn−1-rectifiable set Ju in Bn given
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by the union of the complements of the Lebesgue sets of the uj ’s. Let ν = νu(x)
be a unit vector in Rn orthogonal to Ju, that exists at Hn−1-a.e. point x ∈ Ju,
and let u±(x) denote the one-sided approximate limits of u on Ju, so that for
Hn−1-a.e. point x ∈ Ju

lim
ρ→0+

ρ−n

∫

B±ρ (x)
|u(x)− u±(x)| dx = 0 ,

where B±
ρ (x) := {y ∈ Bρ(x) : ±〈y − x, ν(x)〉 ≥ 0}. Note that a change of sign of

ν induces a permutation of u+ and u− and that only for scalar functions there
is a canonical choice of the sign of ν which ensures that u+(x) > u−(x). The
distributional derivative of u decomposes into the sum of a ”gradient” measure,
which is absolutely continuous with respect to the Lebesgue measure, of a ”jump”
measure, concentrated on a set that is σ-finite with respect to the Hn−1-measure,
and of a ”Cantor-type” measure. More precisely,

Du = Dau + DJu + DCu ,

where

Dau = ∇u · dx , DJu = (u+(x)− u−(x))⊗ ν(x)Hn−1 Ju ,

∇u := (∇1u, . . . ,∇nu) being the approximate gradient of u, compare e.g. [6],
[16], [2], [9, Vol. I]. We also recall that {uk} is said to converge to u weakly
in the BV -sense, uk ⇀ u, if uk → u strongly in L1(Bn,RN ) and Duk ⇀ Du
weakly in the sense of (vector-valued) measures. We will finally set

BV (Bn,Y) := {u ∈ BV (Bn,RN ) | u(x) ∈ Y for Ln-a.e. x ∈ Bn} .

The total variation. To every map u ∈ BV (Bn,Y) we associate its total
variation, given for every Borel set B ⊂ Bn by

(1.1) ETV (u,B) :=
∫

B
|∇u(x)| dx + |DCu|(B) +

∫

Ju∩B
H1(lx) dHn−1(x) .

Here, for any x ∈ Ju, we let H1(lx) denote the length of a geodesic arc lx in Y
with initial and final points u−(x) and u+(x). Moreover we set

ETV (u) := ETV (u,Bn) .

Note that if u is smooth, at least in W 1,1(Bn,Y), i.e. u ∈ W 1,1(Bn,RN ) with
u(x) ∈ Y for Ln-a.e. x ∈ Bn, then

ETV (u,B) =
∫

B
|Du| dx .

Moreover, clearly for every u ∈ BV (Bn,Y) we have

|Du|(B) ≤ ETV (u,B) .

Lower semicontinuity. By slicing it is then not difficult to show the fol-
lowing.
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Proposition 1.1. Let n ≥ 2 and u ∈ BV (Bn,Y). For every sequence of smooth
maps {uk} ⊂ C1(Bn,Y) such that uk ⇀ u weakly in the BV -sense, and for any
open set A ⊂ Bn, we have

lim inf
k→∞

∫

A
|Duk| dx ≥ ETV (u,A) .

Density results. The previous definition of the total variation is motivated
by the 1-dimensional case, n = 1. In fact, we have

Theorem 1.2. For every u ∈ BV (B1,Y) there exists a sequence of smooth maps
{uk} ⊂ C1(B1,Y) such that uk ⇀ u weakly in the BV -sense and ‖Duk‖L1 →
ETV (u) as k →∞.

If n ≥ 2, this is not anymore true. Indeed, the map x/|x| from B2 into S1

has no smooth strict approximation as in Theorem 1.2. In fact, were this true,
according to what we are going to discuss below, the currents Guk

integration
over the graphs of the uk’s would converge to the current integration over the
graph of x/|x|, thus the boundary ∂Gx/|x| B2 × S1 would be zero, since by
Stokes theorem ∂Guk

B2 × S1 = 0 for every k, while ∂Gx/|x| B2 × S1 =
−δ0 × [[S1 ]], as it is easily seen.

However, it turns out that the density results of Bethuel [3] in the setting
of the Sobolev space W 1,1(Bn,Y) extend to the class BV (Bn,Y). Recall that
R∞

1 (Bn,Y) denotes the set of all the maps u ∈ W 1,1(Bn,Y) which are smooth
except on a singular set Σ(u) of the type

Σ(u) =
r⋃

i=1

Σi , r ∈ N ,

where Σi is a smooth (n− 2)-dimensional subset of Bn with smooth boundary,
if n ≥ 3, and Σi is a point if n = 2. The following density results appear in [3].

Theorem 1.3. The class R∞
1 (Bn,Y) is strongly dense in W 1,1(Bn,Y).

Theorem 1.4. The class C1(Bn,Y) is dense in R∞
1 (Bn,Y) in the strong W 1,1-

topology if and only if the first homotopy group of Y is trivial, i.e., π1(Y) = 0.

The following holds for maps in BV (Bn,Y), see [12].

Theorem 1.5. Let n ≥ 2. For every u ∈ BV (Bn,Y) there exists a sequence of
maps {uk} ⊂ R∞

1 (Bn,Y) such that uk ⇀ u as k →∞ weakly in the BV -sense
and

(1.2) lim
k→∞

∫

Bn

|Duk| dx = ETV (u,Bn) .

As a consequence, by using Theorem 1.4 we immediately infer the following.
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Corollary 1.6. Suppose that π1(Y) = 0. For every u ∈ BV (Bn,Y) there exists
a sequence of smooth maps {uk} ⊂ C1(Bn,Y) such that uk ⇀ u as k → ∞
weakly in the BV -sense and (1.2) holds true.

The relaxed BV -energy. In view of the above it is reasonable to study
the lower semicontinuous envelope of the functional ETV : BV (Bn,Y) → [0,+∞]
given by

(1.3) ETV (u) :=





∫

Bn

|Du| dx if u ∈ C1(Bn,Y)

+∞ elsewhere in BV (Bn,Y) .

More precisely, we define the relaxed BV -energy ẼTV : BV (Bn,Y) → [0,+∞]
as the greatest functional on BV (Bn,Y) which is lower than or equal to u 7→
ETV (u) and is lower semicontinuous with respect to the weak convergence in the
BV -sense.

By Proposition 1.1 we clearly infer that

(1.4) ETV (u) ≤ ẼTV (u) ∀u ∈ BV (Bn,Y) .

Therefore, by Corollary 1.6 we readily obtain

Corollary 1.7. If π1(Y) = 0, then equality holds in (1.4) for every u ∈ BV (Bn,Y).

However, if π1(Y) 6= 0, in general the strict inequality ”<” may hold in (1.4),
even for Sobolev maps u ∈ W 1,1(Bn,Y), as we have seen.

In order to analyze the structure property of the relaxed BV -energy, first we
introduce the class of Cartesian currents cart1,1(Bn×Y) which arise in a natural
way as weak limits of sequences of graphs of smooth maps uk : Bn → Y with
equibounded W 1,1-norms. We first focus on the easier case of dimension n = 1,
where the main features can be easily outlined.

