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1. Introduction

Let k£ > 2 be an even integer and N a prime. Let Sy(k) be the space of
holomorphic cuspforms ¢ of weight & for the congruence subgroup I'g(N), acting
on the upper half plane H. For ¢ € Sy(k), we write (¢, ) for the Petersson
norm and L(s, ) for the L-function, normalized so that the functional equation
relates s and 1 — s. Let Fy(k)™" be an orthogonal basis of Hecke-eigenforms
spanning the subspace new forms.

In addition to k& and N, we fix the following data throughout the paper: a
primitive quadratic character x of conductor D < 0 such that (N, D) = 1 and
X(—N) =1 and a prime p such that (p, DN) = 1. Let L(s,x) be the Dirichlet

L-function ) x(n)n™*.
n>1

The Sato-Tate measure is the measure on the interval [—2, 2] defined by

1
oo = 2—\/4 — x2dx
7r
We define two probability measures py (x)dx and p—(z)dz on [—2,2] by
_ p—1
Pt = (pl/2 4+ p=1/2 — z)2 oo

. p+1
H- = (p1/2 +p*1/2)2 — 22 oo

Let pp, be py or p_ according as x(p) is 1 or —1.

Let di be the formal degree of the holomorphic discrete series representation Dy,
of PGL(2,R) of weight k, defined relative to the Haar measure dg., on GL(2,R)
whose push-forward to H is the measure used to define the Petersson norm (¢, ¢).
For the standard measure y~2dxdy, dp = (k — 1)/2. We define the following
constant

k[(5 — 1)1
Ck:2kdk€]€[§l§_1)‘]

where
b2
k k k k
= 12" (= _ (= —pn — |
e, =1+ 50 <2n+1>( 1)z (2+n 1).(2 n—2)!

For ¢ € Fn(k)™V, let a,(p) denotes the normalized p-Hecke eigenvalue of ¢,

which is known by Deligne to lie in [—2,2]. If ¢, is the usual p-Hecke eigenvalue,

k—1)/2.

which is an algebraic integer, then a, = cp/p( Our main result is the

following;:
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Theorem A Let k > 2 be an even integer, x = xp @ quadratic character of
conductor D < 0, N a prime with x(—N) =1, and p a prime not dividing ND.
Then for any subinterval J of [—2,2], we have (Ve > 0):

Z L(%,@@X)L(%,(p)

= 4C —k/2+e
(0, %) = 2¢,L(1,X)pp(J) + O(N )

SD e fN(k)neW
ap(p) € J

Corollary B Let k > 2 be an even integer, x a quadratic character of conductor
D < 0, and p a prime such that (p,D) = 1. Let J C [—2,2] be a non-empty
interval. Then for all sufficiently large primes N not dividing pD, which are
inert in K = Q[vV/D], there exists a holomorphic newform ¢ of weight k for
[o(N) such that:

(i) ap(p) € J; and
(i) L(1/2,9 ® x)L(1/2,¢) # 0.

In particular, there are cusp forms ¢ of weight k and prime level for which a,,
lies arbitrarily close to 2 or —2, and L(1/2, ¢ ® x)L(1/2, ¢) is non-zero. Without
the requirement on the non-vanishing of the L-value, this is a well known result
of Serre ([Se]); see also Sarnak ([Sa]) in the context of Maass forms.

Following a suggestion of Philippe Michel, we observe that the measure p,
can be written in the following form. For z € [—2,2], let m, be the unramified
representation of PGL2(Q,) whose Satake parameters are {p®,p~*} where z =
p® +p~*. The local factors L(s,m,;) and L(3,m, ® x,) are then defined and we
have:

L(%, Wx)L(%a Tz & Xp)

L(1,x)
When x(p) = —1, pp = p— is the familiar spherical Plancherel measure for
PGLy(Qp). In either case, p, approaches o as p tends to co. Theorem A can
be reformulated in terms of the product
L”(%, e X)Lp(%, ©)

where LP is the L-function with the p-Euler factor is removed. In this case, the
measure [, is replaced by peo/L(1,x). We note that, unlike p_ and po, the
measure (4 has a bias favoring positive x.

Hp =

o0

When J is the full interval [—2, 2], the measure p, is not needed and the result
of Theorem A has then been known for some time (for k& = 2) by the work of
W. Duke ([Du]); see also [Lu]. Our work began with our effort to understand these
papers. It should be mentioned that in ([IwS]), Iwaniec and Sarnak introduce
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a novel program to prove a good lower bound for L(1,y) from a simultaneous
lower bound, for a family of ¢, of L(3,¢) and L(3,o ® x). There are other
notable papers dealing with non-vanishing results for modular L-functions and
their derivatives; see for example [KMV].

Our approach makes use of the relative trace formula of H. Jacquet based on
the integral of the GL(2) kernel over the square of the maximal split torus. We
apply the trace formula to a certain factorizable function f on GL(2,A) where
foo 1s a matrix coefficient of Dj. Since the approach taken here requires that foo
be integrable, we are forced to assume that & > 2. With additional work, the
method can be carried out for k = 2.

Much of the work on this paper was done five years ago, but the explicit nature
of the measure was worked out only recently. One can extend the result without
much trouble to square-free level N with x(—N) = 1. However, if x(—N) = —1,
the relevant L-function vanishes at s = 1/2 and in that case one should consider
the derivative. Our method should also be applicable to analogous situations
over totally real fields, even with varying weights > 2 at the different infinite
places, but of the same parity. Similarly, one should be able to treat the case
of Maass forms, but then the infinity type A will not be fixed, but will lie in
a short interval. We thank Nathaniel Grossman for helpful comments on the
evaluation of an archimedean integral involving the hypergeometric function. The
first author also thanks Bill Duke, Jeff Hoffstein, Hervé Jacquet, Wenzhi Luo,
Philippe Michel, and S. Rallis for interesting conversations. After this paper was
finalized, we heard from P. Michel of a similar work of E. Royer [Ro] involving the
average of the single L-function L(1/2,¢), without using representation theory.
Last but not least, we acknowledge with thanks the support from the National
Science Foundation.

2. Relative Trace Formula: the geometric side

2.1. Regularization of the Relative Trace Formula. Let G denote GL(2)/Q
with center Z, and set G = G/Z. Consider the kernel

K(z,y)= > fla ')

7€G(Q)

where f is a suitable factorizable, smooth function on G(A) (specified in §2.2
below). Let T' denote diagonal subgroup of G and set T=T /Z. We make use of
a relative trace formula due to Jacquet ([Ja]) which involves integration of this
kernel over the square of f(A) /f(@) against a character. Since the integral is
not absolutely convergent. However, rather than truncate the kernel, we shall
regularize the integral by computing it as a limit.



Average Values of Modular L-Series ... 705

Let x be a non-trivial, quadratic character of A* where A is the ring of adeles
of Q, and A* is the multiplicative group of ideles. For s1,s9 € C and ¢ > 0, define

¢ a0 b0 S1 19180 1% 7%
fisns) = [ w(59) (9 )x(@iarimaraas
Q*\A*XQ*\A*

where the superscript ¢ indicates that the integrals are taken over a,b € Q*\A*
such that ¢=! < |al, |b| < c. We use the multiplicative Haar measure on A* which
is a product of the measures dz/|z| on R* (where dz is Lebesgue measure on R)
and the measures on Qj, for finite v, assigning measure one to Z.

