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Abstract: Let X be a locally symmetric space associated to a reductive
algebraic group G defined over Q. L-modules are a combinatorial analggue of
constructible sheaves on the reductive Borel-Serre compactification X; they
were introduced in [33]. That paper also introduced the micro-support of an
L-module, a combinatorial invariant that to a great extent characterizes the
cohomology of the associated sheaf. The theory has been successfully applied
to solve a number of problems concerning the intersection cohomology and
weighted cohomology of X [33], as well as the ordinary cohomology of X
[36]. In this paper we extend the theory so that it covers L2-cohomology.
In particular we construct an L-module (2(3) (X, E) whose cohomology is
the L2-cohomology H3)(X;E) and we calculate its micro-support. As an
application we obtain a new proof of the conjectures of Borel and Zucker.
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0. INTRODUCTION

The L2-cohomology H9)(X;E) of an arithmetic locally symmetric space X
plays an important role in geometric analysis and number theory. In early work,
such as [3] and [17], the application of L2-growth conditions was to single out cer-
tain classes in ordinary cohomology, while later the focus shifted to an intrinsic
notion of L2-cohomology, as in for instance [4], [14], and [42]. Zucker conjec-
tured [42] that the L2-cohomology of a Hermitian locally symmetric space X is
isomorphic to the middle-perversity intersection cohomology I, H(X*;E) of the
Baily-Borel-Satake compactification X*. More precisely, the conjecture stated
that there is a quasi-isomorphism 2(5)(X*; E) = Z,C(X*; E) between complexes
of sheaves which induces the above isomorphism on global cohomology. Since
X* is a projective algebraic variety defined over a number field, the conjecture
is very relevant to Langlands’s program and in particular the study of zeta func-
tions. Zucker [42], [44] verified the conjecture in a number of examples. Borel [5]
settled the conjecture in the case where X* had only one singular stratum; the
case of two singular strata was proved by Borel and Casselman [8]. The conjec-
ture in general was resolved in the late 1980’s by Stern and the author [37] and
independently by Looijenga [26].

From the point of view of representation theory, it is natural to consider the
situation where X is an equal-rank locally symmetric space, which is a more gen-
eral condition than being Hermitian, and where X* is a Satake compactification
for which all real boundary components of the underlying symmetric space D are
equal-rank. Borel proposed [6, §6.6], [44] that Zucker’s conjecture be extended to
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this case. Soon after [37] appeared, Stern and the author (unpublished) verified
that their arguments could be extended to settle Borel’s conjecture; this relied
partially on a case-by-case analysis.

However for the applications to Langlands’s program, one wishes to compute
the local contributions to a fixed-point formula for the action of a correspondence
on I,H(X*;E). This is complicated by the highly singular nature of X*. Con-
sequently it is desirable to work on a less singular/\compactiﬁcation of X such
as Zucker’s reductive Borel-Serre compactification X [42], which he showed [43]
has a quotient map : X — X*. Rapoport [30], [31] and independently Goresky
and MacPherson [22] had conjectured that I,H (X*;E) = IpH()?;E); more pre-
cisely there should be a quasi-isomorphism R?T*IPC(X ;E) 2 Z,C(X*;E). We note
also important related work involving weighted cohomology due to Goresky and
MacPherson and their collaborators [19], [20], [23].

Rapoport’s conjecture was proved in [33] for the equal-rank setting by using
the theory of L-modules and their micro-support. An L—Inodule M is a combi-
natorial model for a constructible complex of sheaves on X; the micro-support of
an L-module together with its associated type are combinatorial invariants that
to a great extent characterize the cohomology of the associated sheaf S(M). The
theory is quite general and can be applied to study many other types of Acoho—
mology groups associated to X, for example the weighted cohomology of X [33]
and the ordinary cohomology of X [36].

Despite the utility of £-modules, they have not yet been used to study L?2-
cohomology itself. (Although L?-cohomology was used as a tool in [33] to prove
the vanishing theorem recalled in §6 below, it was not itself the focus of study.)
Of course, L?-cohomology is by now fairly well-understood; besides the above ref-
erences, we note for example other work of Borel and Casselman [7] and Franke
[16]. Still it would be valuable to treat L2-cohomology and intersection coho-
mology within the same combinatorial framework. One difficulty that arises is
that the original definition of an L-module does not allow for the infinite di-
mensional local cohomology groups which can arise with L?-cohomology. More
seriously, technical analytic problems arise in trying to represent L2-cohomology
as an L-module.

In this paper we overcome these issues and construct a generalized L-module
2(2)(E') whose cohomology is the L?-cohomology H9)(X;E). We also calculate
the micro-support of {25 (E). These results apply to any locally symmetric space,
without the equal-rank or Hermitian hypothesis. In a sequel to this paper, we
will modify £2(5)(E) to obtain an L-module whose cohomology is the “reduced”
L?-cohomology isomorphic to the space of L?-harmonic differential forms and
compute its micro-support.
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As an application of our micro-support calculation and the techniques of [33]
we obtain here a new proof of the conjectures of Borel and Zucker. Elsewhere we
will show that a morphism between L-modules which induces an isomorphism on
micro-support and its type also induces an isomorphism on global cohomology.
Consequently when the micro-support of §2(2)(£) is finite-dimensional (which oc-
curs precisely under the condition given by Borel and Casselman [7]) we recover
Nair’s identification of L?-cohomology and weighted cohomology [27]. More gen-
erally if (Elog)* 2 Elog then we will establish a relation between the reduced
L?-cohomology, the weighted cohomology, and the intersection cohomology of X ,
even beyond the equal-rank situation. (The condition (E|og)* = E|og is standard
in this context; without it both the L?-cohomology and the weighted cohomology
vanish.) Unlike the situation of the Borel and Zucker conjectures, this will not in
general be induced from a local isomorphism on a Satake compactification X*.
We note that the relation between reduced L?-cohomology and weighted coho-
mology can likely also be proven using results of Borel and Garland [10], Franke
[16], Langlands [25], and Nair [27].

The paper begins in §1 by reviewing the notation that we will use; in particular
D will be the symmetric space associated to a reductive algebraic group G defined
over Q, and X will be the quotient I'\D for an arithmetic subgroup I' C G(Q).
In §2 we briefly recall the definition of L?-cohomology and the L2-cohomology
sheaf. We give special attention to the case of a locally symmetric space X with
coefficients E determined by a regular G-module E (that is, where G — GL(FE) is
a morphism of varieties). In §3 we outline the construction of the reductive Borel-
Serre compactification X of X ; it is a stratified space whose strata are indexed
by P, the partially ordered set of I'-conjugacy classes of parabolic Q-subgroups of
G. The stratum Xp associated to P € P is a locally symmetric space associated
to a certain reductive group, namely the Levi quotient Lp = P/Np, where Np is
the unipotent radical of P.

In §4 we recall the notion of special differential forms on X [19]; these are
needed in order to associate a sheaf S(M) to an L-module M. The important fact
for us will be that a special differential form on X has a well-defined restriction
to a special differential form on any boundary stratum Xp of X. The definition
of an L-module is recalled in §5. Briefly an £L-module M consists of a collection
of graded regular Lp-modules Ep, one for each P € P, together with connecting
morphisms fpg: H (ng; Eq) — Ep[l] whenever P < Q; here ng is the Lie algebra
of Np/Ng. These data must satisfy a “differential” type condition (33). We also
recall the associated sheaf S(M) on X as well as pullback and pushforward
functors for L-modules which are analogues of those for sheaves. In §6 we recall
the micro-support of an L-module and state a vanishing theorem proved in [33].
This theorem asserts the vanishing of H(X;S(M)) in degrees outside a range
determined by the micro-support of M and its type.
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The new material of the paper begins in §7. The component Fp of an L-module
is actually a complex under the differential fpp; its cohomology represents the lo-
cal cohomology H (i»S(M)) with supports along a stratum ip: Xp < X. Since
these groups are often infinite dimensional for L2-cohomology, we need to gener-
alize the notion of an L-module to allow Ep to be a locally regular L p-module,
that is, the tensor product of a regular module and a possibly infinite dimensional
vector space on which Lp acts trivially. We introduce such L-modules and their
associated sheaves in §7 and verify that the vanishing theorem continues to hold
in this context.

The definition of the L-module £2(5)(E) is presented in §8. Here is the idea
underlying the definition. We may assume by induction that jj(22)(E) has al-
ready been defined, where jp: U \ Xp — U and U is a neighborhood of some
stratum Xp. In order to extend the definition to all of U, one must define
a complex (Ep, fpp) of locally regular Lp-modules which represents the local
L?-cohomology with supports along Xp, together with a map @Q> p fpg from
the link complex ipjp.jpf22)(E) to (Ep, fpp). Zucker’s work [42] provides us
with a complex of locally regular L p-modules whose cohomology is the local Lo-
cohomology along X p (without supports), namely (£25) ([lg; H(np; E), hp)oo, dAg);

here flg is the compactified split component transverse to Xp, hp is a certain
weight function, and we are taking germs of forms at infinity. It is natural to
define (Ep, fpp) as the mapping cone (with a degree shift of —1) of an attaching
map 9(2)(Ag;H(np;E),hp)oo — ipjr«jp22) (X, E). However the existence of
this attaching map, from forms on Ag to forms on smaller split components Ag,
is not apparent. To resolve the problem, we replace ¢ jp« j}BQ@)(E) by a quasi-
isomorphic complex of forms on AG, with no additional growth conditions in the
new directions, before forming the mapping cone.

Having defined the L-module £2(5)(E), we calculate in §9 that the associated

sheaf S(£2(2)(£)) and the L?-cohomology sheaf 2(9) (X;E) have the same local
cohomology. However this is not sufficient to establish that they are quasi-
isomorphic since we don’t yet know the local quasi-isomorphisms are induced
by a global map of sheaves. To construct such a global map requires a complex
of forms on X for which both (i) there is a subcomplex whose cohomology is
L?-cohomology, and (ii) there is a restriction map to a similar complex on any
boundary stratum Xp. Special differential forms have the second property but
not the first; smooth forms satisfy the first property but not the second. In §10
we introduce the complex of quasi-special forms and prove it has both desired
properties; this is the technical heart of the paper. A form is quasi-special if
it is decomposable near any point on the boundary and if the restriction to a
boundary stratum (viewed as a form with coefficients in the sheaf of germs of
forms in the transverse direction) is (recursively) a quasi-special form. In §11
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we use quasi-special forms to prove that S(£2(y)(E)) and (2 (X;E) are quasi-
isomorphic.

Finally the micro-support of 25)(E) is calculated in §12 following the analo-
gous calculation for weighted cohomology in [33]. We deduce the conjectures of
Borel and Zucker in §13.

I would like to thank Steve Zucker and Rafe Mazzeo for urging me to write up
this work. I would also like to thank an anonymous referee for many thoughtful
and insightful comments and suggestions. I spoke about these results in July 2004
at the International Conference in Memory of Armand Borel in Hangzhou. The
L?-cohomology of arithmetic locally symmetric spaces was a subject that greatly
interested Borel, as evidenced by the many papers he wrote on this subject,
particularly during the 1980’s. Thus it seems fitting to dedicate this paper to his
memory.

1. NOTATION

1.1. Algebraic Groups. For any algebraic group P defined over Q, let X (P)
denote the regular or rationally defined characters of P and let X (P)gp denote
the subgroup of characters defined over Q. Set

op = m Ker x2.
X€X(P)g
The Lie algebra of P(R) will be denoted by p. Let Np denote the unipotent
radical of P and let Lp = P/Np be its Levi quotient. The center of P is denoted
by Z(P) and the derived group by ZP. Let Sp be the maximal Q-split torus in
the Z(Lp) and set Ap = Sp(R)°. We will identify X (Sp) ® R with a}, the dual
of the Lie algebra of Ap.

Throughout the paper G will be a connected, reductive algebraic group G
defined over Q and the notation of the previous paragraph will primarily be
applied when P is a parabolic Q-subgroup of G, as we now assume. If P C () are
parabolic Q-subgroups of G, there are natural inclusions Np C Ng and Ag C Ap.
We let Ng = Np/Ng denote the unipotent radical of P/Ng viewed as a parabolic
subgroup of Lg. There is a natural complement A% to Ag € Ap which will be

recalled in (7) and hence a decomposition Ap = Ag X Ag. For a € Ap we write
a= aQaQ according to this decomposition. The same notation will be used for

elements of ap = ag @ ag and ap = a;, @ aP*.

Let Ap C X (Sp) denote the simple weights of the adjoint action of Sp on
tjle Lie algebra npc of Np. (Although this action depends on the choice of a lift

Sp C P, its weights do not.) By abuse of notation we will call these roots. If
P is minimal, Ap are the simple roots for some ordering of the Q-root system
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of G and we have the coroots {a"}4ea, in ap. In general to define the coroot
av € ap for a € Ap, let Py C P be a minimal parabolic Q-subgroup and let ~
be the unique element of Ap; \ AII;O such that |4, = a. Following [1] we define

oV as the projection of vV € ap, = ap & ago to ap.

