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Abstract: We derive general Novikov-Morse type inequalities in a Con-
ley type framework for flows carrying cocycles, therefore generalizing our
results in [FJ2] derived for integral cocycle. The condition of carrying a
cocycle expresses the nontriviality of integrals of that cocycle on flow lines.
Gradient-like flows are distinguished from general flows carrying a cocycle
by boundedness conditions on these integrals.

1. Introduction

In the 80’s, S. P. Novikov [Nol, No2| considered Morse type inequalities relating
the zeros of a closed Morse 1-form w to the topology of the underlying space X.

Let p be a zero point of a closed 1-form w, then near p, one has w = df,,, where
fp is unique up to a constant. The Morse index of w at p is defined as the Morse
index of f, at p. p is said to be non-degenerate if f, is non-degenerate at p. w
is called a closed Morse 1-form if each zero point p of w is non-degenerate. Let
Si(w) be the set of the zero points of w with index i. Define

C; = #SZ (w)

Then the Morse type inequalities are
ci 2bi([w])

(1.1) Z(—l)i*jcj > (=1 ([w])
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for i =0,1---,m. Here the Novikov numbers b;([w]) are determined only by X
and the cohomology class [w]. These Morse type inequalities involving Novikov
numbers are called Novikov inequalities.

Novikov inequalities were obtained by constructing the Novikov complex (C., 0)
with respect to the closed Morse 1-form w. If [w] is an integral cohomology class,
then each C; is a free Z((t))-module generated by the set of all the zeros of w with
index i. Here Z((t)) := Z[[t]][t '] is the Novikov ring. For the detailed construc-
tion of the boundary operators and some of their properties, see the discussion
in [BF], [Pa], [Ra] and the references there.

M. Farber and A.A. Ranicki [FR] have used a noncommutative localization
method to construct a universal complex for a rank 1 Morse closed 1-form. Sub-
sequently, M. Farber [Fa2] applied the method to the general case, which can
induce many kinds of Novikov complexes. In a series of papers [Fol, Fo2, Fo3],
R. Forman developed the discrete Morse theory and Novikov theory in a combina-
torial category. Those Novikov-Morse inequalities are proved also by constructing
certain combinatory Morse(Novikov) complexes, e.g., using the Witten deforma-
tion technique. In order to use the techniques from the smooth category, he
introduced combinatorial vector fields and differential forms.

Novikov theory for closed 1-forms is very important, since many functionals,
such as the symplectic action functional, the Chern-Simons functional and many
Hamiltonian systems from electromagnetism and fluid mechanics are multi-valued
functionals. Though these are multi-valued functionals in infinite dimensional
spaces, people hope that the Novikov theory in finite dimension can provide a
model for the infinite dimensional case, and that it can provide a strong topolog-
ical method to find the critical points of the multi-valued functionals.

Though Novikov theory for closed 1-forms has been studied for many years,
the various proofs of Novikov inequalities were all based on constructing various
(analytic or topological )Novikov complexes. Hence the closed 1-form needs some
non-degeneracy assumptions. One could not handle the case if the closed 1-form
w has general degenerate zero points ( zero locus). On the other hand, the
behavior of the dynamical systems generated by a closed 1-form has not been
carefully studied. For instance, the previous research was limited to the smooth
category. Though there should be an analogue in the continuous category (i.e.,
for continuous dynamical systems), if so, then comes the natural question, what
is the relation between this analogue and the well-known gradient-like dynamical
systems?

In [FJ2], we introduced a concept of “flow carrying a cocycle a (a-flow and gen-
eralized a-flow)”, where « is a 1-dimensional cocycle in the bounded Alexander-
Spanier cohomology (see i.e., [Sp]). This is the analogue of the flow generated by
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a closed 1-form. Actually, as shown in [FJ2], (generalized) a-flows characterize
most important dynamical systems, in particular the following;:

e The gradient flow of a Morse function f is a df-flow.

e The gradient flow of a closed Morse 1-form w is an w-flow and certain
perturbation flows are also w-flows.

e If an a-flow has no fixed point, then this flow is a flow “carrying a coho-
mology class” as introduced in [Ch].

e An a-Morse-Smale flow as defined in [FJ2] which is a generalization of
the famous Morse-Smale flow; the generalization here essentially consists
in allowing the existence of ”cycles”

e If ais a coboundary, then this flow is a gradient-like flow. Conversely, if a
flow is a gradient-like flow ,then this flow carries a coboundary dg where
g is a Lyapunov function.

A flow carrying a cocycle a has a m-Morse decomposition (Theorem 3.4.4 in
[FJ2]). If « is an integral cocycle, we can obtain the Novikov-Morse type in-
equalities, Theorem 4.4.1 in [FJ2]. This theorem uses the Conley index to get
the “local” topological information of the isolated invariant sets.

Those inequalities in [FJ2] are a generalization of the Novikov inequalities for
an integral closed Morse 1-form. Starting from these inequalities, we can recover
many Novikov type inequalities found before. For example, we can recover the
Novikov inequalities for an integral closed 1-form w having Bott type nondegen-
erate zero sets, which was given in [Fa2]. In addition, our theory has some new
features:

e Novikov inequalities now hold in the continuous category (i.e.for (gener-
alized) a-flows).

e New Novikov inequalities (Theorem 4.4.1 in [FJ2]) for a general closed 1-
form without any non-degeneracy requirement (However we have to point
out here that we need some extra regularity assumption to the zero locus
of the closed 1-form in Theorem 4.4.1 in [FJ2], which will be shown in
this paper).

e New Novikov inequalities for a-Morse Smale flows.

e Vanishing of the Novikov numbers b;([a]), if the manifold allows the ex-
istence of a flow carrying a cohomology class «.

However, [FJ2] is mainly focused on the explanation of the flow carrying a
cocycle a, and on the proof of the Novikov-Morse inequalities for this flow under
the assumption that « is an integral cocycle.

This paper is the second one. There are two aims. The first aim is to give
a sufficient and necessary description of the relation between a-flows and the
gradient-like flows. This will be given in section 3. The second aim is to generalize
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the Novikov-Morse inequalities for integral cocycles « to the analogous results for
higher rank cocycles a. This is discussed in sections 4,5. To do this, one should
prove an analogue of Theorem 4.2.1 in [FJ2]. This is a nontrivial generalization,
since the exit set of the lifting flow becomes more complicated when compared
with the integral cocycle case. One should handle carefully the deformation
complex in the corners. As long as we have the analogous theorem, we can easily
generalize those theorems in [FJ2] by following proofs in [FJ2].

In section 2, we recollect some basic definitions and examples of flows carrying
a cocycle a.

Recently, M. Farber [Fa3](2001) also proposed the concept:” Lyapunov one-
form” w for a pair (®,Y"), where ® is a continuous flow and Y is a closed invariant
set in ®. Since a flow ® allowing the existence of a Lyapunov one-form w is
actually a flow carrying a cocycle w introduced in [FJ2], our definition seems more
general than his. In [Fa3, Fad|, Farber constructed the corresponding Ljusternik-
Schnirelman theory. In [FKLZ], the authors discussed the existence of ” Lyapunov
one-forms”.

The results presented in this paper were obtained in 2000 and circulated in
preliminary preprint form in [FJ1].

2. Review of flows carrying a cocycle

In [FJ2], we have defined the dynamical systems, flows carrying a cocycle.
In this section we will recollect some facts about such dynamical systems.

Let v be a flow defined on the compact metric space (X,d) with metric d.
We always assume in this paper that A is an isolated invariant set of v hav-
ing finitely many connected components. Denote its connected components by
Aji=1,2,--- ,n.

Let A; C A be a component with an isolating neighborhood Uj;, then for any

given closed neighborhood V; of A; in U;, we can define the thickening stable and
unstable sets of A; in V; as follows:

AF(V;,r) :={x € Vi|there is a t > 0.s.t.z - [0,¢] C V;and x - [0,¢] N cl(B,(4;)) # 0}
A7 (Vi,r) :={x € Vithere is a t < O.s.t.x - [t,0] C V;andz - [t,0] N cl(Br(A;)) # 0}.