We will see in §4 that the following limit exists for all s; and so:
I(f;s1,82) == lim I.(f;s1,52).
CcC— OO
Our main object of study is the value at s; = so = 0:

I(f) = 1(f;0,0)

2.2. The test function. Let S’ be the set of finite primes ¢ at which y is
ramified. Fix two distinct primes p, N ¢ S” and set

S = S U{p, N,o0}.
We define a function f on G(A) of the form
f=Ffoo X fpx fn % fsr x f°
where for = [[,cq fo and fS = st fo-

For any prime v, a subscript v denotes localization at v. For example, F, =
F(Qy), Zy = Z(Qy), etc. As in the introduction, let Dy be the holomorphic
discrete series representation of Gy = PGL(2,R) of weight k and let dj, be its for-
mal degree. We choose the archimedean function fo, to be dj times the complex
conjugate of the matrix coefficient (Dy(g)v,v) where v is a unit vector of lowest
weight k. Explicitly:

k
- (2\/det9) . _(ab
foo<g)_dk(a+d+i(b—c))k it g= cd and detg>0
and foo(g) =0 if det g < 0.

Put K = SO(2) and for v = p set K, =GL(2,7Z,). Let K, the the subgroup
Z\ZyK, of G,. Let H, be the algebra of compactly supported, bi-K,-invariant

functions of G (Qp). We take the function f), to be an arbitrary element of H,,.
Let

Ko(N) = {<ﬁ2> € GLo(Zn) : ¢ = 0 (mod N)}.
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and let Ko(N) be the subgroup Zy\ZyKo(N) of Gn. Let Viy be the measure of
Ko(N). Then we take fy to be the characteristic function of Ky(N) divided by
V.

We let f° be the characteristic function of [Togs K,.

Finally let v = ¢ be in S’. If ¢™ is the conductor of x,, denote by X the set of
representatives in ¢~"Z, C Q, for ¢~ Z,/Zy, which is a finite group isomorphic
to Z/q™. We may view x, as a character of X. Put

f’u = g(Xv)_l Z Xl,v(z)fz,va
zeX

1z

0 1> K,Z,, and g(x,) the Gauss sum

where f, , is the characteristic function of <

o) = [ @l e
Zy
Here 1) denotes the additive character of Q, defined as the composite

Qy — Q/Zy — Q/Z — st

with the last arrow on the right being x — €27, Tt is well known that g(,) has
absolute value ¢"/2. The global Gauss sum g(x) is a product of local ones and
since x is odd,

g(x) = i|D'?
2.3. The Geometric Side. Let T be the diagonal subgroup. Set
~ a0
T ={t.} where to = (0 1) .

We identify T with T/Z c G/Z. For § € G, define the subgroup
Cs={(t,t)eTxT:¢t'6t' =26 forsome z¢€ Z}.

We break up the sum over 7 defining K (,%) into sums over T(Q)-double cosets
in the usual way to obtain

I(fis1,82) = > Le(0, f;51,52)
{o}

where {0} is a set of representatives for the double cosets T\G/T and

C

k@ﬁ&ﬁﬂ:/ F(E6t) x(@)lal*t b2 da d*b
Cs (Q)\(f(A) ><f(A))
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The superscript ¢ indicates that the integral is taken over ¢! < |a|, |b] < c.
Define the following limit distribution

I8, f;51,82) = lim I(6, f; 51, 52)
When this limit exists, we will say that I(, f; s1, s2) converges conditionally. Set
o1 = %(81), o9 = %(82)

We will assume from now on that the following conditions hold:

k k k k
—§+1<01<§ and —§<O'2<§—1 (*)

Since k is an even integer and k > 2, these conditions hold in particular if
—1 < 01,09 < 1, which is sufficient for our purposes.

Theorem 2.1. Assume that the conditions (*) hold. Then I(0, f;s1,s2) con-
verges conditionally for all § and

D IS, f51,82)| < 00
{6}
In particular,

I(f;s1,52) = Y 1(, f;51,52)
{6}

2.4. Coset representatives and centralizers. We recall some easily verified
facts about the double coset space T\G/T. Define matrices

5(w>=<ﬁ>
)

Further let e denote the identity matrix in G.

and

Lemma 1. The set of matrices
{{(z) 12 #0,1} U {e, e, nt, en™, n, en_}
is a set of representatives for the double cosets f\é/f

The elements £(x) and the orbits they represent will be called regular. The six
remaining representatives and their orbits will be called singular.

() ()
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Lemma 2. Cs = {e} if § is reqular or if § € { n*, en™, n~, en~}. On the
other hand,

Ce={(ta,ta) : a € Ig}
C.={(ta,t;") s a € Iy}

2.5. Vanishing of the terms attached to e, ¢, en®.

Lemma 3. As x is non-trivial, for all s1, s2, and all ¢ > 0 we have
Ic(e, fis1,82) = ILe(e, fis1,82) = 0.

Proof. To treat § = e, write a typical element of TxT as (tyta,ta). Then we may
write I.(e, f) as a double integral

/ ( / P (@) fal d*a:) x(a) laf*+2d%.
Q*\A*, c1<|al<e z€A*, cm<za<c

Since x is non-trivial and of finite order, its restriction to Ié is also non-trivial.
Consequently its integral over a € Q*\I@ vanishes, showing that I.(e, f) = 0.

To treat § = e, write a typical element of TxT as (tytq,t; ). Then we may
write I.(g, f) as a double integral

/ (/ (@) ol ') x(a) a0
Q*\A*, c<]al]<c™? z€A*, c~l<za<c
Again, the integral of x over a € Q*\I@ vanishes, implying that I.(g, f)) = 0.

O

The vanishing of I.(e, f; s1,s2) and I.(g, f; s1, s2) does not depend on the spe-
cific choice of test function f. The next proposition shows that the terms attached
to en™ also vanish for our particular choice of f.

Proposition 2.1. If § = ent oren™, then I.(6, f;s1,s2)) = 0 for all s1, sy and
c> 0.

Proof. For § = en™, we have
— ¢ 0 - —s So 7% *
W e g = ([ () v e aa
*XA*

However, the component fx is supported on ZyKy(N), so fN(<O ) is non-

a
b1l
zero for (a,b) € (Q%)? iff there exists A € Q% such that A\, Aa € Zy, \b €

NZpy and det(A (Oa ) = —A2ab € Z%. These conditions cannot be satisfied

b1
simultaneously, so f in fact vanishes on the domain of the integral in (1).
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Similarly, for § = en™, we have

ten™ frsnsa) = [ (“b“)>x<a>1|arswa? da db
*XA*

Again, f(< b 0> is non-zero only if there exists A in Q}; such that Aab, A\a € Zy,
Ab € NZy and N?ab € Zj, which is impossible. Thus I.(en™, f;s1,s2)) also

vanishes. 0

2.6. The dominant terms. We have seen that four of the six singular terms
contribute zero to the geometric side of the relative trace formula. It will turn
out that since y is non-trivial, the terms corresponding to § = n* are dominant
as the level becomes large. Explicitly, these terms are:

rt fos) = [ a9 ) @ e daa
- —s1=82\p12 J*q d*D
JI (58 ) vl

I.(n";s1,52) // (abO)) x(a) " Ha| 751 |b|*2 d*a d*b
*XA*
:// f(( >) x(@b™) a2 b d*a db.
* X A* al

Proposition 2.2. The integrals [(n™, f,s1,52) and I(n*, f, s1,s2) are condition-
ally convergent and analytic in the region defined by the conditions (*). Further-
more,

(A) I(n™, f,s1,82) is absolutely convergent if (*) holds and o1 + 09 < —1.
(B) I(n—, f, s1,s2) is absolutely convergent if (*) holds and o1 + o9 > 1.

