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Abstract: In this article, we survey the behavior of the subRiemannian
geodesics induced by a family of sub-elliptic partial differential equations,
especially the sub-Laplacian on the Heisenberg group. In particular, we dis-
cuss the complex action function and volume element along the geodesics.
Using this action function and the volume element, we obtain the fundamen-
tal solution and the heat kernel for the sub-Laplacian. We also give a brief
discussion on applications on this theory to magnetic resonance imaging.
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1. INTRODUCTION

Function theory on the Heisenberg group was studied extensively by many
mathematicians in the past 30 years. The Heisenberg group and its sub-Laplacian
are at the cross-roads of many analysis and geometry domains. A few of these
domains are nilpotent Lie groups theory, hypoelliptic second order partial differ-
ential equations, strongly pseudoconvex domains in complex analysis, probability
theory of degenerate diffusion process, subRiemannian geometry, control theory
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and semiclassical analysis of quantum mechanics, see e.g., [4], [6], [12], [13], [14],
and [19]. Here we give a survey of the behavior of the subRiemannian geodesics
induced by a family of sub-elliptic partial differential equations. We give special
attention to the sub-Laplacian operating on the Heisenberg group and a step 4
subRiemannian manifold, which is the paradigm of the theory. This article is one
of a series (see [8], [9], [10], [11], and [12]), whose aim is to study the subRieman-
nian geometry induced by the sub-Laplacian and its analytic consequences. We
also give discuss the link between this theory and diffusion magnetic resonance
imaging. In the last section, we give a detailed description of the quantization of
energy.

2. GEOMETRY INDUCED BY THE SUB-LAPLACIAN

We start with m linearly independent vector fields Xi,...,X,, on a n
dimensional manifold M,, with m < n. In order to induce a geometry on M,,
we consider an orthonormal set of “horizontal” vector fields X = {X7,..., X, }.

If m = n, this yields a Riemannian geometry on M,. If m < n, we shall assume
that a finite number of Lie brackets of X1,..., X,, generate the tangent bundle
T M,,; if one bracket suffices, we call X step 2, additional brackets indicate higher
step. We invoke the Chow’s bracket generating condition [14]. This implies that
every 2 points of M, may be connected by a horizontal curve, that is a curve,
all of whose tangents can be represented as linear combinations of X1,..., X,,.

If ~ is such a curve, and
m
V=2 4X;,
j=1

then

is the length of 4. By minimizing the lengths of horizontal curves between P, Q) €
M.,,, we obtain the distance between P and ). This is the Lagrangian formalism.
Before we go further, let us point out that the Chow’s condition is crucial to
connect two points in M, by a horizontal curve. For example, let us consider

0
Xi=—\ Xo=—— =
! 8:51 ’ 2 835'2 + 1T 81‘3
in R3. Then
0
(X1, Xo] = 56387;37 [Xo, [ X1, X5]] =0, [X1, [X1, Xa]] = 0.

This tells us that the tangent bundle cannot be generated by a finite number
of Lie brackets on the plane {z3 = 0}. Simple arguments show that a curve
c(s) = (z1(s),x2(s), x3(s)) is horizontal if and only if &3 = z12382. However,
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let P and @ be points in the half spaces {z3 > 0} and {z3 < 0} respectively.
Assume that c is a horizontal curve connecting these two points with ¢(0) = P
and c(1) = Q. Then there is 7 € (0,1) such that ¢(r) = (x1(7),z2(7),0), i.e.,
x3(7) = 0. Multiplying by the factor e~ Jmdads iy o gixgds = 0, we obtain

. / .
(xge—fmlmzds> -0 & Ige_lez2ds —C.

This implies that z3(s) = Cel #1%245 and z5(0) = Celo w1i2ds — ¢ > 0. Hence
x3(1) > 0 for all 7 € (0,1) which contradicts the assumption. But we also may
conclude that any two points on the same half space {z3 > 0} or {3 < 0} can
be joined by a horizontal curve.

