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Abstract: We construct bundles of modules of vertex operator algebras,
and prove the rigidity and vanishing theorem for the Dirac operator on loop
space twisted by such bundles. This result generalizes many previous results.

0. INTRODUCTION

Let X be a compact smooth spin manifold. The elliptic genus of Landweber-
Stong and Ochanine can be regarded to be the index of the formal signature
operator on loop space LX (see [47]). It is the index of the following twisted
Dirac operator on X

D ® @p>1Sym g (TX ©r C) ® S(TX) @ @n>olgn (TX ®r C)

where S(TX) is the spinor bundle of X and D is the classical Dirac operator.
Here ¢ is a parameter and for a vector bundle F

Symy(E) =1+t E+t*Sym*(E) + -+, Af(E) =1+t E+*A*(E) + - -

are respectively the symmetric and wedge operation of E. This elliptic operator
should be considered as infinite number of twisted Dirac operators by taking the
q expansion.

The following elliptic operator
D® ®nzlsqun (TX KR (C) ® ®n>0Aiqn71/2 (TX Rr (C)
were also studied in [47]. It was conjectured in [47] that all these elliptic oper-

ators are rigid, generalizing the famous vanishing theorem of Atiyah-Hirzebruch
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for the A-genus. There were several rather interesting proofs of these Witten’s
conjectures (see [46], [8], [38], [41]). The one relevant to this paper is the proof
given in [38], [39] where the main idea was to use the modular invariance of affine
Kac-Moody characters.

Note that the fibers of the bundles
S(TX) ® ®n>0Aqn (TX ®R C) ®n>0 A:tqnfl/z (TX ®R (C)

are level one highest weight integrable module for affine Kac-Moody Lie algebra
Dl(l) where [ is half the dimension of X. This explains partially why the modular
invariance of characters of level 1 highest weight integrable modules for affine
algebra Dl(l) enters the proof of the rigidity [38].

It is well known that the level one highest weight irreducible module L(Ay),
where Ag is the fundamental weight of Dl(l) corresponding to the index 0, is a
vertex operator algebra and the four level one highest weight integrable mod-
ules for the affine algebra Dl(l) are the irreducible modules for L(Ag). In our
case, the bundles S(TX) ® ®p>0A¢n (TX ®Rr C), @n>0Ajn-1/2(TX ®r C) are
L(Ap)-bundles in the sense that each fiber is a module of L(Ag). In this paper,
we construct very general bundles such that the corresponding twisted Dirac op-
erators is rigid. Namely, we twist the Dirac operator by a rather general class
of vertex operator algebra bundles and prove the rigidity property of the corre-
sponding elliptic operators. The main idea in the proof of rigidity theorem again
is to use the modular invariance of certain trace functions in the theory of vertex
operator algebras.

The study of elliptic operators on loop space twisted by a general vertex op-
erator algebra bundle in this paper is motivated by attempting to understand
the monstrous moonshine [12] geometrically. Borcherds proved [7] the Conway-
Norton’s moonshine conjecture for the McKay-Thompson series associated to the
moonshine vertex operator algebra constructed in [26]. But there is still a lot of
interest to understand the genus zero property for the McKay-Thompson series
geometrically. For example, Hirzebruch proposed to realize the J function as
an A-genus [29]. We hope that McKay-Thompson series can be realized as the
Monster equivariant elliptic genus of certain elliptic operator on some orbifold
[19]. This will lead to the study of elliptic operators on loop space twisted by
vertex operator algebra bundles whose fibers are twisted modules for the vertex
operator algebra. Another motivation for such construction is to understand the
geometric meaning of elliptic cohomology by using bundles of vertex operator
algebras. Some progress has been made in this direction. Actually our results

indicate that elliptic cohomology should contain certain vertex operator algebra
bundles.
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The setting and the argument in this paper give a uniform treatment for the
Dirac operators on loop spaces when V' are the vertex operator algebras associated
to the highest weight integrable modules for affine Kac-Moody algebras. More
importantly, our results even in the case that V is a lattice vertex operator
algebra are totally new: many lattice vertex operator algebras are not “natural”
modules for loop groups or affine Kac-Moody algebras. As far as we know, this
is also the first interesting application of the algebraic theory of vertex operator
algebras into geometry and topology. The ideas and results in this paper can be
carried out for the orbifold elliptic genus in the setting of [19].* In this case, one
uses twisted sectors or twisted modules for vertex operator algebras instead of
modules. The results on modular invariance of trace functions in orbifold theory
obtained in [17] is also needed.

This paper is organized as follows. In Section 1 we review the basic facts
about vertex operator algebras and present some results which will be used in
Section 2. In particular, we discuss the modularity of certain trace functions
associated to vertex operator algebras and their representations. We also give
a brief account of lattice vertex operator algebras for reader’s convenience. In
Section 2, we begin with a compact Lie group G which acts on the vertex operator
algebra as automorphisms. Using the principal G-bundle we construct the vertex
operator algebra bundles on manifolds. We then consider the Dirac operator on
the loop space twisted by the vertex operator algebra bundles and prove a rigidity
theorem.

Acknowledgments. Part of this work was done while the third author was
visiting UCSC. He would like to thank the Mathematics Department of UCSC
for its hospitality. This project was initiated during the authors’ visit to the
Morningside Center of Mathematics in Beijing.

1. VERTEX OPERATOR ALGEBRAS AND MODULAR INVARIANCE

In this section we present some results about vertex operator algebras and
their graded traces. We recall some details for those readers who are not very
familiar with the theory of vertex operator algebras.

1.1. Vertex operator algebras and modules. We give the definitions of ver-
tex operator algebras and their modules in this section (cf. [6], [15], [26], [48]).

