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On the Kahler-Ricci Flow on Complex Surfaces

D.H. Phong and Jacob Sturm

1 Introduction

One of the most important properties of a geometric flow is whether it preserves
the positivity of various notions of curvature. In the case of the Kahler-Ricci
flow, the positivity of the curvature operator (Hamilton [7]), the positivity of the
biholomorphic sectional curvature (Bando [1], Mok[8]), and the positivity of the
scalar curvature (Hamilton [4]) are all preserved. However, whether the positivity
of the Ricci curvature is preserved is still not known. As stressed for example
in Chen-Tian [3], this is central to the problem of convergence of the Kéhler-
Ricci flow on Kéhler-Einstein manifolds of positive curvature. The existence of
Kahler-Einstein metrics has been conjectured by S.T.Yau [10] to be equivalent
to stability in geometric invariant theory, and there is strong interest in relating
these notions to the behavior of the Kéahler-Ricci flow.

In this note, we show that the positivity of the Ricci curvature is preserved on
compact complex surfaces, under the additional assumption that the sum of any
two eigenvalues of the traceless curvature operator on traceless (1,1)-forms is
non-negative.

2 The curvature operator in the Kahler case

Let X be an n-dimensional compact complex manifold, with a Kéhler metric
ds? = g,;jdzjdik. The Kéhler-Ricci flow is the flow gz; = —Ry; + pgg;, where np
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is the average scalar curvature, and Ry; is the Ricci curvature. By differentiating
the defining relation [V, Vi]V? = R P, V4, we obtain the corresponding flows
for the Riemann curvature tensor Rj;Pq, the Ricci curvature Ry; = Rp;Pp, and

the scalar curvature R = g/ TcREj:

R=AR—uR+ RV Ry,

Rp; = ARy, + Ry Ry, — R Ry

Ryjim = ARgjim + iRgjim = Bi’ Rajrm — R Rijp + Regi Ry,
+Re"rm By 15 — Rg"1 Rpjrm (2.1)

Here A = V,V! = glEVZV,; is the complex Laplacian. It is easily seen that
the flows of R and Rj; can be written in the same form with A replaced by

A= V[Vl_ = V'V,, and hence with JAgr = (A + A). On the other hand, the
flow for the Riemann curvature tensor becomes, when written with A

Ryjim = ARy + 1Ry — R m Ry,
+RP 4 Ry — B R

- RTj Rtjml_r + Rp?”ffj RTpl_m
(2.2)

aplr

Combining the flows with A and A, we obtain the flow with real Laplacian:

: 1 1 . _
Rijim = 5 ARRgjim + 1R — 5 (B mByjiy + B Rgnai + By Bgjrm + Rq' Rijrn,)
+ROgi R i + B R g — R Rpjem (2.3)

As in the Riemannian case [6,7], the flow for the Riemann curvature operator
simplifies considerably in the formalism of frames. Let e, = %ej s €a = eg’ %
be an orthonormal frame at time ¢t = 0, i.e., e,;kg,;;jeja = 0p,, €/ 4% = 07}, and
el 6%e;k = gik. Let gr; How by gg;. We want to flow e’, so that it remains an
orthonormal frame with time. Thus we impose 0 = (gg;e/ae;") = ggje/aes” +

g,;jéjaeg’l_C + g,;jejaél;’_“. For this to hold, it suffices to set

. L . 1 s
o= =59" gm0 = = 59" (= Rrs + pgrs)e’a (2.4)
from which it follows that égE = %REE - %uekg, ¢’ = —3R% + Sue’y, where

in general, we can go back and forth between middle Latin indices (j,k,l...)
and early Latin indices (a,b,c...) by using frames, e.g. V* = ¢%;VI, Rapq =
e 7

pecle™qR

_J o
eg’le kim-
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The flow of the frame gets rid of all the terms mixing the Ricci tensor and the
curvature tensor in the flow of Rgpzg. Indeed, the cancellation mechanism is very
simple:

s k ik U ik -1
Rapea = ea]e bec e dR i T €a’ € bee edeMm + egle"pés edeijm
A .
—I-ea ok bec é dR i T €a’ € bee edeijm (2.5)
We have for example éz’ ekbec e" Rk, = %Raqquéd — %MRabad, and the first

term on the right hand side cancels with one of the terms in the flow with real
Laplacian. Altogether, we obtain the equation

. 1
Rapea = iARRabéd — pRapea + Rprav Ripea + Rapra Rpper — Raper Rpbra (2.6)
Similarly, the same simplification occurs for the flow of the Ricci curvature, writ-

ten in a frame. Differentiating the equation Ry, = egde’ »Lgj, we see, not surpris-
ingly, that the term involving the square of the Ricci curvature cancels

. 1
Rap = iARRsz — nRay + Ra’r R . (2.7)

2.1 The traceless curvature operator S,z

To analyze the flow of the Riemannian curvature tensor in the operator case, it
is convenient to separate out the traces. Thus set