Currents carried by BV -functions. The structure of a function in
BV (Bn,Y) suggests to associate to any such function u a suitable current Tu ∈
Dn,1(Bn×Y), i.e., a linear continuous functional acting on compactly supported
smooth n-forms in Dn(Bn × Y) with at most one vertical differential, compare
Sec. 3 below. Any form ω ∈ Dn,1(Bn×Y) may be decomposed as ω = ω(0)+ω(1)

according to the number of vertical components, where

(1.5) ω(0) = φ(x, y) dx and ω(1) =
N∑

j=1

n∑

i=1

(−1)n−iφj
i (x, y) d̂xi ∧ dyj

for some φ ∈ C∞
c (Bn × Y) and φj

i ∈ C∞
0 (Bn × Y), and

d̂xi := dx1 ∧ · · · dxi−1 ∧ dxi−1 ∧ · · · ∧ dxn .
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We split
Tu := T a

u + TC
u + T J

u

into its absolutely continuous, Cantor and Jump parts, and define Tu(ω(0)) =
T a

u (ω(0)), where

(1.6) T a
u (φ(x, y) dx) :=

∫

Bn

φ(x, u(x)) dx ∀φ ∈ C∞
c (Bn × Y) ,

so that T J
u (ω(0)) = TC

u (ω(0)) = 0. Moreover, if ω = ω(1) satisfies (1.5), we set

(1.7)

T a
u (ω(1)) :=

N∑

j=1

∫

Bn

〈∇uj(x), φj(x, u(x))〉 dx

TC
u (ω(1)) :=

N∑

j=1

∫

Bn

φj(x, u(x)) dDCuj

T a
u (ω(1)) :=

N∑

j=1

n∑

i=1

∫

Ju

(∫

γx

φj
i (x, y) dyj

)
νi dHn−1(x) .

Here φj := (φj
1, . . . , φ

j
n) and, for any x ∈ Ju, γx agrees with the 1-current

integration on an oriented geodesic arc lx in Y with initial and final points
respectively given by u−(x) and u+(x), so that ∂[[ lx ]] = δu+(x) − δu−(x).

We notice that the definition of Tu depends on the choice of the geodesic arcs
lx. In particular, if u ∈ W 1,1(Bn,Y), clearly Tu = T a

u and hence Tu agrees with
the current Gu integration of forms in Dn,1(Bn × Y) over the rectifiable graph
of u, defined in an approximate sense by

(1.8) Gu := (Id ./ u)#[[Bn ]] ,

where (Id ./ u)(x) := (x, u(x)), compare [9].

Moreover, by Sec. 3 below we infer that the parametric variational integral F1,1

associated to the total variation integral satisfies for every Borel set B ⊂ Bn

F1,1(Tu, B × Y) = ETV (u,B) ∀u ∈ BV (Bn,Y) .

Also, in any dimension n ≥ 2 we have

Proposition 1.8. For every u ∈ BV (Bn,Y) we find the existence of a se-
quence of maps {uk} ⊂ R∞

1 (Bn,Y) such that uk ⇀ u weakly in the BV -sense,
Guk

(ω) → Tu(ω) for every ω ∈ Dn,1(Bn × Y) and

lim
k→∞

∫

Bn

|Duk| dx = ETV (u,Bn) .

However, we recall that if n ≥ 2 in general the current Tu has non zero
boundary in Bn × Y, even if u ∈ W 1,1(Bn,Y).
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2. Cartesian currents in dimension one

In this section we discuss some features of 1-dimensional Cartesian currents in
B1 × Y and, in particular, we discuss a gap phenomenon and the relaxed area
functional. If n = 1 we set

cart(B1 × Y) := {T ∈ cart(B1 × RN ) | spt T ⊂ B
1 × Y} ,

where cart(B1×RN ) denotes the class of integer multiplicity (say i.m.) rectifiable
currents T in B1 × RN such that ∂T B1 × RN = 0,

sup{T (ϕ(x, y)|y| dx) | ϕ ∈ C0
c (B1 × RN ) and ‖ϕ‖ ≤ 1} < ∞ ,

T (ϕ(x, y) dx) ≥ 0 if ϕ ≥ 0 and π#(T ) = [[B1 ]], where π : Rn+N → Rn and
π̂ : Rn+N → RN are the orthogonal projections onto the first n and the last N
coordinates, respectively.

From the properties of the class of Cartesian currents cart(Bn×RN ), compare
[9, Vol. I], we infer that the class cart(B1 × Y) contains the weak limits of se-
quences of graphs of smooth maps uk : B1 → Y with equibounded W 1,1-energies;
it is also closed under the weak convergence in D1(B1 × Y) with equibounded
masses. Moreover, every T ∈ cart(B1 × Y) is an i.m. rectifiable current in
R1(B1 × Y), see [6], and to T it corresponds a BV -function uT ∈ BV (B1,Y)
such that

(2.1) T (φ(x, y) dx) =
∫

Bn

φ(x, uT (x)) dx

for all φ ∈ C0(Bn × RN ) such that |φ(x, y)| ≤ C (1 + |y|), and

(−1)n−iT (ϕ(x)d̂xi ∧ dyj) = 〈Diu
j
T , ϕ〉 := −

∫

Bn

uj
T (x) ·Diϕ(x) dx

for all ϕ ∈ C1
c (Bn).

Canonical decomposition. Let T ∈ cart(B1 × Y). Since T has finite
mass, η 7→ T (χBr(x) ∧ η), where x ∈ B1 and 0 < r < 1 − |x|, defines a current
in D1(Y). The 1-dimensional restriction of T over the point x

π̂#(T {x} × Y) ∈ D1(Y)

is the limit

π̂#(T {x} × Y)(η) := lim
r→0+

T (χBr(x) ∧ η) , η ∈ D1(Y) .

There is a canonical way to decompose a current T ∈ cart(B1 × Y). We first
observe that the 1-dimensional restriction of T over any point x in the jump set
JuT of uT is given by

π̂#(T {x} × Y) = δx × Γx ,
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Γx being a 1-dimensional integral chain on Y such that ∂Γx = δu+
T (x) − δu−T (x),

where u+
T (x) and u−T (x) here and in the sequel denote the right and left limits of

uT at x, respectively. Therefore, by applying Federer’s decomposition theorem
[6], we find an indecomposable 1-dimensional integral chain γx on Y, satisfying
∂γx = δu+

T (x)− δu−T (x), and an integral 1-cycle Cx in Y, satisfying ∂Cx = 0, such
that

(2.2) Γx = γx + Cx and M(Γx) = M(γx) + M(Cx) .

Currents associated to graphs of BV -functions. Next we associate
to any T ∈ cart(B1 × Y) a current GT ∈ D1(B1 × Y) carried by the graph of
the function uT ∈ BV (B1,Y) corresponding to T , and acting in a linear way on
forms ω in D1(B1 × Y) as follows. We first split ω = ω(0) + ω(1) according to
the number of vertical differentials, see (1.5), so that

ω(0) = φ(x, y) dx and ω(1) =
N∑

j=1

φj(x, y) dyj , φ, φj ∈ C∞
0 (B1 × Y) .

We then decompose GT into its absolutely continuous, Cantor, and Jump parts

GT := T a + TC + T J

and define T a(ω(0)) :=
∫

B1

φ(x, uT (x)) dx, TC(ω(0)) = T J(ω(0)) = 0 and

T a(ω(1)) :=
N∑

j=1

∫

B1

φj(x, uT (x))∇uj
T (x) dx

TC(ω(1)) :=
N∑

j=1

〈DCuj
T , φj(·, uT (·))〉

T J(ω(1)) :=
N∑

j=1

∫

JuT

(∫

γx

φj(x, y) dyj

)
· ν(x) dH0(x) ,

where γx is the indecomposable 1-dimensional integral chain defined by means
of the 1-dimensional restriction of T over the point x ∈ JuT , see (2.2).