The compact set 4;(V;,r) :== A} (V;,r)UA; (Vi,r) becomes an isolating neigh-
borhood of A;, which is called the flow neighborhood of A;. If r is small enough,
then (A; (Vi,7), A;(Vi, 7)) forms an index pair for A; (see [FJ2] for detail). Some-
times we will denote the flow neighborhood A;(V;,r) simply by A;(r) if we don’t
emphasize the neighborhood V; of A;.

When restricted to the open space X \Ul" ; A;(r), all the connected trajectories
of the flow v can be classified into three types:
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(1) trajectories with domain (a,b), —0o < a < b < +00;

(2) trajectories with domain (a,+00) or (—o0,b), —0co < a,b < 400;

(3) (—o0,+00).
We denote the sets of three type trajectories by I'{(r), T\ (r) and T4(r), re-
spectively. If A; is a point p; in X for ¢ = 1,--- ,n, then we denote F:Y‘l r) by
Ly(r),y=1,2,3.

In [FJ2], we have defined the continuous 1-cocycle « in bounded Alexander-
Spanier cohomology theory and its integration along a chain (the integration of
1-cocycle along a curve was already defined in [Ch]).

If [a]| 4 = 0 for a closed set A C X, then by the continuity of Alexander-Spanier
cohomology theory there is a continuous function § such that @ = §3. Define
Io(z,y) == B(y) — B(z), for x,y € A. It is obvious that I,(z,y) depends only on

[a].

Definition 2.1 Let a be a continuous 1-cocycle on the compact metric space
(X,d). The flow v defined on X is said to be a generalized a—flow with respect
to an isolated invariant set A consisting of connected components {Ap, -, A1},
if there exist a small v > 0 and a Ty > 0 such that for some p >0 and 0 < A < 1,
the following conditions are satisfied:

(1) [O‘”Ai =0, MaX (z y)c A;(r)x A (r) ‘Ia(way” < Ap, for 1 <i<n.

(2) for any trajectory v € T{(r),

foes
¥

(3) if YT0 denotes any sub-trajectory of v € T3(r) U T4\ (r) with time interval

To, then
[
yTo

Remark 2.1 In fact, we can take the constant p in condition (3) to be different
from the one in conditions (1) and (2). This broader assumption will not change
any proofs and conclusions in [FJ2]|. Since « is a continuous cocycle, the three
conditions in Definition 2.1 also hold for r’ sufficiently close to .

Definition 2.2 If the set A in the definition of a generalized a-flow v consists
only of points, then v is called an a-flow. If v is an a-flow or generalized a-flow,
we simply call it a flow carrying a cocycle a.

Some interesting and important (generalized) a-flows are given below, more
examples can be found in [FJ2].
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Example 2.1 In classical Novikov theory, the closed Morse 1-forms or the Bott-
type closed 1-form were considered frequently. Now in the present example, we
consider a closed 1-form w with no Bott-type non-degenerate restriction to its zero
locus A. We only assume that each connected component 4; C A,i =1,--- ,n,
is a Lipschitz submanifold. So each A; has naturally a tubular neighborhood U;
such that A; is the deformation retract of U;.

Let V be the flow generated by the closed 1-form w and a Riemannian structure.
We want to show that V is a generalized w-flow w.r.t. its zero locus A.

Firstly we show that any A € A is an isolated invariant set. Let U be a
tubular neighborhood of A and w: U — A be the projection. We want to show
I(U) = A. Let p € I(U), then for any tg,t1,ty < t1,

1
/ |w(p-t)|2dt:/ w :/ w
to [pto,p-ta] [p-to,m(p-to)]

/ﬂ ™ \/ﬂ'
[ (p'to)v (p~t1)] [ (p'tl)zp'tl]
<C

We use the facts that the integration of w is only dependent on the relative ho-
motopy class of [p - tg,p - t1] and the integration f7 w is bounded from above by
a constant depending on the length of the Lipschitz continuous curve ~.

The above inequality implies that there exist sequences tgr, — —oo and t1; —
+o0o such that |w(p - tox)| — 0 and |w(p - t1x)] — 0 as k — oco. Now the above
formula forces |w(p - t)] = 0,Vt € R. This proves that p € A.

From the above conclusion, we can take a closed neighborhood V; of A; con-
tained in an isolating neighborhood U; s.t. d(0V;,0U;) > 1o, min, = [w(x)| >
go0. Now take the flow neighborhood A;(r) := A;(Ba,(A;),r) for small r. Since
any v € T/4(r) has to go across U; — V; for some i, we have

fo= [

min ( min |w(z)| - d(0V;, 0U;)) > roeo
1<z<n zeU;—V;
Now if we take r sufficiently small, then (1) and (2) in Definition 2.1 holds.
To prove (3) in Definition 2.1, we fix r and then choose Tj sufficiently large
such that Vy € Tg\(r) UT4(r),

/ w= / lwy@)Pdt >  min  |w(z)[*Tp.
(To) x€X—Br(A;)

Therefore we have proved that V is a generalized w-flow w.r.t. its zero locus.
As a direct corollary, the flow generated by a closed 1-form with Bott-type non-
degenerate zero sets is a generalized w-flow w.r.t. its zero locus.
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Example 2.2 A flow v on a manifold M is called a Morse-Smale flow (af-
ter [Sm]) if it satisfies:

(1) The chain recurrent set of v consists of a finite number of hyperbolic closed
orbits and hyperbolic fixed points .

(2) The unstable manifold of any closed orbit or fixed point has transversal
intersection with the stable manifold of any closed orbit or fixed point.

Smale [Sm] proved that such flows have “global” gradient-like structures and
have a Morse decomposition which induces the Morse inequalities.

However, in some cases, although the nonwandering set of the flow contains
only the hyperbolic periodic orbits and the hyperbolic fixed points, the flow is not
a Morse-Smale flow because of the existence of “cycles” which consist of some or-
bits “connecting” different invariant sets and form a closed curve. We can give a
definition of such flows when restricted to the category of flows carrying a cocycle.

a-Morse-Smale flow  Let v be a generalized a-flow with respect to an iso-
lated invariant set A = {A,,---,A1}. If A contains only the hyperbolic orbits or
hyperbolic fixed points, then v is called an a-Morse-Smale flow.

Example 3.3.9 in [FJ2] provides concrete a-Morse-Smale flows.

Example 2.3 (Flows carrying a cohomology class) We consider an ex-
treme case namely that A is empty in the definition of an a-flow v. In this case,
the set I'y(r) UT2(r) = 00 and the only condition that makes v an a-flow is that
there exist constants p > 0 and Ty > 0 such that for any trajectory v(7p) with
time interval T, we have
[ oo
¥(To)

Now the a-flow v becomes a so called “flow carrying a cohomology class” as
introduced by R.C.Churchill [Ch]. The reason that the flow is called “carrying a
cohomology class” is that the above condition is independent of the choice of the
representative in the cohomology class [a]. In fact, if a1 € [a] is another cocycle,
then there exists a coboundary d3, such that

ap —a~f
and so

/ o = / o+ Ble(v(KTv))) — B(s(v(KTo)))
~v(kTp) ~(kTo)
> kp—2Mg



946 Huijun Fan and Jiirgen Jost

where s(y) and e(y) are the start point and the end point of the trajectory -,
and Mg is the bound of 3. Hence if we choose k > [2M++p] + 1, then we have

/ Q> p
~(kTo)

The existence of a flow carrying a cohomology class in a manifold will induce
the vanishing of the Novikov numbers. This result will be given in the last section.

3. a-flows and gradient-like flows

After defining the a-flows, it is natural to find the relation between a-flows and
the well-known gradient-like flows. It seems that an a-flow for a being a non-
trivial cocycle should be a nongradient-like flow. However the following simple
example shows that this is not true.

Example 3.1 Let S' be the unit circle with the standard metric. Let ¢
and @9 be two strictly monotonically increasing functions in the interval [0, 7]
satisfying the following conditions

A
S
]
o
S
5.
S
]
o
A
3
]
[U8)
A
S
=
I
(e}

Define a Ct-smooth circle-valued function

B ele1(z) 0<z<nm
flz) = elp2(2m—2) 1 < 0 < O,

Consequently, f(z) induces a cocycle a(z,y) := J(f)(z,y) : S' x S — R such
that if y lies in a small neighborhood of z, then

/ a = argf(y) — argf(z).
[z,y]

Here the map J is defined in proposition 3.1.1 of [FJ2]. This cocycle is a nontrivial
cocycle. Since if we let v be the oriented curve starting from the point § = 0 and
then going around the circle in the anticlockwise direction, then for any integer

[, we have
/ a = 2ml.
ly

Now we consider the gradient-like flow v on S! that has two fixed points at
0 = 0,7, and flows from the point # = 0 to the point § = w. Then it is easy
to check that v carries the cocycle «, if we let r sufficiently small and take the
parameters A = 1/2,p =1 and ['y(r) UT3(r) = () in the definition 2.1.

