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0. INTRODUCTION

In the classical Minkowski problem in R™*! one wants to find a strictly convex
closed hypersurface M C R™! such that its GauB curvature K equals a given
function f defined in the normal space of M or equivalently defined on S™

(0.1) K, = f(v).

The problem has been partially solved by Minkowski [13], Alexandrov [1], Lewy
[11], Nirenberg [14], and Pogorelov [15], and in full generality by Cheng and Yau
[2].

Instead of prescribing the Gaussian curvature other curvature functions F' can
be considered, i.e., one studies the problem

(0.2) P, = fv).

If F' is one of the symmetric polynomials Hy, 1 < k < n, this problem has
recently been solved by Guan and Guan [9]. They proved that (0.2) has a solution,
if f is invariant with respect to a fixed point free group of isometries of S™.

In this paper we consider the problem (0.2) for strictly convex hypersurfaces
M C S™*! and for curvature functions F the inverses of which are of class (K),
see Section 1 or [8, Definition 1.3]. These F include all Hy, 1 < k < n, |A|%, and
also any symmetric, convex curvature function homogeneous of degree 1, cf. [7,
Lemma 1.6].

We shall show in Section 2 that for any closed strictly convex hypersurface
M c 8™ there exists a Gaufl map

(0.3) xr€e€M—ze M,

where M* is the polar set of M. M* is also strictly convex, as smooth as M, and
the Gaufl map is a diffeomorphism.

If we consider M as an embedding in R"*2? of codimension 2, so that the
tangent spaces Ty (M) and T} (S"*!) can be identified with subspaces of T}, (R"*2),
then the image of the point z under the Gaufl map is exactly the normal vector
v e Tp(S™)

(0.4) i=veT,(S") C T,(R"?).

Thus, the equation (0.2) can also be written in the form
(0.5) Fl,, = f@# Vzel,
where f is given as a function defined in S+,

We shall also prove that (0.5) has a dual problem, namely,
(0.6) Fl.=f"'%) VieM,
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where F' is the inverse of F'

(0.7) Flrg) = —

In the dual problem the curvature is not prescribed by a function defined in
the normal space, but by a function defined on the hypersurface.

Both problems are equivalent, solving one also leads to a solution of the dual
one; notice also that

(0.8) M*™ =M A

]|

=xT.

To find a solution we either impose some symmetry requirement with respect
to a group of isometries or we assume the existence of barriers.

0.1. Assumption. (i) Let G C O(n+2) be a group of orthogonal transformations
with a common fized point xo € S" and assume that the induced group of
isometries in S™, i.e., the equator of the hemisphere with center in xg, is fived
point free.

(ii) Let 0 < f € C°(S™Y) be invariant with respect to the group G, i.e.,
(0.9) f(Az) = f(z) VzesS"t VvAea.

Then we shall prove

0.2. Theorem. Let F € C°(I'y) be a symmetric, positively homogeneous and
monotone curvature function such that its inverse F is of class (K), then the
dual problems

(0.10) F‘M = f(z)
and
(0.11) F,. =12

have strictly convex solutions M resp. M* of class C**, 0 < ae < 1, such that the
hypersurfaces M resp. M* are invariant with respect to the group G. Furthermore,
—x s an interior point of the convex body M and zo an interior point of the
convex body M* of M*. The convex bodies M, M* are strictly contained in the
corresponding open hemispheres H(—xq) resp. H(xo).

Instead of imposing some symmetry assumption, a barrier condition will also
work.

0.3. Assumption. Let M;, i = 1,2, be strictly convex hypersurfaces of class C%*
contained in an open hemisphere H(—xg). M is said to be a lower barrier for

the pair (F, f), if
(0.12) Fi,. <.
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and My is called an upper barrier for (F, f), if
(0.13) Fl,. > 1,

where in both cases the right-hand side f may either depend on x € M; or v €
T.(S™Y) for x € M;, or, in the latter case, equivalently on & € M}.

0.4. Theorem. Let FF € C5(I'y) be a symmeltric, positively homogeneous and
monotone curvature function such that its inverse F s of class (K), let 0 <
f € C>(8™), and assume that there exist upper and lower barriers for (F, f) in
the hemisphere H(—x¢) as defined in the Assumption 0.3, where in addition the
barriers M; should bound a connected open set {2 such that the mean curvature
vector of My should point to the exterior of £2 and the mean curvature vector of
Ms should point into §2. Then the dual problems

(0.14) P, = f(@)
and
(0.15) F,. =1

have strictly convex solutions M resp. M* of class C%®, 0 < a < 1, such that
the convex bodies M, M* are strictly contained in the open hemispheres H(—xq)
resp. H(xo).

The paper is organized as follows: Section 1 gives an overview of the definitions
and conventions we rely on, while the dual relationship between M and M*
and the properties of the Gaufl map are derived in Section 2. The curvature
estimates are proved in Section 3, the lower order estimates in Section 4. The
next two sections contain a uniqueness result for invariant convex hypersurfaces
with constant F', and the existence proof in the invariance case, which is based on
a continuity method using Smale’s infinite dimensional version of Sard’s theorem
[18]. Finally, in Section 7 we prove Theorem 0.4.

0.5. Remark. Let us emphasize that after Section 2 we shall only consider equa-
tion (0.11). In order to simplify notation we then shall drop the tilde and the
other embellishments and shall solve the equation

(0.16) F,, = f(z)

for a curvature function F of class (K), where we note that we also replaced f~1

by f.
1. NOTATIONS AND DEFINITIONS

The main objective of this section is to state the equations of Gaufl, Codazzi,
and Weingarten for hypersurfaces M in a (n+1)-dimensional Riemannian mani-

fold N. Geometric quantities in N will be denoted by (gag), (Ragys), etc., and
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those in M by (gi;), (Rijri), etc. Greek indices range from 0 to n and Latin from
1 to n; the summation convention is always used. Generic coordinate systems
in N resp. M will be denoted by (z%) resp. (£*). Covariant differentiation will
simply be indicated by indices, only in case of possible ambiguity they will be
preceded by a semicolon, i.e., for a function u in N, (u,) will be the gradient and
(uap) the Hessian, but e.g., the covariant derivative of the curvature tensor will
be abbreviated by R,gys... We also point out that

(1.1) Ry = Rapysiets

with obvious generalizations to other quantities.

Let M be a C?-hypersurface with normal v.

