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On Hessian Measures for Non-Commuting
Vector Fields
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Abstract: Previous results on Hessian measures by Trudinger and Wang are
extended to the subelliptic case. Specifically we prove the weak continuity of
the 2-Hessian operator, with respect to local L! convergence, for a system of
m vector fields of step 2 and derive gradient estimates for the corresponding
k-convex functions, 1 < k < m.

1. INTRODUCTION

In the paper [18], we introduced the notion of k-convexity, k = 1...n, for
functions u defined on domains 2 in Euclidean space, R”. Namely, for u € C?(Q),
we call u k-conver in € if

(1.1) Fjlu] == Fj(D*u) := S;(\) >0,

for j =1...k, where A = (\1,...,\,) are the eigenvalues of the Hessian matrix
D?u of second derivatives of u and S; denotes the jth elementary symmetric
function, that is

(1.2) SiN= D ANy, =1

’L'1<,..<’L'j

When there is no confusion we use the same notation F for both the operator and
the function on R™ x R™. Equivalently, u is k-convex in € if u is subharmonic with
respect to the operator Fj and this is the basis for our definition of k-convexity
for non-smooth functions in our sequel papers [19], [20], [21]. The core result in
our paper [19], is that the mapping u — Fj[u] is weakly continuous as a mapping
from L} (Q) to My,.(2), the space of locally finite measures in €, that is for any
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subdomain ' cC Q, n € Cg (€) and positive constant €, there exists a constant
0 such that

(1.3) <e

/ 0 (Fe(u) — Fy(v))
Q

whenever
lu —v| <4, lu+v| <1,
o o

for arbitrary k-convex w and v. This result enables us to define for any locally
integrable k-convex function w, the Hessian measure, ux[u], as an extension of
Fy[u]. In our first paper [18], we only proved the continuity of uy from C° ()
to Mo (€2) but this was enough for the cases k > &, which included the Monge-
Ampére measure when k = n. The weak continuity of the Monge-Ampére mea-
sure is a fundamental result of Aleksandrov (see eg. [16]).

In this paper we extend our results in [19] to the case of non-commuting vector
fields but only prove the corresponding weak continuity for the case kK = 2. Our
approach follows [19], with some help from [20] and [21], and is inspired by the
recent paper [8] on the special case of the Heisenberg group H!, by Gutiérrez
and Montanari, where the more restrictive approach in [18] was adequate. To
formulate the main theorem, we let X = X;...X,, denote a system of vector
fields in R"™, that is first order differential operators of the form

(1.4) X; =) v/D;
j=1

with coefficients b7 € C™ (Q) (although weaker regularity will suffice). Then,
for k =1...m, we call a function u € C? (Q), k-convex, with respect to X if

(1.5) Fj[u] := Fj(X2u) :== S;(\) >0, j=1...k
1--

where now A = (A1... ;) denote the eigenvalues of the symmetric Hessian,

1
(1.6) X2y = 5 (XiXj + X;X;)u

ij=1..m

Our hypotheses on the vector fields Xj ... X,, are that:

(i) they are anti-self adjoint, namely

X%:—XZ‘, 1:1m,

)

(ii) they satisfy the Hormander condition, namely the Lie algebra generated
by them spans R™ and
(iii) the second commutators formed from any two vector fields vanish.

These conditions will be automatically satisfied by the vector fields generating
an homogeneous group of Heisenberg type. We can now state the main theorem.
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Theorem 1.1. The mappings
(1.7) u +— Falul —I—QZ[Xi,Xj]Qu,

1<j
for w 2-convez in Q, are weakly continuous from L} . () to M. (), for any
constant o.

As mentioned above, the special case of the Heisenberg group H', given by

1
Xlu = Dlu — 5%2D3u,

1
(1.8) Xou=Dou + §x1D3u,
[X17 X?] U= D3u7

is proved in [8]. Here L}, () convergence is equivalent to local uniform conver-

gence in 2 and the proof is much simpler.