Thus, this example demonstrates that a gradient-like flow can carry a nontriv-
ial cocycle.
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Remark 3.1 It is easy to see that for any € S, and ¢t > 0, f[x’x‘t] a > 0.
Hence the pull-back form f*(df) is a Lyapunov 1-form for the pair (—v,0 = 0,7),
which is defined in [Fa3, Fa4]. Though the smooth closed 1-form f*(df) is a
nontrivial smooth closed 1-form, —wv is a gradient-like flow.

We will give a series of theorems and examples to formulate the relation be-

tween a-flows and gradient-like flows. The following theorem is already given in
[FJ2].

Theorem 3.1 Let v be an a-flow on the compact metric space (X,d). If a
is a trivial cocycle, then v is a gradient-like flow. Conversely, if v is a gradient-
like flow, then v is a dg-flow for some continuous function g.

We will give necessary and sufficient conditions to distinguish a-flows and gradient-
like flows.

In this part we assume that v is a gradient-like flow with finitely many fixed
points {p;;j = 1,2,--- ,n}. We can choose an associated Lyapunov function g
and ey > 0 such that for small =, there are dist(g(B,(p;)),9(Br(pi))) > €o for
i # j, and oscp (5 g(y) < ¢ for any x. Firstly we study the local structure of
the gradient-like flow v.

Local structure of gradient-like flows Let p be a fixed point of the gradient-
like flow v. Let 0 < s < 5 and let Bz (p) be a closed ball centered at p with radius

5. Define two sets on the sphere 0B, (p),

Bl (p) = {z € 0B,(p)|[z,x - t] N OBs(p) # 0 for some ¢ > 0}
B, s(p) = {x € 0B.(p)|[x - t,x] N OBy(p) #  for some ¢t < 0}

For any point z € B/ (p), let ¢, denotes the reach time of the trajectory
[z, z - t](¢t > 0) to the sphere 9Bz (p). We have the following lemma.

Lemma 3.1 There exists a rg > 0, such that ¥Yr € (0,7¢9) the following hold:
(1) BE,(p) are closed sets on OB, (p).

(2) ty is a lower semicontinuous function on Bt (p).

Proof. By, (p) are actually the boundaries of the flow neighborhoods A* (B, s)
defined at the beginning of section 2 (or see [FJ2] for detail). Hence they are
closed if s is small enough. Here we prove that it is true for s < r/2.

To prove (1), we need only to prove that the set dB,(p) — B, ,(p) is open in
dB,(p). Since any = € 0B, (p) — B, ;(p) will finally drop into another fixed point
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q, by the choice of g(z), we can choose a < b satisfying for smaller r
(3.1) B(p) C g~ ([b,+09)); Br(q) C g~ ((—00,al)

Since x - t(t > 0) drops into ¢, there exists a T, > 0 such that x - T, is in
the interior of B,(q). Therefore there is a closed ball Ds(x) such that for any
y € Ds(x)NOBy(p),y-Ty is in the interior of B,(q). We can choose § small enough
such that the set Ds(x) - [0,7,] N OBs(p) = 0. Since y - T, € g~ 1((—o0,a]),y -
[Ty, +o0) € g71((—00,a]). Therefore Ds(z) - [0,+00] N dBs(p) =  in view of
(3.1). This shows that dB,(p) — B,,(p) is open in 0B, (p).

To prove (2), let z € B (p) and let t, < 400 be the arrival time. We need
only to prove that for any small € > 0, there exists a neighborhood Ds(x) of x
such that for any y € Ds(z) N B} (p),

(3.2) ty >ty — €

Since t, is the arrival time of the trajectory - ¢(t > 0) to 0Bz (p), - [0,ts — €]
has a positive distance to 835 (p). By the continuity of the flow v, there is a
neighborhood D, such that D, - [0,t, — €] has a positive distance to 9Bz (p) as
well. Hence for y € D, N B, (p), (3.2) is true. O

Since the Lyapunov function g(x) is strictly decreased along any nonconstant
trajectory, there exists a d, > 0 such that g(x) — g(z - t;) = 20,. By lemma
3.1, (2) and the property of g(x), the function g(y) — g(y - t,) is lower semicon-
tinuous with respect to y on B (p). Hence ,/,(p) := min g+ (p) 0z 18 positive
and Vo € Bl ((p), g(x) — g(x - tz) > &, (p). In the same way, we can obtain a
d,s(p) > 0 such that Vz € B, ((p), there is g(z - (—tz)) — g(x) > 0, 4(p)-

Let 0 < s1 < s2 < 5, then we have the following conclusions:

(1) Bl (p) € B, (0); Bry, (0) € By, (p)
(2) 0, (p) <675, ()
(3) There exists so > 0, such that for any 0 < s < so, By ,(p) N B, ,(p) =0

The first two conclusions are obvious. For (3), we can choose sop > 0 satisfying
0SCeB,, (p) 9(2) < min (52?80 (p). Ifthereisa s € (0, so) such that B, (p)NB, ,(p) #
(), then this means that there is a trajectory in B,(p) which has non empty in-
tersection with 0B, (p) and 0Bs(p). But this is absurd, because g(x) is strictly
decreacing along any trajectory. After travelling from 90Bs(p) to 0B, (p), then
back to dBs(p), the value of g(x) will decrease at least 6,7 (p) + 9, ;(p) which
contradicts the fact that oscyep, () 9() < 0screp,, (p) 9(*) < min 67, (p). Hence
for 0 < s < sg, (3) holds.
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Integration of cocycles in a gradient-like flow Let a be a cocycle on
X. Then for sufficiently small r, there is an associated r-covering U (r)(covering
consisting of radius r-balls) such that when restricted to the closure of each open
ball in U(r), a is a coboundary §3, where (3 is a bounded function.

Define dp(r) = minj<j<p 6:% (pj). Since g(z) is uniformly continuous, there
<j<nOpr

exists so < 7 satisfying oscp, (x) 9(y) < %50(7“) for any x € X. By our choice and
in view of the analysis of the local structure of gradient-like flows, it is easy to
see that the following inequality holds:

(3.3) 3maxoscyep, (@) 9(y) < do(r) < 5% (pj) < 65, (p))
for j=1,2,--- ,n.

Theorem 3.2 Let v be a gradient-like flow with finitely many fized points.
a is a cocycle with an associated r-covering. Let U(s) be an s-covering with
5 < sg < j for some sq satisfying (3.3). Then there exist M > 0 and T'(s9) > 0
depending on r,n,a but not on s such that for any (U(s),T(so))-chain 7, we have

(3.4) ‘Aa‘ <M

Recall that a (U(s),T)-chain from x to 2’ is a sequence {x = x1, -+ ,Tpy1 =
a'|ty, -+ ,t,} such that t; > T and each pair (z; - t;,2;41)(i = 1,--- ,n) belongs
to a ball with radius s in the covering U.

Proof Firstly we will prove that given any s < r, for any trajectory v € I'1(s)
with domain [a, b], there exists a constant T'(s) satisfying b —a < T'(s).

Let « € 0Bs(p;), then either the trajectory « -t or x - (—t) for ¢ > 0 will flow
into some different fixed point of v. (There does not exist any trajectory joining
one point to itself.) Without loss of generality, we assume that (x - t)(t > 0)
flows into the point py for k # j. (It is possible that the trajectory may pass
through some ball Bg(p;), but this does not influence the result below.) Hence
there exists a T > 0 such that - T, N Bs(px) # (). By the continuity of the
flow, there exists a small closed ball Dy, (z) which satisfies that for any point
y € Dy, (z) N dBs(p;), the trajectory [y,y - T] N OBs(pr) # 0. This shows that
for any trajectories starting from D, (z) N 0Bs(p;) their time intervals are not
greater than T,. Covering the sphere 0B;(p;) by finitely such small closed balls,
then it is easy to see that any trajectory in I'i(s) starting from 0B(p;) has time
interval not greater than a constant Tj(s). Let T'(s) = maxi<j<p Tj(s), then all
the trajectories in I'1 (s) have time interval not greater than T'(s).