“The condition ¢1(W) = 0 in H*(P,Z) in [19, Theorem 4.2] should be modifigd as following:
det W is a trivial complex line bundle as an orbifold bundle on X. In fact, vdimW, is
constant on each connected component of X under the current condition (cf. the sentence after
[19, (4.22), (4.28)]).
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Let z, 29, 21, 22 be commuting formal variables. We shall use the basic gener-
ating function

(1.1) 5(z) =) 2",

neZ
which is formally the expansion of the é-function at z = 1. The fundamental (and
elementary) properties of the d-function are in [26], [25] and [14].

A wertex operator algebra is a Z-graded vector space:
(1.2) V:@Vn; for veV, n=wty
nez

such that dim V,, < oo for all n € Z and V,, = 0 if n is sufficiently small; equipped
with a linear map

(1.3) V — (EndV)[[z,271]]
vi—Y(v,2) = Z vz "1 (v, € EndV)
neL

and with two distinguished vectors 1 € Vi, w € V3 satisfying the following condi-
tions for u,v € V:

(1.4) upv =0  for n sufficiently large;
(1.5) Y(1,z) =1,
(1.6) Y(v,2)1 € V[[z]] and limY(v,2)1 = v;

and there exists a nonnegative integer [ depending on wu, v such that

(L.7) (21 = 22)'[Y (u, 21), Y (v, 22)] = 0;

(18)  [Lm), L] = (m —m)Lm +n) + o (m® — m)6 s orank V)
for m,n € Z, where

(1.9) L(n) =wp41 for neZ, ie, Y(w,z)= Z L(n)z "2

neZ
and
(1.10) L)y =nv = (wtv)v for veV, (necZ);
(1.11) iY(v,z) = [L(-1),Y (v,2)] = Y(L(-1)v, 2).

dz
This completes the definition. We denote the vertex operator algebra just defined
by (V,Y,1,w) (or briefly, by V'). The series Y (v, z) are called vertex operators.

An automorphism g of the vertex operator algebra V' is a linear automorphism
of V preserving 1 and w such that the actions of g and Y (v, z) on V are compatible
in the sense that gY (v,2)g~! = Y(gv, 2) for v € V. Then gV,, C V,, for n € Z.
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The group of all automorphisms of the vertex operator algebra V is denoted by

Aut(V).

A relevant concept is derivation. A derivation of V is an endomorphism D :
V — V such that

(1.12) D(anb) = D(a)nb+ apD(b) for all a,b € V,n€Z

and D(w) = 0. In particular, D preserves the gradation of V. So the exponential
el converges on V and is well-defined. It is easy to see that e” is an automor-
phism.

Suppose that V = &,>0V,, with Vy = C1, that is, V' is of CFT type [18]. Then
V1 is a Lie algebra under [u,v] = ugv with a symmetric invariant bilinear form
(u,v) = uyv for u,v € Vj. Moreover, each V,, is a Vj-module with u acting as ug.
In this case ug is a derivation of V' and e“0 is an automorphism of V. Set

(1.13) N = (e"|a € ).

Since oe®o ! = (@0 and wt(o(a)) = 1 for any o € Aut(V), N is a normal
subgroup of Aut(V') (cf. [23]). It is conjectured in [23] that Aut(V)/N is a finite
group. An equivalent conjecture is that the derivation algebra of V is V.

We say that V is of strong CFT type if V' further satisfies the condition that
L(1)V; = 0. Recall from [25] that a bilinear from (-,-) on V is called invariant if

(1.14) (Y (u, z)v,w) = (u, Y (e¥FD (—z72) L0y 2 =1yy)

for u,v,w € V. If V is also simple, that is V is an irreducible V-module, then
there is unique nondegenerate invariant bilinear from on V' [35]. We shall fix a
bilinear form (-,-) on V so that (u,v) = ujv for u,v € Vi (cf. [35]). It is clear
from the definition that (gu, gv) = (u,v) for any automorphism g and u,v € V.

Remark 1.1. Let g be a finite dimensional simple Lie algebra and g = g ®
C[t,t7'] @ CK the corresponding affine Kac-Moody Lie algebra. Let V be the
vertex operator algebra associated to the irreducible highest weight representation
of level m for g. That is, V is the irreducible quotient of the Verma module
U(8) ®@u(gec+ck) C where C is the trivial module for g ® C[t]-module and K
acts on C as scalar m. Then Vj is isomorphic to g and the bilinear form (-,-)
defined by wjv is the m multiple of canonical bilinear form (-,-) (the square
length of a long root in canonical bilinear form is 2).

Now we define admissible modules and ordinary modules for vertex operator
algebras. An admissible V-module

M =P M(n)
n=0
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is a Z-graded vector space with the top level M(0) # 0 equipped with a linear
map

(1.15) V — (End M)[[z, 271
v— Yy(v,2) = Z vz "1 (v, € End M)
nez

which satisfies the following conditions; for u,v € V, w € M, n € Z,
u,w =0 for n >0,

(1.16) Yar(1,2) = 1,
(1.17)
_ zZ1 — & _ zZ9 — Z
6 ( - 2) Yar(u, ) Yar (0, 22) — 7 6 < L 1) Yar (0, 20) Vi (1, 21)

_ 21 — %
) 15 < ! 29 0> YM(Y(ua ZO)U,ZZ)

(Jacobi identity) where all binomial expressions (z; — z;)™ are to be expanded in
nonnegative integral powers of the second variable z;: This identity is interpreted
algebraically as follows: if this identity is applied to a single vector of V' then the
coefficient of each monomial in zg, 21, 29 is a finite sum in V;

(1.18) U M(n) C M(wt(u) —m —1+n)
if u is homogeneous. We denote the admissible V-module by M = (M, Y).

Remark 1.2. Let (M,Yyr) be an admissible V-module. Then L(—1)-derivation
property

(1.19) Yy (L(—1)v, z) = %YM(U,Z)

holds. Moreover, the component operators of Yyr(w,z) generate a copy of the
Virasoro algebra of central charge rank V' (see [15]).