Theorem 1.1 enables us to assign a Borel measure usfu] to any L} () limit
of smooth 2-convex functions, which extends Fy[u] and is weakly continuous.
Letting ®2(Q) denote the space of such functions we also see that the commutators
[X;, Xjlu € LE () for u € D*(Q).

loc

This paper is arranged as follows. In the next section we generalize the basic
divergence identity of Gutiérrez and Montanari [8], [9] on Heisenberg groups to
vector fields satisfying conditions (i) and (iii). A more complete treatment in
Carnot groups, with applications to monotonicity, is given by Danielli, Garofalo,
Nhieu and Tournier in [5]; (see also [7]). In Section 3, we employ our approach
in [19] to obtain integral estimates for the subelliptic gradient Xu under condi-
tions (i) and (ii), Theorem 3.1. As we cannot extend all of our argument in [19],
we have to rely strongly on the subelliptic potential estimates in [21]. In Sec-
tion 4, we carry out the arguments, again adapting [19] to the non-commutative
case, to conclude the local boundedness and weak continuity of the functionals in
Theorem 1.1, thereby completing the proof. Finally in Section 5, we extend our
previous results to the classes ¢*(2) of L} limits of k-convex functions. Addi-
tional remarks at the ends of Sections 4 and 5 treat the removal of condition (iii)
and more general definitions of k-convexity.

We are grateful for useful comments and discussions with N. Chaudhuri, X-J
Wang, A. Montanari and T. Nguyen.

2. DIVERGENCE STRUCTURE AND MONOTONICITY

It is well known that if the vector fields X; ... X,, commute, then

(2.1) X;F/(X%u) =0, j=1...m,
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where
(2.2) X?u = X2u = [XiX;ulij=1..m
and
(2.3) F(r) = ? Fi(r)
k an

The identity (2.1), which means that the columns of the linearized coefficient
matrix (2.3) are divergence free, was the basis for our approach in [18], [19].
Now suppose, more generally, that the second commutators formed from any two
vector fields vanish, that is for any 7,7 =1...m,

0= [Xi, [Xi, Xj]]
= Xi[ X, X;] — [Xi, X5]X;
= X;(Xi X)) + Xo(Xi X[ — 2X,X)).

Then, defining for any real matrix » € R™ x R"”,

1 1
(2.4) Fa(r) =3 {(mi)Z = rigrji + 5 (rij = sz‘)z}
3
= B+ > (i =),
i<j
we have the identity
(2.5) X 75 (X%u) =0,
where
g 0.Fs
2. 7y (r) =
(26) F) =5 )

= (trace T)(Sij + i — 2Tji7

which extends (2.1) in the case k = 2. The identity (2.5) was discovered by
Gutiérrez and Montanari [8], [9] for the Heisenberg groups H", (see also [5], [7]).
From (2.5), we infer the monotonicity formula for the operator %3 defined by

(2.7) ﬁg[u] = yg(XZU),
extending Lemma 2.1 in [18] for k = 2.
Lemma 2.1. Let u,v € C*(Q)NC%Q) satisfy u < v in Q, u = v on IQ with the

operator Fy degenerate elliptic with respect to their sum u + v, that is
(2.8) Ty (X (u+ ))& = Fy (X (u +0))&ig;
>0



On Hessian Measures for Non-Commuting Vector Fields 151

for all & € R™. Then, if the vector fields X ... X, satisfy conditions (i) and
(iii), we have

(2.9) A%MSA%M

Proof. By integration by parts and the identity (2.5), we have, for u,v € C%(Q),
1 ..
/ (Fa[u] — Falv)) :/ dt/ FP X2 (tu+ (1 — )v)] X; X (u — v)
Q 0 Q
1 ..
:/0 dt : T X)X (u—v)

1 . .