For parabolic Q-subgroups P C Q, let Ag C Ap denote those roots which
restrict trivially to Ag; they form a basis of ag*. The coroots {a} eng are a

basis of ag and we let {ﬁg }ae A% denote the corresponding dual basis of ag*.
Likewise let {ﬁg V}a N, denote the basis of ag dual to Ag. Let
P

a8t = {H e d% | (o, H) >0 for all « € AY},

+ag ={He¢ ag | (Bay H) > 0 for all a € Ag}
denote the strictly dominant cone and its open dual cone; similarly define ag*Jr
and +ag*. Set aJIS = ag P ang, etc. If P is minimal we may omit it from the

notation.

Let cl(Y) denote the closure of a subspace Y of a topological space. We will
often use the standard facts that a| ¢ € — cl(ag*Jr) for a« € Ap '\ Ag and that
P

Q*+ + _Qx*
ap € Tap.

Let pp € X(Lp)g ® Q denote one-half the character by which Lp acts on

AT np: we have pp € alsT. If P C Q, then pplag = pq- Also define

(1) Tg = Z B9 e ag*+ and Tgv = Z BV e a%r.
aEAg aEAg

1.2. Regular Representations. By a regular representation of G (or a regular
G-module) we mean a finite dimensional complex vector space E together with a
morphism o: G — GL(E) of algebraic varieties. In other words, the representa-
tion is rationally defined. Let 9t00(G) denote the category of regular G-modules.

If E is a regular G-module, let E|o; denote the corresponding regular G-
module; if E is irreducible or more generally isotypical, let {5 € X (S¢g) denote
the character by which Sz acts on E.

If V is an irreducible regular G-module, let Ey denote the V-isotypical com-
ponent, that is, Ey =2V x Homg(V, E).

1.3. Homological Algebra. For an additive category € we let Gr(C) denote the
category of graded objects of € and we let C(€) denote the category of (cochain)
complexes of objects of C. If C'is an object of Gr(C) and k € Z, the shifted object
C[k] is defined by C[k]* = C***. For a complex (C,dc) in C(C), define the shifted
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complez (C[k], dcpy) by dep = (—1)%de. The mapping cone M(f) of a morphism
f:(C,de) — (D,dp) of complexes is the complex (C[1] ® D, —dc + dp + f).

Consider a functor F' from € to C(€'), where €’ is another additive category.
For example, F' may be the functor E — A(X;E) sending a local system E on
a manifold X to the complex of differential forms with coefficients in E. In this
case we extend F to a functor Gr(€) — C(C€’) by defining

(2) F(E) = D F(E")[-H].
k

Occasionally we further extend F' to a functor C(€) — C(C€’) by means of the
associated total complex.

Remark. In most cases we will make a distinction between a graded object C
and a complex (C,d¢) created using C' and a morphism d¢o: C' — C/[1], partic-
ularly when working with £-modules. This is because often a particular graded
object or morphism will enter into the definition of several complexes. How-
ever for the complex of differential forms we will simply write A(X;E) instead of
(A(X;E),dx) and similarly for the corresponding complex of sheaves.

2. L2-COHOMOLOGY

2.1. Definition of L2?-cohomology. Let E be a locally constant sheaf on a
manifold X, that is, E is the sheaf of locally flat sections of a flat vector bundle
on X which we will also denote E. Let A(X;E) denote the complex of smooth
differential forms with coefficients in E; the differential is the exterior derivative
d = dx. By de Rham’s theorem, the cohomology of A(X;E) represents the
topological or sheaf cohomology H(X;E). Assume X has a Riemannian metric
and E has a fiber metric (which may not be locally constant) and for w € A(X;E)
define the L*-norm (which may be infinite) by

Joll = ([ tolav)”.

Let A)(X;E) € A(X;E) denote the subcomplex consisting of forms w such
that w and dw are L%, that is, such that ||wl||, ||dw| < oco. The cohomology
H)(X;E) of Ag)(X;E) is called the L?-cohomology of X with coefficients in E.
We also consider the weighted L?-norm! ||w||;, = ||hw| obtained by multiplying
the norm on E by a weight function h: X — (0,00). The cohomology of the
corresponding complex Ay (X; E, h) is the weighted L?-cohomology H9)(X;E, h).
If X is noncompact (our case of interest) then H(9)(X;E) and H)(X;E, h) are
no longer topological invariants of X, but depend on the quasi-isometry class of
h and the metrics.

IThe notation is consistent with [16] whereas in [42] our norm would be associated to the
weight function h?.
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All of the above extends to the case of a Riemannian orbifold X and a metrized
orbifold locally constant sheaf E. The notion of an orbifold (originally a V-
manifold) was introduced by Satake [38]; for more details see [15]. We also may
allow E to be graded (by applying (2)).

2.2. Localization of L?-cohomology. Let 2(X;E) be the complex of sheaves
associated to the presheaf U — A(U;E). From this point of view, the de Rham
isomorphism follows from the facts that 2(X;E) is a fine sheaf and the inclusion
E — Q2(X;E) is a quasi-isomorphism (a morphism which induces an isomor-
phism on local cohomology sheaves). If we apply the analogous localization to
Ay (X;E), the L? growth conditions disappear and we obtain the same sheaf

Q(X;E). Instead, consider a partial compactification X of X ; by this we mean a
topological space X (not necessarily a manifold) which contains X as a dense sub-
space. Define the L?-cohomology sheaf 2(2)(X;E) to be the complex of sheaves

associated to the presheaf U — A o) (UNX;E). If X is compact and 22 ()?, E) is
fine, then the L2-cohomology is isomorphic to the hypercohomology of 22 (X' ;E).

2.3. L2-cohomology of Locally Symmetric Spaces. Let G be a connected
reductive algebraic group defined over Q; we will use the notation established
in §1.1. Given a maximal compact subgroup K of G(R) we obtain a symmetric
space G(R)/KAg. If K and K’ are two maximal compact subgroups then K’ =
hKh=! for some h € 2G(R) which is unique modulo K N 2G(R). We identify
GR)/K'Ag — G(R)/K Ag by mapping gK'Ag — ghK Ag; the resulting G(R)-
homogeneous space is the symmetric space associated to G and we denote it D.
IfT' ¢ G(Q) is an arithmetic subgroup we let X = I'\ D denote the corresponding
locally symmetric space associated to G and T.

Note that the symmetric space D above may have Euclidean factors since
the maximal R-split torus rSg in Z(G) may be strictly larger than Sg. Set
rAG = rSq(R)?. The choice of a basepoint zg € D is equivalent to the choice of a
maximal compact subgroup K and a point a € g Ag/Ag so that g = aK Ag. For
simplicity we will only consider basepoints with a = e. The choice of a maximal
compact subgroup K in turn determines a unique involutive automorphism 6 of
G (the Cartan involution) whose fixed point set in G(R) is K [11, §1.6]. Unless
otherwise specified we will not assume that a specific basepoint has been chosen.

A regular representation E of G determines a locally constant sheaf E = D xp
E. In general X is an orbifold and E is an orbifold locally constant sheaf, but we
will not mention this explicitly from now on. Note that there always exists neat
(in particular, torsion-free) subgroups IV C ' with finite index; for such I, IV\ D
is smooth and D X/ E is an honest flat vector bundle.
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Let xg € D be a basepoint and let K Az and 6 be the associated stabilizer and
Cartan involution. Choose a Hermitian inner product on E such that o(g)* =
o(0g)~! for all g € G(R); such an inner product always exists and is called
admissible for xg. If E is irreducible an admissible inner product is uniquely
determined up to a positive scalar multiple. The admissible inner product on
FE determines a fiber metric on E; in the case that E is isotypical this is given
explicitly as

(3) (9K Ag,v)|e = |¢6(9)] - |97 vle.

(Properly speaking one should write |£§(g)|% instead of |£g(g)|, where k € N is
such that 5% € X (Sg) extends to a character on GG, but we make this abuse of
notation.) If x) = hzo (where h € ZG(R)) is another basepoint then v — |h~1v|g
is admissible for z{; it induces the same fiber metric on E.

There exists an invariant nondegenerate bilinear form B on the Lie algebra g
of G(R) such that the Hermitian inner product (X,Y) = B(X,0Y) is positive
definite on g¢. This inner product on gc is admissible for g under the adjoint
representation. In addition it induces an inner product on T,,D and hence a
G(R)-invariant Riemannian metric on D. We give X the induced Riemannian
metric.

We now apply §2.1 to define A ) (X;E) and H9)(X;E) in this context. These
are well-defined since the choices above yield quasi-isometric metrics.

3. COMPACTIFICATIONS

We outline the construction of the Borel-Serre compactification following [11]
however we use the principal homogeneous spaces Ag and Np(R) introduced in
[33] in order to write decompositions independent of a choice of basepoint.

We also recall the reductive Borel-Serre compactification and use it to represent
L?-cohomology as the hypercohomology of a complex of sheaves.

3.1. Geodesic Action. Let x¢g € D be a basepoint with corresponding stabilizer
K Ag and Cartan involution 8. For @) a parabolic Q-subgroup of GG, there is a
unique lift of Lg(R) to ZQ(]R) C Q(R) which is #-stable; for z € Lg(R) let
Ze EQ(]R) denote the corresponding lift. Since G(R) = Q(R)K, any x € D may
be written as ¢KAg for some ¢ = nr € Q(R) = NQ(R)ZQ(R). The geodesic
action of z € Lo(R) on « € D is defined by

(4) zox =nzZrKAg.

For z = a € Ag this agrees with the definition given in [11, §3.2]; in general
see [33, §1.1]. The geodesic action of Lg(R) is independent of the choice of
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and commutes with the action of Ng(R); the geodesic action of Ag furthermore
commutes with the action of Q(R).

Suppose P C @ are parabolic Q-subgroups of G. Since P/Nq is a parabolic
subgroup of Lq, the maximal Q-split torus in Z(P/Ng) is simply Sg. Then since
P/Nq projects onto Lp, we may identify Sg with a subtorus of Sp and Ag with
a subgroup of Ap. The geodesic action of a € Ag is the same whether a is viewed
in Ag or in Ap.

3.2. Geodesic Decompositions. We may view Ag as a subgroup of Ag; since
Ag acts trivially, the geodesic action of Ag descends to Ag = Ag/Ag. The

quotient Ag = %Q(R)\D is a principal Ag-homogeneous space under the geodesic
action and the geodesic quotient eg = Ag\D is a %Q(R)-homogeneous space. (A
choice of a basepoint in D determines a basepoint in .Ag and hence a unique
isomorphism of Ag—spaces .Ag ~ Ag sending the basepoint to the identity.) The
projections yield

(5) D = A x e,

an isomorphism of (Ag x %Q(R))-homogeneous spaces [11, §3.8]. (This follows
from the identity Q(R) = EQ x %Q(R) for any lift g@ of Ag.) We denote by

(6) prg: D — Ag and pr?: D — eg

the corresponding projections; the latter is called geodesic retraction. We will
propagate this notation and terminology to the induced decompositions of various
quotients and compactifications of D to be considered below, for example (8),
(11), and (17).

For P C @ note that the geodesic action of Ap on D descends to an action
on eg. We now define a subgroup AIQD C Ap which is complementary to Ag C

Ap and acts freely on eg. Note there is an injection X(Q)g = X(Lg)g —
X(P/NQ)Q = X(Lp)@ — X(Sp), X = XP- Then set

Sg=( () Kerxr)’CSp
X€X(Q)o

and define A% = Sg(R)O. There is a direct product decomposition [44, 1.3(15)]?
(7) Ap = AQ X A]QD

and (5) is an isomorphism of (Ag X Ag)—homogeneous spaces.

2Note AIQD is not equal in general to the subgroup Ap,g defined in [11] and that the decom-
position (7) is different from Ap = Ag x Ap,q of [11, 4.3(3)].
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The quotient of (5) by °P(R) yields an isomorphism
(8) AG = AG x A
of (Ag X Ag)-homogeneous spaces, where Ag is defined as °P(R)\eg = Ag\ﬂg.
The quotient of D = Ag x ep by Ag yields

(9) €Q = A]Qg X ep.

3.3. Partial Compactifications. There is an isomorphism
Ag = (R>0)AQ7 ar— (aa)QEAQv
and we partially compactify by allowing these root coordinates to attain infinity,
1G ~ 0 A
For all R > Q, let og € flg denote the point defined by
oo for a € Ag \ AL,
R 1 forae Ag.

Then there is a stratification

(10) AG:HAS-OR:HAg-oR.
R>Q R2Q

We sometimes identify Ag with the stratum Ag - OR-
Set D(Q) = D xa, Ag; the isomorphism (5) extends to
(11) D(Q) = AG x eq.
where flg = Ag X Ag Ag. The point og € flg determines a well-defined point in

flg which we also denote og and in general (10) induces a stratification of f[g.