Let v = {0, Y0, 21, Y1, - - , Th—1, Yk—1, Tk|t0, T0, - ,tk—1, Tk—1} be a chain. It



950 Huijun Fan and Jiirgen Jost

Xj§  B4mj)

(r, s4)—chain
0
is called an (r, sp)-chain if it satisfies the following conditions:

(1): =; € OB, (py;) for j =0,1,--- ,k —1 and z} € B(py,);

(2): y;j - 75 € 9By (pyyy,) for j =0,1,-- k= 1;

(3): the point pair (z;-t;,y;) € Bs(m;), for j =0,1,--- ,k—1, where those
Bg(m;)'s are elements in the s-covering U(s) of X.

(4): Bs(pi;),j =0,1,--- ,k — 1 are k different balls, hence k& < n.

(5): tj, 75 < T(s0), where T'(sg) is an upper bound for the time interval of
all the trajectories in I'1(sg).

Now compute the integral of o along a (r, sg)-chain ~.

k—1
JEE M I ED My
gl - 2,251 =0 1y
k—1

j=
(3.5) S
= [z;t5,y5] Jj=0

=+ I+0+V

N
—

= o

Since 0 < tj,7; < T(sp), applying corollary 3.2.3 in [FJ2],
I+ 0 <2kCy

where C} is a constant depending only on max |v(¢)|, « and r.
Connect the point pair (z; - t;,y;) with a line segment, then its length is at
most 2s. Using proposition 3.2.2 in [FJ2], we have

I < kCsy
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B({(P

0

(1) (5)

Here C5 depends only on sg, @ and r.
For V,

V < 2kM,(r)

Combining the above estimates, we have
(3.6) /a| < kC <nC
v

where C' depends on 7, s, a and max |0(t)].
Now the proof of the proposition is changed to the problem to reduce each
(U(s),T(sp))-chain to an (r, sp)-chain, while keeping the integral of « invariant.
Let 4 = {zo,x1, - ,zk|to, - ,tk—1} be a (U(s),T(so))-chain. Consider the
following cases.
(1) If the chain 7 is contained in a ball B,(p;,) for 0 < ig < n, then

| / o] = 1B, (1) — By, (20)

< 08Cze B, (ps) ﬁpio ($) < QMCM(T)

(2) Thereis ko, 1 < kg < k such that the subchain Jor, = {0, 21, , Tk, [0, -,
tro—1} is contained in B, (pji,) but [xk,, Tk, - tk,] does not intersect U?#OBr(pj).
Hence there is a first intersection point Zg of [z, Tk, - tk,] With 0By (pi,). Let
to satisfy o - to = k, - ty, and let §o = zg,+1. Denote the ball containing the
point pair (Zg - to,Jo) by Bs(mg). Since tg, > T(so) and or, C Br(pi,), this
implies that zg, € Bs,(pi,), hence the trajectory [Zo, To - to] does not intersect
with Bs,(pi,). Otherwise,[xg,, Tk, - tk,] starts from Bg,(p;,), intersects 0By (pi,),
then goes back to Bs,(pi,). This conclusion contradicts (3.3) when we check the
change of the Lyapounov function g(z) along [xy,, Tk, - tk,]. Therefore [Zg, Zo - to]
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B.(Po

(2)

(3)

is part of a trajectory in I'1(sg), and we have ty < T'(sg). Since Tg - to = g, - ti,
is not in B, (p;, ), by the choice of s, we know that 4o := w11 ¢ Bs,(pi,). Hence
Yo - tho+1 meets firstly B, (p;,) for some fixed point p;,. Let 3o - 7o be the last
intersection point of [yo, §o - tky+1] With OB, (p;,). In the same way, we can prove
that 7p < T'(sp). Joining zp and Zo by a curve lgz,, then the subchain g, is
reduced to a curve l,,z, combined with a chain {Z¢, go|to, 7o} and it is clear that
the reduction keeps the integral of a invariant.
(3) Thereis a ko, 2 < ko < k such that the subchain 3o -1 = {zo, 21, -+ , T,—1lt0,
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X0 =% *kotk g

(4)

t1, - ,tg,—2} and the trajectory [xg,—1,Zr,—1 - tho—1] is contained in B, (p;,) but
Tk, & Br(pi,). Then we take a point Zg € 9B, (p;,) N Bs(mg), where Bg(my) is the
ball containing (zx,—1 - tk,—1, Tk, ). Since tg, > T(so), the trajectory [Ti,, Tr, - tk,]
will meet Bj,(p;,). We denote z, by 9o and represent the last intersection point
of [Tky, Thy - try) With OBy (pi,) by GoTo for some 7y > 0. Due to the same argument
as in (2), we know that 7o < T'(sp). So Aok, is reduced to the combination of a
curve gz, and a chain {Zo, §0|0,7o}. It is clear that such inductions also keep
the integral of « invariant. Note that x,—1 must be in Bg,(pi,)-

(4) There is a subchain or, = {xo, 21, -, Tk lto, -+ ,tk,—1} contained in
B, (pi,) and the trajectory [xg,, Tk, - tk,] goes through B, (pi,). Let o = 7o be
the first intersection point of [rg,, Zk, - tk,] With 0B, (pi,) and let yo - 7o be the
last intersection point of [zy,, Tg, - tk,] With OB, (p;,) before hitting Bs(p;,). Also
we can prove that 7o < T'(sp) as in (2) and (3). Then the chain gy, followed by
[Zky, Yo - To] is reduced to the combination of Iy, with the chain {Z¢, 90|0, 70},
while the integral of « is invariant under change.

(5) If o ¢ Uj_;Br(p;), then [zg,xo - to] will firstly meet some Bs(pj,). Let
x(, = o - t{, be the last intersection point of [z, zo - to] with OB, (p;,). In the same
way, we can prove t;, < T(sp).

Now using the above steps (2)-(5) repeatedly, any (U(s),T(so))- chain 4 =

{zo,x1, -+ ,xk|to, -+ ,tk—1} can be reduced to the combination of a curve .z, (
or [xo, zo - ty] in case (5)) with an (r, so)-chain ¥ = {Zo, G, -+ , Zilto, To, -+ s Ti—1}
if we can prove that (4) in the definition of a (r, sg)-chain holds.

If (4) is not true, then there exists an (r, sp)-cycle 5. = {Zig, Gigs "+ * » Uiy > Tio | tig»

Tios* "+ »Ti,} where the point pair (¥, - 7,, Ti,) € OBy (piy)-
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Consider the change of the function g(x) along 7.. On one hand, since the two
ends of 7, are z;, and ¥;, - 7,, by (3.3)

E
Ve

where ¢ is from the requirement to the Lyapunov function g. On the other hand,
we have

1

1
< 0SCoe B, (piy) 9(2) < 550(7") <12

€0,

dg >keg — k:m]ax 0SCyeB, (p;) 9(Y) — kmjax 0SCye B, (m;) 9(y) > €0/2

Ye
This is absurd. The contradiction shows that the chain 7 we get from a (U(s), T'(so))-
chain ¥ is indeed an (r, so)-chain. Let ¥ = {Zo, %o, - , Zi|t0, T0, - - - , T1—1}- There-

fore applying the estimate (3.6) and the fact that the reduction from 4 to 7 keeps
the integral of a;, we have

where C' depends on r, sg, « and max ]v )| Theorem 3.2 now is proved. O

Theorem 3.3 Let v be an a-flow with a nontrivial cocycle a on a compact
metric space (X,d). Assume that the sequence {s;} — 0 as i — oo. If for any
M >0 and T > 0, there is a ig € N such that there exists a (U(s;),T)-chain 7;

for each i > iy satisfying
/ a

then v is not a gradient-like flow. Furthermore, if it is Known that for any
M > 0, there is a trajectory 7 satisfying (3.7) or there is an oriented cycle g
consisting of some orbits joining fived points where the direction is determined by
the forward direction of the flow v such that

[0

Proof. The first conclusion is a direct corollary of Theorem 3.2 and the third
one is obvious. We only consider the second case. It is easy to see that if the
time intervals of the trajectories have an upper bound, then for any cocycles on
X the absolute value of the integral, | f;/ a/ has a uniform bound. Therefore the
trajectory 7 with respect to the arbitrary large M has arbitrary large time inter-
val and it is the chain needed for the hypothesis in the first conclusion. ([

(3.7) > M,

(3.8) >1

Y

then v is not a gradient-like flow.