_ / di / FI(X7)(X;.7) |D(u — v)]
0 o0

>0

Here v denotes the outer unit normal to 9€2 and
Xi.’y = bij Vg
The general case u,v € C° (Q) N C?(Q) follows by approximation. O

More general version of Lemma 2.1 are presented in [5]. For weak continuity
with respect to C? () and for groups of Heisenberg type we may proceed exactly
as in [18]. In the next section we present the basic gradient estimates for k-
convex functions needed to handle the general case, for which we will not need
Lemma 2.1.

3. GRADIENT ESTIMATES

In this section we provide the necessary gradient estimates for our proof of
weak continuity. For these we do not have to restrict to the case £ = 2 and
moreover we only need to assume the vector fields X; ... X,, satisfy conditions
(i) and (ii). First we note that since k-convexity implies 1-convexity, k-convex
functions u are subharmonic with respect to the sub-Laplacian associated with
Xi...X,, that is

in Q. From (3.1) we infer immediately a bound from above, namely, for any
O ccQ,

(3.2) supu < C’/ |ul
Q Q

where the constant C' depends on Xj ... X,, and dist(£,09). As we are only
dealing with local estimates in this paper, we will always assume, without loss of



152 Neil S Trudinger

generality, that u € L*(Q). Following [19], our treatment of gradient estimates
depends on the relation between k-convexity and the subelliptic p-Laplacian op-
erators A, defined by

(3.3) Apu = Xi(| XulP™? Xiu)
for p > 1.
Lemma 3.1. Let u be k-convex in ). Then u is subharmonic with respect to A,

forp—1<k(m—-1)/(m—k).

Proof. Although this is just the special case [ = 1 in Lemma 4.2 of [19], we include
it for completeness as it is simpler than the cases [ > 1. We use the notation

(3.4) Sk (V) = Sk(N) a0
so that
(3.5) S;i(A) >0
for all j <k —1,if S;(A\) >0, for all j =1,...k, [19]. It follows then that
(36) 0< Sk()\) = Sk,z()\) + Sk—l,i(A))\ia 1=1,...m,
whence

Sk.i
(3.7) -\ < =—(A)

Sk—1,i

(m—k) o

~ k(m — 1)51’2()\)

by MacLaurins’ inequality for ratios of elementary symmetric functions. Conse-
quently, if u is k-convex,

(3.8) Apu=X;(|XulP~? Xju)
XiuX;
= ‘XU‘P—Q {Axu +(p-— 2)7u JZUXZ'Xju}
| Xul
> |Xu|p_2 {Axu +(p-2) )\min(Xfu)}
>0,

forp—1<k(m—1)/(m— k), by taking A ...\, in (3.7) to be the eigenvalues
of X2u. a

Note that Lemma 3.1 also includes the case k = m,p = oo, when A, is the
subelliptic oco-Laplacian

Our gradient estimates now follow immediately from [21] but to express them we
need the concept of homogeneous dimension. For our purposes here, we define
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the C-C (Carnot-Caratheodory) metric induced from the vector fields X ... X,
by
d(z,y) = inf{T > 0|3 a sub-unitary v : [0,7] — R"

(3.10) with v(0) = z,v(T) = y},

where a piecewise C'! curve 7 : [0, T] — R™ is said to be sub-unitary, with respect
to Xi... Xy, if for every £ € R" and t € (0,7T),

(3.11) Y (1)€< 3 (Xi(v(1))-6)2
=1

Let Bgr(z) denote the C-C ball {y € R"|d(z,y) < R}, and let Q be a bounded
domain in R™. The the fundamental result of Nagel, Stein and Wainger [15]
asserts that there exist positive constants C| Ry and positive integer @), depending
on X and €2 such that

(3.12) |Bir(x)| > Ct? |Br(x)|

for any z € Q, ¢t € (0,1) and R < Ry, where || denotes the Lebesgue volume. The
number @ (> n), is chosen as the least integer for which (3.12) holds and is called
the homogeneous dimension of X in Q. For (3.12) we only need the Hormander
condition (ii) and we could replace it more generally in this paper by simply the
validity of (3.12).