Now we shall work with the Hamiltonian formalism. Set
" 0
X; = Zajk(a:)a—xk, j=1,...,m.
Then,
1
=3 Z (Z k(@)
J=

is the Hamiltonian function on the cotangent bundle T*M,,. A bicharacteristic
curve (x(s),£(s)) € T*M,, is a solution of the Hamiltonian system of differential
equations:

.’L'](S) = ng, fj(S) = _ijy

with boundary conditions

0 .
zj(0) = :C§ ), zj(t)=x5, j=1,...,n,
for given points x(Y), x € M,; one may think of 7 as time. The projection
x(s) of the bicharacteristic curve on M,, is a geodesic. When m = n we have
Riemannian geodesics and a Riemannian geometry, and when m < n we talk
about subRiemannian geodesics and subRiemannian geometry. SubRiemannian
geometry is quite different from Riemannian geometry. In particular

(a) Every point P of a Riemannian manifold is connected to every other point
in a sufficiently small neighborhood by a single, unique geodesic. On a subRie-
mannian manifold there will be points arbitrarily near P which are connected
to P by an infinite number of geodesics (see e.g., [4], [9], [11], and [19]). This
strange phenomenon was first pointed out by Gaveau [16] and Strichartz [25],
and it brings up the question of what “local” means in subRiemannian geometry.
Control theorists (see e.g., [1] and [7]) studying subRiemannian examples noticed
that the Riemannian concepts of cut locus and conjugate locus behave badly in
a subRiemannian context.
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(b) In Riemannian geometry the unit ball is smooth. In subRiemannian ge-
ometry, among the many distances, there is a shortest one, often referred to
as the Carnot-Carathéodory distance. In subRiemannian geometry the Carnot-
Carathéodory unit ball is singular.

(¢) The exponential map is smooth in Riemannian geometry, but often singular
in subRiemannian geometry. The singularities occur at points connected to an
“origin” by an infinite number of geodesics. These singular points constitute a
submanifold whose tangents yields the “missing directions”, that is the directions
in T’ M,, not covered by the horizontal directions.

Our interest in subRiemannian geometry is a consequence of our wish to con-
struct inverse kernels, i.e., fundamental solutions, heat kernels, wave kernels, etc.,
for subelliptic partial differential operators of the form

1 m
— 2
Ax =5 X
=1

The aim is to find explicit forms for these inverse kernels in terms of subRieman-
nian invariants which are induced by the horizontal vector fields Xy, ..., X;,. If
m = n, and X7 denote the L?-dual of X; in the induced Riemannian metric, then

1o .,
Ax = —22ijj
]:

is elliptic. The operator Ax is the usual Laplace-Beltrami operator. Whenm < n
and the brackets of X; yield all of T M,,, according to a theorem of Hormander
[20], this implies that Ax is subelliptic. The number given by the minimum
number of brackets necessary to generate T'M,, plus 1 is referred to as the “step”
of the operator Ax. In particular, an elliptic operator is step 1, one bracket
generators are step 2, etc. To illustrate the proposed structure, we shall discuss a
family of operators for which “explicit” fundamental solutions given in geometric
terms are available. To simplify our notation, we will limit our discussion to 3
dimensional space, x = (t,x1,z2) = (t,x), with 2 vector fields

9 o) 0 0
X1 = — + 2kao|a|? 2 Xy = —— — ey || 2F2
1= gy T2kl g 2= Gy~ kel 5

with |z|? = 22 4+ 23. The differential operator to invert is Ax which is step 2 at
points |z|? # 0 and step 2k otherwise, see [9] and [10]. The fundamental solution
K(x,x©) of Ay is the distribution solution of

Ax xK(x, x0) = §(x — x(©).
We shall look for K in the form

(0) (
(2.1) K (x,x) :/ Bl xT, m)o(x, x
R g(x,x(0) )

1),

T,
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see [3] and [5], where the function g is a solution of the Hamilton-Jacobi equation

dg 1 2 1 2
—+ (X —(X =0.
5. 5 (X19)" + 5 (Xag)
g is given by a modified action integral of a complex Hamiltonian problem. The

associated energy

E=-5;

is the first invariant of motion, and the volume element v is the solution of a
transport equation, which is order 1 in the step 2 case, k = 1, and order 2 in the
higher step case, k > 2. Let

1 1
H(x,§) = 5({1 + Qka:2|x]2k*20)2 + 5(52 _ 2kx1|x|2k*29)2

denote the Hamiltonian, where 6 is the dual variable to ¢ and £ are the dual
variables to x. The complex bicharacteristics are solutions of the Hamiltonian
system of differential equations

t=Hy, 0=-H, i;=0H,, & =—H,
with the nonstandard boundary conditions
x1(0) = xgo), x2(0) =z
t(T):t, ml(r):xl, LL’Q(T):.TQ, H(O)Z—i.
Then the energy E is
1, 1,
and the modified action g is given by

g==it0)+ [ [61(s)ir(5) + ao)ials) ~ Hx(s).¢(5))]ds.
0
We note that ¢, the “missing direction”, must be treated separately.