Notice that the definition of GT obviously depends on γx and hence, in con-
clusion, on the current T ∈ cart(B1 × Y). Moreover, we readily infer that the
mass of GT is given by

M(GT ) = M(T a) + M(TC) + M(T J) ,

where∫

B1

√
1 + |∇uT (x)|2 dx , M(TC) = |DCuT |(B1) , M(T J) =

∫

JuT

H1(γx) dH0(x) .
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A density result. If u : B1 → Y is smooth, or at least e.g. u ∈ W 1,1(B1,Y),
and Gu is the current carried by the graph of u, see (1.8), the mass of Gu agrees
with the area A(u) of the graph of u

M(Gu) = A(u) :=
∫

B1

√
1 + |Du(x)|2 dx .

The following strong density result for the mass of GT holds true.

Proposition 2.1. For every T ∈ cart(B1×Y) there exists a sequence of smooth
maps {uk} ⊂ C1(B1,Y) such that uk ⇀ uT weakly in the BV -sense, Guk

⇀ GT

weakly in D1(B1 × Y) and M(Guk
) → M(GT ) as k →∞.

Vertical Homology. Let now Z1,1(B1×Y) denote the class of vertically
closed forms

Z1,1(B1 × Y) := {ω ∈ D1(B1 × Y) | dyω
(1) = 0} ,

where d = dx + dy denotes the splitting of the exterior differential d into a
horizontal and a vertical differential. Moreover, we say that Tk ⇀ T weakly in
Z1,1(B1 × Y) if Tk(ω) → T (ω) for every ω ∈ Z1,1(B1 × Y).

By Proposition 2.1, since by Stokes theorem ∂Guk
B1 × Y = 0, whereas

Guk
⇀ GT , we obtain that

∂GT B1 × Y = 0 .

We recall that in higher dimension n ≥ 2 in general GT has interior boundary,
i.e., ∂GT Bn × Y 6= 0. Setting then

ST := T −GT ,

by (2.1) we infer that ST (φ(x, y) dx) = 0 and ST (dφ) = 0 for every φ ∈ C∞
0 (B1×

Y). Therefore, by homological reasons, since

inf{M(C) | C ∈ Z1(Y) , C is non trivial in Y} > 0 ,

similarly to [9, Vol. II, Sec. 5.3.1] we infer that

ST =
I∑

i=1

δxi × Ci on Z1,1(B1 × Y) ,

where {xi : i = 1, . . . , I} is a finite disjoint set of points in B1, possibly inter-
secting the Jump set JuT , and Ci is a non-trivial homological integral 1-cycle in
Y. Note that the integral 1-homology group H1(Y) is finitely generated, being
torsion-free.

Remark 2.2. Setting

ST,sing := T −GT −
I∑

i=1

δxi × Ci ,
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it turns out that ST,sing is nonzero only possibly on forms ω with non-zero
vertical component, ω(1) 6= 0, and such that dyω

(1) 6= 0. Therefore, ST,sing is a
homologically trivial i.m. rectifiable current in R1(B1 × Y).

As a consequence, setting

(2.3) TH :=
I∑

i=1

δxi × Ci ,

every T ∈ cart(B1×Y) decomposes into its absolutely continuous, Cantor, Jump,
Homological, and Singular parts,

T = T a + TC + T J + TH + ST,sing .

Gap phenomenon. However, a gap phenomenon occurs in cart(B1×Y). More
precisely, if we set

M̃(T ) := inf{lim inf
k→∞

M(Guk
) | {uk} ⊂ C1(B1,Y) , Guk

⇀T weakly in D1(B1×Y)} ,

we see that there exist Cartesian currents T ∈ cart(B1 × Y) for which

M(T ) < M̃(T ) .

Example 2.3. Following [9, Vol. I, Sec. 4.2.5], if T = Gu + δ0 × C, where
u ≡ P ∈ Y is a constant map and C ∈ Z1(Y) is a 1-cycle in Y, it readily follows
that for every smooth sequence {uk} ⊂ C1(B1,Y) such that Guk

⇀ T weakly
in D1(B1 × Y) we have that

lim inf
k→∞

M(Guk
) ≥ M(T ) + 2d , d := distY(P, spt C) ,

where distY denotes the geodesic distance in Y. In fact, clearly M(T ) =
L1(B1) + M(C), whereas for every ε > 0, if k is sufficiently large we have
that uk : (−ε, ε) → Y has to connect twice the point P to the support of C and
to parameterize the 1-cycle C, so that∫ ε

−ε
|Duk|dx ≥ 2d + M(C) .

Remark 2.4. This gap phenomenon is due to the structure of the area integrand
u 7→

√
1 + |Du|2, and it is typical of integrands with linear growth of the gradient,

e.g., the total variation integrand u 7→ |Du|. This does not happen e.g. for the
Dirichlet integrand u 7→ 1

2 |Du|2 in dimension 2, compare [10]. In this case, in
fact, the connection from one point P to any 2-cycle C ∈ Z2(Y) can be obtained
by means of ”cylinders” of small 2-dimensional mapping area and, therefore, of
small Dirichlet integral, on account of Morrey’s ε-conformality theorem.

Homological theory. In order to study the currents which arise as weak
limits of graphs of smooth maps uk : B1 → Y with equibounded total variation,
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supk ‖Duk‖L1 < ∞, the previous facts suggest us to consider vertical homology
equivalence classes of currents in cart(B1 × Y). More precisely, we give the
following

Definition 2.5. We denote by cart1,1(B1 × Y) the set of equivalence classes of
currents in cart(B1 × Y), where

T ∼ T̃ ⇐⇒ T (ω) = T̃ (ω) ∀ω ∈ Z1,1(B1 × Y) .

We observe that if T ∼ T̃ , then the underlying BV -functions coincide, i.e.,
uT = u

T̃
. Therefore, we have T a = T̃ a and TC = T̃C , whereas in general

T J 6= T̃ J . However, we have that

T J + TH = T̃ J + T̃H on Z1,1(B1 × Y) .

Jump-concentration points. For future use, we let

(2.4) Jc(T ) := JuT ∪ {xi : i = 1, . . . , I}
denote the set of points of jump and concentration , where the xi’s are given by
(2.3). We infer that Jc(T ) is an at most countable set which does not depend on
the representative T , i.e., Jc(T ) = Jc(T̃ ) if T ∼ T̃ . By extending the notion of
1-dimensional restriction π̂#(T {x} × Y) to equivalence classes, we infer that
π̂#(T {x} × Y) = 0 if x /∈ Jc(T ). As to jump-concentration points, letting

Z1(Y) := {η ∈ D1(Y) | dyη = 0} ,

if x ∈ JuT , with x 6= xi, we infer that

π̂#(T {x} × Y) = γx on Z1(Y) ,

where γx is the indecomposable 1-dimensional integral chain previously defined,
and if x = xi, see (2.4),

π̂#(T {x} × Y) = γxi + Ci on Z1(Y) ,

where Ci ∈ Z1(Y) is the non-trivial 1-cycle defined by (2.3), and γxi = 0 if
xi /∈ JuT .

Vertical minimal connection. For every Cartesian current T∈cart1,1(B1×
Y) and every point x ∈ Jc(T ) we will denote by
(2.5)
ΓT (x) := {γ ∈ Lip([0, 1],Y) | γ(0) = u−T (x) , γ(1) = u+

T (x) ,
γ#[[ (0, 1) ]](η) = π̂#(T {x} × Y)(η) ∀ η ∈ Z1(Y)}

the family of all smooth curves γ in Y, with end points u±T (x), such that their
image current γ#[[ (0, 1) ]] agrees with the 1-dimensional restriction π̂#(T {x}×
Y) on closed 1-forms in Z1(Y). Moreover, we denote by

(2.6) LT (x) := inf{L(γ) | γ ∈ ΓT (x)} , x ∈ Jc(T ) ,
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the minimal length of curves γ connecting the ”vertical part” of T over x to
the graph of uT . We remark that the infimum in (2.6) is attained, i.e.,

∀x ∈ Jc(T ) , ∃ γ ∈ ΓT (x) : L(γ) = LT (x) .