To treat the case § = n™, we define:

s = [ si(gf) e as

Let g be the Fourier transform of g with respect to the additive character v fixed
above.

Lemma 4. If —% <09 < % — 1, then the integral g(a) converges absolutely for
all a € A. Furthermore,

(A) g(a) is O(a|”>7*/?) as |a] — cc.

(B) g(a) is O(la|™™) as |a|] — oo for all m.
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Proof. The function f( (8 ?)) is zero unless ay and by lie in a compact subsets

of Ay and A%, respectively. So is suffices to estimate the archimedean integral:

ba o 3 /oo pk/2+s2 .
00 = oo =2 T T &
o) = [ aet( ) =2t [T B

The integral over [0, 1] is O(|a|~*) and
k/2+s2 oo pk/2+09 oo pk/2+02
‘/ b d*b| < / LA |a|82—’5/ LA
(b+1—ia)k 1 0

|b — ialk b — 1|k
The integral on the right converges if o9 < % and Part (A) follows since we
assume oo — % > —k. Furthermore, g (a) is integrable on R is 09 < g — 1 and
the same is true of all of its derivatives. Hence g (a) decreases faster than |a|™

for all m. O

Now recall that if F(a) is any smooth function such that |F(a)| << |a]~* and
|F'(a)| << |a|™*, then for any non-trivial unitary Hecke character x, the following
limit exists and is analytic for 1 — u < R(s) < A:

C

lim F(a) x(a)la|® d*a

C— 00 A*
This follows from the Poisson summation formula as in Tate’s thesis. We apply
this remark to g(a) with s = —s; — so where —% <oy < % — 1. Then, by Lemma
4, may take \ = g — 09 and p arbitrary. Hence I(n™, f, s1,s2) is conditionally
convergent if —o1 — 09 < g — 09, that is, if o1 > —%. The same considerations

apply to of I(n™, f,s1,s2). The convergence conditions are the same, but with
s1 and s replaced by —so and —s; repectively. The conditions become:

k k k
—§<—O'1<§—1 —O'2>—§
This proves the assertion in Proposition 2.2 about conditional convergence. From
the integral above we find that I(n™, f, s1,s2) (resp. I(n~, f,s1,s2)) converges
absolutely if the conditions of conditional convergence are satisfied and o1 + o9 <
—1 (resp. o1 + 02 > 1). The completes the proof of Proposition 2.2.

We define the local integrals
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b —51—5§ s * *
Lot fuss) = [ () weteta = daay
o xQy

— b0 - s1+s —s1 7k *
L,(n", fu;s1,82) = // fv(<a1>) Yolab™V)|a|*T52|b| 751 d*a d*b.
o X Q%

and we set:

L,(n*, fu; 51, 52)

L(—Sl - 32>Xv)

Iv(n_a fv§ S1, 32)
(s1+ s2, xv)

Fy(nt, fu;81,82) =

F”U(n_7fv;81732) =

Proposition 2.3. For all v, F,(n™, fy;s1,s2) and F,(n™, f,;s1,82) are analytic
in the region defined by the conditions (*) and in particular, at s1 = so = 0. Let
Fy(n®, fu) = Fu(n*, £30,0). Then:

(a) If v ¢ {p, N,oc}, then

Fv(n+7fv) = FU(n_7fv) = g(XU)_l

Note that g(xv) = 1 if xv s unramified.
(b) At v =N, we have F,(n*, f,) = V' and F,(n™, f,) = xn(N)Vy?
(c) At the archimedean place,

Fo(nT, foo) = —Foo(n™, foo) = imey,

where ¢y, is the constant defined in the introduction.

Proof. (a) First let v = ¢ be outside S = S" U {p, N, o0}, corresponding to a
prime g # p, N. By our choice of f, f, is the characteristic function of Z,K,.

Consequently,
@n -5 (39)

is simply the characteristic function of Z, x Z;. Since x is unramified at v,
I(n™, fuis1,82) = D x(g7™)g" ) = Ly(—s1 — 52, xv)
n>0

Hence F,(n™, fy;s1,s2) = 1 for all s1, s1, (a) follows in this case. A similar calcu-
lation shows that I,,(n~, fu;s1, S2) = Ly(s1+$2, Xv») and hence Fy,(n™, fy; s1,82) =
1.
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Next suppose v = ¢ is in S/, with ¢ being the conductor of x,. By construc-
tion,

Iv(n+7fv;31732 = 9 XU ZIZU 7
zeX

L.o(n // < ) Yo(@)|a| =12 |b|*2 d*a d*b.
£ xQ; 01

Only those z with invertible images in ¢~"™Zy/Z4 give a non-zero contribution.
So we will restrict our attention to these.

where

Recall that f, has support on < > K,Z,, and note that

01

\ 1—z\ (ba)  [AbA(a—2)
01 01) \0 A '
. ba
Then it follows that for f,, 01
Thus a lies in ¢"™Z, and has the same image as z in ¢~"Z,/Z,. Consequently,
since x, has conductor ¢ and thus the pullback of a character of (¢~"Zy/Zq)* ~

(Z/q™)*, we must have x,(2)xv(a™!) = 1. We obtain
L.,(n") = vol(1 + ¢"Zy,),

when z has invertible image in Z/q"™. The assertion follows once we note:

> to not vanish, we need b € Z* and a — z € Zj.

(i) w(g™)vol(1 + q"™Z,) equals vol(Z3) =1, and
(ii) L(s,xv) =1 as xy is ramified.

Now consider the situation when n* is replaced by n~. We have

I(n™, fois1,82) = g0xw) " Y Lw(n),
zeX

Izv // (Clbb0> Xv(a)|a|_sl|b|s2 d*a d*b.
*XQ* 1

Again, only those z with invertible images in ¢~"Z,/Z, give a non-zero contri-
bution. Write z = ¢~™u, with u € Z;. Note that

A<(1)_1z> <abb(1)> _ <)\(a);)z)b)\(;z)>.

So for f., to not vanish on (Clbb(l)>, we need

where

Nab € Zi, N € Zg, Az € Lg, \b(a — 2) € Zg.
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For these to hold, we must have
a=vq ", beqg "L,

with v, u having the same image in ¢~™Z,/Z,. This implies again that x,(2)x.(a"!) =
1. The assertion follows as in the n™ case. The two integrals coincide at
S§1 = S2 — 0.

(b) At v= N, fn is the characteristic function of ZyKo(N) divided by V.

Thus
(av b) - fN (8?)

is the characteristic function of Zy x Z% divided by Vy and In(n™, fy;s1,52) =
Vi 'Ly(—s1 — s2,xn) as in (a). Similarly,

@)= v (51)

is the characteristic function of Z3 x NZy divided by Vy. Since x is un-
ramified at N, x(a~'b) = x(b) and a change of variables from b to Nb gives
In(n=, fn;s1,82) = X(N)|[N[$1F52V Ly (51 + 89, xv). Part (b) follows.