Theorem 3.1. For any k-convex function u in , and subdomain Q' CC Q, we
have the estimates

(3.13) Xulloge) < C ( / |u|)

14r
(3.14) | Xul" Axu < C (/ |u|>
Qf Q

for1 < qg< Qk(m—1)/(Q—-1)(m—k), 0 <r <m(k—1)/(m — k) where C
depends on Q, ', X1 ...X,, and q or r as appropriate.

Proof. The estimate (3.13) follows from Lemmas 3.1 and [21], Lemma 3.9. For
(3.14), we have from Lemma 3.1,

m(k—1)

3.15 Xul" A < A
(3.15) [l Xu_m(k—l)—r(m—k:) P
and since
(3.16) [ o< [ 1] xupt,

Q Q

for any n > 0, € C}(Q), we infer (3.14) from (3.13). O
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By using the subelliptic Sobolev inequality [2], [11], we obtain corresponding
LP estimates, namely

(3.17) [ull ey < Cllullpi o)

where
Qk(m —1)
(Q@—1)m—(Q+m—2)k

for (Q —1)m > (Q+m —2)k and p = o0 if (Q —1)m < (Q +m — 2)k. For this
last case we have a Holder estimate [12], [21],

1<p<

u(z) — u(y)|
3.18 su == < Cllu

where

a:k(Q—i—m—Q)—m(Q—l)
k(m —1) ’

ifk<m(a<lifk=m).

4. WEAK CONTINUITY

In this section, we complete the proof of Theorem 1.1. First we prove a local
bound for .%5. For convenience we use the notation

(4.1) Slu) =Y ([Xi, Xj]u)?,
1<J

so that

(4.2) %M=BM+%M]

Lemma 4.1. Let u € C?(2) be 2-convex in 2 with respect to X1, ... X, satis-
fying hypotheses (i) to (iii). Then, for any subdomain ' CC Q, we have

2
(4.3) t%mgc</m0,
94 Q
where C' depends on dist(Y,09), Xi,... X

In particular, Lemma 4.1 provides a local L? estimate for the commutators
[XZ', X]]’U,
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Proof. Letting n > 0 € C}(£2) be a cut-off function, we have
1 g
(4.4) /?725‘\2[’14 = 2/ HQQQZ]XZ'XJ‘U
Q Q
1 g
:—2/;292”)(1'772)(]'“
1 id g 2 3 2
= —5 o F2 in Xju + §[X7,,X]]UX177 Xju

1
< C/ {‘X?ﬂ | Xul Axu~+ néy [u] | Xn| \Xu\} )
Q
Consequently,
(45) [t <o [ {xop]1xXul A+ X0 X}
Q Q

and (4.3) follows from Theorem 3.1.

155

Proof of Theorem 1.1. Letting u and v be 2-convex in Q, uy = tu + (1 — t)v,0 <

t <1landn>0,e C3Q), we now have

=
|

S

=

@o [0

Il
o\;
&
S~
3
S
g.
>
s
=
|
S

1
2 Ja
1 g
_ _2/ F 43X, X;)(u + 0) } XenX;(u — v)
Q
1
= 5 [ {FF XX = v) = 31X X+ 0) Xin X (u = v) }
Q
1 [
- / Fi [+ 0)(X: X ) (u — v)
Q

4

1 3
== + -1
g1t

+3 /Q [, 3] + ) {(X3X) (u — ) — 2Xim X (u — v))
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The estimation of the integral I; is similar to the corresponding term in the
commuting case [19]. Namely

(47) = \ [ B+ - o

g/ Ax(u+0) [X2| [u— .
Q

Denoting

(4.8) (5:/|u—v|, K:/]u—i-v],
Q Q

we have, for any € > 0,
lu —v| <e
except on a set A, of measure |A.| < §/e. We then estimate for a further cut-off
function 7j € C3(), 0 <7 < 1,
(4.9) / A x (u+v)(u —v)*
Q
<e/ nAx(u+v) + / Au—v—e)tAx(u+v)
Q Q