In general the product decomposition AG = Ag XA% does not extend to a prod-
uct decomposition of A4.3 However if AG(Q) = {a € AS | a® < oo for all o €
AIQD} then [32, Lemma 3.6]

(12) AG x AD = AG(Q) C AG.

It follows that there is an open inclusion

13) D(Q) =D xa, A5 =D XAQXLL‘IQD (AG x AQ)
C D x4, Ap = D(P).

Alternatively, (8) and (12) yield

(14) AG x AS C AG

3However the product decomposition AG = AG x AG , from [11, 4.3(3)] does extend to AG.
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and then by (9) and (11) we obtain the inclusion
(15) D(Q) = ./Zlg X eq = ./Zlg X .Ag X ep
- ./Zlg X ep = (P)

3.4. Borel-Serre Compactification. Set

(16) D={JD(Q)
Q

where @ ranges over all parabolic Q-subgroups of G and we identify D(Q) with
an open subset of D(P) when P C ). We identify eg with the subset {og} x e
of D(Q) (see (11)) and hence obtain a stratification D = g eq-

The group of rational points G(Q) acts on D. The arithmetic quotient X =
I'\D is a compact Hausdorff space called the Borel-Serre compactification of X.
The normalizer in T' of a stratum e of D is I'g = I' N Q and the corresponding
stratum of X is Yy = I'g\eg. The strata are indexed by the finite set P of
I’-conjugacy classes of parabolic Q-subgroups of G. To avoid overburdening the
notation, we will denote the I'-conjugacy class of Q again simply by Q. With this
convention, Yp is contained in cl(Yy) if and only if there exists v € I" such that

vP~y~' C @; in this case we will write P < @ and this defines a partial order on
P.

By reduction theory every point of eg has a neighborhood in D on which the
equivalence relation induced by I' is the same as the equivalence relation induced
by I'g. However since I'g acts on (11) only through the second factor, we obtain

(17) I'o\D(Q) = A§ x Yo

Thus every point y € Y has a neighborhood in X (in fact a basis of neighbor-
hoods) for which (17) induces a decomposition. Specifically, for b € .Ag set

(18) flg(b) = cl(eXp(ag+) -b).

If Oq is a relatively compact neighborhood of y in Yg then for b sufficiently close
to og,

(19) AG(b) x O CTQ\D(Q)

descends to a neighborhood of y in X. As O shrinks and b — og, we obtain a
basis of neighborhoods of y in X.

3.5. Reductive Borel-Serre Compactification. For a parabolic Q-subgroup
@, the quotient Dy = Ng(R)\eq is the symmetric space associated to Lg. On
the other hand, the geodesic action of Lg(R) on D descends to an action on eg
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and the quotient Ng(R) = °Lo(R)\eg is a principal Ng(R)-homogeneous space.
The projections yield a canonical decomposition

(20) e@ = Ng(R) x Dg,

an isomorphism of Ng(Q) x °Lg(R)-homogeneous spaces [33, §1.4].

The quotient of (20) by I'n, = I' N Ng yields 'y, \eq = Ng(R)" x Dg, where
No(R)" = T'ny\Ng(R). This is a trivial No(R)-bundle over Dg. The further
quotient by I'r,, = T'g/T'n,, yields a flat Ng(R)'-bundle

(21) pg: Yo — Xq,

where Xq = I',\Dq is again a locally symmetric space. This is called the
nilmanifold fibration.
Define X = HQe:PXQ and equip it with the quotient topology from the nat-

ural map p = HQ po: X — X. This is the reductive Borel-Serre compactification
which was introduced by Zucker [42]. Zucker proves [43] that any Satake com-
pactification X* [40] arises as a quotient

(22) X — X*

of the reductive Borel-Serre compactification.

The reductive Borel-Serre compactification is stratified by Xg for @ € P. The
construction of X is hereditary in the sense that the closure of Xg in X is itself
the reductive Borel-Serre compactification )?Q of Xg. We let i (resp. ig) denote
the inclusion map of X¢ (resp. )?Q) into X.

For € Xg, let Og be a relatively compact neighborhood in Yg of p~!(x)
which is a union of Ng(R)'-fibers. If b € Ag is sufficiently close to og as in (19),

the image V = p(f[g(b) x Ogq) will be called a special neighborhood of x in X.
Note that

(23) VNX =2 AG(0D) x Oq.

Again as Og shrinks and b — og, we obtain a basis of neighborhoods of y in X.

3.6. L2-cohomology Sheaf on X. Let Ebea regular G-module equipped with
an admissible inner product. Then in §2.3 we have defined the L2-cohomology
H)(X;E). By the construction in §2.2 we obtain a sheaf {2, (X,E) on the
reductive Borel-Serre compactification. Zucker [42] shows that this sheaf is fine
so its hypercohomology represents Hy)(X;E).
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4. SPECIAL DIFFERENTIAL FORMS

We recall the the sheaf of special differential forms Qsp()A( ;E) due to Goresky,
Harder, and MacPherson [19, (13.2)]. These will be used in the next section to
realize an L-module as a complex of sheaves on X.

Let E be a locally constant sheaf on X (for example, E could be induced from
a regular representation E of G). For any submanifold Og C Yy = I'g\eq which
is a union of Ng(R)'-fibers, define a form w € A(Og;E) to be Ng(R)-invariant

if its lift to eq is Ng(R)-invariant; denote the subcomplex of such forms by
Ainv(OQ;E).

Define the sheaf _Qsp()/i> ; E) to have sections over U C X consisting of elements
n € A(U N X;E) satisfying the following condition:

(24) For every boundary point z € UN X, there exists a special neighborhood
V= p(flg(b) x 0g) C U of = (see (23)) such that n|ynx = (pr¥?)*w with
w € Ainy(Og; E).

(Without the Ng(RR)-invariance condition, these are the forms “locally lifted from

the boundary” introduced by Borel [3, §8.1].) This condition is stable under

exterior differentiation so we obtain a complex of sheaves Qsp()z ; E) which is fine
by [19, (13.4)]. There are natural quasi-isomorphisms

(25) Rig:E =5 24,(X;E) =5 i 2(X; E)

induced by inclusion [19, (13.6)]. The local normal triviality of X then implies

that Qsp()? ;IE) is constructible. (Recall that a complex of sheaves S on X is
called constructible if H(i}S) is locally constant for all P € P.)

The above construction may be applied to each X gr for R € P. We obtain for
each R a functor

(26) Mod(Lr) — Ca(XR) given by Er+— QSP(XR;ER),

where C X()A( r) denotes the category of constructible complexes of sheaves on
Xg.

For P < Q € P, define the principle Ng(R)—homogeneous space Ng(R) =
No(R)\Np(R). Its arithmetic quotient Ng(]R)’ = (Tnp /FNQ)\Ng(R) is the fiber
of Xg — )A(Q over Xp C )?Q. Let Ainv(Ng(R)’;EQ) denote the I'z,,-module

of Np(R)-invariant forms on Ng (R)" and let AinV(ng (R);Eq) denote the corre-
sponding locally constant sheaf on Xp. There is a well-defined restriction map

Qsp(XC%EQ) - iP*Qsp(XP§Ainv(N]QD(R)/;EQ))7 W= w’)?P’
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However there is a natural quasi-isomorphism [19, (12.15)], [33, Lem. 4.7]
(27) hpg: Ainy(NE(R); Eq) — H(nE; Eg)

obtained by evaluating a form at a basepoint and applying harmonic projection.
Thus there is a natural morphism [33, Cor. 4.8]

(28) kpq : ap(X@iEQ) — ipefsp(Xpi H(n; Eq))
defined by kpg(w) = ip*QSp()A(p; hrq)(wlz,). The morphism i} (kpg) induced
on the restriction of these sheaves to X p is a quasi-isomorphism.

Kostant’s theorem [24] implies that there exists a natural isomorphism

(29) K% H(n; H(n; Er)) = H(nE; Eg)
when P < @ < R (see for example, [33, §0.10.20]); this isomorphism satisfies
(30) ﬁgoH(ng;mg) :ﬁgomg.

We will often make use of this isomorphism tacitly.

One may check for P < @ < R that
(31) iQ*(ka) o) kQR == kpR.

5. L-MODULES

An L-module is a combinatorial analogue of a constructible complex of sheaves
on X; it has proved useful in studying various cohomology groups associated to
X. We recall the definitions following [36], [33].

5.1. The Category of L-modules. Recall that P is the partially ordered finite
set of '-conjugacy classes of parabolic Q-subgroups of G. Let Q C P be a subset
satisfying

(32) if P<R<Q where P, @ € Q and R € P, then R € Q.

An L-module M on Q is a pair consisting of

(i) a graded regular Lp-module Ep for all P € Q and
(ii) an Lp-morphism fpg: H(ng; Eg) — Ep[l] forall P<Q € Q

which satisfy the condition that for all P < R € Q,

(33) Y frqo H(nE; fqr) = 0.
P<Q<R

Note that as indicated in §1.3 we are implicitly extending the functor F —
H(n; E) from Mod(Lg) to Gr(Mod(Lq)) by setting H(nD; Eq) = @, H (nD; E5)[—kK].
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Let M = (E,f.) and M’ = (FE/, f') be L-modules over Q. A morphism
¢: M — M’ is a collection of Lp-module maps ¢pq: H(ng; Eq) — E) for all
P < @Q € Q such that for all P < R € Q,

Y drooHWPifor) = D frgo H(nE éqr)-
P<Q<R P<Q<R
The composition ¢ o ¢ of morphisms ¢ : M — M’ and ¢' : M’ — M" is defined
by
(@ od)pr=Y, dpgoHnEidor)
P<Q<R
for all P < R € Q. We thus obtain a category 9od(Lg) of L-modules over Q.

Given an L-module M over Q and P € Q, equation (33) (applied with P = R)
implies that fpp o fpp = 0 and thus that (Ep, fpp) is a complex. We obtain a
functor M + i M = (Ep, fpp) from 9Mod(Lg) to C*(Mod(Lp)), the category
of bounded complexes of regular Lp-modules. In the case that Q = {P} this is
an equivalence of categories. Other complexes contructed from the data of an
L-module by means of (33) will be introduced in §5.3.

5.2. Realization Functor. A subset W of X will be called constructible if it
is a union of strata. Since P parametrizes the strata of X, there is a one-to-
one correspondence between constructible subsets of X and subsets of P, namely
Wi PW)={Pe?P| Xp C W} Assume that W is locally closed; this is
equivalent to having P(W) satisfy (32). By abuse of notation, we will speak of
the category of L-modules on W (instead of on P(W)), and write Mod (L ).

For a locally closed constructible set W and P € P(WW), we have inclusions
ip: Xp— W,ip: XpnW — W, jp: W\Xp — W, and jp: W\(XpnW) — W.
Let Dy (W) denote the derived category of constructible complexes of sheaves on
W. We define a realization functor

Sw: Mod(Lyw) — Dy (W)

by setting
Sw(./\/l) = @ ip*Qsp(XpﬂW;EP),
(34) PeP(W) ~
dsyoy= Y. dpt+ > R2u(XpNW;fpg)okeq,
PEP(W) P<QeP(W)

where dp is the differential (exterior differentiation) of Qsp()? p;Ep). The co-
homology H(W; M) of an L-module over W is defined as the hypercohomology
H(W;Sw(M)). In fact the sheaf Sy (M) is fine so H(W; M) = H(Sw (M) (W)),
the cohomology of global sections of Sy (M).
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5.3. Functors. Let W be a locally closed constructible subset of X and let M €
Mod(Lyw ). For P € P(W) we define:

(35) Z'PM = (EP7fPP)7
(36) irM= (D HOE: En), S H; frs)).
P<R P<R<ZS
(37) ipjpepM = (D Hnfs Br), Y. H(n: frs)).
P<R P<R<ZS

(For the individual definitions of jp, and jj; and more general functors, see [33,
§3.4].) By virtue of (33) these are complexes and their cohomology groups are
called the local cohomology supported on P, the local cohomology at P, and the
link cohomology at P respectively. The association M +— ip M is a functor

Moo (Lyy) — Mod(Lx,) = CH(Mod(Lp))

compatible with ¢} on the realization, that is, Sx,(ipM) = ipSw (M), and
similarly for the others [33, §§3.4, 4.1].

We have short exact sequences corresponding to distinguished triangles in the
derived category

(38) 0 — ipM — i M — i5jpejpM — 0 .
More generally, for P < @ € P(W) define
(39) ipigM = ( @ HmEEr), Y HEok fRS))
P<R<Q P<R<S<Q
and
(0)  ipigigM=( @ H®EER), Y. Hf:frs)).
P<R£Q P<R<SEQ

Again there is a short exact sequence
(41) 0 — ipigM — ipM — ipiguioM — 0
which agrees with (38) when Q = P.
Finally for P < Q € P(W) define
ivigigpM = @ HwfiEr), Y. H(f: fas))
(42) P<Q<R P<Q<R<S
= H(n%;ipM).
There is a natural surjection

(43) P M — ipiguipM — 0 .
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6. MICRO-SUPPORT

Let W C )A(R be an open constructible subset, where R € P. Let V be an
irreducible Lp-module for some P € P(W) and recall from §1.2 that £, denotes
the character by which Sp acts on V. Define Qgﬁ > Q‘R; > P such that

R

AW = {aeAB| (& +pp,aY) <0},
/'R

APV = {ac AR | (& + pp.aY) <0}

where pp is as in §1.1. Let [Q{;,Qgﬁ] be the interval {Q € P(W) | Q‘}; <Q<
QY } in P(W).