(c) Let v =o00. Recall that xoo(—1) = —1. By definition,

5 <<ba>): Py e >0
A0l 0 ifb<0

Noting that d*z = dz/|x| on R*, we obtain
[e'9) 0 bk/2+32—1’a‘—81—82—1sgn(a)
2R o (T foo :/ / dbd
k oo(n 7f00781a52) ) (b—i—l—i—ia)k a

0o 00 pk/24+s2—1|,|—s1—s2—1 _ s 0\k
:/ / b |al sgn(a)((b+ 1) — ia) dbda
—cJo (a?+(b+1)%)*

Appealing to the binomial expansion

k
(b+1) —ia)* = (’;) (i) Ta" I (b + 1),

J=0

we may write

k
2_kdl;1100(n+7f00;51782) = Z <.];;> (_Z)k_jl]v

Jj=0

where

0o poo bk/2+5271 k—j—s1—s3—1 I+k=j(p 4+ 1)J
I = / / a7 e/l O L
o Jo (a® + (b+1)?)
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If j, and hence k£ — j, is even, then the integrand is odd in the a-variable and I;
vanishes. Thus we assume from hereon that j is odd. We have

00 bk/2+32 1 k —j—81—S2— 1(b—|— 1)
I; =2 dadb
I ST

) k/2+52 1 k —j—s1—s2—1 j—2k
/ / b (b+1) dadb
((a/(b+1))2+1)k

oo pk/2+s2—1 k—j—sl—sz—l(b+ 1)—k—81—82
—2 T dadb.

So the integral factors as

(2) I; = Ijnlyo,

where
0o ak Jj—s1—s2—1
Iy =2 ——————d
5l /0 @+ 1k
and
o
Lo = / ph/2 T2y 1) TR gy,
0
Note that I} is in fact independent of j.

2

By the substitution v = a“, we obtain

00, (k—j—s1—s2)/2—1
I = du.
& /0 CE .

L(z)l(w)

Recall that the Beta function B(z,w) = ot w)

resentations (cf. [A-S], p.258):

o 00 z—1
(3) B(z,w) :/0 tz_l(l—t)w_ldt :/0 : t

=T

has the following integral rep-

It follows immediately that
(4) Iin = B((k—j —s1—52)/2,(k+j + 51+ 52)/2)

Now let v = b/(b + 1) in the expression for Ij9, so that b = v/(1 —v) and
db = dv/(1 — v)2. We obtain:

1
Ij,Q — / ,Uk/2—1+82(1 _ ’U)k/2+sl_1d’l).
0

Applying the first identity of (3) we obtain
(5) Ij72 = B(k/2+82,k/2+81).
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Putting (2),(4) and (5) together, and writing everything in terms of the I'-
function, we finally obtain

D((k—j—s51—52)/2)T((k+37+s1+52)/2)['(k/2+ 52)['(k/2 + 51)
L(k)D(k + s1 + s2)
We see that 2_kd,;1100(n+; s1, 82) equals

I =

i k pi k—j—81—80 _ k+j+s1+ s F(E+S1)F(E+S2)
jz::O < > (=) 2 )T 2 ) F(IQC)F(IC + sf + s9)
J=1(2)

Now observe that for any positive integer r,

r <1 22’“) _ F(%)(r ) = (e — 1)

Let k = 2m, j = 2n+1. Then (—4)*7 = i(—1)™"" and we see that Io(n", fs;0,0)
is equal to:

m)((m — 1)!)? e m
in2kd,, 2 ()2(751 — 1)1‘)') (1 + Z (2§+ 1) (D)™ " (m+n—-1l(m—n— 2)!)

Thus Ioo(n™, foo;0,0) = imcg. Furthermore, since xo, = sgn, the local factor
L(8, Xoo) = 7~ FD/2D(211) s regular at s = 0 with value 1. Thus Fiuo(n™, foo) =
Io(n™, foo;0,0) and the assertion for Foo(n™, foo) follows.

The Io(n™, foo; 51, 82) differs from to the expression for I, (n™, foo; 51, 82) only
by a change of variables a — —a, which induces a sign change in the integral. In
other words, Ioo(n_a fooi 815 32) = _Ioo(n+7 foos 815 32)‘ O

The distributions appearing in our global relative trace formula are
I(n*, ) = I(n*, f;0,0)

To evaluate I(n™, f), we observe that I(n™, f;s1,s2) is analytic in the region
defined by the conditions (*). It is defined by an absolutely convergent integral
both (*) and the condition o1 4+ 09 < —1 are satisfied and in this region, we have
a factorization

I(n*, fis1,82) = [[ L0, fuss1,52) = L(=s1 = s2) [ [ Fo(n™, fus 51, 52)
v v

By Proposition 2.3,
I(TL+, fﬂ S1, 82) = g(X)_lnglL(_sl - SQ)(-iWCk)Fp(TL+, fp; S1, 32)

We set s1 = s9 = 0 and use the functional equation

L(0,x) =« '[D|Y2L(1,x) = —im'g(x)L(1, X)
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to write:
I(n™, f) = ek L(L, X)Fp(n", fp)
Similarly, we obtain
I(n™, f) = cxL(L,Xx)Fp(n~, fp)
Note that in passing from n™ to n~, the local integral at v = N changes sign
since x(IN) = —1. This compensates for a similar change of sign at v = oco.

Corollary 1. We have
I(n+7 f) + I(n_v f) = ckV]\71L(17 X)(Fp(n+7 fp) + Fp(n_, fp))

2.7. The regular terms. Recall that the regular double cosets are represented
by the matrices {£(z)}, with = € P1(Q) — {0, 1, 00}. By abuse of notation we will
write [ (z) for I(£(x)). At any place v, we have by definition,

abax

IU(IE) :/ fv ( b1 ) XU(Q)_1|CL|_81|I)|S2 d*a d*b
Q3 =xQy

Set
p=k/2—s, and o=£k/2+ so.
For €,d,v € {£1}, define
Io(e,0,v) = (—e)P=oLgpth=30=1k=0,p=20 B(5 kk—c)B(p, k—p)F(k—0c, p; k; 1—ev)
where F' = oF is the hypergeometric function.

Proposition 2.4. Let x € P1(Q) — {0, 1, 00}.

(a): Let v = q be a prime not in S. When v(1 —x) > 0, I,(x) vanishes.
Suppose v(1 —x) =0, resp. v(1 —x) < 0. Then v(x) > 0, resp. v(x) =
v(1 —z), and we have:

v(z) —n

Lz) =Y > "¢ "),

n=0 m=—v(x)
resp.
0 -n
Lz) = > > 'x(@g™) g ",
n=v(z) m=0
where the prime on the inside sum implies (in either case) that the sum-

mation is taken over m of the same parity as n+v(1 —x). In particular,
since vol(ZY) =1,

ve)=v(l—2)=0 = I,(z)=1
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(b): Let v = q be a prime in S’, with ¢° the conductor of xq. Then if
v(l —z) > ¢, I,(z, f)) vanishes. When v(1 —z) < ¢, I,(z, f) is bounded
by ¢°/%(v(z) + ¢)?.