The volume element v is the solution of the following second order transport
equation:

(2.2) Ax(Ev) + a% [T(v) + (Axg)v} =0,

where
2

0
T = E + Jz; (ng)Xj

is differentiation along the bicharacteristic. Formula (2.1) has a simple geometric
interpretation. The operator Ax has a characteristic variety in 7% M,, given by
H = 0. Over every point x € M,, this is a line, parametrized by 6 € (—o0, c0),

fl = —2]€.’E2‘$‘2k_20, 52 = 2]€.%'1‘£L"2k_29.
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Consequently, K may be thought of as the (action) ! summed over the character-
istic variety with measure Fv. We note that, when A x is elliptic, its characteristic
variety is the zero section, so we do get simply (distance)™!, as expected. When
Ax is sub-elliptic, Tg behaves like the square of a distance function, even though
it is complex. The following result can be found in [12].

Theorem 2.1. The complex action is given by

k— E
g(ra ro, 1, Ea 7-) —1it + 7E7' + - ( \/m 5 + kQTék*2 >,

where r = |x| and ro = |x(0)|.

Corollary 2.2. The complex action starting at the origin is given by

1 E
g=—it+ ¢ <(k - 1)ET+ |:cy\/2 + k2(2? + a:%)?’H).

In the step 2 case the energy E depends on |z| and is given by
22> 9y

sinh?(27) Cor
Corollary 2.3. When k = 1, the complex action starting from the origin is given
by
g = —it + (z7 + x3) coth(27).

In this case, the volume element v is the solution of the following transport
equation
2
v
o+ D (Xj9)(Xj0) + (Axg)v =0,
j=1
which can be calculated explicitly:

1 sinh(27)
v(x,T) = "2
Therefore,
1 & 1
K(x,t ds.
@.0) = 5 / - Jz[Z cosh(s) — itsinh(s) "
Denote

R=(Jz|* + tQ)i and e = R2(|z|> — it)
where ¢ € (—%, g) Using the identity
cosh(s + i¢) = cosh(s) cos ¢ + isinh(s) sin @,
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one has
1 1

(2.3) K(z,t)= g3 /_Oo R cosh(s +ig)

Changing the contour, the formula (2.3) becomes

1 1 o 1
Kz, t) = —— ———ds.
(1) 872 R2 /_oo cosh(s) y

The above integral can be evaluated as follows:
K(x,t) = C(|z> +it) "2 (2> — it)"2 = C(ja|* + £2) 2.

This coincides with the result obtained by Folland and Stein [15] on the Heisen-
berg group. On general non-isotropic Heisenberg groups, we may obtain the
fundamental solutions by using Laguerre calculus which are given in the form
(2.1). See e.g., [6] and [18]. The reason is that the fundamental solution must
include all the distances, which necessitates the use of g and the summation over
all the distances means integration on 7.

3. HEISENBERG GROUP

An n-dimensional non-isotropic Heisenberg group is a nilpotent Lie group with
the group law

n
xoy =[r1+Y1,. . Tan + Yan, t + 8 — 2Zaj(37jyj+n — YjTjtn)];
j=1

with a; < 0 for j = 1,...,n, numbered so that
O0<ay<ax<---<ap<ap1=-=a.

Here x = (x',t) = (21,...,2Zon,t) and y = (y',8) = (y1,.--,Y2n, ). This struc-
ture is the Heisenberg group H,,. The vector fields X = {X;, Xo,..., X9, } with
0

0
Xj = 9z, 2ajTn+jr, Xy = Bomrs 20755

form a basis of the Heisenberg Lie algebra. Note that

0
[Xoj—1, Xoj] = —4aja,

and H,, is step 2. The group H,, implements the Heisenberg canonical commuta-
tion relations of quantum physics in terms of the Lie bracket |-, -] of the Heisenberg
Lie algebra H,, consisting of the infinitesimal generators of H,,. Transition to the
vector fields of directional derivatives presents the canonical commutation rela-
tions in terms the Poisson bracket {-,-} on the space of all real-valued smooth
functions.
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Evidence that the t-axis is the “canonical submanifold’ through the origin
follows from calculating the number of geodesics connecting 2 points. In this
case (see [2], [4] and [12]):