In local coordinates, (%) and (£%), the geometric quantities of the hypersurface
M are connected through the following equations

(1.2) x% = —hijVa

the so-called Gaufl formula. Here, and also in the sequel, a covariant derivative
is always a full tensor, i.e.,
— k Fo B
(1.3) xy; =l — ag + Iy oz,
The comma indicates ordinary partial derivatives.

In this implicit definition the second fundamental form (h;j) is taken with
respect to —v.

The second equation is the Weingarten equation
(1.4) v = b,
where we remember that v{* is a full tensor.

Finally, we have the Codazzi equation

(1.5) hijk — hiksj = Ragysv®z)a] )
and the Gauf equation
(16) Rijk:l = {hikhjl - hilhjk} + Ragwxf‘x?xZ:L‘?.

When we consider hypersurfaces M C S™*! to be embedded in R"*2, we label
the coordinates in R"*? as (z%), i.e., indices a, b, c, ... always run through n + 2
values either from 1 to n + 2 or from 0 to n + 1.

Let us also state the definition of curvature functions of class (K)

1.1. Definition. A symmetric curvature function F € C**(I'y) N C°(I'y) posi-
tively homogeneous of degree dy > 0 is said to be of class (K) if

OF ,
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(1.8) F,p. =0,
and
(1.9) Fip g < F~H(Fn,;)% — F*R ' yimp Vnes,

or, equivalently, if we set F= log F',
(1.10) PRy < —F*W'ngng V€S,
where F' is evaluated at (hi;).
A detailed analysis of these curvature functions can be found in [8, Section 1].
In this paper we actually do not need the full strength of inequality (1.10).

As we have shown in [7, Lemma 1.3 and Remark 1.4] a symmetric curvature
function F' € C?(I'y) satisfies inequality (1.9) iff

(1.11) Fir; < Fjkj, for k; <k,
and
(1.12) Fy€'¢d <F Y (FE)? - B HEP VEERT,

where F;, Fj; are ordinary partial derivatives of F'in I7,.

We only need the property (1.11).

Let us finish this section with a simple yet useful observation.
1.2. Lemma. Let F € (K) be homogeneous of degree 1, then F' is concave.
Proof. 1t suffices to prove that the right-hand side of the inequality (1.12) is
non-positive, if F' is homogeneous of degree 1.

Using Schwarz’s inequality we deduce

. 11 1 _ 1.
(— 2,.2 2 2 ¢
Fig& =Y F?r?F?r; *€
7

< (ZFW@')%(ZEH;H@P)% — F%(ZE&;1’€i|2)%7

hence the result. O

(1.13)

2. POLAR SETS

Let M C S™*! be a connected, closed, immersed, strictly convex hypersurface
given by an immersion

(2.1) x: My — M c 8"

then M is embedded, homeomorphic to S™, contained in an open hemisphere and
is the boundary of a convex body M C S"*1 cf. [3].
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Considering M as a codimension 2 submanifold of R"*? such that
(2.2) Tij = —gi;x — hi; T,

where & € T, (R""2) represents the exterior normal vector v € T,(S™"*!), we want
to prove that the mapping

(2.3) & My — St

is an embedding of a strictly convex, closed, connected hypersurface M. We call
this mapping the Gaufl map of M.

First, we shall show that the Gaufl map is injective. To prove this result we
need the following lemma.

2.1. Lemma. Let M C S™*! be a closed, connected, strictly convex hypersurface
and denote by M its (closed) convex body. Let x € M be fixred and T be the
corresponding outward normal vector, then

(2.4) (y,7) <0  VyeM
and also strictly less than 0 unless y = x.

The preceding inequality also characterizes the points in M, namely, let y €
S" L be such that

(2.5) (y,2) <0 Ve M,
then y € M.

Proof. ,(2.4)¢ First, we note that M is contained in an open hemisphere H(zg).

Let y € int M be arbitrary and let z = z(t), 0 < t < d, be the unique
minimizing geodesic in S™*! connecting y and z such that

(2.6) z0)=z A z(d) =y
parametrized by arc length, and hence 0 < d < 7.

Viewing z as a curve in R"*2 the geodesic equation has the form
(2.7) i=Di=—z

If the coordinate system in R™*? is Euclidean, the covariant derivatives are just
ordinary derivatives.

It is well-known that the geodesic z is contained in M and that
(2.8) (2(0),2) <0;

notice that, after introducing geodesic polar coordinates in S™*! centered in v,
we have

(2.9) (£(0),2) = —(5-,v)
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and hence is strictly negative, cf. the remarks in [5, Section 4] after Theorem 4.6.

Thus, ¢(t) = (2(t), ) satisfies the initial value problem

(2.10) ¢=—p, ¢0)=0, ¢(0)<0,
and is therefore equal to

(2.11) o(t) = —Asint, A >0,
i.e.,

(2.12) p(t) <0  VOo<t<m.

Now, let y € M, y # x, be arbitrary, and consider a sequence zj of geodesics
parametrized in the interval 0 <t < 1, such that

(2.13) zk(0) =2 A z(1) — vy,
where z(1) € int M.

The geodesics z converge to a geodesic z connecting x and y. If

(2.14) (2(0),z) <0,
then the previous arguments are valid yielding
(2.15) (y,z) < 0.

On the other hand, the alternative
(2.16) (v, #) =0

leads to a contradiction, since then the geodesic z would be part of the tangent
space T, (M) which is impossible, cf. the considerations in [5] after the equation
(4.17).

»Y € M Suppose now that y € S"*! satisfies (2.5), and assume by contra-
diction that y € CM. Pick an arbitrary o € int M, Zg # —y, and let z = 2(t),
0 <t < d, be the minimizing geodesic joining ¥y and y parameterized by arc
length, such that z(0) = Zp and z(d) = y. The geodesic intersects M in a unique
point z, x = z(t1), 0 < t; < d.

Define
(2.17) o(t) = (2(1), 2),
then
(2.18) o(t1))=0 A ¢(t1) >0,
and hence

(2.19) o(t) = Asin(t —t1), A >0,
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and we conclude
(2.20) et) >0 VHhi<t<ti+m
contradicting the assumption ¢(d) < 0.
Therefore we have proved y € M. O

2.2. Theorem. Let x : My — M C S™! be the embedding of a closed, connected,
strictly convexr hypersurface, then the Gauf map defined in (2.3) is injective,
where we identify R™2 with its individual tangent spaces.