The micro-support SS(M) of M € 9Mod(Lyy) is the set of all irreducible Lp-
modules V' for P € P(WW) satisfying

(44)

() (Vio,)" = Vg, and
(ii) there exists Q € [Qf, Q{F] such that

(45) Homy,,, (V, H(ipigM)) # 0.

The group in (45) is the type and is denoted Typeg i (M). It is sometimes
helpful to also consider the weak micro-support SS,, (M) for which condition (i)
is omitted.

Now assume W = X r- The micro-support of M and the associated types
control the non-vanishing of H()A(R;M). Specifically, let ¢(V; M) < d(V; M)
denote the least and greatest degrees in which Typeg 1/(M) is nonzero for any
Q as above. Let p be the highest weight of Vo, for a fundamental Cartan
subalgebra of °[p and a choice of #-stable ordering. Let Dp(V) be the symmetric
space of the centralizer in °Lp of . The space Dp(V) depends on the choice of
ordering and we choose the ordering to maximize the dimension of Dp (V).

Theorem 1 ([33, Theorem 10.4]). Let M be an L-module on Xp where R € P
and set

(46) (M) = VEIS]%EM) 5(dim Dp — dim Dp(V)) + ¢(V; M), and
(47) dM)= sup 2(dimDp+dim Dp(V)) +d(V;M).

VesS(M)

Then Hi(Xp;M) =0 fori ¢ [c(M),d(M)]. In particular, if SS(M) = 0, then
H(Xp; M) =0.

We can assume R = (. The proof in [33] uses the natural diffeomorphism
s: X — X constructed in [32] onto a relatively compact open domain Xy C X.
(Although s is obviously not a retraction, the domain Xy is indeed a deformation
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retract of X.) The map s extends to a homeomorphism §: X — )A(o, where
)?0 is constructed analogously to X. The advantage of Xy over X is that its
induced Riemannian metric extends no/l}degenerately to the compactification X
and similarly for the various strata of Xy. Thus we can define a Hodge norm on
sections of 3,S5¢ (M) and to prove the desired vanishing of cohomology it suffices
to establish an estimate

(48) ldw||* + [|d*w]* > C|lwl|?

for global sections w of 5,8 )?(M) in the appropriate degrees. A combinatorial
generalization of the analytic arguments in [37] localizes the problem to one for
each P € P. This local problem is treated by an L2-vanishing theorem [33,
Theorem 14.1] originally due to Raghunathan [28], [29] (and also deducible from
[41]).

7. LocALLy REGULAR L-MODULES

We need to generalize slightly the notion of an L-module in order to apply the
theory to 2(2)(X;E).

A (possibly infinite dimensional) representation F of a connected reductive Q-
group L is called locally regular [18, §1.1.3] if any finite-dimensional subspace Fy
is contained within a regular subrepresentation F' C E. Equivalently, E is locally
regular if it is the direct limit of its regular subrepresentations, F = h_II}lF . Let
Moy (L) denote the category of locally regular L-modules. A locally regular L-
module E has a canonical isotypical decomposition @, V ® Homp(V, E), where
V ranges over the irreducible regular L-modules and Homp, (V, E) is a (possibly
infinite dimensional) vector space on which L acts trivially [18, §12.1.1].

The functor H (ng; -) extends to a functor from graded locally regular Lg-
modules to graded locally regular Lp-modules. We can thus define the category
Moy, (L) of locally reqular L-modules over W simply by replacing “regular”
with “locally regular” in §5.

The realization functor of a locally regular L-module can be defined as be-
fore p/l\rovided we specify what is meant by the sheaf of special differential forms
2 (Xq;Eg) when Eg is a locally regular Lg-module. We define a function from
a manifold into the locally regular representation Eg to be smooth if locally its
image lies in a finite dimeniional subspace Fjy and the map to Fp is smooth. This
allows one to define (24,(Xg;Eq) as the direct limit of the special differential
forms associated to regular subrepresentations Fp,

(49) Rep(Xg; Eq) = lim 24,(Xq; Fg).
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The micro-support SS(M) of a locally regular L-module is defined as before
and we have the
Proposition 2. Theorem 1 remains true for locally reqular L-modules.

Proof. Let M be a locally regular L-module on W. Even though the category
Moy, (L) is not abelian it makes sense to write M C M if

(50) Ep C Ep,
(51) fro(H(n3; Bq)) € Ep[1], and
(52) frq = FPol w5y

for all P < @ € P(W). In this case, the inclusion map defines a morphism of
L-modules.

We will show that

(i) H(W; M) = lim H(W; M), B

(i) ¢(M) = lim (M), and d(M) = lim d(M),

where the limits are taken over all regular L-modules M C M and in (ii) the
limits are taken in the sense of nets. If we set W = Xg, this suffices to prove the
proposition since Theorem 1 applies to all such M.

Let ¢ be a global section of Sy(M). In view of (49), there exist regular
subrepresentations Fp C Ep for all P € P(W) such that ¢ is a section of
Dr Qsp()?p NW;Fp). It is easy to find regular representations Ep D Fp for
all P € P(W) satisfying (50) and (51). In fact, for P = R maximal define
ER = Fr+ frr(FR); in general, assume that EQ has been defined for () > P and
define Ep = Fp+ frp(Fp)+3 osp pr(H(ng; Eq)). Thus there exists a regular

L-module M C M such that ¢ is a global section of Sy (Mv), which shows that
Sw (M)(W) = Lim Sy (M)(W).

Assertion (i) follows since cohomology commutes with direct limits. To prove
assertion (ii) one can similarly show for all P < Q € P(W) that

H(ipityM) = lim H (i piggM). O

Henceforth we will refer to a locally regular L-module simply as an L-module.

8. THE L2-COHOMOLOGY L-MODULE
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8.1. For any P € P, recall from §3.2 that .Ag denotes the principal Ag—homogeneous
space P(R)\D and let ig: A% — A% denote the inclusion into its partial com-
pactification. For any graded complex vector space FE, let E denote the corre-
sponding constant sheaf on A% and let 2(A%;E) = E ® 2(A%) be the complex
of sheaves of E-valued differential forms (with our usual convention (2) concern-
ing graded coefficients); denote the differential d AG- Consider the pushforward

sheaf i 2(AG;E) on AG and let i 2(A%; E)o denote its stalk at op. This is
likewise a complex. If E has a locally regular action of a reductive group L, we
view iG*Q(Ag; E)w as a locally regular L-module by allowing L to act solely on
the coefficients.

If P< @ < R and E is a locally regular Lr-module, we have an Lg-
module H (ng; i 2(AG; E)oe). We view this as a complex under the differential

H(ng; dﬂg). On the other hand we also have the complex iG*Q(Ag; H(ng; E))o
Both of these complexes are naturally isomorphic as Lg-modules to H (ng; E)®

iG+{2(A)oo but the differentials differ by a sign. We obtain an isomorphism of
complexes

(53) AS: HnE i 2(AG E) o) — i 2(AG H(nE; E)) oo
by multiplying the Hf”(ng; B ®iG.82"(AG) oo term by (—1)P".
Assume now that E is a regular Ag—module. Given the choice of an inner

product on E and a basepoint zg € Ag, we define a fiber metric on E and a
weight function hp by

(54) (a-z0,v)|e =la v (a € AB),
(55) hp(a-zo) = pp(a)™"  (a € AB).

Note the difference of (54) from equation (3) of §2.3. When E is isotypical and
AS acts via a character &g then |(a - zo,v)|g = &g(a)~!|v|g. The space A%
inherits an invariant Riemannian metric from that of D and hence we obtain a
sheaf of weighted L2-complexes 22) (flIGD; E,hp) as in §2.

More generally, for any @ > P define a subcomplex
Q02,AG:E hp) C i (A E)

as the sheaf associated to the subpresheaf

(56) U — {% | ¥lunmgxvy: Blunagxy) € Ae)(U N (AG x V),E, hp)

for all V C AIQD relatively compact };

here we use the decomposition AG = Ag X Ag from (8). For Q = G this
equals iG*Q(Ag;IE) while for Q = P we recover (2 (flg;E, hp). Again we let
0(2)7Q(AJG3; E, hp)o denote the stalk at op.
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8.2. Let E be aregular G-module with an admissible inner product. Let xg € Ag
be the projection of the basepoint of D for which the inner product is admissible.
Apply the considerations of the previous subsection to the regular Lp-module
H(np; E) with its induced admissible inner product.

Lemma 3. For any P < P’ < Q' < Q there exists a natural morphism of
complezes of Lp-modules

(57)

9pQ.pr: H(np : 20y o/ (AG; Hinpr; E), hpr)os) — 2(2) o (AS; H(np; E), hp)os

which is induced by pry,. For PP < P" < Q" < Q' these morphisms satisfy
(58) gPQ,P’Q’ (@] H(n; ;gP’Q’,P”Q”) = gPQ,P”Q” (o) I{llz .

Proof. The desired morphism will be induced from the diagram

H(nE' 20).0/(AZ H(nps B), hpr) o) —— H(nD 3 ige 2(A%; H(npr; E))o0)
QAG, w8 oA
9PQ.P'Q! i 2(AS; H(np; E))oo
pr;;,

~

Q0),0AG Hnp; E), hp)oo i 2(AG; H(np; E)) oo

Note that although a neighborhood of op does not in general decompose under
(14), the inverse image under prp, of a neighborhood of op: € A%, does indeed
contain a neighborhood of op € flIG); thus prp, above is well-defined. All the
vertical maps on the right-hand side are cochain morphisms, so gpg, pq Will be
as well. Equation (58) is clear from (30) (note that gpg prq involves sk ). Tt
remains to check that the L2-condition is preserved. Since (8) is quasi-isometric
to a Riemannian product, the only issue is in the coefficients. For elements
of H(nb'; 0(2)7Q1(Ag/;w, hp')s), where W C H(nps; E) is an irreducible Lp:-
module, the coefficients contribute the function &y (a)~2 to the L%-integral by
(54). On the other hand, the image under gpg pr¢ has coefficients in the various
irreducible Lp-modules Z C H(nb'; W) which contribute £z(a)~2 to the L*-
integral. The L?-condition is then preserved since £z Ag, = &w and hp| AG, XV ™

prp, hpr for V C Ag relatively compact. O

8.3. For R ={Ry < --- < R} C P, a totally ordered nonempty subset, set

(59) Fr = Q(2) 5, (AR H(ngy: B), hig)oo —k];
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we view Fg (which actually only depends on Ry and Ry) simply as a graded
locally regular Lr,-module, not as a complex. Define

(60) Urp = (—1)deg0 . F — Fg[1]
and for R’ = R\ {Ry} # (), where 0 < ¢ < k, define
o R
(61) ugw = (=1)79ror, ryR, ,+ H(np; Fr) — Fx[1],
where k if¢=kand Ry =G,
0 = 0RR = .
{4+ 1 otherwise.

Define the L2-cohomology L-module with coefficients E by

EP: @FR7
R

Ro=P

(62) CoE) =9 o= S ugn.
ROR!
Ro=P.Ry=Q
#(R\R)<1

In order to verify condition (33) is satisfied with this definition of fpg, we must
consider R O R” with #(R\ R”) < 2. The equations

URR O URR ") if #(R\R) =0,

(63) URR! © H(ngg; ’U,(Ruj{//) + URR O URRN = 0 if #(:R \ fR//) — 17
R/ .

ZRDfR’DfR” URR © H(nRg§UIR’R”) =0 if #(:R \ fR//) =9

follow from dilg

0
(58) respectively. (Note that the last sum in (63) has only two terms.) Condition
(33) follows.

= 0, the fact that gpg prg is a morphism of complexes, and

We have used similar notation for the L2-cohomology L-module £22)(E) and
the L?-cohomology sheaf 22) ()2, E). This is justified by the
Theorem 4. There is a natural isomorphism in the derived category
S5 (22)(E)) = £20)(X;E).

The proof will appear later in §11.

9. LOCAL L2-COHOMOLOGY

We begin by calculating the local cohomology of the L-module (2(3) (E) and

verifying it agrees with the local cohomology of {2, ()? ;E). Strictly speaking this
is not needed for the proof of Theorem 4, but it will serve as a model for similar
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arguments in §11. In addition, the results here will be used in the calculation of
micro-support in §12.

Proposition 5. The projection i 02(2)(E) — $2(2)(A%; H(np; E), hp)os is a quasi-
isomorphism.