Theorem 3.4 Let v be an a-flow with a nontrivial cocycle o on a compact
metric space (X,d). Assume that the sequence {s;} — 0 as i — oco. If v is not
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a gradient-like flow, then for any M > 0 and T > 0, there is a ig € N such that
there exists a (U(s;), T)-chain 7; for each i > iy satisfying

/a
Yi

Proof Firstly by the same argument as in the proof of Theorem 3.2, we can
obtain a upper bound T'(}) for the time interval of any trajectory v € I't(%).
If v is not a gradient-like flow, then there is a non fixed point x( in the chain
recurrent set of v. Therefore for any s; and T' > 27'(%) there is a (U(s;), T)-chain
¥ = {xo,- - , o = xolto, -+ ,th—1}

Now we consider two possibilities:

(1). If there exists x; such that for any tq > 0 x;-t & U p; () for some ¢ > to,
where p;(r) := A;(V;,r) is the flow neighborhood of p;.

There are two cases. The first case is that after time 7, x; - t becomes a flow
line in I'y(%) UT'3(%). Then

t—T
o> - C,

where 7,C > 0 are constants. Hence we can take the trajectory [z;, x; - t] as the
required (U(s;), T)-chain for T arbitrary large. The second case is that x; - ¢ can
meet infinitely many flow neighborhoods {pi,(r), -+ ,pi;(r),--- }, then

(3.9) > M.

1(t)-1 1(t)-1
/ az Z / a- Z 08Cep, (r) Bpy, (),
[z:,7i1] k=0 Y lzizitlk =1
where [(t) is an integer representing the number of flow neighborhoods that [x;, z;-
t] has met and [z;,z; - t]p € I'1(r) is a trajectory of [z;, z; - t] between p;, () and
Pijyq (). We have

/ a>1t)(1—N)p.
[:pi,xi-t]

If t is large enough, this integral is larger than any given number. Hence we can
take [x;, x; - t] as the required chain.

(2). For any 1, there exists a to > 0 such that z; - t € Ui p;(}) for t > to.

Consider the homeomorphism Pr(z) X — X which maps z to x - T'(}). Let
Bs be any balls in U(s), then by compactness the upper bound of the diameter
of ¢4(Bs),Vt € [0,T(%)], will be less than a uniform constant Cy < § if s is small

enough.

Since [xg, zg - to] will meet the first flow neighborhood p;,(§), we can replace
xo by xzg - tg, since xq - ty is also a point in the chain recurrent set of the flow
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~—

v. So we assume that zg € p; (7). Now we want to modify the (U(s;),T
chain 4; = {zo,--- ,2x = wxolto,--- ,tp—1} to another (U(r),T(}))-chain ~;

{2, @y = wglty, -+ 1)} satisfying that the pair (2 - ¢}, 2%, 1) € pi4a(r
for j =0,1,--- ,k— 1. If Bs,(my) is contained in some p;, (), then we are done.
Assume that B, (m1) is not contained in any p;(r). By the choice of T'(}), the
flow line [z1, 21 -T'(F)] will intersect some flow neighborhood p;, (%) at some point
ry =171 € Br(p;,). If s; is small enough, then (zo - (to+71) € Bz (pi,)), hence

~—

in p;, (r). Let zf, = xo, ) = x1-71, t{ = to+71 and t} = t; — 7. Hence we get the
modified chain {x(, ', 2, -, 2x|ty, 1], t2,--- }. Now x} € p;; (), we can continue
this operation until we get the modified chain ;. So if s; is small, we have

[o=fezXf | —osticn, b, @) 2k1-Np>0
o vi T x’~t;

Here the first equality is because the integration of a only depends on the relative
cohomology class of the path. So if n is large enough, the integral of o along n¥;
will be larger than any given number. Hence (3.9) holds. O
In view of Theorem 3.2-3.4, the following corollary is obvious.
Corollary 3.5 Let v be an a-flow on the compact metric space (X,d). If
for any chain 7,
/ o
¥

for some M > 0, then v is a gradient-like flow.

<M

Example 3.2 Let v be a flow on S* which has three fixed points at § = 0, %’r, %’T,
and the forward direction of the flow is the anticlockwise direction. It is easy to

see that v carries a nontrivial cocycle and is a non gradient-like flow.
4. An algebraic theorem relative to m-Morse decomposition

In this section, we let X be an m-dimensional compact polyhedron with met-
ric. Let v be a a-flow on X, where « is a nontrivial cocycle with higher rank.

By Theorem 3.4.4 in [FJ2], the flow v has a m-Morse decomposition, where
7 is the deck transformation group on the covering space X determined by the
cocycle a. Assume that 7 is spanned by G4 := {l1, - ,ls}, where s is the rank
of a. By the proof of Theorem 3.4.3 in [FJ2], we can get s pair cross sections NZ-jE
that satisfy the relations:

i N, =Nti=1--s.

The union U{_;(N;" U N;”) forms the boundary of a fundamental domain Xj.
Since X is a compact polyhedron, we can take an m — 1-dimensional polyhedron
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+
N 2
R2
I :
N, | TRy o+ > xo, 1 X
| : N 1 0,2
f
N 2
N
Xo No 1 0,2
Fi1GURE 1. Cell decomposition
approximating the cross sections IV, for i = 1,--- ,s such that the intersections

Ny = N;, "N, N---N; ya={i1--- ,ir} are polyhedra with codimension 7. So
without loss of generality, we can assume the cross sections NZ»jE and their inter-
sections are polyhedra. For convenience, we denote N, = IV;.

Cell decomposition of the fundamental domain We can retract N;r a
small distance € into the inner part of the fundamental domain to get a home-
omorphic codimension 1 polyhedron (see Figure 1. for s = 2 case). We denote
the obtained polyhedron as R;. Let i;  : R; — Xo, j = 1,--- ,s be the inclusion
and ij _ : R; — N; be the homeomorphism.

Let I* = (0,1) be the 1-dimensional cell in the s — th direction. Firstly
we delete Ry x eI' and get a polyhedron Nop,1. Denote Xo1 = N071/N1+. We
call G1 = (Xo,1,No,1,R1,%1,+) to be the first gluing data. Assume after r-th
excision, one has the gluing data G, = (Xo,, Noy, R1,---, Rryi14, - ,ir+).
Now deleting R,41 x eI"t! from No,, we get the polyhedron Np,i1. Define
Xor+1 = Nopy1 — U:illN;r Hence after r + 1-th excision, one has the glu-
ing data G,41. Continue this process until we get the s-th gluing data G, =
(Xo,ss Nos, R1,- -+ R, %14, ,is+). Gj is called the i-th gluing data because
starting from these data, one can reconstruct and give a compatible cell de-
composition to the fundamental domain Xy through i times inverse attaching
operations.

Now we want to construct a compatible regular cell decomposition of Xj.
Firstly we chose an arbitrary cell decomposition of Ui_; (RS N X ), where RY is
the interior part of R;. Then the homeomorphisms i; _,j = 1,--- ,s provide a
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cell decomposition of the other half part of the boundary of Xg ;. In the interior
of Xy s, we choose an arbitrary compatible regular cell decomposition. Then we
get a cell decomposition of X . Now the action of the group provides a cell
decomposition of Nys. At this moment, we can use our gluing data to add the
cylindrical cells to Ny 5. We add firstly the cell e x el for e € Ry N Ny s to Nog
by the inclusion map i, 1 and by identifying the end e x {1} to l5-is (). So we
obtain a cell decomposition of Ny s—; with the gluing data Gs—;. Continuing this
process, we can obtain a compatible regular cell decomposition (i.e., each closed
sets appeared here are all cell subcomplexes) of Xj.