:e/ﬁAX(u+v)—/ Xi(u+0) X {i(u—v—e)"}
Q Ae

by Theorem 3.1, where ¢ is chosen so that

2Q(m —1)
(Q—1)(m—2)
and C depends on 77, K, §, X1,... X;,. It then follows that

(4.10) L <C {6 n (‘Z)li}

where C depends on 1, K, §, X1,...X,,. To estimate I, we first use the bound
for & in Lemma 4.1, to obtain

2<qg<

1
(4.11) 12<o{/ \X(u—v)|2—|—]u—v]2}2,
supp”n
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where C depends on n, K, §, X1,...X,,. The first part of the above integral may
be estimated similarly to I;, since

(4.12) /Q X (u— )P =— /Q XX (u — 0))(u — v)

< [ (X7 1X 0 = o) + 78x(u = )} fu =l
Q

1
2
< [aaxw-op-drc{[ u-up}’,
Q supp 7

while the second parts of (4.11) and (4.12) are handled readily by the estimate
(3.17). It follows that

(4.13) I,<C {6+ (i)l—ﬁ}é.

With appropriate choice of §, we then conclude Theorem 1.1 from the estimates
(4.10) and (4.13). 0

Remark. By inspection of the above proofs, we see that condition (iii) may
be weakened to only requiring that the vector fields

m
Y=Y [Xi,[X, X)), j=1...m,
=1

lie in the span of X;, [X;, X;], ¢, = 1...m. Without condition (iii) additional
terms

(4.14) —% / ”XuYu
Q
and
(4.15) _;/QWX(u—v).Y(u—i-v)—i-;/ﬂ(u—v)Xn.Y(u—l—fu)

will arise in the right hand sides of (4.4) and (4.6) respectively and these are then
automatically controlled. More general hypotheses are clearly possible. Note also
that if Y commutes with X, then the quantity

(4.16) Fyu] = Folul + zXu.Yu
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also satisfies the monotonicity property (2.9). For the Engel group, this was first
observed in [7]. More generally if we integrate by parts in (4.15), we find

(4.17) /QnX(u—v)-Y(quv)
:_/Qn(u+u)Y.X(u—v) + (u+v)Yn.X(u—v)
:/Qn{x(u+u).Y(uu)+(u+v)Z(uv)}

- / (u+v){YnX(u—v)—XnY(u—wv)}
Q
where Z is the vector field given by
(4.18) Z=XY-Y.X=0.

Inserting (4.17) into (4.6) and (4.15) we may infer weak continuity results, in the
absence of condition (iii), with respect to stronger topologies. For example F,
will be weakly continuous with respect to L} () on 2-convex functions, with

uniformly bounded X- and Y-gradients in LS (€2) and L}, (£2) respectively.

Finally without hypothesis (iii) in Lemma 2.1, we obtain, from the proof,
/ (Folul] — Falo]) > —1/ Y (u + v).X (1 — 0)
Q 2 Jo
- *i /Q{Y(u b )X (=) + Y (u— v). X (u+0)}
so that in general
(4.19) /Q (F3lu] — Z3]) > 0.

See [5] for a more thorough analysis of monotonicity. In a similar fashion, we
may combine (4.15) and (4.17) in (4.6) to conclude,
1 3 3
(4.20) / WF5h] ~ F3l) = sh+ oh+ / (1 — v)Xn.Y (u + v)
Q Q

1
—4/Q(u—v)X(u+v).Yn.

5. GENERAL k-CONVEX FUNCTIONS

For our purposes here, we define a function u € Lllo .(Q) to be k-convex in €,
with respect to the system of vector fields X = (X;...X,,) if, for any Q' CC
€, there exists a sequence of k-convex functions in C? (Q') converging to u in
L} .(€). We designate the general class of k-convex functions in € by ¢F (€2).