(c): Let v = N. Then In(x) vanishes unless vy (1 —z) =0 and vy(z) > 1,
and in this case,

5 wmw
n=1 m=—vy(z)
(d): Let v = p, and f, the characteristic function of ZK (% pO )K for
some integers r,r' such thatr > r'. Then I,(x, f) is zero unless v(1—x) <
r+1', in which case it is bounded by C(f,)v(z)?, for a positive constant

C(fp)-
(e): Let v = oco. Assume that x > 0 and that 01,02 € (—k/2,k/2). Then,

as Xoo(—1) = =1, if 1 — 2 > 0 we have

Lo(z) = (1—x)k/ <IOO(—1,1,1) - (—1)kIOO(—1,—1,1)>
and if 1 —x < 0 then

Lo(z) = (x — 1)k/2 (100(1,—1,—1) - (—1)k100(1,1,—1)) ,

Proof. (a) Since v = ¢ is a prime outside S, f, is by definition the characteristic
function of Z,K,.

Lemma 5. f, <czb a1x> is non-zero iff the following conditions are simultaneously
satisfied:
(i) v(1 —x) <0;
(ii) v(x) > v(1 — x); in particular, v(z) = v(1 — ) when v(1 — x) < 0;
(iii) v(1 —z) —v(z) <wv(a) < min{—v(l —x),—v(b) —v(l —x)};
(iv) maz{v(l —x),v(a) + v(l —x)} < v(b) < wv(z) —v(l — x);
(v) v(a) +v(b) =v(l —z) (mod 2).

abax

Proof of Lemma. For f, ( b1

that there exists a A in Q such that Aab, Aax, A\b, X are in Z, and A\2ab(1 — z) is
in Z7; in other words, one must have

1) 20(A) +v(a) +v(b) +v(l —x) =0;

2) v(A) +v(a) +v(b) > 0;

to be non-zero, it is necessary and sufficient
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3) v(A) +v(a) +v(x) > 0;
4) v(A) +v(b) > 0;
and

5) v(\) > 0.

Eliminating v(\) from these, we arrive at the following system of inequalities,
together with the parity condition

v(a) +v(b) +v(l —2x) = 0(mod 2) :

6) v(a) + (@) — (1 — z) > 0;
7) w(b) — (1 — ) > 0;

8) o(z) —v(l —z) > 0;

9) v(l —z) <0;

10) (@) +v(1 - z) < 0;
11) v(b) +v(1 — 2) — v(z) < 0;
12) v(a) + v(b) + v(1 — z) <0,
and

13) w(b) > v(a) + v(1 — ).

To explain, 6) comes from 2) + 3) — 1), while 7) comes from 2) +4) — 1), 8) from
3)+4)—1),9) from 1) — 2) — 5), 10) from 1) —4) — 5), 11) from 1) — 3) — 5),
12) from 1) — 2 x 5), and 13) from 2 x 4) — 1). The assertions of the Lemma now
follows easily.

O

The first consequence is that I,(z) vanishes if v(1 — z) is positive. Now let
v(1 —x) be zero (resp. negative). Then v(z) > 0 (resp. v(z) = v(1 —x)) and the
inequalities (iii), (iv) of the Lemma simplify to yield the conditions

0<wv() <wv(x), and —v(z)<wv(a)<—v(b)

(resp.
v(z) <wv() <0 and 1<w(a)<—-v(x).)

The assertion of the Proposition now follows in the case v =¢q ¢ S.

(b) Here v = ¢ is a prime where y ramifies. If the conductor of x, is ¢¢, with
c > 1, f, is, by definition, g(x,)~! times a y-weighted sum of the characteristic
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1z

functions f,, of 01

> K,Z,, where z has valuation —r with 0 < r < m. We

need the following:

abax
b 1

Lemma 6. f., is non-zero only if the following conditions are simul-

taneously satisfied:

(i) v(1 —x) <y

(i) v(z) =v(1 —x) when v(1 —x) <0, and v(z) = 0 when v(1 —x) > 0;
(iii) vEclt) < )nfm'n{—v(l —z),—v(b) —v(l — )}, v(a+ 2) + v(ax + z) — v(a) >
(iv) max{v(lj— z)+v(a),v(l—z)—v(a+2)+v(a)} <v(b) <v(z)—v(l—21);
(v) v(a) +v(b) =v(l —z) (mod2).

Proof of Lemma.  The statement for r = 0 is just Lemma 5. So we may
assume that 0 < r < ¢. Then

1z abar\  (ab+bzar+z
01 b1 /) b 1
abazx ., . . .
So for f;., ( b1 ) to be non-zero, it is necessary and sufficient that there exists

a A in Q such that A(a + 2)b, A(az + 2), A\b, A are in Z,, and \2ab(1 — z) is in Z}.
In other words, one must have

1) 20(A) +v(a) +v(b) +v(l —x) =0;
2') v(A) +v(a+2) +v(b) = 0;
3) v(A\) +v(ax + 2)) > 0;

4") v(A) +v(b) > 0;

and

5) v(A) > 0.

Eliminating v(\) from these, we arrive at the following system of inequalities,
together with the parity condition

v(a) +v(b)+v(l —2) = 0(mod 2) :
6') v(a+2) +v(az +2) —v(a) —v(l —x) > 0;

7) v(8) + v + 2) — v(a) — v(1 - z) > 0;

8) v(ax 4+ z) —v(a) —v(l —z) > 0;
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9 v(l—2) <v(a+z)—v(a);
10") v(a) +v(l —x) <0;
11') v(b) +v(1—z) —v(z) <0;
12') v(a) +v(b) +v(l —z) < 0;
and

13') v(b) > v(a) +v(l — ).

To explain, 6') comes from 2') +3') — 1’), while 7’) comes from 2') +4') — 1'), §)
from 3') +4') —1'), 9) from 1) — 2') — 5), 10') from 1) — 4") — §), 11') from
1")=3")=5), 12') from 1') —2x 5’), and 13') from 2x4")—1"). If v(a) # v(z), then
v(a + z) =min{v(a),v(2)}, and so v(a + z) —v(a) <0, and by 9'), v(1 —z) < 0.
On the other hand, if v(a) = v(z) = —r, so 10') implies that v(1 —z) < r. This
gives part (i) of the Lemma. The remaining assertions follow easily.

O

So the first consequence is that I,,(z) vanishes if v(1 —z) is greater than r. We

get from the Lemma:
v(l—z)—r <o) <v(x)—v(l—=x).
This is clear when v(a) = —r, and if not, v(a 4+ z) — v(a) < 0, which even gives
v(l —z) < v(b). Next observe that when v(1 — ) is 0, resp. < 0, resp. > 0, we
have v(z) > 0, resp. v(z) = v(1 — x), resp. v(z) = 0. We obtain
—r <o) <v(x) and —ov(z)<wv(a) <0,
resp.
v(x) —r <wv(b) <0 and 0<wv(a) <—-v(x) or wv(a)=-—r—uv(z),
resp.
—r<wv(b) <0 and wv(a)=-—r

The assertion of the Proposition now follows in the case v = g € S’, once we
recall that |g(x,)| = ¢*/2.