A (ordinary) V-module is an admissible V-module M which carries a C-grading
induced by the spectrum of L(0). That is, we have

M:@MA

AeC

where M) = {w € M|L(0)w = Aw}. Moreover we require that dim M} is finite
and for fixed A\, M1, = 0 for all small enough integers n.

A vertex operator algebra V is called rational if any admissible V-module is a
direct sum of irreducible admissible V-modules. It was proved in [16, Theorem
8.1] (also see [48]) that if V' is a rational vertex operator algebra then every ir-
reducible admissible V-module is an ordinary V-module and V' has only finitely
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many irreducible admissible modules up to isomorphism. We introduce the fol-

lowing notions:

(1) V is called holomorphicif V is rational and V' is the only irreducible module

for itself.

(2) V is called Cs-cofinite it Co(V) = (ugv|u,v € V) is of finite codimension.

It is a well known conjecture in the theory of vertex operator algebra that
rationality and Ca-cofinite conditions are equivalent. A vertex operator algebra
V' is said to be strongly rational if V is of strong CFT type, rational and Cs-

cofinite.

The following theorem was proved in [21].

Theorem 1.3. IfV is strongly rational then V1 is a reductive algebra.

We shall fix a Cartan subalgebra b of V;.

1.2. Trace functions and modular invariance. We first review the vertex
operator algebras on torus as defined in [48]. The new vertex operator algebra
is denoted by (V, Y] ],1,w — ¢/24) where c is the central charge of V. The new

vertex operator associated to a homogeneous element a is given by

(1.20) Ya,z] = Z aln)z" 1 =Y (a,e* — 1)Vt
nez

while a Virasoro element is © = w — ¢/24. Thus
(1.21) a[m] = Res; (Y (a,z)(In (1 + 2))"™(1 4 2)¥*~ 1)

and

(1.22) alm] =

c(wta,i,m)a(i)

o

7

I
3

for some scalars ¢(wta, i, m) such that c¢(wta, m, m) = 1. In particular,
wta — 1 .
(1.23) al0] = Z < . )a(z).
>0
We also write

(1.24) Lz =Y(w,z] = > Lln]z"""2
neZ
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Then the L[n] again generate a copy of the Virasoro algebra with the same central
charge c. Now V is graded by the L[0]-eigenvalues, that is

(1.25) V=V
nez

where Vi) = {v € V|L[0]Jv = nv}. It should be pointed out that for any n € Z
we have

(1.26) > V= Vi

m<n m<n

It is worthy to remark that if v € V,, is a lowest weight vector for the Virasoro
algebra generated by L(m), m € Z then v € V},;. In particular if L(1)V; = 0 then
Vi=Wy

Let M = \cc My be a V-module. For homogeneous a € V' we define
(1.27) o(a) = awta-1,
and extend o(a) to all a by linearity. Let a € V' we define
(1.28) Zn(a,q) = Trago(a)gO—¢/24 = g=¢/24 Z(Tero(a))q)‘.
AeC

If V is Cy — cofinite it is proved in [48, Theorem 4.4.1] that Zy/(a, q) converges
to a holomorphic function in upper half plane with ¢ = 7.

Now we assume that V is rational. Let M?', ..., M™ be the irreducible V-
modules. Then there exist rational numbers \; for i = 1, ...,n such that

(1.29) MY ="M,
p=0

(see [17, Theorem 11.1]) and M} # 0. For a € V we set Zi(a,q) = Zyy:(a, q) for
i=1,...,n. Then

Ai+p

(1.30) Zi(a,q) = Y (Try,  o(a))gP.
p=0

The following modular property is given in [48, Theorem 5.5.1].

Theorem 1.4. Assume that V is rational, Cy-cofinite. Let v € Vi, and v =

ZZ) € SL(2,Z). Then Zs(v,q) converges to a holomorphic function in the

upper half plane and there exist scalars s independent of v,m and T such that

ar +b

Sy d) = (et +d)" Z'ystZt(v, 7).

t=1

(1.31) Zy(v
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We remark that in fact the condition that V is a sum of lowest weight modules
for the Virasoro algebra was assumed in [48]. This condition was removed in [17].

We should also mention that Theorem 1.4 does not assert that Zs(v,q) is a
modular form of weight m on a subgroup of SL(2,Z) of finite index. Although
the modularity of Z4(v, 7) is always assumed in physics, it is still an open problem
in mathematics. For the discussion of the next section we introduce the following
definition.

Definition 1.5. A module M for vertex operator algebra V is called modular
if there exists a subgroup I' of SL(2,7) of finite index such that Zy;(v,yT) =
Y(y) (et +d)" Zy (v, 7) for v € Vi, and v € T where v is a character on T

The irreducible modules for well-known rational vertex operator algebras are
modular (see [30] for the affine vertex operator algebras and [22] for the lattice
vertex operator algebras).

Following [44] we define
(132) Zs (’U, u, Q) _ TrMS627ri(o(v)+(u,v)/2)qL(O)+o(u)+(u,u)/2—c/247

for u,v € V. We remark that the bilinear form on V; used in [44] is the minus
of the bilinear form used in this paper. So our Zs(v,u, q) has a slightly different
expression although they are exactly the same as in [44]. Based on Theorem 1.4,
a modular transformation law is obtained in the [44, Main theorem].

Theorem 1.6. Suppose that V' be a rational, Cy-cofinite vertex operator algebra
of CFT type. Assume that u,v € Vi such that u,v span an abelian Lie subalgebra

of Vi. Let v = CCLZ

function in the upper half plane and

) € SL(2,Z). Then Zs(u,v,q) converges to a holomorphic

n

) = Z’yStZt(av + bu, cv + du, T)
t=1

at +b
“er+d

(1.33) Zs(v,u

where s 1S the same as in Theorem 1.4.