Since No is a cell complex, we can choose arbitrary orientation of a cell
e € Cy(No,s). Hence fixing the incidence coefficients appearing in the boundary
operator of the cell chain complex. For the orientation of the cylindrical cells
e x I'' x .. ' we choose the natural orientation, i.e., the order i; < ig--- < iy
defines the positive orientation. The orientation of the product cell e x 't x - - - [
is uniquely determined by the orientation of the factor cells. So the incidence co-
efficients of the boundary operator of C,(Xy) are uniquely determined.

Deformation of cell chain complexes Let a € Cy(Xp), then there is a
unique decomposition

a= (=171 1 )e(or) x eI' +af.

Define (1 () = a1, B1(a) = o and 01 (ay) = (—=1)97 (i1 4 )«(a1) x eI'. We have

the relation
(61,1) (g%) = Id.

Similarly, for a € Cq(Ny —1) we have the decomposition

o = (—1)q_1(ik7+)*(ak) X GIk =+ Oé;c.
Let Bi(a) := ax € Cyu1(Ry — UFTR; x I') | Bi(a) := o}, € Cy(Noyx) and
Ok (k) :== (—1)771(ig 4 )«(ax) x eI*. We have the equalities

(4.1) (ek,1)<g’7) =Id,i=2,-,s
k

Lemma 4.1 6y, By, B), are maps satisfying the following equalities:

(1) dng oy © Ok + 0k 0o dr, =l - (ik,— ) — (k4 )
(2) Brodng, +dr, 0Bk =0
(3) BrodNy oy — ANy, © By, = (I - (ig,—)s — (g4 )x) © B

The above relations can also be written in matriz form:
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—d 0
dNo,k—1 o <9k7 1) - (eka 1) ( f:k dNO k)

Bk —dg, 0 Bk
ANy oy = ¢
</Bllc ® *No,—1 Tk dNo,k ﬁl/c
Here fi := lg - (ig,~)x = (i )x-
Proof
(1) Let a € Cy_q(Ry — UFZ!'R; x I'), then
ANy oy © Ok (@) = dig o, (=17 (i1 ) (@) x €I®)
= (= 1) ig 1 )u(dr, @) X eI® + (I - (i) = (ik4)4) (@)
= —0Ok o dp,a + (I - (i, ) — (ik,+)) (@)
(2) Assume o € Cy—_1(Ng —1) has the form
a= (—)q_2(ik7+)*(el) x eI* + e,
where e; € Cy_o(Ry, — Ufz_llRi x eI’) and ey € Cy—1(No,x). Then
ANy 0 = (=) 2 (k0 )w(dryer) X eI + (I - (i, )w — (ik,+)4)(€1) + dny €2,
hence

/Bk o dNO’k_la = _de o /Bk(a>7
and

B 0 Ay & = (li - (k= )« = (ik+)+) © Brla) + dng . © Br(a)
O

Lemma 4.2  Let fi = lj - (it~ )« — (ik4)s, k = 1,--- 5 be the chain map
from Cu_1(Ry — UM R; x I') to C._1(Nog). Then (8y,1) is a chain isomor-
phism from the cone con(fy) = (Cu_1(Rp — UST Ry x I') @ Cy_1(Nog),d¥) to
(C«(Nok—1),dNy ,,_, ), where the differential of the algebraic cone is

dk — _de 0
¢’ fe dng,

Proof. By equalities (4) and (5) of Lemma 4.1, (6k,1) and (ﬁl,") are chain
k
maps with respect to corresponding cellular chain complexes. Furthermore, we

have
(05, 1) <g’£> =1Id
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() 0= a1)

Therefore (6g, 1) is a chain isomorphism. O

and

Lemma 4.3 Let
Dl = Cqo1(R1) @ Cq1(Ry — (in,4)(Ry) x el') & -+
®Cq-1(Ri — USZ{ (15,4 ) (R)) x eI’) @ Cy(Nog)
—dg, -+ 0 0 0

(4.2) det = fll:—l,l oo —dp,, 0 0
fllgj,l fl]cj,k—l _d/Rk 0
SFen o P ok v,
Here
frlfq,,n = ﬁm o ;n,1 o '/B;H»l © fnu
for1<n<m<k;
/
fkk,n =00 By 'ﬂéﬂ ° fn,
for1<n<k-—1; and
/
ek = T

Then (D¥,d.y) is a chain complex.

Proof. We prove d.j o d.r = 0 by using induction for k. If £k = 1, then
Di = C*_l(Rl) (&) C*(No,l) and

—dr, 0
de1 = ! .
-1 < fi dN071>

It is obviously a chain complex. Assume that (Df,dc,k) is a chain complex, we
want to show that (DF™! d. ;1) is a chain complex. Notice that for 1 < n <
m < k, we have

k+1 _ ¢k
mmn fm,n'

Therefore d.j and d. ;1 can be expressed by block matrices:
dip 0
dep =
* <f k ANy, )
dy, 0 0

dej1 = | Brev1 - fr —dryy, 0
ﬁ]{c+1 : fk‘ fk’-‘rl dNO,k+1

and
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According to the assumption, we have the relations:
Jk o Jk =0,
and
Fudi + dny , fr = 0.

Let Br41 and G}, act on the above equality and using the formulas (2) and (3)
in Lemma 4.1, we obtain

Brer1 - fi - de — dryyy - Bes1 - fo =0,
and
Brosrw fr - dy + ANy iy Bresr - fr+ fertr - Berrfr = 0.

combining the above two relations, the fact that dy o dj, = 0 and Lemma 4.2, we
can deduce d¢ jy1 - de g1 = 0. Il

Lemma 4.4 Vk =1,---,s, the cellular chain complex (D¥,d.}) is chain iso-
morphic to (Cy(Xo),dx,)-

Proof. Firstly we will show the following map

1---0 0 O
0 1 0 O : Cqm1(R1) ® Cq—1(Ry — (i1, 4)(Ry) x eI ') @ - -
0-- 00k 1 (k4+1)x (k+2)

® Cq1(Rpy1 — Uiy (i4) X el’) @ Cy(Nopy1) —
Cy1(R1) & Cy1(Ra — (i1 1) (R1) x eI") & -+ & Cy1 (R — USZ] (i51)

xel7) @ Cy(No k)

is a chain map, i.e., it should satisfy the commutation relation:

1--0 0 0 1--0 0 0
AN DT EEPE R
0--1 00| T 001 0 0
0. 00y 1 0. 00y 1

This is equivalent to the following equality:

( di i 0 0 > B (c@c 0 0 >
Ok +18611fk + Bt - fro —Okr1dryy + frr1 dngiyn fedng  Okr1dng, )
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where fk, dj, are defined in Lemma 4.3. Now this is true by Lemma 4.1 and the
fact dng [N ky1 = ANg sy - Thus we proved

Id 0 0

0 Okl
is a chain map. It is also an isomorphism, since it has an inverse chain map:

Id 0

0 Br+1

0 B
Therefore we proved (Df+17d07k+1) is chain isomorphic to (Df,dc’k) for any
k=1,---,s. Note the £ = 1 case was already proved in Proposition 4.1.1 in
[FJ2]. O

Define 7, as the monoid constructed by (G4,e) with the group action from
m. Let pe : m(X) — 7 be the extension of m by the normal group m(X). Since
7, is a monoid in 7, the set p (7. ) is also a monoid of 71 (X). We denote

pz () by m1(X)y. Zm(X)y is a subring of Zm(X).

Tensor (D¥,d, ) with the ring Zm(X), then we have the Zm; (X );-module
chain complex (Zm1(X)+ ® DF, I ® d.).

On the other hand, we can lift the related quantities (subcomplexes, or maps)
to the universal covering space X such that they become (X ), -equivariant.
For instance, we can lift the m — 1-dimensional polyhedra Uger, g- R; to X such
that the obtained polyhedra R; is 71 (X)4-equivariant. If F is a map (G, B, fies

etc.), then the action of the lifted map F is defined as: F(g-e) = g - F(e). Thus

we can get a Zm(X)-module cellular chain complexes (D¥,d,. ), where
[?g = Cy1(R1) @ Cy1(Ra — (114)(Ry) x e[V @ - --
©Cq-1(Ry, — U1 (ij,4) x eI’) @ Cy(No)
and d.j is defined by the same form of the matrix (4.2), and the difference is
that the entries of (4.2) are replaced by their lifting homomorphisms.