Proof. We again assume M to be a codimension 2 submanifold in R"*2. Suppose
there would be two points p; # p2 in My such that

(2.21) Z(p1) = 2(p2),

then the function

(2.22) p(y) = (v, 2(p1))

would vanish in the points z(p;) as well as z(ps) contrary to the results of
Lemma 2.1. g

2.3. Lemma. As a submanifold of codimension 2 M satisfies the Weingarten
equations

(2.23) @ = hiay
for the normal T and also
(2.24) z; = gy,

for the normal x.

Proof. We only have to prove the non-trivial Weingarten equation.

First we infer from

(2.25) (£,7) =0

that

(2.26) 0= (2, Z) + (x,Z;) = (x,Ty).
Furthermore, there holds

(2.27) 0= (T, i),

since (Z,z) = 1. Hence, we deduce

(2.28) i = afxy.

Differentiating the relation (x;, &) = 0 covariantly we obtain
(2.29) <.i'j,.1‘i> = hij
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and we infer (2.23) in view of (2.28). O

We can now prove

2.4. Theorem. Let x : Mg — M C S™! be a closed, connected, strictly convex
hypersurface of class C™, m > 3, then the Gauff map & in (2.3) is the embedding
of a closed, connected, strictly convex hypersurface M C S™*1 of class C™ 1.

Viewing M as a codimension 2 submanifold in R" 2, its Gaussian formula is

(2.30) (i‘ij = —giji' — ]Nlijl',

where gi;, Bij are the metric and second fundamental form of the hypersurface
M C S"Y and x = x(€) is the embedding of M which also represents the exterior
normal vector of M. The second fundamental form h;; is defined with respect to
the interior normal vector.

The second fundamental forms of M, M and the corresponding principal cur-
vatures k;, k; satisfy

(2.31) hij = Bij = (T4, 5)
and
(2.32) Fi= kL

Proof. (i) From the Weingarten equation (2.23) we infer
(2.33) Gij = (Ti, &5) = hih;
is positive definite, hence = Z(£) is an embedding of a closed, connected hyper-
surface, where we also used Theorem 2.2.
(ii) The pair (z,Z) satisfies
(2.34) (,Z) =0

and we claim that z is the exterior normal vector of M in Z, where as usual we
identify the normal vector 7 = (7%) € T5(S™*!) with its embedding in T;(R"2).

Differentiating (2.34) covariantly and using the fact that & is a normal vector
for M we deduce

(2.35) 0= (x,4),
i.e., 7 and = span the normal space of the codimension 2 submanifold M.

Let us define the second fundamental form fLij of M C S™! with respect to
the normal vector 7 € T;(S™"!) corresponding to z, then the codimension 2
Gaussian formula is exactly (2.30).
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Differentiating the Weingarten equation (2.23) covariantly with respect to the
metric g;; and indicating the covariant derivatives with respect to g;; by a semi-
colon and those with respect to g;; simply by indices, we obtain

(236) Fy = h e + B
and we deduce further
(2.37) hij = —(Zyj, x) = —hf 2k, ) = h¥ gy = hyj.

On the other hand, we infer from (2.35)
(2.38) hij = —(Z5, %) = (&1, 75)
which proves (2.31).

The last relation (2.32) follows from (2.37) and (2.33).

Finally, the normal vector x must correspond to the exterior normal of M in
T:(S™H1), since h;; is positive definite. O

We can also define a Gaufl map from the strictly convex, connected, closed
hypersurfaces M C S™! into S, and the preceding theorem shows that the
two Gaufl maps are inverse to each other, i.e., if we start with a closed, strictly
convex hypersurface M C S"*!, apply the Gaufl map to obtain a strictly convex
hypersurface M c ™ and then apply the second Gaufl map, then we return
to M with a pointwise equality.

Denoting the two Gaufl maps simply by a tilde, this can be expressed in the
form

(2.39) xr =

Kn

i

or, equivalently, in the form of a commutative diagram

M

(2.40) d\‘ S
M

Before we give an equivalent characterization of the images of the Gaufl maps,
let us show that the images of strictly convex hypersurfaces by the Gaul maps
are as smooth as the original hypersurfaces.

M

2.5. Lemma. Let M C S™*! be a closed, connected, strictly convex hypersurface
of class C™, m >3,0<a <1 and let M C S" be its image under the Gaufs
map. Let M C H(zo) and express M as a graph in geodesic polar coordinates
(p,x%) centered in xo, M = graph g, , then iLZ'j, expressed in corresponding local
coordinates x* of S™, is of class C™ %,
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Proof. Notice that this is a non-trivial statement, since M is only known to be
of class C™~ 1,

Let (z%) = (2%, 2°) be Euclidean coordinates in R"*2 and assume without loss
of generality that 2o = (1,0). Writing z = (29, 2), 2 € R""!, we have

(2.41) |22 =1— |2 Vzes,

i.e., after introducing Euclidean polar coordinates (r, z¢) in R"™!, the hemisphere
H(xp) is given as the embedding

(2.42) z= (272" = (V1 —-7r2rah)

and the lower hemisphere H(—zg) by the embedding

(2.43) z= (2 ra") = (=1 =72 r ).
The metric in S?"1\{z" = 0} is then expressed as

(2.44) ds? = Lydr? + rlo;;datda?,

1—72

where o0;; is the metric of S™.

Defining p by
1
2.45 dp = —=dr A 0)=0
(2.45) = i p(0)
will give us geodesic polar coordinates (p, z?) in H(zg) centered in zq.

Now, assuming M C H(xo) implies M C H(—xq), in view of Lemma 2.1. Let
(&) be local coordinates for M and express the Gaul map Z(£) in the coordinates
in (2.42)

(2.46) (&) = (2°(€), (&), 2'(€)),

then

(2.47) r() = u(z'(€)) A 2(§) = /1 - uP(@(€)),

where M has been written as a graph over S™
(2.48) M= {r=u(z'): (z) € S" };
notice that in geodesic polar coordinates we have M = graph @& with

(2.49) = p(u).