n—1! [T o(r)dr
K0y = 2000 7 vt

(2m)ntt n(x!,t;T)

where
n
gx' t;1) = Z aj(:UJQ» + xiﬂ») coth(a;1) — it
j=1
and

::]:

smh 2aj

Theorem 3.1. Let

3

fx\ 1) =19(xX ;7 —TZ(L] T +£Cn+]) coth(a;7) — itt
7j=1

denote a complex distance on H,,. Assuming that x' # 0, the number of critical
points of f with respect to T, i.e.,

of
t:7) =0,
or 5y ) =
given by 11, ..., TN, agrees with the number of geodesics connecting (x',t) to (0,0).

Moreover, the numbers

Ck=2l/ Z —I—xnﬂ( s))ds, k=1,...,N,

satisfy the equation

= A6,
where
(3.4) p(z) = SH; ~ ot
Furthermore,

1 1
e, 0) = 56 = v (1t + KE), k=18,

where £y, is the length of that geodesic and

22

v(z) = .
(2) 2 4 sin? z — sin 2 cos z
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Such invariant formulas also yield full Hadamard-Kodaira expansions for the
parametrix of step 2 subelliptic operators on Heisenberg manifolds. A Heisenberg
manifold is an odd dimensional manifold together with a subbundle of the tangent
bundle of one lower dimension, and with the first bracket generating property.
The behavior of the function px given by (3.4) is very important in understanding
the subRiemannian geometry of the Heisenberg group. The function p is a mono-
tone increasing diffeomorphism of the interval (—m, ) onto R. On each interval
(mm, (m+ 1)7), m =1,2,..., u has a unique critical point z,,. On this interval
w decreases strictly from +o0o to p(z,,) and then increases strictly from p(z,,) to
+00. Moreover

,u(xm) +m< M(xm—i-l)? m=12...
Hence, we know that the number of geodesics connecting the point (x’,t) and
the origin is increasing without bound. In fact, given any point (0,¢) on the
t-axis with ¢ # 0, there are infinitely many geodesics connected this point and
the origin. In general, we have the following result.

Theorem 3.2. On a general non-isotropic Heisenberg group H, i.e., £ > 0, every
point (0,t) is connected to the origin by an infinite number of geodesics. Every
point (x',t) with

X = (T2041, Toe42, - -+, T2n) # 0
18 connected to the origin by a finite number of geodesics.

On the other hand, there are points (x',t), with x' # 0, but x = 0, which are
connected to the origin an infinite number of geodesics.

If (x/,t), X' # 0, is connected to the origin by an infinite number of geodesics,
then the infinity of the number of geodesics connecting (x',t) to (0,0) is “smaller”
than the infinity of the number of geodesics connecting (0,t) to (0,0); this can be
made precise (see [4] and [12]).

From the Heisenberg group law, we know that H; admits a realization by a
faithful matrix representation H; — SL(3,R):

11‘1t
H= 011‘2
00 1
with the group law
lay t Ty s lzi+yit+ s+ x1y2
01z - 101y = 1|0 1 T2 + Yo
00 1 001 0 0 1

It is easy to see that H; is a closed subgroup of the symplectic group Sp(4,R).
The embedding of H; under its basic representation H; < Sp(4, R) displays the
symplectic structure associated to Hy. The symplectic structure of Hy inherited
from Sp(4,R) is of main issue for the application to quantum holography and
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Fourier magnetic resonance imaging (MRI). For more detailed discussion, see e.g.,
[23], [24] and references therein. Directional derivatives, or linear magnetic field
gradients operating on the L?-sections of a homogeneous hologram line bundle
are the source of the spatial encoding in diffusion MRI.

The action of the symplectic gradients forms that the bracket transition ¥ :
[,] ~ {,-} from Poisson manifolds to symplectic manifolds. This is very im-
portant to the structure-function problem of diffusion MRI because it provides
the Hamiltonian action of H; which provides the trace filter encoding of quan-
tum holography. It is known that a diffeomorphism of the sympletic affine cross
section H; /C, the center of the group, preserves the Poisson bracket {-,-} if and
only if it preserves the system of Hamilton-Jacobi equations. Here the Poisson
bracket is defined as follows:

af dg  Of g

19} = 50, 00y~ 0y 0

for f,ge C*°(REPR).