Proof. By (36) and (62) write

(64) ip20)(E) = (€D Hf: Br), Y. H(nf; frs))
R>P S>R>P
= (@ Hn®; Fg), Y H(ngo;um'))
R ROR!
RozP Ry>Ro>P
#F(R\R)<1

where F and ugg are given by (59)-(61). Define a decreasing filtration by
setting

(65) FPipQuy(E)= @ H®;Fr)
Roop
#(R\{P}H)=p

with the induced differential. The associated graded complex for p = 0 is
(66) Gry ip822)(E) = (Fipy, dgc) = ) (AG;H(np; E), hp)oo,
while for p > 0 it is a direct sum
(67) Grly ip829) (E EB M(—ugpyum®)[—1]

R0>P

#R=p

of the shifted mapping cones (see §1.3) associated to the chain morphisms

(68)  —urpyumr: (H(np; Fr), H(n s ugg)) — (Fpyom upyom (pyow) (1.
Since uipyuR,R = £YPR, 1,RoR, 1, Lemma 6 below completes the proof. O
Lemma 6. For P < P’ < Q, the morphism gpg, pq

(69)  HMp; 2 .0A% Hnp; E), hp)a) — Q)0 (AZ Hnp; E), hp)s
from Lemma 3 is a quasi-isomorphism.

Proof. From the proof of Lemma 3 one sees that gpg prg = prip o2(AG b K}g,)

/\113” where prp,: AG P = Ag, X AP — AG B and the last two factors are isomor-
phisms by (29) and (53). Thus it sufﬁces to show

prps: 20 0(AG Hnp; E), hp oo — 22 0(AS; H(np; E), hp)s
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is a quasi-isomorphism. Without the L?-conditions this result is standard: one
shows that ¥ — 1| AG, x{c} is a homotopy inverse to prp, by defining a cochain

homotopy operator that integrates in the A?—factor from a point ¢ € Ag. Since
the L2-conditions in (56) are only imposed on subsets with relatively compact
projection to A;l, these conditions are preserved by the homotopy operator. [

The homotopy operators used above will be discussed in more detail in §§10.3—
10.4; in §10.6 a related but more subtle homotopy formula will be established on
Q(Q) (.Ag, H(np; E), hp)oo.

Corollary 7. For P € P and x € Xp,

H(ipQ0)(E)) = H(2)(X;E),).

Proof. Apply Proposition 5 and Zucker’s calculation [42, (4.24)]. O
Corollary 8. For P < Q, the natural morphism (see (42) and (43))
(10)  H(ipQuy(E) — H(ipiquine)(E) = Hn%: H(it20)(E)

corresponds under Proposition 5 to the composition
(71)

H(£2() (A% H(np; E), hp)os) H(n3; H(20)(AG; H(ng; E), hq)sc))

1%

(=1)?(9pq,PP)~ (9PQ,QQ)x '

H(Q(Q)’Q(A}C;; H(l‘lp; E), hp)oo)

where 0 =1 if Q@ = G and 0 = 0 otherwise.

Proof. We can assume P < Q. Let ® = (¢x)r € ipf22)(E) represent an ele-
ment of H(ipf25)(E)); the image ' € ihiguif)f2(2)(£) of ® under the natural
morphism (43) is obtained by including only those R with Ry > @Q. The pro-
jection of Proposition 5 sends @ to ¢;py and sends d' to ¢{qy- However the
F{p<gy-component of the equation d® = 0 (computed using (64)) yields

U p<Q}(PHP(Py) + uP<@} (@} (P1Q}) + U P<q}{P<@}(P{r<q}) = 0.
The corollary follows by applying (60) and (61) to yield

(=1)79pq@.pr(d(ry) — 9PQ.QQ(¢1q}) — dac(d1p<q}) = 0. u
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10. QUASI-SPECIAL DIFFERENTIAL FORMS

Proposition 5 of the preceding section does not imply Theorem 4 of §8 since
it only provides a local quasi-isomorphism which may not arise from a global
morphism Sg(£2(9)(E)) — 22)(X;E). A global quasi-isomorphism, albeit in the
opposite direction, will be cgnstructed in §11. However this morphism can only be
defined if we replace (2(3) (X;E) by a subcomplex whose forms have well-defined
restrictions to boundary strata. The special differential forms considered in §4
have restrictions to boundary strata but they are not sufficient to represent L?2-
cohomology. Instead we define in this section a functor of quasi-special differential
forms,

(72) Mody,(Lr) — Cx(Xr), Er — Q4(Xg; Eg),

for each R € P and prove it has the desired properties. The definition will
be in_§10.8; befo_re that we define and study quasi-special differential forms
Qs (AE;Ep) on AL,

10.1. Stratification of flg. Recall that flg is stratified by its Ag—orbits and
these are indexed by those @ € P satisfying P < @ < G. By (14), the product

decomposition Ag X Ag of the dense stratum Ag extends to a decomposition
flg X Ag of the open star neighborhood of the stratum associated to @; in view
of this we denote the Q-stratum {og} x Ag or sometimes simply Ag. Define a
special neighborhood of a boundary point z € {og} X Ag to be any set of the
form flg(b) x V¥ where V@ is a relatively compact neighborhood of z in .A%.

10.2. Quasi-special Differential Forms on flg. Let Ep be a locally regular
Lp-module. In order to define fzsp(flg;Ep) we will use induction on #Ag. If
R = P set f)sp (AB;Ep) = Ep. For general R, we may assume by induction that
(NZSp (flg; Ep) has been defined for all P < @ < R. We will also for simplicity of
notation assume that R = G.

Define the sheaf_f)sp(flg;Ep) to be the subcomplex of ig.2(A%; Ep) whose
sections over U C .Ag are those forms ¢ on U N Ag which satisfy the following
two conditions for all P < Q < G:

(73a) For every boundary point z € U N ({oq} X .A%), there exists a spe-
cial neighborhood V = Ag(b) x V? such that TMVmAg =, pro, ¥Q.i A
(pr@)*?, where v € A(AG(b);Ep) and ¢ € A(VQ).

Given (73a), the “restriction” mgag(¢) of ¢ to {og} x .Ag may defined locally as

> i (10,i)0e ® wiQ, where (¢Qi)oc € iG*Q(.Ag; Ep)so denotes the associated germ.
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This is a section of iQ*Q(.Ag; iG*Q(Ag; Ep)s). Now require:
(73b) mga(v) is a section of EQ*(NZSp(ﬁg;iG*Q(Ag;Ep)OO).

Condition (73b) is asserting that mga(v) is a quasi-special form on flg (this
notion is well-defined by our inductive hypothesis).

Remark. If in (73a) we required that 1) ; be constant, we obtain the forms locally
lifted from the boundary (see following (24)); these are the analogue of special
differential forms in the current context. If this were satisfied for all @) then (73b)
is automatic. Thus the forms which are locally lifted from the boundary form a
subcomplex of the quasi-special differential forms on flg.

For a given @ > P, it is not difficult to see that if (73a) and (73b) are satisfied
for all @' > @, then we can arrange that (¥Q.)e € Qsp(flg;Ep)oo. We thus
have a morphism

(74) qa: Dsp(AF; Ep) — igu2p(AR; Qup(AG Ep)oo)
such that if)(mqc) is an isomorphism. Note that the analogue of (31) does not
hold.

If Ep is a regular Lp-module, define (NZ@),Sp(flg; Ep,hp) = ) (./_lg; Ep,hp)N
f)sp(flg; Ep). The mapping mqg of (74) restricts to
(75) MQa: 22),5p (A Ep, hp) — e 2ap (AB; 2(2) sp(AG Ep, ho)oo)
since hp| AGxV@ ™ pr) hg and again ia(ﬁng) is an isomorphism. For general
R # G, mgr and its restriction to L?-forms are defined analogously to (74) and
(75).
Proposition 9. Let Ep be a locally regular L p-module.

(i) The inclusion map is a quasi-isomorphism
ésp(ﬁgQ EP)oo B ZG*Q(Aga EP)oo

(ii) If Ep is a reqular Lp-module and Ep is given the fiber metric com-
ing from an admissible inner product, the inclusion map is a quasi-
isomorphism

2(2),50AGEp, hp)os — Qo) (AGEp, hp)oo.

Remark. If Ep is irreducible and g, + pp as in (44) is either regular or non-
dominant with respect to Ap, the local L?-cohomology in part (ii) is finite di-
mensional and is represented by constant forms [42, (4.51)]. We need to consider
the general situation however where the local L?-cohomology may be infinite
dimensional.
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The proof will appear below in §10.7 after some preliminaries on homotopy
operators. In order to use coordinates defined by roots, we assume a basepoint
has been chosen and identify .Ag with Ag for the remainder of the section.

10.3. Basic Homotopy Operator. From now through §10.6 we consider a
fixed @ > P. We would like to have a homotopy formula between a form
on A% and a form that satisfies (73a) and (73b) near the Q-stratum. We write

a=aga? € AS according to the decomposition A% = Ag X Ag.

Fix ¢ € A% and let 7.: AG — Ag x {c} C A% be the projection aga®
agce. Order Ag = {a1,...,a,} and let 2%(a) = loga® be the corresponding
coordinates on the Ag factor. Let ¢' = x%(c) for 1 < i < n and set (A%).; =
{a e AG | 29(a) = & for 1 < j < i}. Let me;: AG — (A%).; € A% be the
coordinate projection; note that 7.9 = id AG and 7., = m.. As in [14] we have
homotopy and projection operators

n Tt
(1 How=Y [ iomiw  wd P —m.
i=17¢ o

where the integral is integrating with respect to the i*"-coordinate. One calculates
that

(77) dHQ,CT/J + HQ’CdT/J = — PQ’CT/J.

10.4. Homotopy of Forms on Neighborhoods. We wish to apply Hg . to
forms on U N Ag, where U belongs to a fundamental system of neighborhoods of

op € Ag. We will use the standard fundamental system of neighborhoods given
by

(78) AG(s)={aec A% |a* > sforall a € Ap}

for s > 1; we set A%(s) = A%(s) N AG. The difficulty is that no matter what
ce Ag(s) is chosen (unless Ag is orthogonal to Ap \ Ag) there will exist points
a € AG(s) such that m.(a) ¢ A%(s). Thus if 1 is a form on A%(s), equation (76)
does not define Hg ¢ and Pp 1) as forms on Ag(s). Nonetheless we have the
following lemma;:

Lemma 10. For all s > 1 and for all c € Ag(s), equation (76) defines operators
Hoe: A(AG(5); Ep) — A(AG(mes); Ep) 1]

and
Po.c: A(AE(s);Ep) — A(AE(mes); Ep),

where me = max__,q ¢*/s > 1, and the homotopy formula (77) holds.
P



918 Leslie Saper

Proof. We need to verify that Hg . and Pg 1 are defined at a = aQaQ €
A8 (m.s); note that in this case ¢® < (a®)® for all a € Ag. It suffices to check
that if b € A% is any element such that ¢* < »* < (aQ)O‘ for all @ € Ag,
then agb € A%(s). For a € Ag, (agb)® = b* > ¢* > s. On the other hand,
for 6 € Ap\ A9, write 5’Ag = ZaeAg(é,ﬂgvm where (6, 69Y) < 0. Then

(agb)? > mes(b/a?)? = m.s HaeAg(b/aQ)@ﬂSvW > Mes > 8. O

10.5. Cutoff Homotopy Operator. If a form ¢ on Ag(s) already satisfies
(73a) and (73b) near the R-stratum with R # @, the same may not be true for
Hg . and Pg . We will remedy this by multiplying Hg . by a certain cutoff
function in order to restrict its effect to points near the Q-stratum. For later use
in §10.6 we need to allow some flexibility in the cutoff function.

Let us call a smooth function g: R — [1,00) e-admissible if

(i) g(r) is monotonically increasing to co, and
(i) ¢'(r) < e for all r € R.

Clearly e-admissible functions exist for any ¢ > 0. For an e-admissible function
g, define

79 - _ loe (@) — of min loea?
(79) Xg = Xg(a) C(feli}é og (a®) g(,ylggg 0gap,))

where ((x) is a smooth cutoff function such that ((z) = 1 forz < —1 and {(z) =0
for x > 0. Note that x, is not smooth; one can rectify this by replacing max
and min by appropriate smooth approximations. (Alternatively one could use
piecewise smooth forms and the distribution exterior derivative throughout.)