Remark 1.7. Although the modular transformation properties of Zs(v, u, q) was
given in [44], but the convergence of Zs(v,u,q) was never discussed there. We
will prove in the next proposition that Z(v, 0, q) is convergent in the upper half
plan.

From now on we assume that V' is strongly rational. Recall that § is a fixed
Cartan subalgebra of the reductive Lie algebra V; (cf. Theorem 1.3). Since the
homogeneous subspace of a module M of V is finite dimensional, M is a direct
sum of generalized eigenspaces for . Since the restriction of the bilinear form on
V to b is nondegenerate we can identify h* with A via the bilinear from.
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‘We now define
(134') XS(UJT) = XMS(U7T) = ZS(’U,O,’T)
for v e V7.

Proposition 1.8. Assume that V is strongly rational. Then xs(v,T) converges
to a holomorphic function in b x H where Hl = {7 € C;Im7 > 0} is the upper half
plane.

Proof : We first recall a result from [27, Proposition 8] on the generators of V.
Let dim V/Cq(V) = m and !, ..., 2™ the coset representatives such that L(0)z’ =
pizt and 2? is a generalized eigenvector for h with eigenvalue a; € b. Let U® be the
space of lowest weight space of M®. Then M*® = Sp>o M3 4, where M3 = U®.
For convenience we set u(m) = Uwty—1—m for u € V and m € Z. Then M?® is
spanned by
z(my) -z (my)U®

for 1 <i; <mand m; > mg > --- > my > 0 (see [37], [31], [27], [10]). Take
w € U® to be a generalized eigenvector for  with eigenvalue v € h. Then the
subspace W spanned by

&' (ma) - a' (mp)w
for 1 < i; < mand mi > mg > --- > my > 0 is invariant under L(0)
and o(v) for v € h. Since U® is finite dimensional, it is enough to prove that
Tryye2mio(v) gL(0)=¢/24 g holomorphic in § x H.

It is easy to see that

m
TrWeQﬂio(v)qL(O)fc/24 < qfc/24+/\¢ e271'@'('0,'y) H H (1 _ qp€27ri(v,aj))fl
7j=1p>0

where the inequality holds for each coefficient of the gte2™e2mivtrar+ +tmam)
So it suffices to show that the power series

[[a-e9™"

p>0

is convergent absolutely for (£,7) € C* x H. Write ¢ = ¢t and 7 = = + iy
for a, 3,2,y € R with y > 0. Then |¢P¢| = e ?™Ye®. It is clear now that
Hp>0(1 — qP&)7! is absolutely convergent. [ |

Remark 1.9. The same argument also shows that Zs(u,v,q) is convergent for
any u,v € h.

Next we discuss the transformation law for xs(v,7) under the modular group
action.
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Proposition 1.10. Assume that V is strongly rational. Then for vy = <ZL 3) €
SL(2,Z),veWN

b . -
(135) Xs( v aT + ) — eWZ(C(U,U)/(CT"rd)) Z FYS]X] ('U, 7—)

cr+d er+d ,
7j=1

In particular, if M is modular and I" is the corresponding subgroup of SL(2,7Z),
then

v at+b
(1.36) X (

bl G mi(c(v,v)/(cT+d))
T = b(e xar(v,7).
Proof : It is enough to prove that

v 1 : n
(1.37) Xs(=, —=) = emv/7 Z Ssxt(v,7),

T T -
Jj=1

where S, corresponds to the matrix S = ( (1] _01) in Theorem 1.4 and

(1.38) Xs(v, 7 4 1) = 2T As=¢/20) (7).,

The transformation law for 7' = <é 1) is clear. For the S matrix we note from

Theorem 1.6 that

T

n
Xs (v, —1) = Z Sst21(0,v,7)
for any u € h. In particular, -
v 1 - v
Xs(— =) = ;ss,tzt(o, 7).
It is straightforward to verify that

Z4(0, B, T) = em(“’“)/TXt(v, 7).
T

This completes the proof. |

Remark 1.11. Recall Remark 1.1. In this case, the factor e™(**)/T in Proposi-
tion 1.10 becomes to e {0}/,

Recall from Theorem 1.3 that V) is a reductive Lie algebra and § is a Cartan
subalgebra. Then Vi = gss @ g, is a direct sum of the semisimple ideal g5 and
the center g, and h = hss D g, Where b is a Cartan subalgebra of ggs. Since g5
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acts completely on any V-module M i Bes acts on M semisimply. For o € b let
M"™™ be the generalized eigenspace for h with eigenvalue . Also set

Q = {a e hlVe £0}.
Then @ is generated by aq, ..., ay, Where o; are given in the proof of Proposition

1.8. Clearly Q = Qss D @, where Qs is a lattice of s containing the root lattice
of gss and @, is a lattice of g, consisting of eigenvalues for g, on V.

Lemma 1.12. There exist p; € b fori=1,...,n such that
(139) V = @aera,

Moreover, each V¢ and M“*i+% are nonzero, and Q span b.

Proof : Since V is generated by 2!, ..., 2™ we clearly have
V - @QEQVQ.

Showing that V¢ is nonzero for any a € @ is equivalent to showing that if V? and
V7 are nonzero then VA*Y and V7 are nonzero. Observe that ugV?’ C |7l
for u € VP and q € Z. Tt follows from [14, Proposition 11.9] that if u is nonzero
there exists ¢ € Z such that u,V7 is nonzero. That is, VP+7 is nonzero.

In order to see that V7 is nonzero we notice that V° > Vj is nonzero. Since
V is simple V is spanned by uqw for u € V, 0 # w € VB and g € Z (see [20,
Corollary 4.2] or [36, Proposition 4.1]). Thus V~? must be nonzero, otherwise
V0 would be zero. Since M’ is an irreducible V-module the same argument can
prove that M = @aeq M #iT* and M*“*iT< is nonzero for any « € Q.