Relaxed area functional. Let us now introduce the functional

A(T ) :=
∫

B1

√
1 + |∇uT (x)|2 dx + |DCuT |(B1) +

∫

Jc(T )
LT (x) dH0(x) .

Note that for every T ∈ cart1,1(B1 × Y) we have

(2.7) min{M(T̃ ) : T̃ ∼ T} ≤ A(T ) .

The following lower semicontinuity property holds.

Theorem 2.6. Let T ∈ cart1,1(B1 × Y). For every sequence of smooth maps
{uk} ⊂ C1(B1,Y) such that Guk

⇀ T weakly in Z1,1(B1 × Y), we have

lim inf
k→∞

M(Guk
) ≥ A(T ) .

Moreover, we also have the following density result.

Theorem 2.7. Let T ∈ cart1,1(B1 × Y). There exists a sequence of smooth
maps {uk} ⊂ C1(B1,Y) such that Guk

⇀ T weakly in Z1,1(B1 × Y) and
M(Guk

) → A(T ) as k →∞.

As a consequence, if we denote, in the same spirit as Lebesgue’s relaxed area,

Ã(T ) := inf{lim inf
k→∞

A(uk) | {uk} ⊂ C1(B1,Y) , Guk
⇀ T weakly in Z1,1(B1×Y)} ,

we conclude by Theorems 2.6 and 2.7 that

A(T ) = Ã(T ) ∀T ∈ cart1,1(B1 × Y) .

From Theorems 2.6 and 2.7, (2.7) and the closure of the class cart(B1 × Y)
we infer:

(i) the functional T 7→ A(T ) is lower semicontinuous in cart1,1(B1 × Y)
w.r.t. the weak convergence in Z1,1(B1 × Y);

(ii) the class cart1,1(B1 ×Y) is closed and compact under weak convergence
in Z1,1(B1 × Y) with equibounded A-energies.

We finally notice that similar properties hold if one considers the total vari-
ation integrand u 7→ |Du| instead of the area integrand u 7→

√
1 + |Du|2. In

particular, setting

E1,1(T ) :=
∫

B1

|∇uT (x)| dx + |DCuT |(B1) +
∫

Jc(T )
LT (x) dH0(x) ,
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compare Sec. 3 below, for every T ∈ cart1,1(B1 × Y) we have E1,1(T ) = inf
{

lim infk→∞
∫

B1

|Duk| dx | {uk} ⊂ C1(B1,Y) , Guk
⇀ T weakly in Z1,1(B1 ×

Y)
}

.

3. Cartesian currents, BV-energy and weak limits

In this section we deal with the weak limits of graphs of smooth maps uk :
Bn → Y , in any dimension n, with equibounded W 1,1-energies. We first state a
few preliminary results.

Homological facts. Since H1(Y) has no torsion, there are generators
[γ1], . . . , [γs], i.e. integral 1-cycles in Z1(Y), such that

H1(Y) =

{
s∑

s=1

ns [γs] | ns ∈ Z
}

.

By de Rham’s theorem the first real homology group is in duality with the first
cohomology group H1

dR(Y), the duality being given by the natural pairing

〈[γ], [ω]〉 := γ(ω) =
∫

γ
ω , [γ] ∈ H1(Y;R) , [ω] ∈ H1

dR(Y) .

We will then denote by [ω1], . . . , [ωs] a dual basis in H1
dR(Y) so that γs(ωr) =

δsr, where δsr denotes the Kronecker symbols.

Dp,1-currents and boundaries. For p = 1, . . . , n, we denote by Dp,1(Bn×
Y) the subspace of compactly supported smooth p-forms in Dp(Bn × Y) of the
type ω = ω(0) + ω(1), where ω(j) denotes the component that contain exactly
j differentials in the vertical Y variables. We also denote by Dp,1(Bn × Y) the
dual space of Dp,1(Bn × Y). For example, if u ∈ W 1,1(Bn,Y), then Gu is an
(n, 1)-current in Dn,1(Bn × Y) defined in an approximate sense by (1.8).

If {Tk} ⊂ Dp,1(Bn×Y), we say that {Tk} converges weakly in Dp,1(Bn×Y),
Tk ⇀ T , if Tk(ω) → T (ω) for every ω ∈ Dp,1(Bn × Y). Trivially, the class
Dp,1(Bn × Y) is closed under weak convergence.

The exterior differential d splits into a horizontal and a vertical differential
d = dx + dy. Of course ∂xT (ω) := T (dxω) defines a boundary operator ∂x :
Dn,1(Bn × Y) → Dn−1,1(Bn × Y). Now, for any ω ∈ Dn−1,1(Bn × Y), dyω

belongs to Dn,1(Bn ×Y) if and only if dyω
(1) = 0. Then ∂yT makes sense only

as an element of the dual space of Zn−1,1(Bn × Y), where

Zp,1(Bn × Y) := {ω ∈ Dp,1(Bn × Y) | dyω
(1) = 0} .
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E1,1-norm. For any ω ∈ Dn,1(Bn × Y) and T ∈ Dn,1(Bn × Y) we set

‖ω‖E1,1 := max

{
sup
x,y

|ω(0)(x, y)|
1 + |y| ,

∫

Bn

sup
y
|ω(1)(x, y)| dx

}
,

‖T‖E1,1 := sup
{

T (ω) | ω ∈ Dn,1(Bn × Y) , ‖ω‖E1,1 ≤ 1
}

.

It is not difficult to show that ‖T‖E1,1 is a norm on {T ∈ Dn,1(Bn × Y) :
‖T‖E1,1 < ∞}. Moreover, ‖ · ‖E1,1 is weakly lower semicontinuous in Dn,1, so
that {T ∈ Dn,1(Bn ×Y) : ‖T‖E1,1 < ∞} is closed under weak Dn,1-convergence
with equibounded E1,1-norms. Finally, if supk ‖Tk‖E1,1 < ∞ there is a subse-
quence which weakly converges to some T ∈ Dn,1(Bn × Y) with ‖T‖E1,1 < ∞.

Weak limits of smooth graphs. Let {uk} ⊂ C1(Bn,Y) be a sequence
of smooth maps with equibounded W 1,1-energies, supk ‖Duk‖L1 < ∞. The cur-
rents Guk

carried by the graphs of the uk’s are well defined currents in Dn,1(Bn×
Y) with equibounded E1,1-norms. Possibly passing to a subsequence, we then
infer that Guk

⇀ T weakly in Dn,1(Bn×Y) to some current T ∈ Dn,1(Bn×Y),
and uk ⇀ uT weakly in the BV -sense to some function uT ∈ BV (Bn,Y). There-
fore, we clearly have that

T (φ(x, y) dx) =
∫

Bn

φ(x, uT (x)) dx ∀φ ∈ C∞
c (Bn × Y) .

Moreover, by lower semicontinuity we have ‖T‖E1,1 < ∞ whereas, since the Guk
’s

have no boundary in Bn × Y, by the weak convergence we also infer

(3.1) ∂T = 0 on Zn−1,1(Bn × Y) .

Currents associated to graphs of BV -functions. As in the previous
section, we associate to the weak limit current T ∈ Dn,1(Bn × Y) a current
GT ∈ Dn,1(Bn × Y) carried by the graph of the corresponding function uT ∈
BV (Bn,Y), acting on forms ω in Dn,1(Bn × Y) as follows. We decompose GT

into its absolutely continuous, Cantor, and Jump parts

GT := T a + TC + T J .