1
Sab = Rap — — Roap
n
1 1
Saved = Raved — ﬁ(RZLb(sEd + Rzadap) + ER%b(SEd (2.8)

Then Sz, = 0, Szaea = 0 = Sapze, and a straightforward calculation shows that
the flows for R, Rgp, Rapeq are equivalent to the following flows for R, Szp, Saped

. 1 1
R = *ARR + Spq«Sfp + *R(R - M?’L)
Sap = ARSab + = (R pn)Sap + Saved S g, (2.9)
. 1
Saved = §ARS&bEd — pSaved + SprabSrped + SaprdSpver — SaperSpbrd + EsﬁbSEd

In the Kéahler case, the Riemann curvature tensor can be viewed as a symmetric
operator Op(R) on the space Ab! of real (1, 1)-forms. This space itself decomposes

into the line spanned by the Kéhler form w = @ g,;jdzj Adz*, and its orthogonal



408 D.H. Phong and Jacob Sturm

complement, namely the space A(l)’]L of traceless real (1,1)-forms. Now the term
Rprap Repeq can clearly be viewed as Op(R)?. Similarly, the tensor Szpzg can be
viewed as an operator Op(S) on A(l)’l, and we have the decomposition

Op(R) = (fg/f Op“? S)) (2.10)

The term SppapSrpeq in the flow for Sgpeq corresponds to Op(S)2. Following Hamil-
ton [6,7], we show that the remaining terms SaprqSpper — SaperSppra admit a Lie
algebra interpretation. Define the Lie bracket by

[¢> w]db = ¢?zpwﬁb - wapgbﬁb (2'11)

Let ¢2, be an orthonormal basis of real traceless (1,1)-forms, and set Sapeq =
>ap Magd)gbgb?d. Thus Mg is the matrix of Op(S) in the basis ¢2,. Then

Saper Spora = SapraSper = MarMa 95906970 = 205
= Mo Mg, %60, (6™, 8")aa (2.12)

Set [gb)‘, oM = MPYP | where ¢MP are the structure constants of the Lie algebra.
The antisymmetry of ¢*** implies

1
Mox MpudG, 8™ 0y = 5 MorMp[0%, 6 lanc™* o,
and thus
1 aﬂul/)\upp_l#up
S&pérsﬁbfd - Sapfdsﬁbar = §Ma/\Mﬂ,uc apC ¢5d = §Ml/p¢ab¢6d (2-13)

To make Mlﬁ; explicit, we need the structure constants ¢®® of the Lie algebra
of traceless (1,1)-forms. Choose a coordinate system centered at a point p € M
such that the metric g; is the identity matrix at p. Then an orthogonal basis
for the space of real (1,1) forms is (in dimension 2 to simplify notations) w =

dxy Adyy +dza AN dys = @(dzl ANdZ1 +dzo N dfz), m =dry ANdy; —dxao Adys =
YL (dzy Adzy —dzg AdZ2), g = dy Adya +das Adyy = Y51 (d21 Adza+dza Adz),
ng = dri A dre + dy; N\ dys = %(dzl A dZp — dza A dZzy), with V2n; forming an
orthonormal basis for A(l)’l. Furthermore, [12,n3] = n1, [¢1, p2] = @3, [¢3, 1] = 02,
which means that A(l]’1 is su(2) with structure constants

P = /2e2P7 (2.14)

where €277 is the sign of the permutation (1,2,3) — (a, 3,7).
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2.2 Positivity of the Ricci curvature in dimension 2

We are now in position to prove the following theorem:

Theorem. Let X be a compact Kihler manifold of dimension 2, and consider
the Kahler-Ricci flow gp; = — Ry, + pgy,- If the initial metric has Ricci curvature
non-negative everywhere and positive somewhere, and if the sum of the two lowest
etgenvalues of the operator Sgpzq on the space A(l)’1 of traceless (1, 1)-forms is non-
negative, then both of these properties continue to hold for all time t > 0.

Proof. If we view the Ricci curvature as a Hermitian form on 7MY vectors, its
positivity is equivalent to the positivity of its trace and of its determinant. Set

_ w 3
Ray = A + B s + B + Brmiy

In particular, A = %R and \/%Bi are the components of Sz, in the orthonormal
basis ﬁm for A[l)’l.

+ By (2.15)

Claim: The Ricci curvature is non-negative if and only if A > 0 and

A*—B?-DB3-B;>0, ie, SaS;, <1iR? (2.16)

To see this, we let X = a-— az +by.- 8 be an arbitrary tangent vector. Then

Ricci(X, X) = A(|a® + b|?) + Bi(|a|* — |b*) + Ba(ab + ba) — /—1B3(ab — ba)
. A+ By By —\/—1B3 ay\ a
=(a b)(32+\/—133 A- B p) = (e DIPL;

Thus the Ricci curvature is non-negative if and only if the matrix P is non-

negative. Now the trace of P is 24 and the determinant is A2 — B? — B2 — B2.
This proves the claim.

Set |S|? = Sp-Srp. Using the flow for Sp., we find

1 2
(1S)?) = §AR]S|2 — (V85 ViSsp + V185V S,) + E(R — )| S)? 42 S5, SaveaSi.