It remains to prove that @} spans h. Define an invariant symmetric bilinear
form (-,-), on V1 such that (u,v), = Try,o(u)o(v) for u,v € V. It is proved in
[21] that if p is big enough the form (-,-), is nondegenerate. Since the form is
invariant, the restriction of the form (-, -), to b is also nondegenerate if p is large.
If @ does not span h then for some nonzero u € b, o(u) has only zero eigenvalue.
As a result (u,v), = 0 for all v € h. This is a contradiction. [ |

This following lemma can be found in [21].

Lemma 1.13. If V is a strongly rational vertex operator algebra then each V -
module is a completely reducible Vi-module. That is, the action of g, on any
V-module is semisimple.

Let L be the lattice generated by @ and p; for i = 1,...,n and L° = {«a €
h|(o, L) C Z} the dual lattice of L. Then we immediately have the following
consequence.
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Lemma 1.14. Let V be as before. Then for any v € h, a € L° we have
(1'40) XS(U—I_a?T) = Xs(vaT)'

Here is a conjecture on xas(v, 7).

Conjecture 1.15. If V is a rational vertex operator algebra of CFT type then
for any irreducible module M

(1.41) xm(v+ar )= e_2m(”’a)_m(a’o‘)TXM(v, T)

for v € h and o € L°.

This conjecture holds for vertex operator algebras associated to the highest
weight integrable representations for affine Kac-Moody Lie algebra and for lattice
vertex operator algebras. The complete reducibility of each V-module as a V-
module is automatic by construction in these cases. The transformation property
(1.41) for affine vertex operator algebras can be found in [30]. The transformation
property (1.41) for lattice vertex operator algebras is discussed below.

Here we briefly recall the structure of lattice vertex operator algebra Vi asso-
ciated to a positive definite even lattice K from [6], [26], [13]. Then K is a free
abelian group of finite rank with a Z-valued positive definite symmetric bilinear
form (-,-) such that the square length of any element is even. Set h = K ®z C
and extend the bilinear form to §h by C-linearity. Regarding h as an abelian Lie
algebra we consider the affine algebra h = h @ Clt,t7'] @ CC. Let M(1) be the
canonical irreducible ﬁ—module such that C' acts as 1. For h € h and n € Z we
set h(n) = h®t". Then M (1) = C[h(—n)|h € h,n > 0] as vector space. Let C[K]
be the group algebra of K. The lattice vertex operator algebra Vi is defined to
be M (1) ® C[K] as a vector space. We refer the reader to [6] and [26] for the
definition of the vertex operators Y (u, z).

We write e® for the basis element of C[K] corresponding to o € K. For v =
hi(—n1) - hg(—nk) ®@e* (hi € h,n; >0, a € K) L(0)v = (Zle n; + (o, a)/2)v.
So (V)1 is spanned by

{h(=1),e*|h € h,a € K, (a, ) = 2}.

Let h(—1) be the span of h(—1) for h € h. Then h(—1) is a Cartan subalgebra of
(Vi)1. We identify h with h(—1) in an obvious way.

It is well known that Vi is a strongly rational vertex operator algebras (cf.
[13, Theorem 2.7], [15, Theorem 3.16], [17, Proposition 12.5]). Let K° = {h €
hl(h, K) C Z} be the dual lattice of K. Let K° = Ugego,x (K + fy) be the coset
decomposition. For g € K°/K we set

Vs, = M(1) ® C[K + f].
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Then Vi, for g € K°/K give a complete list of irreducible modules for Vi
up to isomorphism. Now let v = hi(—n1) - - hy(—ng) ® e* with o € K + 34 we
still have L(0)v = (3%, n; + (a, a)/2)v. Moreover, o(h(—1)) = h(0) acts on v
as (h,a) for h € h. Note that the central charge of Vi is the rank of K. Set
Xg(h,7) = Trvye s, ?mih(0) ¢ L(0)=¢/24 "We have

ol = BT

where

9K+gg(h,7'): Z e27ri(h,oé)q(o{ﬂ)/z7
acK+By

n(g) =¢"* [ -,

p>0
and c is the rank of K. It is immediate to see that

—2mi(v,0) —mi(a,00) T

Xg(h+ar,7)=e€ Xg(v,T)

for o € K°.

2. RIGIDITY AND VANISHING THEOREMS OF VOA ELLIPTIC GENERA

In this section we study certain elliptic operators on loop spaces twisted by
vertex operator algebra bundles. More precisely, we begin with an arbitrary
strong rational vertex operator algebra V and a compact Lie group G which acts
continuously on V' as automorphisms. We use the principal G-bundle P and V
to form the associated sequence of vector bundles ¢ (V, P) on the manifold which
is used to define elliptic operators. We then show that these operators are rigid
under certain assumptions on the vertex operator algebra V. We will call the
indices of these twisted elliptic operators the wvoa elliptic genera.

2.1. Rigidity theorem of voa elliptic genera. Let X be a compact mani-
fold and dim X = 2k. We assume that the S! acts on X, and TX has an S'-
equivariant spin structure. Let S(TX) = ST(TX)®S~ (T X) be the spinor bundle
of TX. Let DX be the Dirac operator on S(TX). If W is an S!-equivariant com-
plex vector bundle on X, we will denote by D ® W the twisted Dirac operator of
S(TX)eW (cf [5, §3.3]).

Recall that the elliptic operator D ® W is called rigid if the equivariant index
Indg(‘D ® W) =Tr 9 Ker DRW — Tr 9|Coker D@W
of D ® W is constant with respect to g € S*.
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For a complex (resp. real) vector bundle W on X, as in the introduction, we
let
Sym, (W) = 1 4+ tW + t2Sym?W + - - -
A(W) =14+ tW + 2A°W + - - - |

be the symmetric and respectively the exterior power operations of W (resp.
W @r C) in K(X)[[t]].