Define a cutoff homotopy operator and projection,

(80) Hq gt = XgHQ,c¥,
(81) PQ,c,gw = (1 - Xg)l/} + XgPQ,cw + ng A HQ,&/J,

where Hp . and Py . are obtained from Lemma 10. It is straightforward to
calculate from (77) that for ¢ € A(A%(s);Ep),

(82) dHchvgw + Hchvgdw = w’Ag(mcs) - Pchvg/l/}'

Lemma 11. Let ¢ € Ag(s) and let g be any e-admissible function. For any
Y € A(AG(s); Ep), the form Pg .4t satisfies (73a) and (73b) near the boundary
component corresponding to Q. If € > 0 is sufficiently small (depending only
on G) and if 1 already satisfies (73a) and (73b) near the boundary component
corresponding to some R £ Q, then so do Hg .40 and Py . 4.
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Proof. In a special neighborhood V' = Ag(b) x V€ of a point on the Q-stratum,
log a9* is bounded for all o € Ag and by making b sufficiently regular we can
arrange that log ‘IZ) is arbitrarily large for all v € Ag. Since g tends to in-

finity, we can arrange that x4y = 1 and thus Pg 4|y = 7}1¢. This proves
(73a) for Pg 4% near the @-stratum. Furthermore this shows that the restric-

tion m@a(Pg,c,q¢¥) is the function on {og} x Ag which has the constant value
(w|Ag(s)ﬂ(AgX{c}))00 € iG*Q(Ag;Ep)OO. Thus (73b) holds as well.

Now consider R £ @ such that (73a) and (73b) hold near the R-stratum. We
will prove the final assertion by induction on #Ag. We will just treat Hg . 41
since the argument for Pp . ¢ is identical. Let V = A%(b) x VE be a special
neighborhood of a point on the R-stratum and write, as in (73a),

Ulyoag = D Pravri A (rf) vl

)

First assume R > Q. Then we can assume that V' decomposes into Vé% x Ve
according to AL = Ag X A% and that both factors are relatively compact. By
enlarging V¢ we may also assume that ¢ € V9. Fora € V N Ag, decompose
a= aRaSaQ according to these decompositions; note that a* = agaQ and ag =
aRag. Since VQR is relatively compact, (ag)'Y belongs to a relatively compact
subset of (0,00) for all v € Ag. Thus if v € Ag then az) = (ag)'Y is bounded.
If v € Ag \ Ag then aé = a}z(ag)“f can be made arbitrarily large by making b
more regular (since ap € A% (b)). Thus min, e, log az) = minveAg log(ag)V and

hence y4(a) depends only on aft. This means that
(Hocg®)lvnag = 3 pritrs A (or") (Ho.equl).
i

Thus (73a) holds for Hg g4t near the R-stratum and also mprg(Hg,q¢) =
Hg cgmra(). But the lemma applies by induction to mprg(v), which is quasi-
special, and implies that Hg . 4mrc(¢) is quasi-special. Thus (73b) holds.

Now assume R £ Q and R # Q. The first of these conditions implies that
there exists o/ € AR such that o/ ¢ A%; set v = o/[a,. For a € VN AS we
have aé =a® (a9)" = (a™)* (a9)~. But since ot € VI and V' is relatively
compact, we may estimate that

loga, < C+ (—a/, 72Y) max log(a®)®
aeAg

< C + M - max log(a®)®,
aEAIQD
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where C' > 0 and M = max (—8,78V) > 0. Thus for a € V,

seAp\AY

(83) g(min logay) < g(C) +eM - max log(a®)®.

€A N
Next, the condition R # @ implies that there exists o € Ag such that o’ ¢ AR
and hence (a?)®” = a® = a (a®)*". For a € V we have ag € AG(b) and
af® € VE; since V' is relatively compact, this implies that (aQ)O‘” can be made
arbitrarily large by making b more regular. In particular we can arrange that

1
g(C) < = max log(a®)®, foralla e V.
2 aeA,QD
This bounds the first term of (83), while we can choose € > 0 to arrange that the
second term of (83) is < %maxaeAQ log(a®)® as well. Thus x,4|y = 0. Therefore
P

Hg gy =0 and Py 4|y =1 so (73a) and (73b) trivially hold. O

10.6. Homotopy of L? Forms. Now assume that Ep is regular with an ad-
missible inner product. In general the homotopy operator Hg ., for any fixed
choice of g will not be bounded on L?. We will get around this by choosing g
depending on each given ¢ € A(2)(Ag(s);Ep, hp).

Set AG(8)ei = AG(s) N (AS)ei = {a € AG(s) | 2/(a) = ¢ for 1 < j <i} and
(84) oQ = <Tg,7'gv>_17'g.

For an e-admissible function g we will also denote by g the weight function a —
g(log agg) on A(s).

Lemma 12. Let {1,} be a sequence in A(AG(s)ci;Ep), where c € A%(s) and
0 < i < n. Assume that ||[¢u|ln, < oo for all p and that {1,} is convergent
in this norm. For any € > 0 there exists an e-admissible function g such that
|1Yullghp < 00 for all p and, after passing to a subsequence, {1b,} is convergent
in this new norm.

Proof. We assume that i = 0, that is, {,} is a sequence in A(A%(s);Ep); the
general case is identical. Assume the sequence starts with ¥y = 0 and let ¢ =
limy, oo Py If we set AG(s)! = {a € AG(s) | logaUQQ = t}, then by Fubini’s
theorem

(59 o=t = [ ([ o ot da) a

0 AG(s)t
where da is the induced measure on A%(s)!. Let f,(t) denote the inner integral
in (85). Note that lim, .o [ fudt = 0 for all ¢ and that limy_. [~ fudt =0
for all g. Thus we can find a sequence t; < to < --- < t — o0 such that
ftzo fudt < (k+1)73 for all u, k and txq >ty + (2/€) for all k. (Given k, the
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inequality is automatic for large p and then t; can be made sufficiently large to
accommodate the rest.) It follows that >~ ;2 ,(k+1) f;:““ Judt < oo for all pu. Let

g(t) be a smooth monotonic function such that g(t) = 1 for t < t1, g(t;) = vk for
k>1,and ¢/(t) < e. Then |1, —v||gnp < oo for all u which implies |[¢||gn, < 00
(set = 0) and hence [|1),||gh, < oo for all p.

For the final assertion, choose a subsequence such that fooo fudt < =2 for
p > 1 and hence lim,, o 1t ftoo fudt =0 for all . We can then choose t;, in the
argument above such that [[¢b, — ||gn, < p~! for u > 1. O

Remark 13. The lemma continues to hold (with the same proof) if ¢ or v,
are measurable, not necessarily smooth, L? forms. Furthermore, given a finite
number of convergent sequences, a single function g can be found so that the
conclusion of the lemma will hold for all the sequences. Our main interest will
be when these sequences are actually constant.

Lemma 14. Let ¢ € Ay (Ag(s);IEp, hp). For any e > 0 and for almost every

c € Ag(s), there exists an e-admissible function g such that Hg .40, PQcq¥ €
Ap)(AG(mes); Ep, hp).

Proof. Pick c € Ag(s) such that for all 0 <4 < n both [ 4¢(,)_, and dy[ ¢

are L? with weight hp; this condition is satisfied by almost every c. Apply
Lemma 12 (see also Remark 13) to find an e-admissible function g such that all
the above forms are L? with weight ghp. For a € supp Xg We have the estimate

i(a) = log a® < log a®% < in loga))) < g(log a’®
(86) z'(a) =loga _fgi}é oga —9(523% ogap) < g(logay?)

where the last inequality comes from the estimate

el G76\/
Q _ aZ'VEAQ<TQ 2 > (min al )ZW(Tgﬂ—\O = (min a’Y)(Tg,TgV>'

a =
Q Q T n€Ag vEAQ
On the other hand, for any a € A%(s) we have the estimate

i I4ming(—5,72V) : v 7Q
(87) ¢ < g(logs TR ) < g(ylgg}g logaj,) < g(logay’).

(Here and below we will use the notation p < ¢ to indicate p < Cq where C > 0
is a sufficiently large constant depending only on P, @, ¢, g, and s.) We also
observe that hp(a)? = hp(ag)? [, e~ %*" where d; > 0. From these facts we can
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estimate

x? 2
”Hchw”hp NZ/ < / ‘ :72'_11/J‘> hp(a)2 dVv

<Z / (/ |7r;i,-_1¢|2)g(logaz;%hp(a)?dv
(mes)Nsupp xg @

5Z/A() %P9 log aZ2 Y (a)? dV

=1

§)Nsupp Xg

2
5 Z ||’11Z)|Ag(8)cyi,1”ghp <0
i=1

where the inner integrals are with respect to the i*"-coordinate and for the third
line we use Fubini’s theorem. We may similarly prove ||Hg c.qd¢|np, | XgPQ.c¥ | hp
and ||dxgANHQ,c||np are finite which by (81) shows that || Pg ¢ g¥||n, < 0o as well.
Finally (82) shows that |dH ¢ ¢%||np, < co. The same argument applied to di
shows that ||dHq ¢ 4d?||n, < oo and hence by (82) that ||dPg ¢ g¢|n, < oo. O

Remark 15. Suppose that 1, — 1 in the graph norm on A(z)(AG(S);EP,hp).
Then for all i and almost every ¢ € A% p(s), T/JM‘AG(S QMAG 5).. in the graph
norm. Hence the argument of the lemma shows that for any € > 0 and for almost
every c € Ag(s), there exists an e-admissible function g such that after passing to
a subsequence, Hq . g1, — Hg ¢ g and Pg g1, — Pg.c,¢¥ in the graph norm of
A (A% (m.s); Ep, hp). Again the result continues to hold for measurable forms
which together with their exterior derivatives in the distribution sense are L2.

10.7. Proof of Proposition 9. Choose a total ordering Qg = P, Q1, @2, ...,
Qn, Qn+1 = G of the parabolic Q-subgroups containing P which is compatible
with the partial order; such a total ordering exists. Let ﬁ(g),sp,i(fig;Ep, hp) be
the subcomplex of 2(5)(A%; Ep, hp) whose sections satisfy (73a) and (73b) near
points of the Q) ;-strata for all j > 7, and let g(g)7sp’i(U; Ep, hp) denote its sections
over U C flg.

For part (ii) we will show for any 0 <4 < N that the map of local cohomology
(89) H(fz( 2),sp, Z(AGa EP) ) - H(§(2),sp,i+l(14g; EP)OO)

is an isomorphism. For all s > 1, set C(g);(s) = g(2)7sp7i(Ag(S);EP,hP) and
consider

C2),i(s) —— C(2),i11(8)

| J

C(2),i(25) — C(2),i+1(25)
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where the vertical maps are induced by restriction. If [¢)] € H(C(9)41(s)), use
Lemmas 11 and 14 (applied with Q@ = @Q; and R ranging over @; for all j >
i) and (82) to find ¢ € Ag(s) N 1412(1/(23))_1 and ¢ such that dHg, .40 =
T/J‘Ag@s) — P, c.g¥ With Pg, c g € C(2):(25) and Hg, g% € C(9)41(2s). This
shows surjectivity in (89). Similarly, if [] € H(C(y);(s)) and n = di) with
Y € Cg),i+1(s), we find that 77|A§;‘(2s) = dHQ, cgn + dPQ, c.q% with Hg, ¢ g,
Pg,.c.q¥ € C(2),i(25). This shows [7] = 0 and hence injectivity.
The proof of part (i) is simpler since any ¢ and any e-admissible g will suffice.
U

10.8. Quasi-special Differential Forms on X. We now define (NZSp()?;E),
the quasi-special differential forms on X. For a locally regular representation F
of G, a section of (NZSP(X'; E) over U C X is an element n € A(UNX;E) satisfying
the following condition for all ) < G:

(90) For every boundary point x € UNX(, there exists a special neighborhood
V= p(Ag(b) x Oqg) C U of z (see (23)) such that n|y~x is a sum of

terms pry) 1 A (pr®)*w, where ¢ € gsp(flg(b);E) and w € A(Oq) is
Ng(R)-invariant.

A special differential form as in §5.2 satisfies this condition with ¢ constant.
Thus Qsp(X E) is a subcomplex of Qsp(X E). Set _Q( 2)s ( ;E) = Q29 (X;E)N

2(X:E).
Proposition 16. Let E be a locally reqular G-module.
(i) The inclusion map is a quasi-isomorphism

24 (X:E) = i 2(X;E).

(ii) If E is a regular G-module and E is given the fiber metric coming from an
admissible inner product, then the inclusion map is a quasi-isomorphism

f2(2),Sp (557 E) — 9(2) (5(:, E)

Proof. Consider the diagram of maps between stalks at a point z € Xp:
(o) (AG; H(np; E), hp)oo —— Q) (X3 E
é(2),sp(ﬁ]G3;H(nP;E)7hP) — ‘Q )

Zucker [42, (4.24)] defines the top inclusion and shows that it is a quasi-isomorphism.
The proof involves constructing a projection mapping in the opposite direction
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(the composition of harmonic projection in the Op factor of a special neigh-
borhood, projection to Np(R)-invariant forms, and harmonic projection in the
complex A n} ® F) and a bounded homotopy operator between it and the iden-
tity. These operators all preserve the condition that a form is quasi-special, so
the bottom inclusion is also a quasi-isomorphism. The left inclusion is a quasi-
isomorphism by Proposition 9(ii) and hence the right inclusion is as well. This
proves part (ii); the proof of part (i) is similar using Proposition 9(i). O

10.9. The Quasi-special Differential Forms Functor. If we apply the con-
struction of §10.8 to each Xg, we obtain the desired functors (72).