The estimates of the preceeding sections then extend as regularity properties and
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imbeddings of ¢* (). In particular if the system X satisfies conditions (i) and
(ii), we have from Theorem 3.1 that the distributional derivatives Xu € L ()
for

Qk(m —1)
5.1 1<g<
o1 @ 1(m )
and that ¢*(Q) imbeds continuously in the Sobolev space,
(5.2) St () = {u € Liye (@) [Xu € L, (D)},
as defined, for example, in [2], [21]. Moreover for

(Q—-1m

5.3 k> ——
(5:3) (Q+m—2)

we see from (3.18) that ¢*(Q) imbeds continuously in the Hélder space C%(Q)
where

k(Q+m—2)—m(Q—1)
o= ,
k(m —1)
if k <m (< 1if k=m). It follows from [14] that we can also take v = 1 when
k =m and X generates the Lie algebra of a Carnot group.

(5.4)

For k > 2, the symmetric Hessian X?2u consists of signed Radon measures.
This follows exactly as in the Euclidean case [3], [19] but it may also be observed
directly from the degenerate ellipticity of F5,

(5.5) Axul — X?u > 0.

By taking limits, we see that the above quantities are measures if u € ¢*(9).
If we also assume X satisfies (iii), we obtain from Lemma 4.1, that the commu-
tators [X;, Xjlu € L2 () for u € ¢*(2), k > 2. Hence the full Hessian X?u
comprises Radon measures. From Theorem 3.1, we also infer that ¢(Q), k > 2,
imbeds continuously into the Euclidean Sobolev space VVlloc2 (Q) if condition (iii)
is strengthened to all second order commutators vanishing. Also if X generates
the Lie algebra of a Carnot group as in [1], then from the Holder estimate (3.18)
and the weak differentiability result in [1] we conclude that functions in ¢*(Q)
will be twice differentiable almost everywhere in €2, with respect to the system
X, if k satisfies (5.3). This extends the corresponding result for the convex case
k =m in [5], [9], [14] and the Euclidean case k > n/2 in [3].

Finally we may define the Hessian measure pg[u], with respect to X, for any
function u € ¢?(2) by

(5.6) /Q ndpsfu] = lim /Q ndpia[ty]

where 7 € CJ(2), suppn C @' CC Q and {u,,} C C*(Q) is a sequence of k-

convex functions converging to u in L} (€'). By Theorem 1.1 ps is well defined
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and weakly continuous with respect to convergence in L} (Q), that is if {um,} C
$*(2), converges to u € $*() in L},.(£2), the corresponding sequence of measures
{p2lum]} converges weakly to pof[u]. Note that the case v = 3 in Theorem 1.1
also shows that the sum of the principal 2 x 2 minors of the full Hessian X?u
also extends as a weakly continuous measure on ¢?(Q2). From Lemma 2.1, we
also conclude a more general monotonicity property, namely that if u,v € ¢?(Q)
satisfy v < v in 0, 4 = v continuously on 052, then

(5.7) palo](©) + S8[0] < lul(2) + o]

General subharmonic functions. More generally we may define subharmonic
functions along the lines of [19], [20], [21]. In particular we define an upper-
semicontinuous function u : Q +— [—00,00) to be subharmonic with respect to the
operator FJ, if u satisfies Fj[u] > 0 in the viscosity sense, that is for any quadratic
polynomial ¢ for which the difference u — g has a finite local maximum at a point
y € Q, we have Fj[q](y) > 0. For smooth vector fields and k& = 1, this is also
equivalent to our definition in [21], which corresponds to the traditional definition
of subharmonicity. A k-convex function, as defined above by approximation, will
be equivalent to a subharmonic function and moreover the estimates of Section 3
extend to the class of proper subharmonic functions. For Carnot groups of step 2,
it follows from [14] that proper subharmonic functions will also be k-convex but
we would expect this characterization to hold more generally. The equivalence of
various definitions in the convex case, k = m, for Carnot groups is treated in the
papers [4], [10], [13], [14].
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