The operator Ax plays the central role in the mathematical model of diffu-
sion MRI. Indeed, the natural symplectic affine structure of the flat radial cross
section H; /C derives via the natural planar connection from the group of isome-
tries of the subRiemannian geometry of H;. It allows to translate the Larmor
frequency equation for the precession dispersion of spin isochromats into the
language of subelliptic geometrical analysis. The Hamiltonian on the cotangent
bundle 7%(H;j) of the operator Ax provides the Heisenberg helices which are
the projections onto the (x,y, z)-space of solutions of the Hamilton-Jacobi equa-
tion. These helices are the subRiemannian geodesics of H under the natural left-
invariant subRiemannian metric of the group. This metric which is left-invariant
under the transitive Hamiltonian action of Hj, is obtained as a subelliptic bun-
dle form on the tangent bundle 7'(H;) from the Hamiltonian of the left-invariant
sub-Laplacian Ax by the Legendre transform

T(Hy) — T"(Hy).

The isometries of the subRiemannian manifold H; allow to tune the grating
arrays of the traces of Heisenberg helices in order to perform the tracial encoding
of image contrast within the quantum hologram inside the transverse plane H; /C.

4. HIGHER STEP CASES

When k£ > 1, there is no group structure and the complex bicharacteristics run
between two arbitrary points y and x. We obtain 2 invariants of the motion, the
energy F and the angular momentum 2. One cannot calculate them explicitly,
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but we know their analytic properties, and g and v may be found in terms of F
and . We state the result as follows (see [2] and [3]).

Theorem 4.1. For k > 1, the fundamental solution K(x',y',t —s) of Ax has
the following invariant representation

K(x.y't— ) /Ex Yy t—s ;T)U (x’,y’,t—s;T)dT7
7y7t_3;7—)

where the second order transport equatwn (2.2) may be reduced to an FEuler-
Poisson-Darboux equation and solved explicitly as a function of E and 2. Namely,

_e”/Q F(P+,P_)
23k \/(Ay — g) (A= —g)

where
Ay =A = WPy P it —s) = S g,
and
P.—P_ - 2k (21 4 izo) (y1 — iyo) _ (1 Lo >—1/k:
A1+/k 04 /k ’
with
Oy = TEmOO Q.

Here F' is a hypergeometric function of 2 variables,

1— [P|2(¢n)V/E
F(Py,P / / (1 = PR (1 = P_nl/R)(1 — [Py|?#¢n)
d(dn
ANl

In particular, when k = 2, the fundamental solution K (x',y’,t — s) has the
following simple form (see [6] and [13]):

1—P?| —i(P+7P)
K / / _ — 1 ’
(x,yt=s) 2ﬂd°g[ 1+ [P[2 ’
where
d=2}Al\/(1- P - P2),

and

D (z1y1 + 22y2) +i(T1y2 — T201)

- Al/2 ’

and

—_

A= (K + I +ilt—s).
In this case, we have (see [10])
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Proposition 4.2. Let 7; denote the critical points of the modified complex action
f(r) =1g(7). Setting {; = F(itj), the lengths of the geodesics between the origin
and the point (z,t), |x'| # 0 are given by

€5 = v(G) (1t + [xXTY).

Here the function F has the following expression:

4/3 91/4
Flz) = V3, gurg-as, %tan* (Sd(Q 5 Z)>

41/3 2.31/4
1 - or  \* 3-v3] _ i Oy(z —iy)
- E 1 ,k/ _ 1 } 21 =
g |o{etom e+ | (rty) - 55 oo b+ e
with uw = 2%33Y% 2 and am™'w = sn=1(v/3 — 1, k).

Here amv = fov dn~y d~v and 604 stands for Jacobi’s zeta function. For definitions,
see [21]. We omit the detail here.

5. THE DIFFUSION EQUATION

Next we write the heat kernel associated to the sub-Laplacian Ax on the
Heisenberg group in terms of the distance function f = 7g as follows (see [2], [3],
[4], and [14]):

e AXUY (Kt ) = /H Pul(y's5) " o (X, ))(y’, s)dyds,

where

1 _ [zt
Pu(m,t) == W Re u V(T)dT

Here
f(z,t,7) = 7g(x,t,7) = T coth(27)|z|* — irt
is the complex action and
2T
sinh(27)
is the Van Vleck determinant. Using the modified complex action function

f(z,t,7), one may discuss the small time behavior of the heat kernel. Then
we have the following theorems.