If ω = ω(0) +ω(1), where ω(0) and ω(1) are given by (1.5), we define GT (ω(0)) =
T a(ω(0)), where T a(ω(0)) is given by (1.6), where this time u = uT , and we
set TC(ω(0)) = T J(ω(0)) = 0. Moreover, we define T a(ω(1)), TC(ω(1)), and
T J(ω(1)) as in (1.7), with T instead of Tu, where γx is the indecomposable
1-dimensional integral chain defined as in the previous section. We will see that
γx is well-defined for Hn−1-a.e. x ∈ JuT , since ‖T‖E1,1 < ∞, compare (2.2) and
Definition 3.5 below. In general ∂GT Bn × Y 6= 0. However, setting

ST := T −GT ,
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we clearly have ST (φ(x, y) dx) = 0 for every φ ∈ C∞
c (Bn × Y). Moreover, we

also have:

Proposition 3.1. ST (ω) = 0 for every form ω = ω(1) such that ω = dyω̃ for
some ω̃ ∈ Dn−1,0(Bn × Y).

Proof. Write ω̃ := ωϕ ∧ η for some η ∈ C∞
0 (Y) and ϕ = (ϕ1, . . . , ϕn) ∈

C∞
0 (Bn,Rn), where

(3.2) ωϕ :=
n∑

i=1

(−1)i−1ϕi(x) d̂xi.

Since
d(ωϕ ∧ η) = divϕ(x)η(y) dx + (−1)n−1ωϕ ∧ dyη

and T (d(ωϕ ∧ η)) = ∂T (ωϕ ∧ η) = 0, we have

(−1)nT (divϕ(x)η(y) dx) = T (ωϕ ∧ dyη) ,

so that

ST (ωϕ ∧ dyη) = (−1)nT (divϕ(x)η(y) dx)−GT (ωϕ ∧ dyη) .

Moreover, since T(0) = GT (0), by (1.6) we have

T (divϕ(x)η(y) dx) =
∫

Bn

divϕ(x)η(uT (x)) dx = −〈D(η ◦ uT ), ϕ〉

whereas, taking φj
i = ϕi Dyjη in (1.5), by the definition of GT , since ∂γx =

δu+
T (x) − δu−T (x) we infer

(−1)n−1GT (ωϕ ∧ dyη) =
N∑

j=1

∫

Bn

∂η

∂yj
(uT (x))〈∇uj

T (x), ϕ(x)〉 dx

+
N∑

j=1

∫

Bn

∂η

∂yj
(uT (x))ϕ(x) dDCuj

T

+
∫

JuT

(
η(u+

T (x))− η(u−T (x)
)〈ϕ(x), ν(x)〉 dHn−1 .

Finally, by the chain rule for the derivative D(η ◦ uT ) we obtain

(−1)n−1GT (ωϕ ∧ dyη) = 〈D(η ◦ uT ), ϕ〉
and hence that ST (ωϕ ∧ dyη) = 0. ¤

In conclusion, similarly to [9], Vol. II, Sec. 5.4.3, we infer that the weak limit
current T is given by

(3.3) T = GT + ST , ST =
s∑

s=1

Ls(T )× γs on Zn,1(Bn × Y) ,
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where Ls(T ) ∈ Dn−1(Bn) is defined by

(3.4) Ls(T )(φ) := ST (π#φ ∧ π̂#ωs) ∀φ ∈ Dn−1(Bn) .

Finally, setting

(3.5) ST,sing := T −GT −
s∑

s=1

Ls(T )× γs ,

see Remark 2.2, it turns out that ST,sing is nonzero only possibly on forms ω

with non-zero vertical component, ω(1) 6= 0, and such that dyω
(1) 6= 0.

Parametric polyconvex l.s.c. extension of the total varia-
tion. We recall from [9], Vol. II, Sec. 1.2 that the parametric variational integral
associated to the total variation integral is a well-defined functional T 7→ F1,1(T )
on currents T ∈ Dn,1(Bn×Y) satisfying ‖T‖E1,1 < ∞. It is lower semicontinuous
with respect to the weak convergence in Dn,1(Bn × Y), and satisfies

F1,1(Gu) =
∫

Bn

|Du(x)| dx

if T = Gu for some u ∈ W 1,1(Bn,Y), see (1.8). Now, if T ∈ Dn,1(Bn×Y) is the
weak limit of a sequence {Guk

} of graphs of smooth maps {uk} ⊂ C1(Bn,Y)
with equibounded W 1,1-energies, by lower semicontinuity we have F1,1(T ) < ∞.
Moreover, writing T as in (3.3), we have

F1,1(T ) = F1,1(GT ) + F1,1(ST ) ,

where

F1,1(GT ) =
∫

Bn

|∇uT (x)| dx + |DCuT |(Bn) +
∫

JuT

H1(γx) dHn−1(x) .

In addition, if the singular part ST,sing defined in (3.5) vanishes, and if the
Ls(T )’s are i.m. rectifiable currents in Rn−1(Bn), we have

F1,1(ST ) =
s∑

s=1

M(Ls(T )) ·M(γs) .

Gap phenomenon. Similarly to the case of dimension n = 1, a gap phe-
nomenon occurs. More precisely, in general for every smooth sequence {uk} ⊂
C1(Bn,Y) such that Guk

⇀ T weakly in Dn,1(Bn × Y) we have that

lim inf
k→∞

F1,1(Guk
) ≥ F1,1(T ) + C

for some absolute constant C > 0, see Remark 2.4.

Vertical homology classes. In analogy with the previous section, Def-
inition 2.5, we then consider vertical homology equivalence classes of currents
satisfying the same structure properties as weak limits of graphs of smooth maps
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uk : Bn → Y with equibounded total variation, supk ‖Duk‖L1 < ∞. More
precisely, we say that

(3.6) T ∼ T̃ ⇐⇒ T (ω) = T̃ (ω) ∀ω ∈ Zn,1(Bn × Y) .

Moreover, we will say that Tk ⇀ T weakly in Zn,1(Bn × Y) if Tk(ω) → T (ω)
for every ω ∈ Zn,1(Bn × Y).

BV -graphs. Extending the structure properties of the current GT ∈ Dn,1(Bn×
Y) carried by the graph of uT ∈ BV (Bn,Y) and associated to the weak limit
current T ∈ Dn,1(Bn × Y), we give the following

Definition 3.2. A current G ∈ Dn,1(Bn×Y) is said to be in BV −graph(Bn×
Y) if there exists a function u = u(G) ∈ BV (Bn,Y) and for Hn−1-a.e. x ∈ Ju

a 1-dimensional integral chain γx in Y, satisfying ∂γx = δu+(x) − δu−(x), for
which the following structure properties hold. G decomposes into its absolutely
continuous, Cantor, and Jump parts

G := Ga + GC + GJ .

If ω = ω(0) + ω(1), where ω(0) and ω(1) are given by (1.5), we have G(ω(0)) :=
Ga(ω(0)), where Ga(ω(0)) is given by (1.6), and GC(ω(0)) = GJ(ω(0)) = 0. More-
over, Ga(ω(1)), GC(ω(1)), and GJ(ω(1)) are given by (1.7), with G instead of
Tu, where γx is previously given.

As already noticed, in general ∂G Bn × Y 6= 0.

Definition 3.3. We denote by E1,1−graph(Bn×Y) the set of equivalence classes,
in the sense of (3.6), of currents T in Dn,1(Bn × Y) which have no interior
boundary,

∂T = 0 on Zn−1,1(Bn × Y) ,

finite E1,1-norm, i.e.