(2.17)
Combining with the flow for R

.1 1
R=ArR+ S| + ~R(R — ), (2.18)
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we obtain the flow for the determinant of the Ricci curvature

1 1 1
(532 — |82y = §AR(§R2 —1SI?) = ViRV'R + (V'S5,VSrp + V1S5 V' S5p)

2 1
+2(R— ) (B2 — |SP) + RIS =28y, SmeaSge (2.19)

We shall abbreviate this equation by

1 1 1 - - _
(§R2 — |52y = 5AR(§R2 —|S[*) — |[VR]* + (VSVS + VSVS)

+%(R _ ,un)(%RQ ISP + RIS — 2(S Op(S) S) (2.20)

We examine the non-negativity of the expression %Rz — |S]?, assuming that it is
non-negative at initial time. Consider then the first time when min (3 R?—|S|?) =
0, and consider a minimum point. At this point, by the maximum principle, we
have

1 _ _
(532 — |52y > —=|VR|> 4+ (VSVS + VSVS) + R|S|2 —2(S0p(S) S) (2.21)

On the other hand, at a minimum, the derivatives of %R2 — |S|? all vanish. Thus
we have

1 _ _
ViR = E(VZS S+ 5- VlS) (2.22)
and hence
1 - - 1 .
< = . . = 2.2
IViR| < Z(IViS| - |S5] + 5] - [VS]) ﬁ(IVzSI +|ViSY) (2.23)
since 3R — |S|2 = 0. But then
1 _ _
S ViR < 5 SIViS|+ VISP < (VISP + [MisP)  (224)
! 1

l

(In the preceding argument, we have assumed that R > 0, which follows from
the strong maximum principle if ¢ > 0. If R = 0 and ¢t = 0, then we are at a
minimum of R, and V;R = 0, so that the above inequality holds trivially). Thus
the inequality from the maximum principle reduces to

(3R ~ISP) > RIS ~2(S 0p(5) 5) (2.25)
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In an orthonormal basis ¢ for the space of traceless (1,1)-forms where the
operator Sgpzq is diagonal, with eigenvalues mi, ma, m3, the preceding inequality
can be rewritten as

R —mg)|sal? (2.26)

l\D\H

3
(G I8P =230

where we have denoted by s, € R the components of Sz, in that basis:

3

Sab =D Sady (2.27)

a=1

It follows from (2.8) that S-bga = 1R = IR when n = 2. On the other
hand, since Szpeq = Zi 1 Ma @02, we obtain Sabba = Zi:l Me. Thus the non-
negativity of the determinant of the Ricci curvature will be preserved if we can
show that
0< %R — Mg = Z mg, (2.28)
BFa

that is, the sum of any two eigenvalues of Sgpzg is non-negative.

Recall that a symmetric bilinear form is 2-nonnegative if the sum of its two
smallest eigenvalues is non-negative. We have assumed that the traceless cur-
vature operator Sgpzg is 2-nonnegative at initial time. It remains to show that
the 2-nonnegativity of the traceless curvature operator is preserved under the
Kahler-Ricci flow. Chen [2] has shown that the 2-nonnegativity of the curvature
operator Op(R) is preserved by the Ricci flow. Now if the Riemann curvature
operator Op(R) is 2-nonnegative, then so is M = Op(S), but the converse does
not hold, so we cannot directly quote Chen’s result.

First note that if m; < mg < mg are the eigenvalues of M, then

my+my = nf{M($,¢) + M(,¥): ¢, € Ay', |8 = || = 1,0 L}

Moreover, the condition mi + mgy > 0 is clearly closed and convex. The ODE
associated to M from the heat flow for the system (2.9) for R, Sap, Sapeq is

dM
— = —uM +M? + M* 4+ T (2.29)
where, in coordinates where M is diagonal, M fﬁ = —2(I[y£a M~)0ap and Tog =
5q453. To show that mq+mgo > 0 is preserved, it suffices, by Hamilton’s maximum

411
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principle for systems, to show that (2.29) preserves this condition. Now Lemma
3.5 of [7]implies

d dM
— > inf{— :

dt(ml +m2) el lnf{ dt ((;57 d’) (wﬂ/})}

where ¢, 1) range over all ¢, € A(l)’1 such that |¢| = || = 1,¢ L 1 and M (¢, ¢)+
M(¢,4) = m1 +ma. For such ¢,, we have M?(¢, ¢) + M?(¢, ) = m7 + m3,

M#(¢a QS) + M#(Q/)a¢) = 72m3(m1 + m2) and T(¢7 ¢) + T(wv¢) > 07 since T is
a non-negative operator. Thus (2.29) implies

L du
dt

d
a(ml +mg) > —p(my +ma) +mi +m3 — 2ms(my + ma). (2.30)

The right hand side is non-negative when m; + mo becomes 0. Thus the non-
negativity of my 4+ mo, and hence of £R? — |S|? is preserved under the flow.
Q.E.D.

Remark: By flowing (1R? —|S|?)~1, one can show, using a similar argument, that
(1R? —|S|?) is bounded below by a positive constant, if it is positive everywhere
at the initial time and if the traceless curvature operator is 2-nonnegative.
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