V(r) =

Theorem 5.1. Given a fized point (z,t), x # 0, let 0. denote the solution of
equation (3.4) in the interval [0,7/2). Then the heat kernel on H; has the fol-
lowing small time behavior:

1 _d2(zt) n
Py (z,t) = (27ru)2€ 2u {@(m,t)\/Qﬂu—i-(’)(u)}, u— 0",
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where

Oc
|z|\/[1 — 26, coth(26.)]

and d. denotes the Carnot-Carathéodory distance.

O(z,t)=

Theorem 5.2. At points (0,t) with t > 0, we have the following expansion
k+1 —02(0,t)/2u
P(0,t;u) 4u2 Z ke~

asu — 07,

One also has

Theorem 5.3. The heat kernel P,(x,t) on H; has the following sharp upper

bound:
C @y

u
Py(z,t)] < e 2 -min g1, [ s 0.
| u(x7 )‘ — ’LL2€ g mln{ ’ ’:C|dc($,t)}

For the proofs of Theorems 5.1, 5.2 and 5.3, see [4] and [12]. There exists no
explicit heat kernel for a higher step heat operator as yet. For the examples of
this paper we are looking for a heat kernel of the form;

I+
Pocn) = s [ et (<Ghar) =5 [7 e tvinar

u? u?

where f = rgand fr =lim,; 1 f. g—f turns out to be a constant of motion, just

like g—ﬁ = —F is; i.e., a constant on the bicharacteristics. Then V' is a solution of
ov  of

5.5 T+ Axg)— — —AgV =0,

(55) (T + Axg)S- - S Ay

where

0
T = 7 + (X19) X1 + (X29)Xo

is derivation along the bicharacteristic curve. The equation (5.5) may be put in
the following form:

(5.6) T |(T+ Axg)—— — —TAXV = gAxV.

This should be compared to the equation for the volume element v of (2.2) which
is a solution of

ov 0Og
5.7 T+ Axg)— — —Axv=0.
(5.7) (T+Axg)y- — 5 Bxv=
As we mentioned earlier, the above equation may be reduced to an Euler-Poisson-
Darboux equation by a clever choice of coordinates. To find a higher step heat

kernel we need a solution of equation (5.6). Equation (5.7) suggests that one
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may try to find such a solution as a perturbation of the volume element of the
fundamental solution.

6. QUANTIFICATION OF ENERGY

e The harmonic oscillator. Let us start with an simple example. Consider a
unit mass particle under the influence of force F(x) = x. The Newton’s equa-
tion is & = x. This is the equation which describes the dynamics of an inverse
pendulum in an unstable equilibrium, for a small angle x, see Figure 1.

Figure 1: The inverse pendulum problem.
The potential energy is

The Lagrangian L : TR — R is the difference between the kinetic and the
potential energy
1 1
L(z,i)=K - U = =i* + ~2°.
(z,) 5% + 5%
The momentum is p = % = & and the Hamiltonian associated with the above
Lagrangian is obtained using the Legendre transform: H : T*R — R

H(z,p) = pi — L(x, i) = p° - %pQ - %wQ = %pz - %xZ-
Adapting some of Xavier and de Aguiar [27] ideas, we consider the following
complexification
T =x1+1ip2, P=p1+iTs.

Hence H : T*C — C and

1 1 1 1
H(x,p) 25102 - 5532 = Q(pl +iz9)? — 5(1‘1 +ip2)?
=§(p1 +ixg)” + i(le —po)t = §(p1 +ix9)” + 5(;02 —ix1)”.

Replacing 6§ = —i, we get

1 1
H(z,p;0) = 5(p1 — Ox2)? + 52+ fa1)2.
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Quantizing, p1 — Oz, P2 — Ox,, 0 — 20; and hence H — Ax, where

1 1
Ax = 5 (0 = 2020:)" + 5 (00, +2100,)°

is the sub-Laplacian on the Heisenberg operator.