In the coordinates (£%) the second fundamental form INIZ-j is already known to be
of class C™ =2 because of the relation (2.31). Hence the lemma will be proved,
if we can show that the transformation (x%(¢)) is a C™~1@-diffeomorphism, i.e.,
we have to show that the Jacobian is invertible.
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Now, the induced metric g;; can be expressed as

~ 0 k .k
Gij = (T4, Tj) = x] +riry + o) ;]

(2.50) = 1= ! Tty + T okzwk :
l
= {1_u2 w4+ ulog bk T,

hence (a:f ) is invertible, since the left-hand side of this equation has this property.
O

2.6. Theorem. Let M C S™*! be a closed, connected, strictly convex hypersurface
of class C™%, m > 2,0 < a <1, then M C N, its image under the Gaufl map
is also of class C"™.

Proof. (i) First, let us assume that m > 3 and 0 < o < 1. The Gaufl map is then
of class C™~ 1% i.e., M is of class C™~ 1. Here, we use the coordinates (£) for
M also as coordlnates for M. The metric gi; and the Christoffel symbols of M

are then of class C™ 2% resp. C"™ 3% while the second fundamental form hzg is
of class C™~2% in view of (2.31).

We may assume that M C H(—zo) and M C H(zg), where zo = (1,0). Using
then geodesic polar coordinates (p, &) centered in g, the metric in S"! can be
expressed in the form

(2.51) ds* = dp? + 2P gy;detde’,
or, in conformal coordinates
(2.52) ds? = 2V {dr? 4 gy;detdeT ).

Writing M as a graph in the coordinates (7, &%)

(2.53) M = graphu,,

the second fundamental form h;; of M can be expressed as

(2.54) e_w’l)_lhij = —uij — f(?ouiuj — FOO,LUJ — F(?]uz — FZOJ,
where

(2.55) v? =1+ oujuy

and where we note that the second fundamental form h;; is of class Cm=2e cf.
Lemma 2.5.

We want to replace the covariant derivatives w;; of u with the covariant deriva-
tives u,;; of u with respect to the metric o;; to deduce that w.;; is of class cm—2a,
and hence u € C™(S™).

To achieve this we define a new metric g,3 in the ambient space

(2‘56) gaﬁ - 6—21&5—]&[5’
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where gop is the metric in (2.52). Let g5, izij and 7 be the obvious geometric
quantities of M with respect to the new metric, then there holds

(2.57) hije ™V = hij + o™ g
as one easily checks.

On the other hand, iLij can be expressed in terms of the Hessian u.;; of v with
respect to the metric o;;, namely,

(2.58) hij = —ugv ",
i.e.,
(2.59) hz‘jeiw = —U;Z‘jvil + waﬁa(uiuj + Uij),

hence, wu.;; is of class cm—2e,

(ii) The case m = 2 and 0 < a < 1 follows by approximation and the uniform
C?*“-estimates. Notice that the approximating second fundamental forms will
converge in C°. O

2.7. Definition. (i) Let M C S™*! be a closed, connected, strictly convex hyper-
surface, then we define its polar set M* C S™+1 by

(2.60) M* = {ye st su&(a:,y) =0},
Te

where the scalar product is the scalar product in R™2 and x, y are Euclidean
coordinates.

(ii) Let M be the convez body of M C S™1, then we define the polar of M by

(2.61) M*={yeS"™: sup(z,y) <0}
zeM

2.8. Theorem. The M C S™t! be a closed, connected and strictly convex hyper-
surface, then

(2.62) M* = N
and
(2.63) N = M.

Proof. ,,(2.62)“ 1In view of Lemma 2.1 there holds
(2.64) M c M*.

On the other hand, let y € M* and x € M be such that
(2.65) (x,y) =0.
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Then we deduce, after introducing local coordinates in M,

(2.66) (2i,y) =0
and

where the derivatives are covariant derivatives with respect to the induced metric
gij of M being viewed as a codimension 2 submanifold.

Combining (2.65) and (2.66) we infer
(2.68) y = +i,
but because of (2.2) and (2.67) we deduce y = Z.

»(2.63)“ In view of Lemma 2.1 we immediately deduce
(2.69) M* C M,
hence we only have to prove the reverse inclusion.

Lety € M and &, % € M, & # Z, be arbitrary and let z = z(t) be the minimizing
geodesic connecting z(0) = Z and z(d) = Z parametrized by arc length. Then it
suffices to prove

(2.70) o(t) = (y,2(t)) <0 vo<t<d<m.

Assume by contradiction that there exists 0 < typ < d such that

(2.71) 0 < p(to) =sup{ep(t): 0 <t <d},
then ¢ solves the initial value problem

(2.72) ¢=—p, p(to) >0, @(t) =0,
and hence, it is equal to

(2.73) o(t) = Acos(t —tg) A >0,

contradicting the relations ¢(0) < 0 and ¢(d) < 0, cf. Lemma 2.1, since there
holds

(2.74) 0<to<g v 0<d—to<g. O

An important corollary is

2.9. Corollary. (i) Let M;, i = 1,2, be connected, closed, strictly convex hyper-
surfaces in S™TL, then

(2.75) My C My = M; c M.
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(ii) Let Br(xz0) C H(zo) be a geodesic ball of radius 0 < r < 7, then its polar
set is a closed geodesic ball centered in —xg

(2.76) B(20)" = By(=z0),  0<r"=gp(r) < J,

where @ is continuous function.

Proof. We only need to prove (2.76). But since the convex body of a geodesic
sphere is the corresponding closed geodesic ball, it suffices to prove that the polar
of a geodesic sphere S,(z) is a geodesic sphere Sy (—xo).

Let M be the polar of S,(x), then we deduce from (2.31), that M is totally
umbilic and hence a geodesic sphere, cf. Section 5 for details. This sphere must
be centered in —xg, since it is invariant under all A € O(n + 2) having z( as a
fixed point. O

To conclude this section, we note that, with the help of the Gaul map, the
Minkowski type equation

(2.77) F,, =fv)
in S™*! can be expressed in the form
(2.78) F,, = f(@),

where f is supposed to be defined in S"*1, or more precisely, in T, (R"*2) = R"*+2,
the latter can be achieved by extending f homogeneously of degree 0.

Let M* be the polar set of M, F the inverse of F, then the equation (2.78) is
equivalent to

(2.79) Fi,. = @),
where this time the right-hand side is looked at to be a function defined in the
ambient space of M*. Solving one equation is equivalent to solving the other.