Proposition 17. Let Eq be a locally reqular Lg-module.

(i) The inclusion morphism yields a natural quasi-isomorphism
2sp(Xg;Eq) — R4p(Xq:Eq)-
(ii) For P < Q € P, the “restriction” morphism kpq of special differential
forms (see (28)) extends to a natural morphism
kpq : 2up(XqiEq) — ipeQup(Xp; Qup(AR: H(nE: Eq))ec)
such that i}(%p@) 18 a quasi-isomorphism. This morphism satisfies

(91) 10+ (kpo) © kgr = ip« 24 (Xp; MoR) © kpr.

(iii) Assume Eq is a regular Lg-module with an admissible inner product.
For P < Q € P, the “restriction” morphism kpg restricts to a natural
morphism

kpQ  20)5p(XQi EQ) — ipef2ep(Xpi 22 p (AR H(nF; EQ), hp)oc)

such that i*P(EpQ) is a quasi-isomorphism.

Remark 18. Note that in (ii) we can conclude that i}, (%p@) is a quasi-isomorphism,
but in (iii) we only have that i}, (kpg) is a quasi-isomorphism

Proof. Part (i) follows from (25) and Proposition 16(i). In a special neighborhood
V= p(flg(b) x Op) of a point € Xp the morphism kpg may be defined (in the
notation of §10.8) by

prp e A (prf) w r— 24 (Xp; AD) 0 kpo (e ® (pr!)w),

where 1) € Zsp(flg(b);EQ) and w € A(Op) is Ng(R)-invariant. This indeed
takes quasi-special forms to quasi-special forms as may be verified using (73b).

The assertion that 7} (%p@) is a quasi-isomorphism follows from the corresponding
assertion for kpg [33, Cor. 4.8] and the verification of (91) may be left to the
reader. Part (ii) follows. Furthermore the L?-norm near x € Xp on the left-hand
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side involves an integral over the ng(R)’—ﬁberS of Ag(b) x Op — .Ag(b) x p(Op)
which is not present in the right-hand side. Since the volume of the fiber over

(a-x0,2") is ~ pp(a)~2, where a € Ag, the integral over the fibers is accounted
for in the right-hand side by the weight hp. Part (iii) follows. O

11. PROOF OF THEOREM 4

We will prove Theorem 4 (from §8) by constructing morphisms of complexes
of sheaves

~

Q0)(X;E Sz (29)(E))

f7<z>7sp<X7 E) " S () (E))

and show that they are all quasi-isomorphisms.

The complex (29 ()/f :E) is the usual L2-cohomology sheaf as defined in §2

and the sheaf 5(2)7Sp()? ;IE) is the subcomplex obtained by intersecting that with
quasi-special forms as in §10.8. The morphism r is the inclusion and it is a
quasi-isomorphism by Proposition 16(ii).

The complex of sheaves S (£2(2)(E)) is the usual realization, defined by ap-

plying (34) to (62), and the complex of sheaves S 3 (2(2)(E)) is defined similarly
but using the quasi-special differential forms functor. Explicitly, the latter is
(compare (34))

S3(2)(E)) = P iref25p(Xp; Ep),

(92) PeP
dgg(ﬂ(z)(E)) - Z dp + Z Q2s(Xp; fPg) o kpg,
Pe?P P<Qe?P

where EPQ is from Proposition 17(ii) and pr is defined by

(93) fro: QA% HME EQ))ow — Ep[l],  v®9— frg(v) A (pr?)*y,

for v € H(nP,EQ) and ¢ € QSP(AQ) . The wedge product in (93) should be
interpreted in the following way. By (53), (59), and (62), the vector v is a sum of
germs of forms on Ag, each of which satisfy an L?-condition with weight hg on
Ag x V for various R > @ and all V C .Ag relatively compact. (For simplicity
of notation we ignore here the finite dimensional coefficients and the shift.) By
Lemma 3 the map fpg pulls these back to germs of forms on Ag satisfying a
similar L2-condition, except now V' C Ag for some R’ > R and the weight is hp.
The wedge product with (pr®)*s, the germ of a pullback of a smooth form on
Ag, preserves this L?-condition.
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The morphism ¢ is the sum of the inclusions
ZP*Qsp(XPQ EP) — ip*ﬁsp(XP; EP)
The complexes S (£22)(E)) and :S'}((Q(Q) (E)) are filtered by the parabolic rank

of P; the morphism induced by ¢ on the associated graded complexes is a quasi-
isomorphism by Proposition 17(i) and hence so is ¢.

It remains to define s and prove that it is a quasi-isomorphism. For each P € P,
the morphism

7</:PG: ﬁ(2),sp(5€; E) - iP*(?Sp(XP? ﬁ(2),sp(‘[l}c;; H(l‘lp; E)7 hP)OO)
from Proposition 17(iii) may be composed with the morphism induced by
0025 (AZ; H(np; B), hp)oo € 2(2)(AG; H(np; E), hp)oo = Fipy C Ep.
We can thus define

(94) 5= kpa: 22)5p(X;E) — @D ipu24p(XpiEp) = S (202 (E)).
P PeP

To prove that s is a quasi-isomorphism we will fix P € P and prove that i}s
is a quasi-isomorphism. Consider the morphisms

. = > i (k v = o
ip82(2)5p (X E) 2 rzp i (tro) @ZPQSp(XMER)
R>P -
(95) Ji*p(%PG) JZDP ip(kPR)
(X p; Q) 5 (AZ; H(np; E), hp)oo) P 2(Xp; 2o (AL HNE; Er))so)
R>P

where the upper right-hand group has the differential
(96) Y dr+ Y Q4(Xg; frs) o kas
R>P S>R>P
and the bottom right-hand group has the differential
97) > (dp+ dgr) + D 2Xp; Qe (AS; H(nf; frs))oo) © 2(Xp; fitps).
R>P S>R>P

The top horizontal map then represents ¢,s. Both the left and right vertical mor-
phisms are quasi-isomorphisms by Proposition 17, parts (iii) and (ii) respectively.
(On the right-hand side, one applies the proposition to the graded morphism as-
sociated to the double filtration by parabolic rank of R and by degree of Eg.)

We can complete (95) to a commutative diagram by defining the morphism
(98)
X p; Q(2),5p(AF; H(np; E), hp)oo) — @) 2(Xp; 2o (AZ; H(nE; Er))oo)
R>P
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to be > pop 2(Xp;mpa). More precisely, each term in this sum represents the
morphism induced by
20 5p (AGH(np; E), hp)oo — Qe (AR 22 5p (AG H(np; B), hR)oo ) oo
from (75), followed by the morphisms induced by
() 5p(AG: H(np; E), hp)oo —— H (0 2(2) 5 (AG: H(ng; E), hg)oo)
from (53) and by
6(2)7Sp(ﬁg; H(nR; E), hR)oo - 9(2) (ﬁg, H(UR; E), hR)oo = F{R} - ER.

We need to show that (98) is a quasi-isomorphism. The proof is parallel to that
of Proposition 5 of §9 so we will be brief. Define filtrations on the two complexes:
on the left-hand side of (98) use the trivial filtration in which F© is the entire
complex and FP = 0 for p > 0; on the right-hand side use (62) to re-express the
sum over R > P as a sum over R with Ry > P and let FP consist of terms such

that #(R\ {P}) > p.
For p = 0 the graded morphism associated to (98) is the inclusion
Q(Xp; D2)5p(AF H(np; B), hp)oo) — 2(Xp; Qo) (AF: Hnps E), hp)oo)
which is a quasi-isomorphism by Proposition 9(ii). For p > 0 it is the map of 0
into
B (2Xp QAR HEE; Fr)oo) © 2(Xp; Fipyum)) -

R|R0 >P
#R=p

This is a direct sum of complexes so it suffices to show that the summand for a
given R is acyclic. This summand is a shifted mapping cone for 2(Xp; fpr,):

2Xpifrr,)

(X p; Qep (AR H0E: Fr))oo) 2(Xp; Frpyum)[1]

\ %{P}UR,R)

Q(Xp;H; Fr))oo -

Since Lemma 6 implies that uspy g is a quasi-isomorphism and Proposition 9(i)
together with the usual Poincaré lemma implies that the left diagonal map is a
quasi-isomorphism, the proof is complete. O

12. THE MICRO-SUPPORT OF THE L%-COHOMOLOGY L-MODULE

Let E be a regular G-module and let {2, (E) be the corresponding L-module
as in §8. The calculation of the micro-support SS({2(3)(E)) that follows is similar
to that for weighted cohomology in [33, §16], although more complicated by the
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possible presence of infinite-dimensional local cohomology; I am grateful to an
anonymous referee of [33] for comments that simplified the proof.

12.1. It is helpful to use the language of lattices. Let P € P. The partially
ordered set [P,G] ={Q € P | P < Q < G} is a Boolean lattice; in fact the map

Q — Ag is an isomorphism of [P, G] onto the lattice of subsets of Ap. Given
Q € [P,G], let (P,Q) € [P, G| denote the complementary element determined by

ASDRQ) =Ap\ A%. For Q, R € [P,G], let Q V R and Q A R denote the elements

of [P, G] determined by Ag UAE and Ag N AR respectively. If R < S, the subset
[R,S]={Q € P| R<Q<S}isaBoolean sublattice.

12.2. Let P € P and let V be an irreducible L p-module. Recall Zucker’s calcu-
lation of the L2-cohomology of A%G(b) [42, (4.51)]:

Lemma 19. For any b € Ag,

C if (v +pp,BY) >0 for all « € Ap,

0 if v +pp,By) <0 for any o € Ap.

In the remaining case where (& + pp,By) > 0 for all « € Ap and r = #{«a |
(&v + pp,BY) =0} > 0, then H(iz)(f[g(b);V, hp) is nonzero only if i € [1,r] in
which case it is infinite dimensional.

Hp)(AZ(D);V, hp) = {

Define Sy, Ty, T{, > P by

AY ={aeAp| (& +pp,BY) >0},
AY ={aeAp|{& +pp.Bl) <0},
A ={aedp|{& +pp,B) SO},
Lemma 20.
G (p). ) ~ _

H(ib Q) (E))y = H)(Ag, (0);C) @ H(np; E)v  if Ty = P,

0 otherwise,
for any b € .Agv. If Ty, = P, the group Hfz)(ﬂgv(b);((:) is C if Sy = G and

otherwise is nonzero (and infinite dimensional) only for degrees in [1,dim Agv].

Proof. Proposition 5 implies that H (i%$2(9)(E))v = H9)(AZ(b); V,hp)RH (np; E)y
which by Lemma 19 is zero unless Tyy = P. Zucker’s Kiinneth formula [42,
(2.34)(i)] applied to the decomposition A% (b) = Agv (b) XA%,/(l) from [11, 4.3(3)]
(which is different from (7)) yields

H o) (AB(0); V. hp) = Ho) (A, (0): V. hs, ) ® Hig) (AFy (1);V, gy )
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provided one of the factors is finite dimensional. Lemma 19 implies the second
factor is C and the remaining assertions. O

Lemma 21. For P < R,

" | H (A, ¢ (0);C)® Hnp; BE)y  if Ty <R,
H(nfl; H(i520) () :{O @ Agvs, (0);C) @ Hnps E)v - if Ty

otherwise.

Proof. 1If the group is nonzero then H (ng; W)y # 0 for some irreducible regular
Lg-module W occuring in H (i3 2(2)(E)). Let A be the highest weight of W with
respect to a Cartan subalgebra of [ and a positive system of roots which con-
tains those in nf. Under these conditions, Kostant’s theorem [24, Theorem 5.14]
implies that H(nf; W)y =V and the highest weight of V is w(\ + p) — p, where
p is one-half the sum of the positive roots of [z and w belongs to a certain subset
of the Weyl group of [gr. Thus W is uniquely determined and {y|q, = {w. The
lemma now follows from Lemma 20 (applied to H (i%{2(9)(E))w ), since it is clear
that Tyy = RV Ty and Sy = RV Sy. O

Lemma 22. Suppose that P < R < R’ such that RV Sy = R'V Sy. Then the
natural morphism

H(nfs H(i3 Q0 (E))y — H(ng ;s H(iy Q0 (E)))v

corresponds (up to sign) to the identity under the isomorphisms of Lemma 21.

Proof. The natural morphism is given by (71) in Corollary 8 (aside from the
application of H(nf;-)). The lemma follows easily. O

12.3. Consider S; < Sy and order Ag, = {a1,...,a,}. Denote by A(2),R(Agl(b); C)
the sections of {29, R(flg ; C) over flG (b). Define the double complex

Ap)Afs, 5 (0:C) = D Ap)r(AS, (1) O)[-#AF]
S1<R<S2
where the horizontal differential between the R’ and R terms (when AR =
AR U{ar}) is (<1)igs, s, Since H(Au)p(AS (0):C)) = Ho)(AG(1);C) by
Lemma 6, the Ej-term of the spectral sequence for the total complex is
(99) D HeAR0):O)-#AL),
S1<R<S,

where the terms of dy are given by Corollary 8. Note that all of these terms are
infinite dimensional with the exception of the R = S5 term in the case that Sy =
G. We denote the cohomology of the total complex by Hy) (.A[S1 52](b) C). We
may similarly define a complex and cohomology for open and half-open intervals
such as (S, So].
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The cohomology H )(A[Sl 52](b) C) is always nonzero; for example, the spec-

tral sequence (99) shows that it does not vanish in degree dim Agl. Furthermore,
unless S = S = G, the cohomology is infinite dimensional.