It is easy to see that the two Zm(X)4-module chain complexes (Zm1(X)+ ®
D T® dc) and (Df,dc,k) are chain equivalent.

Let X'Jr = Ugem (X)+g-)~(0. By Lemma 4.4, it is obvious that the following holds.

Proposition 4.5 The two Zm;(X)-module chain complezes (Cy(X,), df(+) and

(DS, des) are chain equivalent.

Monodromy representations and Novikov numbers In this part, we will
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generalize the crucial theorem, Theorem 4.2.1 in [FJ2] for an integral cocycle a
to a higher rank cocycle a. To get such a theorem, one needs also to study the
monodromy representation and the evaluation representation as in [FJ2].

Since 7 is a commutative group with rank s, we obtain a group homomorphism

pry (X)) 25w 24 78,

Here pa(I{* -+ -1%¢) := (a1, -+ ,as). Thus we have a ring homomorphism
pry ¢ Zm(X)] — ZIZ°).
This ring homomorphism can induce another ring homomorphism
pg: Zm(X)] = Qs = Zlti t; i =1,2,-- , 5]
defined as, for g = Z:zj(lile 157 € Z[n],

@ ;
palg) =D 2ty - 157

In fact, pq is fully determined by the group 7 and its representation. Restricting

pq to the subring Z[m(X)4], we can get a ring homomorphism

PP = IOQ|Z[71’1(X)+] : Z[ﬂ-l(X)-F] — Py = Z[tla Tt 7ts]

Let E~be a local system of free abelian groups on the compact polyhedron X,
then £ is determined by its monodromy representation pz:

pg: m(X,20) — Aut(Ep) = GL(k,Z)

where Eo is the fibre of the free abelian group at xp and k = rank(E‘o). Let
FE =F ®C, then F is a complex flat vector bundle with the holonomy pg

pe: m(X,x0) — GL(k;Z) @ C

Now the tensor product of the representations p, ® pz gives a representation
of a Z[m1(X)]-ring to the linear space (Q,)*, where Qs is the polynomial space
with s variables over Z.

Since pj is an anti-homomorphism, i.e., Vg, ¢" € Z[r1(X)], pe(9-9') = pe(d’) -
pE(g), hence pp ® pi gives a right Z[m (X )]+-module structure on P¥. With the
P,-module structure of itself, P¥ becomes a (Pj, Z[r1(X)])-bimodule.

Define D, = Psk Qi (X)) 4 C., (X'+), then D, is a Ps-module chain complex.

Evaluation representations Take any complex s-vector a = (ag, - ,as) €
C?. The complex number field C can be given a Ps;-module structure, whose mod-
ule structure is provided by the action: for a polynomial P(ty,--- ,ts), P(t1, - ,ts)-
x = P(ay, - ,as) -z = P(a)-x for x € C. We denote the Ps-module of C evalu-
ated at t = a by C,. Similarly for any a € (C*)*, C can be viewed as a Qs-module.
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If p is a prime number, then the field Z, also has a Ps-module structure which
is given by the evaluation at ¢ = 0. We consider the complexes C, ® p, D, and
Zy®p, Dy. The following theorem is the generalization of Theorem 4.2.1 in [FJ2]
for higher rank a.

Theorem 4.6 Assume ranknr = s > 1. Let D, = PF ®zfm1 (X)4] C.(Xy) be
defined by the above argument. We have

(1) For any nonzero complex vector a € (C*)*, the homology H.(C, ®p, D)
is isomorphic to H (X, a® ® E), which is viewed as the homology of the
presheaf a® @ E on X, where the presheaf a® on X is given by the mon-
odromy representation pp : Z[m1(X)4+] — Ps(a) = Zlay, - - - ,as].

(2) Let p be a prime number and let Z,, have the Ps-module structure which
is provided by the evaluation at t = (t1,--- ,ts) = 0. Then the homol-
09y H.(Zp ®p, Dy) is isomorphic to Hi(Xo,s,U;_1 (ij+)(R;); Zp @ P*E),
where E is a local system on X and P*E is the pull-back local system on
Xo,s by the projection Pr: X — X.

(3) Hi(Co ®p, Dy) is isomorphic to H.(Xo,s,Uj_q(ij+)(R;); PrE).

Proof. Since the proof of (3) is the same as that of (2), we only give the proofs
of (1) and (2).

(1). Since the Z[m(X)]-basis of C.(X,) is finite, all the complexes related

to C(X4) are finitely generated, and hence all the homology groups are finitely
generated.
For a € (C*)®, we have the isomorphism

Ca ®p, D* =Cq ®p, ((Ps)* @70, (x),) Co(X4))
=(Cq ®g(s) (Q)*) ®zpmy (30 (Z[r1(X)] @y (3),] Cx(X4))
~(Cq ®z ZF) ®zpr (x)) Cx(X)
=C* @, (x)) Co(X).

Here the representation of Z[m;(X)] is given by
9 — ppra)(9) @ pE(9).
Hence the homology of CF @z (x)] Cx (X') is the same as the homology of the

presheaf ™ ® F on X that corresponds to the flat vector bundle produced by the
above holonomy representation. (1) is proved.
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(2)
Zp ®p, D" = L, @p, (PF @giry(x),] Ce(X4)) = Zy @z, (x),) O (X4).
Here the representation of Z[m(X)4] on Z’; is

(4.3) 9 — pp0)(9) ® pe(9)-

Since pp(0)(9) = Pp(0) - PAPe(g), except in the case that g € Z[m(X)] satisfies
pe(g) = 1, the evaluation representation will make the final representation vanish.
Hence (4.3) becomes

9 — pe(9), ifpe(g) =1

g —0, if pe(g) # 1.
By Proposition 4.5, in order to prove (2), we need to prove that Z’; Oz (X)4] Ds

is equivalent to (Z, ® PrE) ® Ci(Xo,s,Uj_1(ij,+)(R;)). Now we have

Zl; ®Z[7r1 (X)+] D; = (Zl;) ®Z[7r1(X)+] Cq—l(Rl)) D--- (Z]; ®Z[7r1(X)+] @CQ(NO,S))'

If we take E®C,(R; —U;;ll (ij+)(Rj) x €I?, NT) as the complexes with twisted
coefficients F, then Z§®Z[WI(X)+]C*(];?¢—U§-;11 (ij)(R;)xell) =2 Z,2(E@C,(R;—
U;;ll (ij+)(Rj) x eI’ NT)) (Notice that the evaluation map at t = 0 makes ~the
cell lying in Nt vanishing). Similarly Z’; ®zm (x)4] Cx(Noy) = Zp @ (PrE ®
Cy(Xo,+)). Therefore

ZE @zpry(x)4] DS 2 (Zp ® (E® Comt(R1,NT)) &+ & (Zp ® (PFE ® Ci(Xo,s))

Denote this complex by D3 Tts differential becomes

—dgp, -+ 0 0 0
00 _ . : . : : :
(44) dc - Zs—l,l e —dR571 0 0
) -5
ts1 " lgs—1 _dR.s 0
.g/ ./ .g/
V1 Viss—1 Vs dNO,s
Here
.S / / -
Ymon = _/Bm O Pm—1""" 6n+1 © 4,
for1<n<m<s,
s/ / / / .
? s _ﬁs © ﬁs—l o 'ﬁn—i-l Oln,+,
for1<n<s-—1,and
sl .
Ligs = Tls4-

Now for convenience, we assume the coefficient ring is the integer ring.
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Define maps
L= (i, >i§,17i§:1)  Co(R1, NT) —
D3 = Cu1(Ry — (i14)(R1) x e', NY) @ -+ ® Cu(Xo.5),
and
P =D — DS = Cu 1 (Re — (i1, )(R) x IR UNT) @ --- @ C.(Xos, R1)
to be the quotient map. Let di”' be the matrix obtained from (4.4) by deleting

the first row and the first column. We have d5' o d5' = 0. Hence (Di’l, df;l) is a

chain complex. It induces the quotient chain complex (D**, Jﬁ’l). The following
is a short exact sequence.

(4.5) 0— Cy(Ry) 5 D3t 24 st
To see this, we have to show the following three points:

(1) P1 o) Il =0
(ii) kerP, C iml;
(iii) I, P; are chain maps.