3. CURVATURE ESTIMATES

We prove curvature estimates for the polar hypersurface M* satisfying the
equation (2.79). Since neither the result nor its proof relies on the fact that the
underlying hypersurface is a polar hypersurface, we consider in this and in the
following sections a strictly convex hypersurface M satisfying the equation

(3.1) Fl, =f®) Vzel,

where 0 < f € C°(S"*!) and F € (K) of class C°, and we shall prove that this
problem has a solution, if Assumption 0.1 is satisfied. Since any positive power
of F is again of class (K), we shall assume that F' is homogeneous of degree 1
and hence concave, cf. Lemma 1.2.
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3.1. Theorem. Let M € C** be a strictly convex hypersurface in S satisfying
the equation (3.1), then its principal curvatures k; are uniformly bounded, i.e.,
there exist positive constants cq,co such that

(3.2) 0<c <ki<coy V1<i<n,

where the ¢; only depend on F and f, which are supposed to satisfy the require-
ments mentioned above.

Proof. 1t suffices to prove the upper estimate, since the lower estimate follows
from the fact that F' is continuous in I} and vanishes on the boundary.

The second fundamental form h;; satisfies the equation

( ) —Fklhz-;kl = Fklhkrh;hé — Fhkihkj + Fkl’rshkl;jhrs;mgmi
3.3
— fa/gx%xfgm + faV®hi + Fo; — Fklgklhéw

cf. the corresponding equation in [6, equ. (5.4)], where an evolution problem is

considered. The present situation can be recovered by setting ¢ = 1, o = 0,
f=f,—f=0and Ky =1.

We want to apply the maximum principle to obtain an a priori estimate for
(3.4) ¢ =sup{ hyn'n’: [l =1}

Let zop € M be a point where ¢ attains its maximum. We then introduce
Riemannian normal coordinates £ at xg such that at xg = x(&y) we have

(35) 9ij = (52']', hij = Iii(sij and Y = hz

Let = (n') be the contravariant vector field defined by
(3.6) n=1(0,...,1)
in a neighbourhood of &, and set
hign'r!
9ign' 1’

(3.7) 5=

¢ is well defined in a neighbourhood of &.

Now ¢ assumes its maximum at & = £. Moreover, at £ = &y the covariant
derivatives up to order two of ¢ coincide with those of hJ}, i.e., ¢ satisfies the same
differential equation at &y as h;}. For the sake of greater clarity let us therefore
treat h; like a scalar and pretend that ¢ is defined by

(3.8) ©=h".
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Applying the maximum principle in £ we deduce

0 < F¥hgphihyy = IR + FF by hrgmg™

(3.9)

— fapaiang™ + fav*hy + F — FMgyhr,
yielding
(3.10) 0 < FMhy hih™ — F|"? 4 co(1 + h™) — F*gp b,
where
(3.11) co = co(|f,0)-

The function F is of class (K) and thus satisfies the estimate (1.11). Let sy
be the smallest principal curvature of M in x(, then

(3.12) F =Y Fr; <nFir
i

and hence
FMBEhh — FIRY? = Fiky (k1 — Kn)kn + Z Fiki(ki — Kn)kn
(3.13) =2

< —%F(Iin — K1)Kn-

Now, if k,, is supposed to be large in xg, then

(3.14) <

because F' = f is bounded, hence k,, = h]} is a priori bounded. O

4. LOWER ORDER BOUNDS

To derive the lower bounds we use the group invariance assumption. Let
M C S™1 be a strictly convex, closed hypersurface and suppose that M is
invariant with respect to the group G C O(n + 2)

(4.1) AM Cc M VAedG.
Assume furthermore that a common fixed point zy of G is an interior point of

M. The principal curvatures ; of M are then also invariant with respect to G,
ie.,

(4.2) ki(z) = ki(Ax) Vee M,VAeG,

as one easily checks.
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Representing M in geodesic polar coordinates with center xy as a graph u =
u(§) over S™, we conclude that the function w is also invariant with respect to
the induced isometry group in S™, still denoted by G, i.e.,

(4.3) u(§) = u(Af) veEe St VAeG.

Since by assumption the induced group has no fixed points in S”, u is orthog-
onal to the first eigenfunctions of the Laplace operator in S™, i.e.,

(4.4) / gu=0 V1<i<n+l1,

cf. [9, Proposition 2.5]. Let us state this result as lemma.

4.1. Lemma. Let u € C°(S™) be invariant with respect to the induced group G,
then u is orthogonal to the spherical harmonics of degree 1.

Now, we use stereographic projection 7 to compare M with a strictly convex
hypersurface 7(M) C R"L. Let —zo be the north pole of S"*! and assume that
M is contained in the lower open hemisphere H(zg)

(4.5) M C H(xo)
such that zo € int M , notice that by definition a convex body is always closed.
The metric gop of S"T! is then conformal to the Euclidean metric

1

4.6 I e —
( ) g B (1+ i|x’2>2 B

where x = () are Euclidean coordinates in R**1.

The point zg € S™T! corresponds to the origin 0 € R™*! and, introducing
Euclidean polar coordinates (p, £%), the metric in S™*! is expressed as

1 S
=2 __ 2 2 3¢t 1ed
(4.7) ds” = 7(1 T {dp® + p“oi;d€'de’ }.

Comparing this expression with the representation of g,3 in geodesic polar
coordinates (r, ") centered in xp, namely,

(4.8) ds? = dr® + h(r)o;;dg'de?

and observing that the radial geodesics in S™*! are mapped onto the radial
geodesics in R**! we deduce that

P 1
4.9 r = ———— = 2arctan 2.
(49) /0 1+ 12 2

Finally, defining
(4.10) T = logp,



436 Claus Gerhardt

we can express the metric in S"*! as
2

= P 2 i ged
4.11 ds* = ————{dr* + 0;;d¢'d¢’ }.
Writing M in these coordinates as a graph over S”
(4.12) M = graphuj,

u is still invariant with respect to the induced group, and graph u also represents
w(M).

Let
(4.13) W = —log(1+ 1),
such that
(4'14) gaﬂ = €2¢gaﬁ7

where (gog) is the Euclidean metric, then the respective second fundamental
forms h;; and h;; are related by

(4.15) eV = bl + s,

where v is the exterior normal of 7(M) and

4.16 v =¥ = —3 L1
( ) % ¢0 b 1+ %PQ
with

(4.17) v? =14 ouuj.

Thus, ﬁij is also positive definite and invariant with respect to the induced
group, as is the metric

(4.18) gij = e {uu; + 0ij}.