(¢) Let v = N. Here by construction, fy is the characteristic function of

ZnKo(N) divided by Vi, the volume of ZyKo(N)/Zx. So for fi( <CZ’ “f ) to
be non-zero, it is necessary and sufficient that there exists a A in Q% such that
Aab, Aaz, A are in Zy, Ab is in NZy and AN2ab(1 — z) is in Z%,. The conditions 1)
through 5) above (in the proof of part (a)) remain in force except for 4), which
gets replaced by

4" un(N) +on(b) > 1.
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The parity condition is the same as in (a). The only change in the inequalities
6) — 12) is that 7) (resp. 8), resp. 10)) gets replaced by

™) on(b) —on(1—z) 2 15
8") v(z) —v(l —2) > 1;
and

117) v(a) +v(l —z) < —1;

We again get the vanishing of Iy(z) when vy(1 — x) > 0. Moreover, when
vn(l —z) < 0, we are forced to have vy(z) = vny(1 — x), which contradicts
7'); thus Iy (x) vanishes in this case as well. It remains only to consider when
vy (1—z) = 0, in which case vx(z) > 1 by 8”). The asserted expression for In(x)
follows easily.

(d) Of course, when r = ' = 0, f, is just the characteristic function of
Z,K,, which was treated in detail in part (a). For general r,7’ with r > 7/, for

b o . . .
Ip (Z alzv > to be non-zero, it is necessary and sufficient that there exists a A in

Q3 such that
Aab hazx p" 0
() e (o) 5o
We get analogues of conditions 1) through 12) of part (a), except for replacing

the zeros on the right of those equations. In 1) and 9), replace 0 by r + 7/, while
in 2) through 4), replace 0 by r. The assertions of part d) now follow easily.

(e) Let v = oco. By hypothesis, xoo is sgn, the sign character. By the definition

of fo, we have
abax (ab(1 — x))k/?
Joc < b 1 > - (ax —b+i(ab— 1))k (resp.0)

if ab(1 — x) is > 0 (resp. < 0).

Suppose 1 —x > 0. Then the integral is over the first and the third quadrants.
Changing variables in the third quadrant and rearranging, we get

Lo(@) = (1= 2) (I (-1, 1,1) = (D)} L5 (-1, -1,1) ).
where for €,0,v € {£1},

oo poo k/2—s1—1pk/2+s2—1
Iéo(E, 5,v) = / / a b ‘ dadb'
o Jo (ax+eb+di(ab+v))k

Similarly, when 1 — z is negative, we have

Io(z) = (x — 1)k/2 (Igo<1,—1,—1) - (—1>k1go(1,1,—1)).
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Then part (c) of Proposition 2.4 will follow once we establish the following, which
was shown to us by Nathaniel Grossman. Recall that

p=Fk/2—5, and o=k/2+ s.

Lemma 7. Suppose k > Rp >0 and k > Ro > 0. Then we have
Il (6,6,v) = Io(€,0,v).

with Iso(€,0,v) as defined in Proposition 2.4 (e). This holds in the complex x-
plane with the negative x-axis cut out.

Proof. Fix €, 6, v and simply write I’ for I (e, d, ). We have

00 0o o—1
p [ [T
0 0 ((ax + dvi) + b(dia +¢€))

Y a’~da & b~ tdb
_/0 (dia + €)* /o ((M) I b>k

ota+e

— ar+ovi 7
- /°° 0 (%£24)  da / b7~ dby
0 ( L

. NF S (L +01)F
dia + €)k (%Zj’f) ( 1)
where L denotes the half-line defined by the positive real multiples of a‘;’i‘gﬁ@

Since k > Ro > 0 by hypothesis, the ray of integration may be rotated back
to R4, and the inner b;-integral becomes

oo ba‘fldb
/ e Wt B B(o,k — o).
0

(1 + bl)k -
Thus
B(o,k — o)
' = —=""—_"7]
mk—a(&i)a ’
where

7 /OO a*~da
Jo (a+ovi/z)k—o(a —ide)”
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Since by assumption & > Rp > 0, the path of integration defining J can be
rotated to the positive imaginary axis, giving

J_/ioo a’"'da
Jo (a4 dvi/z)k—o(a — i)

- / - (ic)"~ d(ic)
o (ic+ ovi/z)k=o(ic — ide)®

oo /°° P~ tde
B o (c+ov/z)k=o(c—de)’

Case (i): de = —1.
Putuzisothatc:ﬁanddc:(lfizy. We get

14+c
1, p-1 1— k:—p—ld
_ p—0O k—o, k—0o U ( U) u
J =i""7(ov)" %z /0 1= u(l = ova)

Now we appeal to the following well known integral representation for the hyper-
geometric function ([A-S], formula (15.3.1), page 558):

R A (O S PRV p
F(b)T(C—b)/Ot (1= 6)"7 (1 —tz)~“dt,

F(a,b;c;z) =
for Re > b > 0.

The assertion follows by putting these together.

Case (i1): de = 1.

In this case,

J =P /OO ¢ lde
N o (c+dov/x)k—o(c—1)7"
We put ¢ = %5, so that v = %5 and dc = %. We get

u
1 pfl(l _ )kfpfld
U u U
J = P77 (sv)F o ko (—1 ”_"_1/ )
(ov) (=1) o (1—u(l+dvz))k—e
The assertion follows by appealing once again to the integral representation of
the hypergeometric function and combining like terms.

O

3. A bound for the sum of regular terms

Put
Leg(f):i= Y I(x,f).

zeQ*—{1}
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Proposition 3.1. Let e > 0. Then

C
Lieg(f) < Nk/2—2

for a positive constant C.

Proof. . Putt= ﬁ Since x — t is an automorphism of Q* — {1},
Leg(f) = > Iz, f),
teQ*—{1}

with x = % By Proposition 2.4, there is a positive integer M = Dp" such that
for any finite place v,

v(t) < —v(M) = I,(z,f)=0.

In fact, Proposition 2.4 implies that for v = N, I,(z,f) #0 = N | (t — 1).
Also, Io(x, f) = 0 unless z > 0. Putting these together, we see that I(z, f) is
zero unless N | (¢ — 1) and Mt is an integer # 0, 1. Thus

haD= Y 1M

n#0,1, N|(n—M)

Lemma 8. For any n # 0,
n p—

M 1
I( 7f) << W?

with the implied constant independent of n,

Proof. By Prop. 2.4, for any (finite) prime g, Iq(%, f)is 1 for ¢ n(n — M),
and if ¢ | n(n — M),
n—M
1"

We claim that the function

) < Mug((n— M)/n)*.

g(n) = JJve(n)

satisfies, for every € > 0, the bound
g(n) < Cn®,
for a constant C' > 0 independent of n.

To see this, first note that g(n) is multiplicative in n (though not strictly). Fix
any € > (0. Then 9A > 0 such that for any prime ¢ and positive integer a > 0,

a<q* ifeither a>A or ¢q> A.
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Given n > 0 with unique factorization n = Hje J q?j , where the ¢; are primes
and a; > 0, we may write n = mk, where m has no prime divisors ¢; < A with
exponents a; < A. It follows immediately that g(m) < nm®, and k is a product
over primes < A with exponents at most A. We obtain

g(n) = g(m)g(k) < Cn°
where C' is the maximum of g(k) for the finitely many choices of k.
Hence the claim.

It follows that for any € > 0,
H ve((n — M)/n)* << n°.
g|n(n—M)
Moreover, thanks to Prop. 2.4, we have
n—M 1
Iool— 1) << 5

In both estimates, the implied constants depends on M, but not on N. This
proves the Lemma.