In general, the Hamiltonian for a spinless nonrelativistic planar particle in a
magnetic field perpendicular to the plane with signed magnitude B is:

2 e e
(68) = _h{(aax - ZﬁAx(x7y))2 + (aay - ZﬁAy(xay))2}

2m
Here e is the charge, m is the mass of the particle and & is the Planck’s constant
(see [26]). The vector potential for B is A = A,dx+ A,dy so that B = 8(%” - %.
In other words, B dx A dy = dA. If the magnetic field is a constant B = By, then

the ground state energy is

12 Jelll Bol
2m  h
If B is not a constant, we assume that the magnetic field is bounded away from

zero by some constant By then it is known that the particle’s ground state energy
E1(e/h) satisfies

P =

lell| Bol|

-
This tells us that when the magnetic field B is not constant but instead satisfies
an estimate B < By (or less than —By when B is negative) then this energy
is a lower bound for the true energy. Montgomery showed [22] that the energy
satisfies the following estimates

2 €
Eje) ~ Z{(\ Hilibo\l)2/3E* +o(1)},

when the field B vanishes along a curve C with nonzero constant gradient ||bp|| =
|IVB|. Here E, is the infimum of the ground state energies E(a) of the anhar-

Ei(e/h) >

monic oscillator family —% +( % —a)?. Replacing %2 by 1 and setting —if = 0,
the Hamiltonian function

H(x,§) = %{(51 + 2kx2\x\2k_20)2 + (& — Qkxllx\%_QQ)Q}

becomes a special case of the equation (6.8). In this section, we are going to
discuss the energy associated to our model by studying subRiemannian geometry.

We shall do this in two parts. First, we consider the geodesic in unit speed
parametrization and find the length of geodesics. As the lengths do not depend
on the parametrization, we shall consider in the second part a parametrization by
interval [0,1]. We use the fact that the square of the length is twice the energy.
As the lengths are quantized, so the energy will be.
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e The lengths of geodesics. In this section we shall make use of the arc length
parametrization, in which #% + 4% = 1. The Hamiltonian becomes
1
2

L. .

Set x1 = rcos ¢, xo = rsin¢. Then the conservation of energy law becomes
P2 1 4k20272(2k—1) _ 1,

which can be written as

dr
V1 — 4k20272(2k—1)

As the geodesic starts at the origin, 7(0) = 0. Then we shall consider the positive
sign in the right side. Integrating

= +ds.

r(s) dz
/0 V1 — 4k26222(2k—1) -
The substitution u = 2 yields
r2(s) du

0 Vu(l — 4k260242k-T)

Let v = u(4k202)T1—1. Then du = (4k292)_2k‘%1 dv and the above integral equa-
tion becomes

(6.9) 2(2k)Z-T 5,

/0(8) dv
o Vo(l—uvhT)

1
where o(s) = (4k26?)%-1 and we considered # > 0. The above integral can be
written in terms of Barnes’s extended hypergeometric function

o(s) ; _
0 WZQ 0(8)F<[;,2<2;_1)},[1+2(2;_1)}70(8)2k 1>'

Using 24/0(s) = 2 (2/60)ﬁ r(s), the equation (6.9) becomes
1 1 1 -
(6.10) r(s) F([i 2(2k — 1)}’ [1 ok 1)}’0(8)% 1) -

The function ) . )
Z*F65ﬂﬁiilﬁ+ﬂﬁi3}4

is increasing on the interval [0,1], see Figure 2. The minimum and maximum

values are ) ) . B
(3 22k — 1)}’ I 2(2k — 1)}’0> =5



Fundamental Solutions for a Family of Sub-elliptic PDEs 409

1 v
F(B’Q(zkl— 1)]’ [1+2(2kl—1)}’1> :;/0 W:M

1.12
1.1

1.08 7

1.06 /’

1.04 :
1.02

11 —

0 02 04 0.6 0.8 1

Figure 2. The graph of z — F([%, 2(213—1)}’ [1 + 2(213—1)}’2)'

Choose r(s) such that the hypergeometric function (6.10) reaches the maximum

r(s) = (2—;0> T

This has to be the same as 7,,,4,. Indeed, taking £ = %

, _( E )2(2134)_(1)21@1—1
e\ 25202 -~ \2k '
Denote by s; the arc length parameter for which 7,4, = r(s1). Then (6.10) yields
(6.11) Tmaz M = 51.

At r(s1) the trajectory starts to bounce back and at s = 2s; reaches the t-axis
again, i.e., 7(2s1) = 0. Hence, the shortest geodesic will have the length

(612) 61 = 251 = 27"max M.

If the geodesic winds m times around the ¢-axis, joining (0,0,0) and (0,0,t), the
length is

(6.13) b = 2ms1 = 2m e M.

The momentum 6 depends on the boundary condition ¢. This relationship will
be found below.

From Hamilton’s equation
t= Hy = —2T2k¢.