Moreover, since M is contained in the lower hemisphere, we have

(4.19) ogrgg
and hence
(4.20) p< 2tan% —2.

Thus, if the principal curvatures of M are bounded by
(4.21) 0 <k <k <ks,
then those of m(M) are bounded by
(4.22) 0 <k <hi<ky,
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where
(4.23) ki =kj(ki, ko),  j=1,2.

Now we can prove that the convex body of (M) contains a Euclidean ball
B,,(0) and therefore M a geodesic ball B, (zo).

4.2. Lemma. Assume o € int M, M C H(zg), that M is invariant with respect
to the group G and the principal curvatures satisfy the estimate (4.21). Then
there exists 0 < rog = ro(k1, k2) such that the geodesic ball

(4.24) By, (zo) € int M.
Proof. We shall prove that there exists a Fuclidean ball of radius 0 < py =

po(l;/‘l, ]232) such that

—

(4.25) B,,(0) € int w(M).
Let K be the Gaussian curvature of w(M) = graphu, then u, g;; and

(4.26) K = K(u,¢)

are invariant functions in S™ with respect to the induced group G, and hence
orthogonal to the spherical harmonics of degree 1, cf. Lemma 4.1. Hence the
Steiner point p of w(M) coincides with the origin, since in Euclidean coordinates

i 1 / i
p' = 'K
1S™ Jran)

1

e Kv = 0.

(4.27)
1S Jsn

The relation (4.25) is then proved in [2]. A similar, more general, result was
later proved in [16]. O

Let M* be the polar hypersurface of M, which is then also invariant with
respect to the group G, since

(4.28) 0= (z,z) = (Ax, AT) Vee M,VAeG.

Then we shall prove

4.3. Lemma. Let M C H(zg) be a strictly convex hypersurface satisfying the
assumptions of Lemma 4.2. Then the polar convex body M* of M is contained
in H(—wxo) and there exist radii 0 < ri <rg < 5 such that

(4.29) B,,T(—xo) € int M* € Braf(—xo) & H(—l’o).
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Proof. Since M is compact there exists a geodesic ball By, (z¢) such that

(4.30) M C By, (zo) € H(zo).

Moreover, due to Lemma 4.2, there exists a geodesic ball B, (z¢) such that
(4.31) By, () € int M,
hence we conclude

(4.32)  Bye(—0) = int By, (z0) € int M* € B} (z0) = By (—x0) € H(—0).

0

O

Combining the two lemmata, and having in mind that both M and M* are
invariant with respect to (G, so that Lemma 4.2 can be applied to M as well as
M*, we obtain

4.4. Theorem. Let M C H(xg) be a strictly convex hypersurface, invariant with
respect to the group G and assume that xg € int M and that the principal cur-
vatures r; satisfy the estimate (4.21), then there exist radii 0 < rg < ry < 7,
depending only on the constants kj, j = 1,2, in (4.21) such that

(4.33) By, (zo) € int M € B, (o).

The dual relation then also holds for M*, namely,

(4.34) B,:(—w0) € int M* € By (—0),
where
(4.35) BT;* (—33()) = B:Z (.%'0), 1= 0, 1,

and 0 <ri <715 < 3.

5. A UNIQUENESS RESULT

In this section we shall show that a strictly convex solution M C S™*! of the
equation

(5.1) F = ¢ = const > 0,

where F' is an arbitrary curvature function, homogeneous of degree 1 and concave,
is a geodesic sphere; notice that a curvature function is always supposed to be
symmetric and monotone.

5.1. Theorem. Let M C S™"! be a closed strictly convex solution of (5.1), then
M is a geodesic sphere. Assuming that M is invariant with respect to the group
G and contained in H(xg), where xq is a fized point of G, then M has to be a
geodesic sphere with center in xg.
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Proof. Assume without loss of generality that
(5.2) F(l,....,1)=n

and consider the equation (3.3) for the second fundamental form. At a point
T € M, where

(5.3) supmax Kk; = kp, = hJ,
M 3

is attained, the maximum principle yields, compare the proof of Theorem 3.1,

0 < FFh hih™ — FIR"|2 + F — FHguhn

(5.4) = Z Fiki(Ki — kn)kn + Z Fi(ki — kn) < 0.

Hence z must be an umbilic and

(5.5) c=F(k,...,Kk) = kn,
ie.,
(5.6) supmax k; = <.

M (3

But then all other points have to be umbilics too, since

(5.7) c=F(r) <F(5,...,5)=c

Now, any convex umbilic hypersurface M of S"*! has to be a geodesic sphere,
as can be most easily seen by choosing a point yg € M and using stereographic
projection as in Section 4. From equation (4.15) we then deduce that the pro-
jected hypersurface in Euclidean space is also umbilic and hence a sphere, cf. [19,
Vol. 1V, p. 11].

If M is invariant with respect to G and contained in H(xg), then its polar M*
is also a strictly convex umbilic hypersurface such that its convex body contains
a geodesic ball centered in —xq in its interior

(5.8) Brg(—xo) € int M*,

since M is contained in a geodesic ball B,, (zg) € H(x), in view of the compact-
ness of M and the assumption M C H(xo). Now for our purpose M* is as good
as M, thus let us assume without loss of generality that B, (xo) € M and let us
discard the assumption M € H(xp), since the corresponding result isn’t known
yet for M*.

Looking again at the stereographic projection 7w(M) of M, where xg is now
the south pole, i.e., m(zp) = 0, we still deduce that 7(M) is umbilic and hence a
sphere, which now is invariant with respect to the group G. But as in the proof
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of Lemma 4.2 we can then show that the Steiner point of 7(M) is the origin, and
hence the origin must be the center of the sphere as one easily checks.

We then conclude that M is a ,,geodesic” sphere centered in xy by the proper-
ties of the stereographic projection. Using now the convexity of M and the fact
that z( is supposed to be part of M we obtain the final result that M C H(xo)
and that M is a geodesic sphere centered in xzg. [l

6. EXISTENCE OF A SOLUTION

The existence is proved by a continuity method using Smale’s infinite dimen-
sional version of Sard’s theorem [18]. Writing the strictly convex hypersurfaces
as graphs over S™ it is convenient to express the differential operator

(6.1) F = F(hij) = F),,
in terms of the standard Levi-Civita connection in S™.