‖T‖E1,1 := sup
{

T (ω) | ω ∈ Zn,1(Bn × Y) , ‖ω‖E1,1 ≤ 1
}

< ∞ ,

and decompose as

T = GT + ST , ST =
s∑

s=1

Ls(T )× γs on Zn,1(Bn × Y) ,

where GT ∈ BV −graph(Bn × Y), see Definition 3.2, and Ls(T ) is an i.m.
rectifiable current in Rn−1(Bn) for every s.

Remark 3.4. Note that if T̃ ∼ T , in general G
T̃
6= GT . However, the corre-

sponding BV -functions coincide, i.e., u(GT ) = u(G
T̃
), see Definition 3.2. This

yields that we may refer to functions uT ∈ BV (Bn,Y) associated to currents T
in E1,1−graph(Bn × Y).
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Jump-concentration set. If L(T ) denotes the (n − 1)-rectifiable set
given by the union of the sets of positive multiplicity of the Ls(T )’s, we infer
that the union

(3.7) Jc(T ) := JuT ∪ L(T )

does not depend on the choice of the representative in T . As in dimension one,
the countably Hn−1-rectifiable set Jc(T ) is said to be the set of points of jump-
concentration of T .

Restriction over points of jump-concentration. Let T ∈ E1,1

−graph(Bn × Y) and let νT : Jc(T ) → Sn−1 denote an extension to Jc(T )
of the unit normal νuT to the Jump set JuT . For any k = 1, . . . , n − 1, let

P be an oriented k-dimensional subspace in Rn and Pλ := P +
∑n−k

i=1
λiνi

the family of oriented k-planes parallel to P , where λ := (λ1, . . . , λn−k) ∈ Rn−k,
span(ν1, . . . , νn−k) being the orthogonal space to P . Since T has finite E1,1-norm,
similarly to the case of normal currents, for Ln−k-a.e. λ such that Pλ ∩Bn 6= ∅,
the slice T π−1(Pλ) of T over π−1(Pλ) is a well defined k-dimensional current
in E1,1−graph((Bn ∩ Pλ)× Y) with finite E1,1-norm. Moreover, for any such λ
we have

Jc(T π−1(Pλ)) = Jc(T ) ∩ Pλ in the Hk−1-a.e. sense ,

whereas the BV -function associated to T Pλ is equal to the restriction uT |Pλ
of

uT to Pλ. Therefore, in the particular case k = 1, as in Sec. 1 the 1-dimensional
restriction

(3.8) π̂#

(
(T π−1(Pλ)) {x} × Y) ∈ D1(Y)

of the 1-dimensional current T π−1(Pλ) over any point x ∈ Jc(T ) ∩ Pλ such
that νT (x) does not belong to P is well defined. In this case, from the slicing
properties of BV -functions, if x ∈ (Jc(T ) \JuT )∩Pλ we have uT |Pλ

(x) = uT (x).
Moreover, if x ∈ JuT ∩ Pλ, the one-sided approximate limits of uT are equal to
the one-sided limits of the restriction uT |Pλ

, i.e.

u+
T |Pλ

(x) = u+
T (x) and u−T |Pλ

(x) = u−T (x) ,

provided that 〈ν, νuT (x)〉 > 0, where ν is an orienting unit vector to P . We
finally infer that, for Hn−1-a.e. point x ∈ Jc(T ), the 1-dimensional restriction
(3.8), up to the orientation, does not depend on the choice of the oriented 1-space
P and on λ ∈ Rn−1, provided that x ∈ Pλ and νT (x) does not belong to P .
As a consequence we may and do give the following

Definition 3.5. For Hn−1-a.e. point x ∈ Jc(T ), the 1-dimensional restriction
π̂#(T {x} × Y) is given by (3.8) for any oriented 1-space P and λ ∈ Rn−1

such that x ∈ Pλ and 〈ν, νT (x)〉 > 0, where ν is the orienting unit vector to P .
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BV -energy. The gap phenomenon and the properties previously described
lead us to define the BV -energy of a current T ∈ E1,1−graph(Bn×Y) as follows.

Definition 3.6. For Hn−1-a.e. point x ∈ Jc(T ) we define ΓT (x) and LT (x)
by (2.5) and (2.6), respectively, where π̂#(T {x} × Y) is the 1-dimensional
restriction given by Definition 3.5.

Definition 3.7. The BV -energy of a current T ∈ E1,1−graph(Bn×Y) is defined
by

E1,1(T, B × Y) :=
∫

B
|∇uT (x)| dx + |DCuT |(B) +

∫

Jc(T )∩B
LT (x) dHn−1(x)

for every Borel set B ⊂ Bn. We also let

E1,1(T ) := E1,1(T,Bn × Y) .

Of course, if T = Gu is the current integration of n-forms in Dn,1(Bn × Y)
over the graph of a function u ∈ W 1,1(Bn,Y), see (1.8), then

E1,1(Gu, B) =
∫

B
|Du(x)| dx .

Cartesian currents. We then give the following

Definition 3.8. We denote by cart1,1(Bn × Y) the class of currents T in
E1,1−graph(Bn × Y) such that E1,1(T ) < ∞.

Lower semicontinuity. Using the lower semicontinuity result in dimen-
sion n = 1, see Theorem 2.6, and applying arguments as for instance in [4], we
obtain in any dimension n ≥ 2

Theorem 3.9. Let T ∈ cart1,1(Bn × Y). For every sequence of smooth maps
{uk} ⊂ C1(Bn,Y) such that Guk

⇀ T weakly in Zn,1(Bn × Y), we have

lim inf
k→∞

∫

Bn

|Duk| dx ≥ E1,1(T ) .

A strong density result. In [12] it is also proved in any dimension
n ≥ 2

Theorem 3.10. Assume that the first homotopy group π1(Y) is commutative.
Let T ∈ cart1,1(Bn × Y). There exists a sequence of smooth maps {uk} ⊂
C1(Bn,Y) such that Guk

⇀ T weakly in Zn,1(Bn×Y) and ‖Duk‖L1 → E1,1(T )
as k →∞.

Remark 3.11. We notice that the commutativity hypothesis on the first homo-
topy group π1(Y) cannot be removed. If π1(Y) is non-abelian, even in dimension
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n = 2 we find functions u ∈ W 1,1(B2,Y), smooth outside the origin and satisfy-
ing the null-boundary condition

(3.9) ∂Gu = 0 on Zn−1,1(Bn × Y) ,

such that for every sequence of smooth maps uk : Bn → Y for which Guk
⇀ Gu

weakly in Zn,1(Bn × Y) we have

lim inf
k→∞

∫

B2

|Duk| dx ≥ C +
∫

B2

|Du| dx

for some absolute constant C > 0. For example, compare [11] in the case of the
area.

Relaxed total variation functional. In the sequel we shall always
assume that the first homotopy group π1(Y) is commutative. As a consequence,
setting

Ẽ1,1(T ) := inf
{

lim infk→∞
∫
Bn |Duk| dx : {uk} ⊂ C1(Bn,Y) , Guk

⇀ T

weakly in Zn,1(Bn × Y)
}

, by Theorems 3.9 and 3.10 we conclude that

E1,1(T ) = Ẽ1,1(T ) ∀T ∈ cart1,1(Bn × Y) .

Properties. By Theorems 3.9 and 3.10 we readily infer the following lower
semicontinuity result.

Proposition 3.12. Let {Tk} ⊂ cart1,1(Bn×Y) converge weakly in Zn,1(Bn×Y),
Tk ⇀ T , to some T ∈ cart1,1(Bn × Y). Then

E1,1(T ) ≤ lim inf
k→∞

E1,1(Tk) .