Let V = ®,>0V, be a strongly rational vertex operator algebra. Then the
bilinear form (a,b) = a1b on Vi is Aut(V)-invariant. Recall the automorphism
group N of V from (1.13). Let G be a compact Lie group which is contained in N
and acts continuously on V' as automorphisms. Then G acts on each V-module.

(2.1)

Let P be an S'-equivariant principal G-bundle on X. We define
(2.2) Y(V,P) = (P xg Va)g" € K(X)|[q]l-
n>0

Here P xgV,, is the associated vector bundle corresponding to the representation
of G on V,,. More generally, if M* = @2 M ,’j +4p 18 an irreducible V-module, we
define

(2.3) (MM, Py = (P x¢ My)q* € K(X)[[q%]].
A

Recall that the equivariant cohomology group Hg, (X, Q) of X is defined by
2(X,Q) = H*(X xg1 ES',Q),
where ES! is the usual S'-principal bundle over the classifying space BS!. So
H% (X,Q) is a module over H*(BS*,Q) induced by the projection 7 : X x g1
EST — BS'. Let p1(TX)s1 € H%(X,Q) be the equivariant first Pontrjagin
classes of TX. Also recall that
H*(BS",Q) = Q[fu]

with u a generator of degree 2. Then the G-invariant bilinear form ( )y, defines
an Sl-equivariant characteristic class Q(V;)g1 of P.

In the rest, we suppose that there exists [ € Z such that
(2.4) QWV)gt —p1(TX)g1 =1-7u? in Hi(X,Q).
As in [39], we call [ the anomaly to rigidity.

Theorem 2.1. Assume that V is strong, rational vertex operator algebra and M
an irreducible V-module satisfying (1.41). If the G-principal bundle P satisfies
(2.4), then the elliptic operator

DX R (X) Symyn (TX) @ (M, P))
m=1
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is rigid for 1 < 0. Moreover, its equivariant index is zero on S* if | < 0, especially,
its index is zero.

Remark 2.2. By combining the argument in this paper and [40, §2], we can easily
generalize Theorem 2.1 to family case, and obtain the rigidity and vanishing
theorems at the equivariant Chern character level [40, Definition 2.1] for the
corresponding fiberwise twisted Dirac operator of a fibration.

2.2. Proof of Theorem 2.1. For 7 € H = {7 € C;Im7 > 0}, ¢ = €™, v € C,
let

(2.5) (v, 7) = c(q)g"/32sin(mv)I, (1 — g™, (1 — g"e2™)

be the classical Jacobi theta functions [11], where ¢(¢) = II22 (1 — ¢™). Set

(2.6) 9(0,7) = 20:7)

oo
Recall that we have the following transformation formulas of theta-functions [11]:

Ot +1,7)=—0(t, 1), Ot +7,7) = —q_l/Qe_thG(t,T),

27 71—1'2 )
@7 o(L, -1 = %\@e . o(t,7), O(t,7+1)=e16(t,1).

T T

Let g = €2™ ¢ S! be a topological generator of S*. Let X9 = {X,} be the
fixed submanifold of the circle action. Let i, : X, — X be the natural immer-
sion. Let iy, : Hg (X,Q) — Hgi(Xa, Q) denote the induced homomorphism in

equivariant cohomology. We have the following S'-equivariant decomposition of
TX

(28) TX|Xa:N1@"'@Nh@TXa7

Here N, is a complex vector bundle such that g acts on it by e2mimat We denote

the Chern roots of N, by 27rz‘x‘%, and the Chern roots of T X, ®g C by {i27riy§-}.
Let dimc N, = d,, and dim X, = 2k,.

Now, recall that P is an S' equivariant G-principal bundle on X. We assume
that G acts on the right on P, and S' acts on the left on P. Let w be an
Sl-equivariant connection form on P, it defines a S'-equivariant horizontal sun-
bundle HP of TP. Let Q = dw+ % [w, w] be the curvature of w, it is a two form on
P with values in g. Let S be the basis of Lie(S') = R such that exp(tS) = exp(it)
for t € R. Let Sx,Sp be the vector field on X, P induced by S. For example,
(Sxf)(z) = %\Ezof(exp(—sS):c) for x € X and f a C* function on X.

Let W be a vector space. Let p : G — End(WW) be a representation of G,
let W = P xg W be the corresponding associated vector bundle. Then the
connection w induces a connection VY on W, and the corresponding curvature
is given by p(Q) [5, p25]. Let £V(S) be the Lie action of S on the C> sections
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of W which is defined by (£V(9)s)(z) = die\gz(](exp(eS) (s(exp(—eS)x))) for
rec X andsa
mathcalC*> section of W on X. Then the moment of S € Lie(S?) is given by

(2.9) u(S) = £Y(S) - vy
Let TP/X be the relative tangent bundle of the fibration P — X. Let PH7F,
PTP/X be the projections from TP = HP @ TP/X onto HP, TP/X. By [5,

p24], we know for s € C®(P,W)¢ = C>®(X,W). Here C*(P,W)% is the G-
invariant C*° function on P with values in W,

(2.10) u(S)s = LY (S)s — (PP Sp) - ds = (Sp — PEPSp) - ds
= (PTPIXSp) . s = —p(w(Sp))s € C(P, W),

Now the equivariant curvature of W corresponding to S [5, p211] is p(2—w(Sp)).
So the equivariant Chern character of W for g = ™ is

(2.11) ch,(W) = Tryy e (22 0278w (Sp))

Now we return to our situation. When restricted to X, we can calculate (2.11)
in the following way: when we consider Px,, its restriction on X,, then we can

define f: Px, X St — G by : for (p,s) € Px, % St s-p=p- fy(s). Then for p
fixed, f, : S' — G is a group homeomorphism, and for h € G, s € G,

(2.12) hfon(s)h™1 = fo(s).
Now, we fix pg € P. Then f,,(S?!) is contained in a maximum torus H of G. Let

G1 be the centralize of f,,(S1) in G. We choose the Cartan subalgebra h of V;
in Section 1.1 such that the Lie algebra of H is contained in b.