Let g € S™ be a fixed point for the group G and H(xg) the corresponding
hemisphere. Introducing geodesic polar coordinates centered in g, the metric in
H(xo)\{z0} can be expressed as

(6.2) ds? = dr® + e® oy detde,
where ¢ = 1(r), or in conformal coordinates

(6.3) ds* = 2 {dr? + 0;;dE'deT},
where

(6.4) T—/Te_w(t), 0<F<r<g,

and 7 very small. Since all hypersurfaces we are concerned with lie in a region
(6.5) H(zo,7m0,7m1) ={x € H(z0): 0 <19 <71 <71 < g},

in view of Theorem 4.4, choosing 7 < 7y ensures that we do not have to worry
about a possible coordinate singularity and still have a positive 7-coordinate.

Let M C H(xg,70,71) be a strictly convex hypersurface, then, writing M as a
graph

(6.6) M = graphu ={(1,§): 7 =u(§),§{ € S" },

the induced metric and the second fundamental form of M are given by
(6.7) gi; = 2 {uuj + 0y}

and

(6.8) hije ™ = hij + ¥a0° Gij,
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where the symbols with the tilde refer to the geometric quantities of M, when M
is considered to be embedded in the ambient space with metric

(6.9) d3? = dr? + o;;dg"dgl.

ﬁij is then given by the relation
(6.10) U_liuj = Uy = _U_2U;ija

where u;; is the Hessian of u with respect to the induced metric g;; and wu; is
the Hessian of u with respect to the standard metric o;; of S". The term v is
defined by

(6.11) v? =1+ oYu,u;.

Writing w;; instead of u,;; in the following, we see that
(612) hije_w = *U_luij + 1)_11/'}91']‘,
where

. d
(6.13) b=
dr

If M is invariant under GG, then the function w is also invariant under the group
action. Let A¥(¢) be the local representation of A¢ and (AF) its derivative, then
the covariant derivatives of u satisfy

(6.14) wi(§) = ur(AE)AF,
and
(6.15) i (€) = up (A AF AL,

notice that Ai-",j =0.

6.1. Definition. A tensor field ¢ in T(S™) is called invariant with respect to
G, if it satisfies transformation relations according to (6.14), (6.15), where the
contravariant indices transform like

(6.16) PE) = (A4, VAEQG,
and there holds
(6.17) A Ak =5t

These transformation rules hold for invariant tensor fields of arbitrary order.

The metric o;; of S™ is of course invariant by the very definition of an isometry.
Hence we conclude from (6.12) that the second fundamental form is also invariant
and consequently also the tensor

oF

6.18 FY9 = .
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Now consider the Banach spaces E1, Ey defined by

(6.19) Ey = {u € H?(S"): uinvariant }
and
(6.20) Ey = {w e H*(S™): winvariant }

for some fixed n < p < oo, such that H™P(S™) « C™~La(8"),

Let 2 C Fj be an open bounded set such that M (u) = graphw is uniformly
strictly convex, contained in H(xo,70,71), such that xy is in interior point of

M(u) for all u € £2. We then define

(6.21) D2 — Ey
by
(6.22) ®(u) = F(hij) — f(u,§)

expressing a position vector z € H(xzg) by = = (7,£).

All possible solutions of @ = 0 are strictly contained in (2, if {2 is specified by
the requirements

(6.23) 0<mo=7(ro) <u<m =1(r1),
(6.24) wo € int M(u),

and

(6.25) 0 <€ <K <R,

where k; are the principal curvatures of graphu, in view of the a priori estimates
in Section 3 and Section 4.

6.2. Lemma. @ is a proper nonlinear Fredholm operator of index zero.

Proof. F and hence @ are uniformly elliptic in {2. The properness is due to the
a priori estimates in Section 3 and Section 4, the Evans-Krylov and Calderon-
Zygmund estimates and our assumption that F and f are of class C°.

If the Banach spaces E; would have been defined without the symmetry re-
quirement, the other properties of ® would have been well known. Let L be the
derivative of @, then L is an elliptic linear partial differential operator of second
order

(6.26) Lu = —FYu;; + biu; + cu
and the lemma will be proved, if we can show that the operator
(6.27) —Fijuij + Au, A >0,

is surjective, i.e., for arbitrary w € Fs there exists u € E; such that
(6.28) —Fu; 4+ Mu = w.
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It is well known that there exists a function u € H%P(S") that solves the
preceding equation, and we shall show w is invariant, if w is.

Let A € G, then we claim that @ = u o A also satisfies (6.28), which would
yield

(6.29) U=1u
because of the uniqueness.

Now, differentiating & = u o A we obtain

(6.30) 35(€) = up (AL AT A}

and we infer

(6.31) —Fij’&ij = —Fiin-CAéukl = —Fklukl,

since F'% is invariant. O

Recall that w € Ejs is said to be a regular value for @, if either w ¢ R(®P), or if
for any u € @~ !(w) D®(u) is surjective.

Smale [18] proved that for separable Banach spaces E; and proper Fredholm
maps P the set of regular values in F5 is open and dense, if @ is of class C* such
that

(6.32) k > max(ind ¢, 0).
All requirements are satisfied in the present situation.

Next we want to use the uniqueness result in Theorem 5.1. Let ¢ > 0 be a
constant such that

(6.33) c<ipff
and let ug = const be such that the geodesic sphere My = graph ug satisfies
(6.34) F‘MO =c.

We assume furthermore that the constants rg,r, and €y, < are chosen such that
all possible solutions of

(6.35) F=tf+(1-te, 0<t<l,
in H(xzo) satisfy the corresponding estimates.

The requirement (6.33) is not essential, it will only simplify some of the fol-
lowing arguments.

Let 0 < 6 be small and define
(6.36) A2 x[=6,14+06] — E
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by
(637) A(u, t) = F(hw) - (tf + (1 - t)c).

Then A is also a proper Fredholm operator such that ind A(-,¢) = 0 for fixed ¢,
and, if w € Fs is a regular value for A, then

(6.38) indA=1  V(u,t) € A (w).

Recall that
(6.39) ind A = dim N(DA) — dim Coker (DA).

The relation (6.38) will be proved in Lemma 6.5 below.

6.3. Theorem. Let 0 < f € C5(S™) be invariant under G, then for any F € (K)
of class C°, there exists a strictly convex invariant hypersurface M C H(xo)
satisfying

(6.40) Fi, = I

Proof. Consider the Fredholm map A = A(u,t). The theorem will be proved, if
we can show that there exists v € {2 such that

(6.41) Au,1) = 0.