Moreover, we obtain that the class of Cartesian currents cart1,1(Bn × Y) is
closed under weak convergence with equibounded energies.

Theorem 3.13. Let {Tk} ⊂ cart1,1(Bn ×Y) converge weakly in Zn,1(Bn ×Y),
Tk ⇀ T , to some T ∈ Dn,1(Bn × Y), and supk E1,1(Tk) < ∞. Then T ∈
cart1,1(Bn × Y).

Therefore, by the relative compactness of E1,1-bounded sets in Dn,1(Bn × Y)
we readily infer the following compactness property.

Proposition 3.14. Let {Tk} ⊂ cart1,1(Bn×Y) be such that supk E1,1(Tk) < ∞.
Then, possibly passing to a subsequence, Tk ⇀ T weakly in Zn,1(Bn × Y) to
some T ∈ cart1,1(Bn × Y).
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Example 3.15. Of course, for every T ∈ cart1,1(Bn × Y) we may decompose

(3.10) T = Tu + ST on Zn,1(Bn × Y) ,

where u = uT ∈ BV (Bn,Y) is the BV -function corresponding to T and Tu ∈
BV −graph(Bn×Y) is defined as in Sec. 1 above, i.e., by means of geodesic arcs
lx connecting u−(x) and u+(x) at the points x in the jump set Ju. However,
even in dimension n = 1 and in the particular case Y = S1, the unit sphere, in
general it may happen that the BV -energy of T cannot be recovered by the sum
of the BV -energies of its component Tu and ST in (3.10). If Y = S1, in fact,
we have ST,sing = 0, i.e., the equivalence classes of elements in cart1,1(Bn × S1)
have a unique representative, and the energies E1,1(T ) and F1,1(T ) are equal,
i.e., no gap phenomenon occurs. Consider the current T θ ∈ cart1,1(B1 × S1)
given by

T θ = [[ (−1, 0) ]]× δP0 + [[ (0, 1) ]]× δPθ
+ δ0 × γθ , θ ∈ [0, 2π] ,

where Pθ = (cos θ, sin θ) and γθ is the simple arc in S1 connecting the points
P0 and Pθ in the counterclockwise sense. If π < θ < 2π we clearly have

Tu = [[ (−1, 0) ]]× δP0 + [[ (0, 1) ]]× δPθ
+ δ0 × γ̃θ ,

where γ̃θ is the simple arc in S1 connecting the points P0 and Pθ in the
clockwise sense, so that we may decompose T θ as in (3.10) with ST = δ0× [[S1 ]].
Since

F1,1(Tu) = H1(γ̃θ) = 2π − θ , F1,1(ST ) = 2π ,

we infer that the sum of the energies F1,1(Tu) + F1,1(ST ) is greater than the
energy of T θ, as clearly

E1,1(T θ) = F1,1(T θ) = H1(γθ) = θ .

4. The relaxed BV-energy of functions

In this section we analyze the relaxed BV -energy ẼTV (u) of functions u
in BV (Bn,Y), i.e., the lower semicontinuous envelope of the total variation
functional (1.3). Of course, it may be equivalently defined for every function
u ∈ BV (Bn,Y) by

ẼTV (u) := inf
{

lim infk→∞
∫
Bn |Duk| dx | {uk} ⊂ C1(Bn,Y) , uk ⇀ u

weakly in the BV -sense
}

.

Remark 4.1. It is obvious that one may equivalently require that uk → u
strongly in the L1-sense.
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In the sequel we assume that the first homotopy group π1(Y) is commutative.
Moreover, we denote by

(4.1) Tu := {T ∈ cart1,1(Bn,Y) | uT = u}
the class of Cartesian currents T in cart1,1(Bn × Y) such that the underlying
BV -function uT is equal to u, compare Definition 3.8 and Remark 3.4.

For future use, we also recall from [9], Vol. II, Sec. 5.4.2, that for every u ∈
W 1,1(Bn,Y) the homological singularities of u are well-defined for every s =
1, . . . , s by the currents Ps(u) ∈ Dn−2(Bn) given by

(4.2) Ps(u)(φ) := ∂Gu(π#φ ∧ π̂#ωs) ∀φ ∈ Dn−2(Bn) .

We finally recall the following facts.

Definition 4.2. For every k = 2, . . . , n and Γ ∈ Dn−k(Bn), we denote by

mi,Bn(Γ) := inf{M(L) | L ∈ Rn−k+1(Bn) , (∂L) Bn = Γ}
the integral mass of Γ and by

mr,Bn(Γ) := inf{M(D) | D ∈ Dn−k+1(Bn) , (∂D) Bn = Γ}
the real mass of Γ. Moreover, in case mi,Bn(Γ) < ∞, we say that an i.m.
rectifiable current L ∈ Rn−k+1(Bn) is an integral minimal connection of Γ if
(∂L) Bn = Γ and M(L) = mi,Bn(Γ).

By Federer’s theorem [7], and by Hardt-Pitts’ theorem [13], respectively, in the
cases k = n and k = 2 we have that

(4.3) mi,Bn(Γ) = mr,Bn(Γ) .

Results. We have the following.

Theorem 4.3. For every u ∈ BV (Bn,Y) we have ẼTV (u) < ∞.

From the results of the previous sections, we then obtain the following repre-
sentation.

Theorem 4.4. For any u ∈ BV (Bn,Y) we have
(4.4)
ẼTV (u) = inf{E1,1(T ) | T ∈ Tu}

=
∫

Bn

|∇u(x)| dx + |DCu|(Bn) + inf

{∫

Jc(T )
LT (x) dHn−1(x) | T ∈ Tu

}
,

where Tu, Jc(T ), and LT (x) are given by (4.1), (3.7), and Definition 3.6, re-
spectively.
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Sketch of the proof of Theorem 4.3: We first notice that it suffices to
show for every u ∈ BV (Bn,Y) the class Tu is non-empty, see (4.1). In this case,
in fact, if T ∈ Tu, by Theorem 3.10 we find a smooth sequence {uk} ⊂ C1(Bn,Y)
such that Guk

⇀ T weakly in Zn,1(Bn×Y) and ‖Duk‖L1 → E1,1(T ) as k →∞;
this yields also that uk ⇀ uT weakly in the BV -sense, where uT = u.

Now, if {uk} is the approximating sequence given by Proposition 1.8, since
uk ∈ R∞

1 (Bn,Y), the real mass of the singularities Ps(uk), see (4.2), is bounded
by the L1-norm of Duk. Moreover, by Hardt-Pitts’ theorem (4.3) we infer that
the real mass agrees with the integral mass. Therefore, we are able to connect the
singularities of the uk’s by means of i.m. rectifiable currents in Rn−1(Bn), this
way defining a sequence

Tk := Guk
+

s∑

s=1

Lk
s ×γs ∈ cart1,1(Bn × Y) ,

where Lk
s ∈ Rn−1(Bn) is such that

Ps(uk) = −(∂ Lk
s) Bn and M(Lk

s) ≤ C

∫

Bn

|Duk| dx ,

so that

sup
k
E1,1(Tk) ≤ C sup

k

∫

Bn

|Duk| dx ≤ C ETV (u,Bn) < ∞ ,

where C > 0 is an absolute constant. Therefore, by compactness, Proposi-
tion 3.14, possibly passing to a subsequence we find that Tk ⇀ T weakly in
Zn,1(Bn × Y) to some T ∈ cart1,1(Bn × Y) satisfying

E1,1(T ) ≤ lim inf
k→∞

E1,1(Tk) < ∞
by lower semicontinuity, Proposition 3.12. In particular, since uk ⇀ u weakly in
the BV -sense, we find that the underlying BV -function uT = u and hence that
T ∈ Tu, as required.