O
Consequently,
1
Le(f) << ) e
n#0,1, Nln—M
But for any real u > 1,
1 1 1
) DR Dl vy e viTI
n#0,1, Njn—M m>1
The Proposition now follows. O

4. The spectral side

Let p denote the right regular representation of é(A) on the space of cusp

forms on G(Q)\G(A) and let Sy (k) be the space of adelic, holomorphic cusp
forms of weight k& which are right-invariant under the open compact subgroup
K = Ko(N) x [],2n Ko Recall that there is identification

GQ\G(A)/K = To(N)\H,

ab
cd
nant. This yields an identification 1 < ¢ of the spaces Sy a(k) and Sy (k) such

induced by the map goo X 1 — goo(i) for goo = ( in Goo of positive determi-
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that
¥(goo X 1) = det(goe)" 2 (900, 1) "0 (900 (1))
where j(goo, 2) = ¢z + d as usual. On Sy a(k) we have the adelic scalar product:

(P1,¢2)n = / YP1(g)v2(g)dg
G(Q\E(A)

We take dg = dgo X dgop where dgo, is the Haar measure on Goo whose push-
forward to the upper half-plane H coincides with the measure used to define the
Petersson norm on Sy (k) (for example, y~2dxdy) and dgp is the Haar measure

on G(Af) giving measure one to [], ., Kv. Then
(P1,92)a = VN (o1, 92)

where 1); corresponds to ;.

Let po denote the action of G(Af) where A is the ring of finite adeles. Write
f = foo ® fo, where fy denotes the finite part of f. Recall that fo, is equal to
dj, times the complex conjugate of the matrix coefficient of Dy of weight k£ and
that fo is bi-K-invariant. Since k > 2, f is integrable. Therefore it acts as
a projection operator onto the subspace of holomorphic cusp forms of weight &
and the image of po(f) is contained in Sy 4 (k). It follows that the kernel has the
expression

_ (po(fo);) (z);(y)
Kilww) = 3 e

J

where the sum is over an orthogonal basis of Sy (k). We may assume that the
1; are Hecke eigenforms, i.e., generate an admissible representation m; = ®@;,

of GL(2, A) satisfying 7 o ~ Dy, and ﬂf # 0.
From the expression for the kernel in terms of cusp forms, it follows that

the distribution I(f;s1, s2) converges conditionally for all s; and so. The value
I(f) =I(f;0,0) is therefore defined.

Recall that to every = € [—2, 2] there is a unique unramified representation 7,
of ép with Satake parameters {p®,p~°} defined by = = p* +p~*. For f, € H,,
let write fzﬁ\ (x) for the eigenvalue of f, acting on the I?p—invariant vector in 7.
As is well-known, f}ﬁ\(x) is a polynomial in z. In particular, for each j, m;, is
the unramified representation m, where x = ap(p;) is the normalized p-Hecke
eigenvalue of ;.

Proposition 4.1. , We have

1 L(1/2,05)L(1/2, 05 ® X)
0=y ; (5, 95)

Fp (ap(5)),
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Proof. Using the expression above for the kernel in conjunction with the definition
of I(f), we obtain

I(fis1,82) = Y Pi(f,x,51)Qj(s2),
J

where

Pt = [ ot (§9) wieaaa

Qj(SQ) = /@*\A* ﬁj <8(1)> ‘a|32d*b'

If W; denotes the Whittaker function of ¢;, there is a well-known Fourier expan-
sion (for g € GL(2,A))

and

vilg) = D W; Ké?) g]-

teQ*

Since x and the adelic absolute value |-| are 1 on Q*, we can unfold the expression
for P; as

a0 51k
Pitrocs) = [ otow; (§7) x@laara
Then from the factorizability of W;, f and x, we obtain the product expansion
P](f7X7 31) - H Pj,'u(f7X7 31)7

where v runs over all the places of Q, with

Pyo(fix51) = /
Q3

oW (59 wi@lalara

For v # p, f, is chosen such that p(f,)W;, times x, o det is the new vector of
Tjw @ Xo, 50 that by Jacquet-Langlands,

1Dj,v(f7X731> = L(Sl + 1/2,71']‘71; & Xq))-

This is clear at any v where y is unramified. Let us indicate the reason at a v = ¢
where y is ramified, say of conductor ¢"*. It follows from the definition of f,, and
the transformation property of the Whittaker function under the left translation
by the maximal unipotent subgroup, that

1 § : q" 0) —n(s1+1/2)
P; vlJs X» S = Wv vy n—m ! )
Js (f X 1) g(Xv) ~ (O 1 g(X djq )q
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where ¢y(z) = ¥(tz) and ¢ the additive character defined in section 2.2. Note
that g(xv) is just g(xu,®y-—m). Since Wj, has been chosen to be the spherical
vector giving the right L-factor of m,, we have

qn 0 ) Oén—i—l _ a—n—l
Wi (O 1> = On20 qn/ <0z—al )

where d,,>0 is 1 if n > 0 and is zero otherwise, and {a, a1} = {¢*, ¢~} is the
Satake parameter attached to m;,. So we may take n to be non-negative from
here on. On the other hand, it is well known that g(xv, ¥g) = 0 is 7 < m. Taking
r =m —n we get vanishing for n > 0. Thus n = 0, and we get (for any s;)
Pj,v(faXv 81) = 17
On the other hand,
L(s,m @ xv) = 1,
because 7, is unramified, while y,, is ramified. Note that for v = p, we have
Pip(foxos1) = i (ap()Lis1 +1/2,75 @ xy)
Similarly, Q;(s2) = L(s2 +1/2, 7). The main assertion of the Proposition now
follows on setting s1 = s9 = 0. O

5. Proof of the Main Theorem

The geometric side of the trace formula gives I(f) as the sum of regular terms
and two singular terms. By Corollary 1, the contribution of the singular terms is
VﬁlckL(l, X)S(fp) where

S(fp) = Fp(n™, fp) + Fp(n, fp)

By Proposition 3.1, the regular terms are O(N_k/2+5) for all € > 0. In view of
the expression for the spectral side in Section 4, we obtain for all £ > 0:

1 1
S He i OO 8) tr(q, ) = euL(1,0)5() + O H/24)
(5, %5)

The sum on the left of the formula above runs over newforms of level N and
oldforms which necessarily come from level 1. Since x(—1) = —1, we see that
the sign of the functional equation of L(s,g ® x)L(s,g) is —1 for any form of
level 1, implying that L(1/2,9 ® x)L(1/2,g) is zero for any such g. There are
two oldforms of level N associated to g, which, in classical language, are g(z)
and gny(z) := g(Nz). It is immediate that their Mellin transforms are related
by L(s,gn) = N'75L(s,g). It follows that L(1/2,g9n ® x)L(1/2,gx) is also 0.
Therefore, we may restrict the sum to newforms.

In the next section, we prove that S(fp) = 2up( f;\) where p, is the measure
defined in the introduction. Since the map f, — f;\ maps H, onto the space
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of all polynomials on [—2,2], it follows easily that we may replace pr (z) by the
characteristic function of a subinterval of [—2,2] (cf. [Se]). This will complete
the proof of Theorem A.

6. The measure

In this section, we write f for f, € H, and x for x,.
Proposition 6.1. S(f) = 2u,(f")

Let:
p(s) = ps(s) = Trace(ms(f))
where 7, is the principal series representation unitarily induced from the character

<a0>_) ®
03 J¢]

Then ¢(s) is a symmetric Laurent polynomial in p® and p~

a

S and

s

¢r(s)=f"(z)  where x=p°+p~
p"0
01
©on(s) = ¢y, (s). We recall the following well-known computation.