(i) is obvious. Assume Pj(ag,- -, as,af) =0, 1e.,Vj=2,--- s,

aj € RiNR; —U/Z{Ry x eIt = N

and
Oé; € X()’S — U;ZQRJ‘.
Let
S
a=—_0i(a;)+al).
j=2
Then we have I1(a) = (a2, -, as, al). Hence (i) is proved. To prove (iii), one

need only to check the commutative diagram:

I s
Co(R1) —— Dq’1

b e

I s
Cy-1(R1) —— DI

i.e., check the equality:dﬁ’1 - Iy = I - dg,. This holds in view of the relation
d*V - d*Y = 0. Hence (iii) is proved.

From the short exact sequence (4.5), we obtain the long exact sequence:

o= Hy(Ry) 25 Hy(DPY) — Hy(DS') —

(4.6) — Hy1(R1) 25 Hy (DY) — -+
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Similarly, from the short exact sequence
0 — Cu(DP!) = CuD3?) = (Cumi(R1), —dp,) — 0
we get the long exact sequence
= Hy(Ri) 2 Hy(D') — Hy(D2°) — Hy-1(Ra) 5 Hya (DY) — -
The two long exact sequences yield the following two short exact sequences
0 — Coker(I; : Hy(Ry) — Hy(D3')) —H,(D3) —
—Ker(l1 : Hy—1(R1) — Hy—1(DEH)) — 0
and
0 — Coker(Iy : Hy(Ry) — Hy(D3')) —H,(D") —
—Ker(ly : Hy(Ry) — Hy (DY) = 0
Using the Five-Lemma, we get for any ¢ > 0
H,(D'") = Hy(D:).
Continuing our operation, finally we get
H,(D30) = Hy(D3") = Hy(Xo.s, Ui Ry).

Hence we finally proved the second conclusion of this theorem. O

Novikov numbers In Theorem 4.4, we have considered the complex D, = Pf
®Z[W1(X)+]C*()~(+). In this part, we always let the vector bundle F that appears
in Theorem 4.6 be a trivial line bundle. Then the complex D, there has the
form D. = Ps ®zr, (x),] C.(X4). Since the representation of Z[m1(X)4] in P;
is completely determined by the cohomology class [a], we denote the homology
group H,(C, ®p, D) as H,(X,a®), or in other words, view the homology group
H,.(C,®p, D,) as the homology group of the presheaf a® on X which is given by
the monodromy representation pp : Z[r1(X)4+] — Ps = Z[t1,- - ,ts].

The following is essentially given in [No3].

Proposition 4.7 Let X be a compact polyhedron. Define a function for fixed
to be

a € (C*)° — dimc H;(X,a®%),
then it has the following properties:

(1) It is generically constant, more precisely, except on a proper algebraic sub-
variety L in (C*)*, the dimension dimc H;(X,a®) is constant and this constant
is just the Novikov number b;([a]) we defined above.

(2) For any point a € L,

dimgc Hi(X, da) > bz([a])



968 Huijun Fan and Jiirgen Jost

Definition b;([a]) := rank(H;(D,)) for ¢ = 0,1,--- ,m are called the Novikov

numbers.

Remark If s = 1 and X is a closed manifold, then it was proved in [Fa5]
that the Novikov number we defined here is the same as the Novikov number
which is defined as the dimension of the homology group of the Novikov complex.

5. Novikov-Morse type inequalities for higher rank «

Theorem 4.6 is crucial in the proof of Novikov-Morse type inequalities. As
long as we obtain theorem 4.6 for flows carrying a higher rank cocycle «, we
can follow the same line as in the proof in [FJ2] to get the expected analogous
inequalities. We omit the similar proof as in section 4.4 and 4.5 of [FJ2], and
only list the results.

Ideals Let Py = Z[t1,--- ,ts] be the polynomial ring with s variables over
the integers Z. Let (t1,---,ts) be the ideal generated by ti,---,ts. Define
I ={{teC 1+ (t1,--,ts) = 0}. Let a € (C*)® be not in I. Define I, to
be the prime ideal in the polynomial ring P, consisting of the polynomials van-
ishing at a. By the choice of a, the free terms of all the polynomials f(t) € I,
are divisible by some prime number p. Therefore we obtain

IaCIp: <p>+<t17"' 7ts>

Theorem 5.1 Let X be a compact polyhedron with a metric d. Let o be an
continuous cocycle and v be a generalized a-flow w.r.t. an isolated invariant
set A = {Aq,---,A,}. Let E be a local system of free abelian groups and let
E=CQ®E. IfaeC*anda g I =1+ (t,--- ,ts) C Ps, then there is a prime
number p relative to a such that

> p(h(A);t, 2, @ T3, E) = p(X;t,a” ® E)
A,eA
(5.1) + (1 +)Q1(1a, Ip;t) + (1 +t)Q2(Ip; t)
where Ja, is the inclusion map from the isolating neighborhood of an isolated

invariant set A; to X, and Q1(Ia, Ip;t) and Qa(Ip;t) are all polynomials with
nonnegative integer coefficients.

Corollary 5.2 (Euler-Poincaré formula) Under the hypothesis of Theorem
5.1,

(5.2) S p(h(A); —1, 2, @ J5E) =p(X, -1, a® ® E)
AeA
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In particular, if E is a trivial line bundle, then

(5.3) > p(h(A); —1, Zp) = x(X)

AcA

for any prime number p. Here x(X) is the Euler characteristic number of the
compact polyhedron.

As explained in [FJ2], if the cocycle « is a trivial cocycle, then the above
Novikov-Morse type inequalities will induce the Conley-Morse type inequalities
given in [CZ]. If w is a closed 1-form with higher rank, then Theorem 5.1 gener-
alizes the rank one case which is proved in [FJ2]. We have

Theorem 5.3 Let w be a closed 1-form with critical set A consisting of fi-
nitely many connected components. Each component is assumed to be Lipschitz
submanifold. Let E be a local system of free abelian groups and E = C @ E.
Assume that a € C* anda ¢ I =1+ (t1,--- ,ts) C Ps. Then there is a prime p
such that

> p(h(A);t, Z, @ J4E)
AeA
=p(X,t;a* @ E)+ (1+t)Q(E, 1)

where Q(E,t) is a polynomial with nonnegative coefficients.

If the closed 1-form w in Theorem 5.3 has only non-degenerate isolated zero
points or Bott type non-degenerate zero locus, then the above theorem reduces
to the theorems proven by M. Farber [Fal, Fa2](The reader can also see [FJ2] for
a complete description of those cases).

Corollary 5.4 (Classical Novikov inequality) Let X be an oriented closed
smooth manifold and w a Morse closed 1-form. Then the numbers c;j(w) of zeros
of w having index j satisfy

(5.4 (= ejmile) 2 3 (=1)y-lw])

forj=0,1,--- 'm.

Theorem 5.5 Let v be an a-Morse-Smale flow w.r.t. A = {A,, -, A1}.
Let ¢ be the number of hyperbolic fized points with index j, a; be the number of



970 Huijun Fan and Jiirgen Jost

the hyperbolic periodic orbits with index j, and p; = cj + aj +aji1. Then

1 >b;([a])
(5.5) D (=1 =Y (=177 (o)
1=0 1=0

forj=0,1,--- ,m.

Theorem 5.6 (Vanishing theorem) Let X be a compact polyhedron with
a metric d. If there exists a flow carrying a cohomology class [a] on X, then

bz([a]) = 07 Vi = 0717” T, M.

Example 5.1 Let f: X — X be a homeomorphism from the compact polyhe-
dron X to itself, then we can define the mapping torus of f:

Ty o= {(z,t)]z € X,t € [0.1]}/(x,0) ~ (f(z),1).

Then the natural projection 7 : T — S! provides a nontrivial cocycle v = J () :
X x X — R (where J is defined in proposition 3.1.1 of [FJ2]). Define the flow
carrying the cohomology class « as: for 0 < s < 1, and V¢t € R,

[$’ 8] 1= [f[[s—H]](x)’ (5 + t)]v

where [-] is the function taking the integer part and (-) is the function taking the
decimal part. According to Theorem 5.6, we have

bi([a]) = 0, Vi.
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