By using parallel transport with respect to HP, from pyGy, we get an S'-
equivariant G1-principal bundle P, on X, which is a subbundle of P/x,_ and for
s € S, f,(s) € H doesn’t depend on p € P;. In fact, let X;:t € [0,1] — X be a
curve such that zq is the projection of py to X, and let k; be the lift of z; on P
along H P, then ki(pog) = ki(po)g for any g € G. In this way, Px, = P1 Xg, G is
induced by the G1-principal bundle P, on X, and recall that H is the maximum
torus of G1. Let w; be the restriction of w on P;. Then iw;(Sp) is constant on
P; which lies in the lattice L° of h where the lattice L° is defined in Section 1.
In the same way, the restriction of 2 on P; lies in gy, the Lie algebra of G;. So
for g = ™ ¢ S1,

(2.13) ch,(W) = TrWep(ngiQ_2“wl(SP)t).

We write T = iw(Sp) € h. Let U = (2;711)29 Now from (1.27) and (2.13), we
know that

(2.14) it chy(P x g My) = Tryy, e2oU+T0),
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Thus, the restriction of the equivariant Chern character of (M, P) on X, is
(2.15) igchy( ZTr zmo(UJth)qL(O) = qc/24XM(U +Tt, 7).

Compare with (1.34).
For g = e*™ t € R, and 7 € H, ¢ = >, we let

(2.16) Far,p(t, 7) = ¢~ */*Indy (DX (X) Symm (TX — dim X) ® (M, P)).

m=1

For f(z) a holomorphic function, we denote by f(y')(TXY) = II;f(y;), the
symmetric polynomial which gives characteristic class of T X9, and similarly for
N,,. Using the Atiyah-Bott-Segal-Singer Lefschetz fixed point formula [2], (2.5),
(2.14), we find for t € [0,1] \ Q

, 27m g U+Tt T
@Bt 7) = (2mi) ’“Z / 70 <y ,y7)>(TX )MEZ& mvt,ﬂgzvv)]

Considered as functions of (¢, 7), we can obviously extend Fjs p(t,7) to mero-
morphic functions on C x H. and holomorphic in 7. The first part of Theorem
2.1 is equivalent to the statement that Fys p(t,7) is independent of ¢t. We will
prove Fyy p(t,7) is holomorphic on C x H, then Theorem 2.1 will be deduced
from Lemma 2.3.

Lemma 2.3. If Q(V)g1 — p1(TX) g1 =1 -7 u?, then for a,b € 2Z,
(2.18) Fyp(t+ar+b,7) = e ™H@ 200 By ot 1),
Proof : By (2.7), for a,b € 27, m € Z, we have

(2.19)  O(z +m(t + ar +b),7) = e T Emart2miattm®a* ) g0 4 gy 1y
By (2.4),

(220) (U +Tt,U +Tt)y, — (Z W2+ > (@] +myt) ) — 1.
J o]

where (-, )y, is the bilinear from on V.

This means

(2.21) (T’ T)Vl o Z’Y m’de’Y = lv (T7 U)V1 = Z’y,j mfyxjv.,
(0.0 = 55(05)° + oy ()
By using (1.40), (1.41), (2.17), (2.19) and (2.21), we get (2.18). ™

Now we will examine the modular transformation property of Fys p(t, 7) under
the group SL2(Z).
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For A = <ZL 2) € SLy(Z), we define its modular transformation on C x H
by
t at +b
2.22 Alt =l —\— .
(2:22) (t,7) <CT+d’CT+d>

Then the two generators S = <(1] 01) , T = (é 1) of SLy(Z) act on C x H

in the following way:

S(t.r) = (L. -1). T(t.7) = (7 + 1),

T T

Lemma 2.4. For any A = (ZL 2) € SLy(Z), we have

(2.23) Farp(A(t, 7)) = ™ /D) (cr 4 d)FFapg p(t,7),

where AM = Zu a,M* is a finite complex linear combination of the irreducible
V-modules, and we denote by

Nk 2miy’
Fasp(t,r) = (2) 00,0 3 J G ax)

XMH (U + Tt, 7') ]
I,0(z~y + myt, 7)(Ny) 1

(2.24)

the complex linear combination of the corresponding equivariant indices.

Proof : Set
0'(0,7)
2.2 F(t =
(2.25) (t,7) 8t.7)
By (2.7), we get
(2.26) F(A(t, 7)) = (e + d)e ™/ D B((er + d)t, 7).

By Proposition 1.10, (2.14), it is easy to see that on X,
(2.27) XM(A(U + Tt, 7_)) _ ecm’(U-i—Tt,U-i—Tt)Vl/(cT-i-d)XAM(U + Tt, 7_)'
with

(2.28) Xant(U +Tt,7) = auxyn (U + Tt, 7).
I
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By using (2.17), (2.21), (2.26) and (2.27), we get
t aT—}—b K ' ar +b
2 "F(y TX9
FM’P(CT+d CT+d (2mi) Z/ iy +d)>( )
mqt a7‘+b Tt at+b
I, (F — N. U
7( ($7+CT+d’CT+d)( ))XM( +C7’+al c7'+d)}

= /T (e @yF(2mi) Y /X [(Qm’y’F((cT +d)y' ,T)) (TX9)

@

(2.29)

IL, (F((CT + d)ay + mot, T)(NV)) Xam((er +d)U + Tt, T)]
By (2.29), to prove (2.24), we only need prove the following equation,

[ [ Crive(er + an))@xo

[e3

I, (F((er + d)ay + mat, 7)(N) ) xant (o7 + d)U + Tt,7)|
= / | (2miy/ F(y', 7)) (TX?)
Xa
I, (F (@ + mat, 7)(N5) ) xan (U + Tt 7)]

By looking at the degree 2k, part, that is the k,-th homogeneous terms of the
polynomials in z’s, ¥”’s and u’s, on both sides, we get (2.29). The proof of Lemma
2.4 is complete. n

(2.30)

The following lemma is a generalization of [39, Lemma 2.3],
Lemma 2.5. For any A € SLy(Z), the function Fanp(t, ) is holomorphic in
(t,7) for (t,7) € R x H.
Proof : Let z = ¢?™ and N = mMaXq,~|my|. Denote by Dy C C? the domain
(2.31) jal"/N < |zl < lg| TN, 0 < Jg| < 1.