Proposition 23. For P < Q € P and an irreducible L p-module V,

H(ipitg Qo) (E))v =

His(AS v, popsy () 0) @ Hinp: E) [—#A%] if (P.T}) < Q < (P.Ty),
0 otherwise.

Proof. Consider the short exact sequence
(100) 0 — ipigRe)(E)y — ip2e)(E)v — ipigeiaRe)(E)y — 0

obtained from (41) by taking the V-isotypical component. There is a Mayer-
Vietoris spectral sequence [33, Lemma 3.7] abutting to H (i}p]q«J5 22)(E))v with

(101) Bt = @ HOE H(ipQ0)(E))y.
P<RL(P,Q)
#AR=p+1

By Lemma 21 the term indexed by R will vanish unless 7y < R. Thus (101)
vanishes unless Ty, < (P, Q), and in this case the terms of (101) are indexed by
R € [Ty, (P,Q)] (with P excluded if Ty = P).

In the lattice [T, G], the complement of 17, is T/ V. Sy. Any element of [Ty, G]
may thus be expressed as the join of its intersection with 7Y, and its intersection
with Ty, V Sy. We apply this to elements of the sublattice [Ty, (P, Q)]; if we fix
the first intersection to be Ty and let the second intersection vary, we obtain
elements R on the dotted line below:

/kTv\/SvR\/SV

NN
T}, A (P, Q) \ \/

(T (P,
Ty AR = TV\/ v V.Sy) A (P Q)
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If we then vary Ty we obtain a decomposition

(102) [Tv,(P,Q)] = 11 [Tv, (Tv v Sy) A (P,Q)]
Ty [Ty, T, N(P,Q)]

The elements R in a fixed component of (102) (say indexed by Ty) will all have
the same value of RV Sy, namely Ty V Sy, and the same value of T}, A R, namely
Ty . The corresponding terms of (101) will then all be isomorphic by Lemma 21.

In view of the preceding discussion, filter the complex (Fy,d;) by #AICC‘/’AR.

The associated graded complex is a direct sum of complexes indexed by Ty €
[Ty, T{, A (P,Q)]. The complex associated to a given Ty is

(103) b Hp)(AZ g, (0):C) ® H(np; E)y [~#AF + 1]
RE[T\/,(T\/VSV)/\(P,Q)}
R#P

with differential > SAR —p AR +idg r by Lemma 22; here idgr r denotes the
P =#2Pp

identity morphism between the R-term and the R’-term.

First assume P < Ty,. Then Lemma 20 and the long exact sequence associated
to (100) imply that H(ihil Q) (E))v = H(ihjowjnRe)(E))v([—1]. If further-
more (P,Q) ¢ [Tv,T{/], then the cohomology of (103) vanishes: aside from a
shift it is the simplicial cohomology of the cone over the simplex with vertices
A;T/VVSV)A(P’Q). On the other hand, if (P, Q) € [Ty, TY/], that is, (P,T{,) < Q <
(P,Tv), then (103) reduces to

H)(AZ g, (0):C) ® H(np; E)y[-#A} +1]

and the spectral sequence (101) is isomorphic to the spectral sequence (99)

for H s (A%VVSV (PQ)vSV}(b);C) (tensored with H(np; E)y and shifted by 1 —
#A3).

On the other hand, assume P = Ty,. Now if (P, Q) ¢ [Ty, T},], the cohomology
of (103) vanishes except for the case Ty = P, in which case it is H @) (.Agv (b);C)®
H(np; E)y. Thus the spectral sequence (101) degenerates and its cohomology will
be canceled in the long exact sequence associated to (100) by H (ip82(2)(E))y (use
Lemma 20). If (P,Q) € [Ty, T,], the above argument shows that (101) abuts to
Hg) (AG (b); C)® H(np; E)y[1]. We have a commutative diagram with

(SV7(P7Q)\/SV}
exact rows

— H' ™ (ipJguio () (B))v ——— H'(ipig ) (E))v ——H'(ip Q) (E))v —

! ! |

—Ho) (A, (pavey] (0 ©) = Hig) (AT, (pgyvsy) (0);C) — Hiy) (AS, (0); C) —
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where to save space we have omitted the tensor product with H(np; E)y in
the bottom row. We have already noted that the first vertical arrow is an iso-
morphism, while the last vertical arrow is an isomorphism by Lemma 20. The
proposition now follows from the 5-lemma. O

Theorem 24. For a regular G-module E, the micro-support SS(§2(2)(E)) consists
of those irreducible Lp-modules V' satisfying

(i) H(np; E)y #0,
(i) (Vlep,)* = Ve, , and
(iil) (§v + pp)lag = 0.

For such a V and any Q € [P, G],
Typeq,v (22)(E)) = Hezy (Al (poy (0);C) @ H(np; E)y.

The weak micro-support SS,,(£2(2)(E)) is similarly characterized by omitting con-
dition (ii).

Proof. Let V be an irreducible L p-module. By the definition of micro-support in
§6 and Proposition 23, V' € SS(§22)(F)) if and only if conditions (i), (ii), and

(iif)’ [Qv, QvIN (P, Ty), (P, Ty)] # 0

are satisfied. Clearly (iii) implies (iii)’. Conversely we will assume (iii)’ holds and
prove (iii); together with Proposition 23 this will establish the theorem.

By Langlands’s “geometric lemma” [12, IV, §6.11], there exists one and only
one R € [P, G] such that

(104a) (&v + pp, BEYY >0 for o € AE, and
(104b) (v + pp, i) <0 for v € Ap\ AL,
Since YV € —cl(af*") for v € Ap\ AL, (104a) implies that (&y + pp, V) < 0.
Together with (104b), this yields (¢y + pp,7Y) < 0 for all v € Ap \ AR, that
is, (P,R) < Qv. However (iii)’ implies that Qy < (P,Ty). We conclude that
(&v +pp,BY) > 0 for all v € Ap \ AR, which means that (v + pp)r € cl(Ta}).

However (104b) implies that (& + pp)r € —afy . Since cl(Taj) N (—afk") = 0
unless R = (G, we see that

(105) év + pp € cl(tad).

Similarly there exists a unique R € [P, G| such that

(106a) (& + pp, BEYY > 0 for o € AR, and
(106b) (&v +pp,75) <0 for v € Ap\ AZ.
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Since BYp € cl(alh) for a € AR, equation (105) implies that (£y + pp, BYg) > 0.
Together with (106a), this yields (£y + pp,3Y) > 0 for all o € AR, that is,
R < (P,T{,). However (iii)’ implies that (P,T{,) < Qi,. We conclude that
(& + pp,a¥) <0 for all @ € AE, which means that (& + pp)f € —cl(al*™).
However (106a) implies that (& + pp)® € *alt*. Since (—cl(af*t)) N *alt = ¢
unless R = P, we see that & + pp € —cl(ap). This together with (105)
establishes (iii) since cl(fa}) N (—cl(ak’)) = af,. O

A parabolic R-subgroup Py of G is called fundamental if pg contains a funda-
mental (that is, maximally compact) Cartan subalgebra of g.

Corollary 25. For P € P, there exists an irreducible Lp-module V € SS(£2(2)(E))

if and only if (Elog)* = Elog and P contains a fundamental parabolic R-subgroup
of G. The type of V is finite dimensional if and only if P = G.

Proof. Apply Theorem 24, [7, 3.6(iii)(iv)] (see also [33, Lemma 8.8]) and the
remark at the end of §12.3. O

Recall that a symmetric space D = G(R)/K Ag is called equal-rank if C-rank G =
rank K +rank Ag. Any Hermitian symmetric space is equal-rank and every equal-
rank symmetric space has even dimension. The symmetric spaces associated to
G(R) = SO(2p,2q + 1) where p > 1 are examples of non-Hermitian equal-rank
symmetric spaces.

Corollary 26. If X is an arithmetic quotient of an equal-rank symmetric space
and E is an irreducible reqular G-module, then SS(£2(9)(E)) = {E}.

Proof. Since D is equal-rank, the only fundamental parabolic R-subgroup of G
is G itself. Furthermore (Flog)* = E|og for any G-module E [7, 1.5, 1.6]. Now
apply Corollary 25. O

13. THE CONJECTURES OF BOREL AND ZUCKER

Associated to any finite-dimensional irreducible representation o of G(R), Sa-
take [39] constructs a compactification D} of D which is a disjoint union of
so-called real boundary components; D is always a real boundary component and
the others are symmetric spaces of lower rank. The group G(R) acts on D} and
those real boundary components whose normalizers are defined over QQ are called
the rational boundary components*. Under a condition on ¢ now known as geo-
metric rationality [13], Satake [40] constructs a corresponding compactification
X* of X by taking the quotient under I' of the union of the rational boundary

4The actual definition is more complicated but is equivalent to what is given here under the
condition of geometric rationality.
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components (with a suitable topology). The compactification X is stratified by
arithmetic quotients of the rational boundary components.

An important example is when D is a Hermitian symmetric space. In this
case D may be realized as a bounded symmetric domain in CV for some N and
one of the Satake compactifications is homeomorphic to the natural compactifi-
cation cl(D) € CV. The various real boundary components are again Hermitian
symmetric spaces. Geometric rationality in this case was proved by Baily and
Borel [2]; the resulting compactification X* of X is called the Baily-Borel-Satake
compactification. Baily and Borel prove that X* has the structure of a normal
projective algebraic variety.

More generally consider the case where D is equal-rank. A real equal-rank
Satake compactification is a Satake compactification for which all real bound-
ary components are equal-rank symmetric spaces. The possible real equal-rank
Satake compactifications are enumerated in [44, (A.2)]. For some equal-rank
symmetric spaces, such as the one associated to G(R) = SO(4,4), such a com-
pactification does not exist. On the other hand, if G(R) = SO(2p,2q + 1) then a
real equal-rank Satake compactification does exist (and is unique if p > 1).

In [35] we prove that every real equal-rank Satake compactification is geomet-
rically rational aside from some Q-rank 1 and 2 exceptions in which Q-rank G #
R-rank G.. The resulting compactification X} is also called a real equal-rank
Satake compactification; the Baily-Borel-Satake compactification is an example.

Theorem 27 (Zucker/Borel Conjecture [26], [37]). Let X} be a real equal-rank
Satake compactification of an equal-rank locally symmetric space X = T'\D. Then
there is a natural quasi-isomorphism 5)(X5;E) = Z,C(X;;E) where p is any
middle perversity.

Proof. (Compare the proof of the Rapoport conjecture in [33, §27] and the expo-
sition in [34, §§19, 20].) Let X be the reductive Borel-Serre compactification and
note that (2(9)(X7;E) & Rm.82) (X';E), where 7: X — X, is Zucker’s quotient
map (22). For z in a proper stratum F of X}, let i, {z} — X denote the inclu-
sion. By the local characterization of middle perversity intersection cohomology
on a space with even dimensional strata [21], [9, V, 4.2] it suffices to verify

(107) H* (i3 R, 022 (X5
(108) H' (it R, 209 (X;

, i > (1/2) codim F,
, i < (1/2) codim F.

We consider (107); the proof of (108) is similar. Let k: 7~!(z) < X and ob-
serve that H (iy Rm.(2(9)(X;E)) = H(k*2(2)(X;E)) = H(k*Sg(£22)(E))), where
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for the last step we use Theorem 4. However one can show” that k*S < (20)(F)) =
Sr1(2)(K* 22y (E)) for an L-module k*29)(E) on m'(z) (which is itself the
reductive Borel-Serre compactification of a locally symmetric space [43, (3.8),
(3.10)]). Thus we are reduced to the corresponding vanishing of H(k*§2(9)(E)).
However since SS({2(3)(E)) = {E} by Corollary 26 and since all real bound-
ary components are equal-rank, we can use [33, Corollary 26.2] to estimate that
d(k*22)(E)) < (1/2) codim F' where d(M) is defined in (47). Now apply Theo-
rem 1. (]

Remark. Under the weaker hypothesis that all rational boundary components
are equal-rank we can still obtain an estimate of SS(k*{2(9)(E)) [33, Proposi-
tion 23.3]. However the precise estimate on d(k*f2)(£)) in the above proof
requires the stronger hypothesis that all real boundary components are equal-
rank [33, Corollary 25.4, Theorem 26.1].

Corollary 28. Under the hypotheses of the theorem, H ) (X;E) = I, H(X;;E).

Proof. Since £2(9)(X5;E)) is fine [42], [44], H(£2(2)(X;;E)) = H9)(X;E). O
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