Proof of Theorem 4.4: Let {uk} ⊂ C1(Bn,Y) be a smooth sequence with
equibounded energies, supk ‖Duk‖L1 < ∞, and weakly converging to u in the
BV -sense, see Theorem 4.3. By compactness, Proposition 3.14, possibly passing
to a subsequence we find that Guk

⇀ T weakly in Zn,1(Bn × Y) to some T ∈
cart1,1(Bn × Y) satisfying uT = u, i.e., T ∈ Tu, see (4.1). Since by lower
semicontinuity, Proposition 3.12,

E1,1(T ) ≤ lim inf
k→∞

∫

Bn

|Duk| dx ,

we readily conclude that

inf{E1,1(T ) | T ∈ Tu} ≤ ẼTV (u) .
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To prove the opposite inequality, by applying Theorem 3.10, for every T ∈ Tu

we find a sequence of smooth maps {uk} ⊂ C1(Bn,Y) such that Guk
⇀ T

weakly in Zn,1(Bn × Y) and ‖Duk‖L1 → E1,1(T ) as k → ∞. Since the weak
convergence Guk

⇀ T yields the convergence uk ⇀ uT weakly in the BV -sense,
and uT = u, we find that ẼTV (u) ≤ E1,1(T ), which proves the first equality
in (4.4). The second equality in (4.4) follows from the definition of BV -energy,
Definition 3.7. ¤

The above facts simplify if we specify them to u ∈ W 1,1(Bn,Y) and/or Y =
S1, recovering this way previous results, compare e.g. [8], [5], and [14].

The relaxed W 1,1-energy. The relaxed energy of u ∈ W 1,1(Bn,Y) is of
course given by

Ẽ1,1(u) := inf
{

lim infk→∞
∫
Bn |Duk| dx | {uk} ⊂ C1(Bn,Y) , uk → u

strongly in L1(Bn,RN )
}

,

see Remark 4.1. In this case, Theorem 4.4 reads as

Corollary 4.5. For any u ∈ W 1,1(Bn,Y) we have Ẽ1,1(u) < ∞. Every T ∈ Tu

has the form

T = Gu +
∑

q∈H1(Y)

Lq ×Cq on Zn,1(Bn × Y) ,

where Lq = τ(Lq, 1,
−→L q), see [6], is an i.m. rectifiable current in Rn−1(Bn), and

Cq ∈ Z1(Y) is an integral 1-cycle in the homology class q. The BV -energy of T
is given by

E1,1(T ) =
∫

Bn

|Du| dx +
∑

q∈H1(Y)

∫

Lq

LT (x) dHn−1(x)

where, for x ∈ Lq, we have LT (x) := inf{L(γ) | γ ∈ Γq(x)} and

Γq(x) := {γ ∈ Lip([0, 1],Y) | γ(0) = γ(1) = u(x) , γ#[[ (0, 1) ]] ∈ q} .

Finally, the relaxed energy of u is given by

Ẽ1,1(u) =
∫

Bn

|Du(x)| dx + inf
{ ∑

q∈H1(Y)

∫

Lq

LT (x) dHn−1(x) | T ∈ Tu

}
.

The case Y = S1. Further simplification arises if we assume Y = S1.
In this case, in fact, ST,sing = 0, i.e. the equivalence classes of elements in
cart1,1(Bn × S1) have a unique representative, and the energies E1,1(T ) and
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F1,1(T ) are equal, i.e., no gap phenomenon occurs. Moreover, if x belongs to
the jump-concentration set Jc(T ), the 1-dimensional restriction has the form

π̂#(T {x} × S1) = [[ γx ]] + q [[S1 ]] ,

where q ∈ Z and [[ γx ]] is the current associated to a suitably oriented simple
arc γx in S1 connecting the points u−T (x) and u+

T (x), where uT is the function
in BV (Bn, S1) associated to T , and γx = 0 if x /∈ JuT . Consequently, in (4.4)
we have

LT (x) = H1(γx) + 2π |q|
and hence for every T ∈ cart1,1(Bn×S1) the BV -energy agrees with the energy
obtained in [8], compare Theorem 1 of [9, Vol. II, Sec. 6.2.3]. Moreover, we
recover the following estimates about the relaxed energy, compare [5] and [14].

Proposition 4.6. For every u ∈ W 1,1(Bn, S1) we have

(4.5) Ẽ1,1(u) ≤ 2 E1,1(u) , where E1,1(u) :=
∫

Bn

|Du| dx .

Moreover, for every u ∈ BV (Bn, S1) we have

(4.6) ẼTV (u) ≤ 2 ETV (u) ,

where ETV (u) is the total variation of u, given by (1.1).

Proof. If u ∈ W 1,1(Bn, S1), its singular set is the current P(u) ∈ Dn−2(Bn)
given for any φ ∈ Dn−2(Bn) by P(u)(φ) := ∂Gu(π#φ ∧ π̂#ωS1), where

ωS1 :=
1
2π

(y1dy2 − y2dy1)

is the normalized volume 1-form in S1. Therefore, P(u) is the boundary of
the current D(u) ∈ Dn−1(Bn) defined for any φ ∈ Dn−1(Bn) by D(u)(φ) :=
Gu(π#φ ∧ π̂#ωS1). Since we estimate

M(D(u)) ≤ 1
2π

∫

Bn

|Du| dx ,

we infer that the real mass mr,Bn(P(u)) ≤ E1,1(u,Bn)/2π and therefore, by
Hardt-Pitts’ theorem [13], that the integral mass mi,Bn(P(u)) ≤ E1,1(u,Bn)/2π,
see Definition 4.2 and (4.3). As a consequence, since for every ε > 0 we find a
current T ∈ Tu such that

T = Gu + L× S1 and E1,1(T ) = E1,1(u) + 2π M(L) ,

where L ∈ Rn−1(Bn) satisfies M(L) ≤ mi,Bn(P(u)) + ε, taking into account
Theorem 4.4 we obtain (4.5).

In the more general case u ∈ BV (Bn, S1), by Proposition 1.8 we find the
existence of a sequence of maps {uk} ⊂ W 1,1(Bn, S1) such that uk ⇀ u weakly
in the BV -sense and E1,1(uk) → ETV (u). Moreover, for every k we find a smooth
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sequence {u(k)
h }h ⊂ C1(Bn, S1) converging to uk strongly in L1 and such that

E1,1(u
(k)
h ) → Ẽ1,1(uk) + 1/k as h → ∞. Finally, by (4.5) and by a diagonal

argument we readily obtain (4.6). ¤

Remark 4.7. Following [15], since π1(Y) is commutative, if u ∈ R∞
1 (Bn,Y),

for every s = 1, . . . , s we may find an integral current Ls ∈ Rn−2(Bn) satisfying

−(∂Ls) Bn = Ps(u) and M(Ls) ≤ C

∫

Bn

|Du| dx ,

see (4.2), where the absolute constant C > 0 does not depend on u. Therefore,
arguing as above it is not difficult to show that for every u ∈ W 1,1(Bn,Y)

(4.7) Ẽ1,1(u) ≤ C(n,Y) · E1,1(u) ,

where C(n,Y) > 0 is an absolute constant, only depending on n and Y. Finally,
by Proposition 1.8, we conclude that

ẼTV (u) ≤ C(n,Y) · ETV (u) ∀u ∈ BV (Bn,Y) ,

where ETV (u) is the total variation of u given by (1.1) and the optimal constant
C(n,Y) is the same as the optimal constant for W 1,1-functions in (4.7).
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