By (2.3), (2.17) and (2.24), we know that in Dy, Faum,p(t,7) has a convergent
Laurent series expansion of the form

(2.32) > aug N b ()¢
1% J=0

where ), is a rational number such that M* = @;O:OMiL-s-p (see (1.29)) and

{bf#(z)} are rational functions of z with possible poles on the unit circle.

Now considered as a formal power series of ¢,

(X)Sym (TX —dimX) ® > auq /> ¢(M", P) Za /2 Zv,uq

n=1 o
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with VJ’LL € Ks1(X). Note that the terms in the above two sums correspond to
each other. Now, we apply the Atiyah-Bott-Segal-Singer Lefschetz fixed point
formula to each Vjﬁ“ fort e R\ Q, we get

A — A
(2.33) bju(z) =1Ind,(D ® ij)'
This implies that for t e R\ Q, z = e2mit,
N(3) B
A — N
(2.34) ()= Y gt
I==—N(j)

for N(j) some positive integer depending on j and af‘]’.“ € R. Since both sides
are analytic functions of z, this equality holds for any z € C.

On the other hand, by multiplying Faar,p(t,7) by f(2) = Hay(1 — 2 )l dy
(I’ = dim X), we get holomorphic functions which have a convergent power series
expansion of the form ), a, g~ >0 cfu(z)qj , with {cfu(z)} polynomial
functions in Dy. Comparing the above two expansions, one gets

(2.35) i (2) = F(2)b7.(2)
for each j. So by the Weierstrass preparation theorem, we get Fanr,p(t,7) is
holomorphic in Dy. |

Lemma 2.6. Fy p(t,7) is holomorphic on C x H.

Proof : Recall that by Proposition 1.8, xas(v,t) is holomorphic on h x H. From
their expressions, we know the possible polar divisors of Fiy; p in C x H are of the
form ¢ = (¢t + d) with m,n, ¢, d integers and (¢,d) =1 or ¢ =1 and d = 0.

We can always find integers a, b such that ad —bc = 1, and consider the matrix

A= (‘ic _ab) € SLy(Z). By (2.23),

t dT—b)'

2.36 r = (= —k (
(2.36) Am,p(t,7) = (—ct +a) "Fup “erta —erta

Now, if t = (c7 + d) is a polar divisor of Fiyy,p(t,7), then one polar divisor
of Fan,p(t,T) is given by

(2.37) — =—|c

—cT +a n

t my¢ dr—2b
(=== +a),
—CcT +a
which exactly gives t = m/n. This contradicts Lemma 2.5, and completes the

proof of Lemma 2.6. |

Proof of Theorem 2.1: By Lemma 2.6, Fip is holomorphic on C x H.
For fixed 7 € H, if Fy p(-,7) isn’t identically zero, we let § be the contour
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20+ 28,20 + 2+ 2s7, 20 + 2+ 2(1 — s)7, 20 + 2(1 — )7 (s € [0,1]), such that
Firp(-,7) does not have any zero on ¢. Then by (2.18),

1 1 0
— | ———F t,T)dt = 41.
271 /5 FM’p(t,T) ot M’P( ’T)
This means that Fys p(t, 7) has exactly 41 zeros inside 0. Therefore, if | < 0, Fas p
must be identically zero. If | = 0, Fys p(t,7) is a double periodic holomorphic
function, it must be independent of . Thus we get Theorem 2.1. |

(2.38)

The reader may have noticed that we do not assume in Theorem 2.1 the mod-
ularity of xar(v,7). When V' is the vertex operator algebra associated to the

highest weight integrable representation for the affine Kac-Moody algebra Dl(l)
it was also proved in [39, Theorem 5] that Fi/(v, ) is a holomorphic Jacobi form
by using the fact that xas(v, 7) is modular. It turns out the same result holds in
our setting under the assumption that M is modular. See Definition 1.5.

Recall that a (meromorphic) Jacobi form of index m and weight [ over L x T,
where L is an integral lattice in the complex plane C preserved by the modular
subgroup I' C SLy(Z), is a (meromorphic) function F(t,7) on C x H such that

t aT + b 1 2mi 2
F— 22N (A mim(ct*/(cT+d)) @
(2.39) (CT—Fd’ c7'+d) v(A)(er +d)e (7).

Ft+ A +p,71)= e_QWim(AQTHM)F(t, T),

a b
d
holomorphic on C x H, we say that F'is a holomorphic Jacobi form.

where (\, ) € L, A = € T, and ¥(A) is a character of I'. If F is

Theorem 2.7. Let X, V.M and P be as in Theorem 2.1. Assume that M is
modular, then Fyr p is a holomorphic Jacobi form of index 1/2 and weight k over
(2Z)? x T, here T is the subgroup of SL(2,Z) such that x (v, T) is modular over
r.

Proof : Recall that T' is the subgroup of SL(2,7Z) which defines the modular

vertex operator algebra V. Then for any A = <z 3) € I', we have

(2.40) xar(A(U + Tt, 7)) = (A)eTUFTEUFTO [(ertd)y (T + T, 7).
Now, by (2.26), (2.40), as Lemma 2.4, we get
(2.41) Farp(A(t, 7)) = ¥(A)(cr + d)Fe™ /Ty o (2 7).

By Lemmas 2.3, 2.6, (2.41), we get Theorem 2.7. |
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