Let f, be the characteristic function of ZK ( > K forn=0,1,2,... and let

Lemma 9. ¢(s) =1 and forn > 1,
1
(pn(g) = pn/2 [pns_f_pfns_F <1 _ p> (p(n72)8+p(n74)8+' . _+p7(nf4)5)+p—(n72)3>}

V12

Proof. The coset K (% (1)

ranges over the following elements:

(%) te /")

K is equal to a union of single cosets gK where g

PRt AN
< 0 pk> te ((’)/p" ) k=1,..,n
Using this we easily calculate the action of f, on the principal series 75 and we
find the above formula. 0

We observe that since f has compact support, the following integral is regular
at so = 0:

b —s1—8 s * *
bt = [ 56 x@lale e o,
5xQy
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Thus we set s5 = 0 and we define:

://;X@; f((é‘ll)) @)la|™* d*a db.

To evaluate T(f,) for n > 0, note that if
ba p" 0
<01> € ZK ( 0 1) K
ba e
(a1) < ("o )

for some «. This is not possible unless a < 0 and b = p u for some unit w.
Furthermore, the ged of {a, p"*2* 1} is p%, so we must have n + 2a > «, that is,
a > —n. If 0 > a > —n, then the ged condition forces a € p*Z;,. If a = 0, then
we just have a € Z, and if @ = —n, we have o € p™"Z,,.

Set 0 = x(p). For n = 0, we have:

f07 »S / / ‘G/’ B d*u d*a - ( )
UuEZy, aEZp

For n > 0, T(f,,n",s) is a sum of three terms:

ua —s % *
I —/ / (p >)X(a)|a| d*u d*a = Ly(—s, X)
u€Zy Ja€ly
and

II = / / f((p 0 u?))x(a)|a|_5 d'u d*a=0"p " Ly(—s,x)
u€Zy, Ja€p~"Zp

n “u —Q\ |, — | —S ¥ *
IU— / / ( pl >)X(p ™" d*u d*v
u€Zy JvELy

B ZX —a —as _ 5= lp—s §npns _ 51—np(1—n)s 1
1—6"1p—s 1—6ps

= Lp(—s, X) (8 mptTme — 1)
We obtain:

then

n+2a

T(fuin®,8) = Ly(—5,0)(07"p ™™ 4 51 7pl=2)
and

- (fn7n+78)_ -n
Fp(,n", fa) = ll—»om_é (1+9)

We observe similarly that I,(n™, s1, s2) is regular at s; = 0:
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Ip n - 81,82 // <a1>) X(ab_l) ‘a’81+52‘b‘_81d*a d*b.
*XQ*

Thus we set s1 = 0 and define

' //*XQ* <a 1)) x(ab™") al*d*a d*b.

We evaluate T'(f,,n ", s) for n > 0. We first note that if

b0 p" 0

<a1) e ZK ( 0 1> K
b0\ [(p"u0 P2 0 o p "u0
al) " Ue 1) Upawi1)® (pmel

where ¢ € Z;, and u,v are units in Z, and 0 < a <n.

then

For n =0, we have:

f07 S / / ’a‘s d*u d*a = LP(S>X)
uEZ*

For n >0, T(f,,n",s) is a sum of three terms:

I= / / x(p~"c) |c|*d*ud*c = 6" L(s, x)
u€Zy, Jc€lLp

/ / a n ’p—a‘ d*u d*v
uEZ UEZ*

-5 nz(&’*a as 5= ndp _5n "

1-n,_s nsY T,
o = (6 7"p* —p"™)L(s, x)

a=1

I = / / x(@) [p"al d*u d*a = p™*L(s, )
u€Zy Ja€ly

We see that T'(f,,n",s) = 0 "(1 + 0p®)L(s,x) and that F,(,n™, f,) is equal
tO Fp(7 7’L+, fn)

_ T T(fn,n_,S) _n
Fp(,n 7fn)—£1f(l)m—5 (1+9)

Now assume that 6 = x(p) = —1. Recall that in this case, p, = p— is the
Plancherel measure on the Hecke algebra H,,, which is defined by the property
pp(f8) = 1 and pp(f2) = 0 for n > 0. Our computations show that S(fy) = 2
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and S(f,) = 0 for n > 0 and thus S(f) = 2u,(f”"). This proves Proposition 6.1
in the case § = —1.

To handle the case 6 = —1, we first treat § as an indeterminate and find a
function rational function F'(s) of p* such that the functional
logp [Ter
As(p) =

2T __m
log p

on(is)F(is) ds

satisfies
1 n=>0
A5(30n) = {571 15> 1

FOI' 6 = 17 we have Al((pn) = Fp<7n+7fn) = Fp(7n77fn)‘

Proposition 6.2.
[e.@]
F(s)=1+ Z Crpphts—2)
k=1

where
5k:—1 _ 6—k+1>

_ sk -k _ _
o=+ = (p-1) (=5

Proof. We have
Ck: — (5k + 5—k’ - (p - 1)(5k’—2 + 6k—4 4t 6—k+4 + (5—k+2)

Observe that
In+m=20
0 otherwise

log p Togp
27

anpmS ds — {

" logp

Therefore, /tpn(s)F(s) ds is equal to

N N
1 . ' '
Cn + (1 - 5) Z ijn_Qj =M+ 6"+ Zaj((san] 4 57n+23)

j=1 j=1

where N = [g] To verify the proposition, we must check that the coefficients a;
are zero:

aj=—(p-1) - (1—;) [pp =) +p*(p—1)+---+pP (p—1) = p']

=1—p—<1—;>(—p)=0
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To write F'(s) as a rational function, we sum the geometric series. Let T' =
psfé. Then:

Fs)=1+Y_ [(5T)" + iy~ 2=V (5—1(5T)” + 5(5—1T)n)}

§—0-1
n>1
- (oT)" -1 —1 51 o-tr)" -1
_1+Zé_5_1[5—5 —pst 46 }4-25_5_1{5—5 +p5—5}
n>1 n>1
0 _pé_l n 5! _p5 —1mmn
= e 20T e 2,0
n>1 n>1
e -1 1
R . AN et N

§—011—6T 6—0611-61T

Using Mathematica, we find the further simplification:

_ 1 —pT2 _ 1 —pQS
O =TT =0 = s ha o b

Now set 6 = 1. Furthermore, since the Satake transforms are invariant under
s — —s, we may replace F(s) by

(1-5)e-r*-p2)

9(5) = 5 (F(s) + F(s)) =

It follows that S(f) = 2Sy(¢¢) where

1 Togp
Solf) = B2 /0 o5 (is) glis)ds

s

Here is a graph of g(is) for the case p =2 and 0 trivial.
4L

m/log?2



Now we make a change of variables z = p** + p
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—1is

= 2cos(slogp). Then

22 =2+ p* +p~2 and

1 (1—%)(4—.’52)
g(s) = 2(1+1p§$)2

Furthermore,

dx = —2log(p) sin(slogp) ds = —log(p)V'4 — 22 ds
) ) AN
1 g(p)g(is)ds _ _(1 g(p)) 1 ( p)

2
™ m /2log(p) (1 n % —p_%a:)
1
) (1—5) 12
5 —d
T (1 + % —p_§m>

dzx

i

2
and So(f) = /2 f™(x) duy (x). This proves that S(f) = 2u4 ("), thus complet-

ing the proof of Proposition 6.1.
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