On the other hand, there exists a unique solution of the equation
(6.42) A(u,0) =0,

namely, © = ug, the geodesic sphere. In the lemma below we shall show that ug
is also a regular point for A(-,0), or equivalently, (ug,0) a regular point for A.

Without loss of generality we may assume 0 ¢ R(A(-,1)), for otherwise we have
nothing to prove, and thus, 0 is also regular value for A(-,1).

Let € > 0 be small, then there exists a

(6.43) we € Be(0) C Eo,

such that

(6.44) tf+(1—te+we>0 V¥V —-6<t<1+34,

we € R(A(+,0)), and such that w, is a regular value for A(-,0), A(-,1) and A.
Consider

(6.45) .= A" w) N (B x (=6,1+96)),

then I'. # () and I is a 1-dimensional submanifold without boundary.
The intersection

(6.46) I =T.n(E; x [0,1])
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is then compact, since A is proper, and it consists of finitely many closed curves
or segments.

We want to prove that there is ue € 2 such that (ue, 1) € I.. Suppose this were
not the case, then consider a point (., 0) € I.. Such points exist by assumption.
Moreover, the 1-dimensional connected submanifold M, C I containing (i, 0)
can be expressed near (., 0) by

(6.47) M ={(o(t),t): —d<t<d},
where ¢ € C1, »(0) = @, and
(6'48) A((p(t), t) = We,

since by assumption Dj A(ie,0) is an isomorphism and the implicit function the-
orem can be applied.

Let Me =M.nN fe, then ME isn’t closed because of (6.47), and hence has two
endpoints, see [12, Appendix|. One of them is (., 0) and the other also belongs
to A(-,0)"!(w.) and can therefore be expressed as

(6.49) (i, 0),
where 4, # 1. because of the implicit function theorem.

Hence we have proved that the assumption

(6.50) AG D) Hw) =0
implies
(6.51) #A(-,0)"  (w,) is even.

However, we shall show that A(-,0)~!(w,) contains only one point, if € is small.

Indeed, let @, € A(-,0)"(w,), then the %, converge to the unique solution g
of (6.42). Thus, if € is small all %, are contained in an open ball

(6.52) Bp(ug) C {2,

where @ = A(-,0) is a diffeomorphism due to Lemma 6.4, hence there exists just
one solution of the equation

(6.53) A(te,0) = we.

Thus we have proved that there exists a sequence

(6.54) e € A(- 1) (we),

if € tends to zero. A subsequence will then converge to a solution u of

(6.55) Au,1) = 0. O

It remains to prove two lemmata

6.4. Lemma. ug is a reqular point for A(-,0).
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Proof. Let ¢ € E; be arbitrary and € > 0 so small that

6.56 U =ug+ €p € {2
( @
Then we have to calculate
d d
(657) &A(u, 0)‘6:0 = a{F(hU) — C}.
Now,

d ipJ
(6.58) 2 F(hig) = Ejh;
and
(6.59) hg = —v e Vg Ry + zbe_¢5f,
in view of (6.12), where

. . Jqk
(6.60) Fr = otk -

v

Evaluating the resulting expressions at € = 0 we conclude

(6.61) hl = —e Vol + {3 — [§]*}e Vo,
hence,

d . .
(6.62) — Flhig) = e {=Ap = n([$[* — )¢}

where the Laplace operator is taken with respect to the metric in S™ and e™? is
a constant.

Looking at the equations (4.10), (4.11) we deduce that ) can be expressed as
a function of 7 as

(6.63) ¢ =logp—log(l+4p°), p=e"m,
where 79 is an integration constant depending on the value of 7 in (6.4), yielding
(6.64) WP —d=1
Thus ¢ € N(D;1A(ug,0)) satisfies
(6.65) —Ap—np =0

and is therefore a spherical harmonic of degree 1 or identically zero. But the G-
invariant functions are orthogonal to the spherical harmonics of degree 1, hence
Dy A(up, 0) is an isomorphism. O

6.5. Lemma. Let A be defined as above, then
(6.66) indA=1.
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Proof. Let (ug,to) € E1 x [—06,1+ ] be fixed, where we may assume that ¢ty = 1,
since A is continuous. We distinguish two cases:

Case 1: (f —c¢) € R(DP(uyp))

Notice that A can be extended as a class C?-function to E; x R. We have

(6.67) DA = (DiA,—~(f - o)),
where all derivatives are evaluated at (ug, 1) resp. up. Then we deduce
(6.68) dim N(DA) = dim N(D1A) + 1 = dim N(D®) + 1,

for let

(6.69) DiAuy = f —¢,

then

(6.70) N(DA) = N(DP) x {0} & ((u1,1))

as one easily checks, and of course there holds

(6.71) R(DA) = R(D®).

Case 2: (f —c¢) ¢ R(DP(up))

In this case

(6.72) R(DA) = R(D1A) & ((f — )

and

(6.73) N(DA) = N(D1A) x {0},

hence

(6.74) indA=ind®o+1=1

in both cases. O

7. PROOF OF THEOREM 0.4

The barrier condition for the original pair (F, f) in H(—x¢) immediately trans-
lates to a barrier condition for (F, f~!) in H(x¢). Following the stipulations in
Remark 0.5, we again assume that we consider the problem

(7.1) F, = f(z) Vee M,

where F' € (K) and M resp. My are lower resp. upper barriers for (F, f) bounding
a connected open set 2 C H(xg).

We want to apply an old result, [7, Theorem 0.4], in which we showed that
the problem (7.1) has a strictly convex solution M C §2 of class C%% assuming
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that F' is of class (K'), homogeneous of degree 1, and concave. In addition there
should exist a strictly convex function ¢ € C?(£2). The ambient space was an
arbitrary Riemannian manifold N, 2 was supposed to be compact, and should
be covered by a normal Gaussian coordinate system (z®).

All hypotheses are satisfied in the present situation: {2 is compact, the normal
Gaussian coordinate system is given by choosing geodesic polar coordinates with
center in xq, the strictly convex function v can be defined by

(7.2) ¥ = 5|2°,
where ¥ is the radial distance to xg, as one easily checks observing that the level

hypersurfaces {2 = const} which intersect 2 are all uniformly strictly convex,
and F' is homogeneous of degree 1 and therefore also concave.
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