Consider boundary conditions for the argument angle

¢o=¢(0),  ¢1=¢(2ms1).
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As we considered 6 > 0, the angle ¢ moves clockwise, i.e., decreasing. After one
complete loop

s
i T
and hence after m loops
mm
¢1 = m¢(231) = _Qk — 1.

Integrating between ¢y and ¢q, yields

¢1
o0~ tlon) = -2 [ (o) do.
Using the boundary conditions for ¢(s)
t(do) =0, t(d1)=t,

and the formula in polar coordinates for the solution, we have

$1 ok
t = —27"1275&36/ sin((2k — 1)((;5 — ¢0)) -1 g,
%o
Substituting v = (2k — 1)(¢ — ¢p), yields

27‘2k mm ok 2mr2k T ok
et sin(v) 21 dv = meL [ sin(v)2+-T dv,
0 0

T2k 1 2% — 1
and hence
2k — 1)t
6.14 S )L
( ) rma:c mQ Y
where

Q= 2/ sin(v)% dv.
0
Substituting (6.14) in (6.13) leads to the following result.

Theorem 6.1. The lengths £, of the geodesics joining the origin and the point
(0,0,t) on the t-axis satisfy

2% — 1 2k—1 2M2k:
(2K )mQ( L U

The Carnot-Carathéodory distance between (0,0,0) and (0,0,t) is €1, with

i _ (25— DA
¢ |

(6.15) 2k —

(6.16)
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e Particular cases: (1) The step 2 case.

k=1,
2 _ mEMPl
m Q Y
with
1 d 1
v
2M = / ———— =arcsin(2v — 1)| =,
0o Vvu(l—w) 0
then,

s
Q= 2/ sinvdv = 7.
0
Hence, the lengths in the Heisenberg case are

2 =mrlt|, m=123,...

(2) The step 4 case.
If k£ = 2, the lengths satisfy

3 2M 4
g, = 3T
Q
We shall compute the constants 2M and Q.
1 1
1 <1 1)47 1 F(a)r(§> wl
2

1 dv
R R R L ) v Sty

where B(a, 3) is a Bessel function. Here we used

r(})- 24

Hence

o=

wiN

411
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e The energies. The lengths are the same for all parametrizations. In this
section we shall consider geodesics v : [0,1] — R? joining the origin and the
point (0,0,¢). As the Hamiltonian is preserved along the solutions, the veloc-
ity has constant length in the subRiemannian metric (in which X; and Xy are
orthonormal), and hence we have identity in Cauchy’s inequality

/!7 )| ds = /Ods) (/0 W(S),zd(ﬁ _ V9E

Hence the energies of a unit mass particle moving along the geodesic are given
by

Ep, = 2@”, m=1,23,...

Theorem 6.2. The particle has discrete energies 0 < E1 < Ey < ..., given by
(2k — 1)m2+=1(2 M?)F|t|

k _
(Em)" = 0

m=1,23...

For k=1,
mm
B =510

s (mVAT(R)N’
E; = S\ Ty ] = 1,2,3,...
37(2)

FE is the ground-state energy, i.e., the lowest energy of the particle. All the other
energy levels correspond to excited states. If the electron is in ground-state, then
it can be excited up to the level of energy E,, if it receives energy from a photon
with energy hAv,, = F,, — F1, where h is Planck’s constant and v, is the frequency
of the photon.

The difference Ep,11 — Ep, gives the distance between the energy levels. In the
step 2 case, the energy levels are equidistant

™
By~ Ey=Ey—Ey == Byt — En = gt

and for k =2,

For step k > 2, the energy levels become more and more distant as m increases
O<FEy—Fi<B3—FEy<---<Eppn1—FE,<...

Let fx(z) = Ckxz_%, where the constant

o —on (o=l
Q

Em+1 - Em - fk(m + 1) - fk(m) = fl/c(gm)7

Then
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with m < &, < m + 1. Hence, the difference between two consecutive energy
levels is estimated as

(2 - %)Ckml—% < Eniy— By, < (2 — %)Ck(m 1)k

In particular, when k& = 2, we have,

with

3 3
502\/%< Em_|_1 - Em < 502\/77?"‘ 17

Cy = \f( (S)) ~ 2.676+/[t|.

Using 3C5/2 ~ 4.014+/|t|, yields

4y/mlt| < Epy1 — Ey, m=1,2,3,...
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