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Introduction

In 1969, Siegel ([14]) constructed modular forms from arithmetic of totally real
number fields as follows.

Theorem 1.1. (Siegel) Let F be a totally real number field of degree d, and let
OF be the different of F. Then for every even integer k > 2, (e(1) = *™7)

gk(T) = Cr(1 = k) + 2971 ) am(F k)e(nT)

m>1

is a holomorphic elliptic modular form of weight dk for SLo(Z) (except for the
case (d, k) = (1,2)), where

am(F k) = > > (Na)F

e€dp "t trp jgr=m 29r CaCOF

Here the superscript ‘+' stands for totally positive elements.

Siegel further derived from this a simpler proof of his famous theorem that
Cr(1 — k) is rational for all k£ > 1.
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Siegel’s construction is based on the simple observation that a Hilbert modular
form becomes an elliptic modular form when restricting diagonally to the upper
half plane. Indeed, Hecke constructed and proved in 1924 that

By(r) =Cr(l—k)+271 > oy 1(xdp)e(trar) (1.1)

zedp bt

is a Hilbert modular form of weight k for SLy(OF). Here

op-1(b) = > (Na)*!

bCaCOp

and trzT = Z?:l oj(x)7; for the real embeddings o;. It is easy to see that
9k(7) = Ex(1,-++ , 7).

In fact, Hecke also gave similar construction for odd k together with some
ideal class character as long as there are no obvious cancellations. The case
k = 1 is particularly interesting, where he concentrated on the real quadratic
fields to avoid complication. Indeed, let F = Q(v/D) and assume that D = did
such that dj,dy < 0 are fundamental discriminants of imaginary quadratic fields
with (di,ds) = 1. Let x be the genus character of F' associated to the genus field
K = Q(v/d1,/dz). Then Hecke proved in the same paper (Hecke’s trick) that

Biy(r,7s)= > x(a)(Na)'*? (1.2)
[eCLY (P

,US,U/,S
Z (m7 +n)(m!7" + n')|mt + n|?s|m/'7" + n/|?
0#£(m,n)€a2/OR™T
is a (non-holomorphic) Hilbert modular form of weight 1 for SLo(Op), and is
holomorphic at s = 0. So Ej,(7,7,0) is a holomorphic Hilbert modular form
of weight 1. He further computed the Fourier expansion of this holomorphic
modular form, which is very similar to (1.2). Unfortunately, he messed up a sign
in the calculation, and it turns out that Ey,(7,7',0) = 0 identically. It should
be mentioned that Gross and Zagier took advantage of this fact to compute its
central derivative at s = 0 and use it to compute the factorization of the singular

moduli ([6]).

Hecke was unfortunate in another sense. If Hecke had used a quartic totally
real field or injected some ramification in his example, he would have produced
honest Hilbert modular forms of weight 1. This is one of the main purposes of
this paper. Indeed, we will prove in Section 3 the following theorem, after local
preparation in Section 2.
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Theorem 1.2. Let F' be a totally real number field of degree d with different Or,
and let K be a totally imaginary quadratic extension of F' with relative discrim-
inant di/p. Let x = xx/r be the quadratic Hecke character of F' associated to
K/F. Let a = (aw) € [[ya,,, Fv with ordyay, = ordyOp, and let N be a square-
free integral ideal of F' such that all its prime factors are inert in K. Then there
is a function on H% x C, denoted by E*(t, s, ®*N), such that

(1) As a function of s, E*(t,s,®*) is meromorphic with possibly finitely
many poles and is holomorphic along the unitary line Re s = 0. It has a simple
functional equation

TTONLE IVl 2B (7,5, 8°Y) = (0, N) [TV +INy 7 B (7, —s, °),
vl v
(1.3)
where
(o N) = (=1t T xolow)e(xer ) (1.4)
vldg/F
— )NV T xla) ] xe(@r):
vldg/F v|0F,vldk/F

Here o(N) is the number of prime factors of N, €(xuv,¥v) is Tate’s local root
number (i, is to be defined later), and x,(a) = Xo(@y )" is independent of the
choice of a uniformizer w, when Y, is unramified.

(2)  Asa function of T = (11,--- ,74) € HY, E*(7, 5, CIDO"N) is a Hilbert (mon-
holomorphic) modular form of weight 1, level dK/FN, and character x, where x
stands for

X : (Op/digypN)* = (Or/di/p)* — {£1}, x(a) = ] xo(a).

U|dK/F

(8)  The central value E*(1,0,®*N) # 0 if and only if e(a, N) = 1. The
central value E* (7,0, <I>°"N) is a holomorphic modular form and has Fourier ex-
pansion

E*(1,0,8*N) = (1 + e(a, N)L(0, xx /)

+ 2% (o, N) Z 5(at)pK/F(t8FN_1)e(trt7').
te(@m M)+

Here tr(tr) =, 0i(t)7; for the real embeddings {o1,--- ,0q} of F,
Slat) = J] (1 +xulawt)), (1.5)

vldg/p
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and

pr/r(a) = #{A C Ok : Ng/p = a}. (1.6)

We gave two formulae for €(a, ) in Theorem 1.2 on purpose. From the
second formula, it is clear €(a, N') = %1, so the first formula implies d k/F # OF
when d = [F': Q)] is odd. That is,

Corollary 1.3. Let F' be a totally real number field of odd degree, and let K be a
totally imaginary quadratic extension of F. Then K/F is ramified at some finite
prime.

This fact was also observed recently by Gross and McMullen ([5], Proposition
3.1). By looking at the sign e(c, ') in the special case where K/F is unramified
at every finite prime and N/ = OF, one also obtains the following corollary, which
explains Hecke’s misfortune.

Corollary 1.4. Assume that d = [F : Q] is even, and that K/F is unramified
at every finite prime. Then the ‘spherical Eisenstein series’ E* (1,0, ®10F) =0
if and only if d =2 mod 4. Moreover, when d =2 mod 4, for every t € 8;1’+,
there is no ideal A of K with relative norm tOp.

In particular, when 4|d, the spherical Eisenstein series give holomorphic Hilbert
modular forms of weight one of SLy(Op) Hecke tried to construct in 1924. Even
for degree 2, our construction gives holomorphic Hilbert modular forms of weight
one with small level and trivial character (see Theorems 5.1 and 5.3)

Following Siegel ([14]) and restricting the function diagonally to (,---,7),
one obtains

Theorem 1.5. Let the notation be as in Theorem 1.2. with e(a, N') = 1. Then

Fanc(r) = LO,X) + 21> am (@, Ne(mr)

m=1
is a holomorphic elliptic modular form of weight d, level N, and Nebentypus
character x. Here N > 0 is given by NZ = dK/FNﬂZ, and X s the composition
of the embedding (Z/N)* — (Op/dy pN)* with x, i.c.,

Xa) = IT xo(a): (1.7)

vldg,F
Finally,
am(e, N) = > d(at)pg/p(tdpN ). (1.8)
te (0x'N)T
trp/t =m
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Theorem 1.5 has at least three types of potential applications:

(1) One can use it to compute the L-value L(0, xx/r), or equivalently the
relative class number of K/F.

(2) One can use it to construct a lot of (infinitely many, in fact) holomorphic
modular forms of some fixed weight, level, and quadratic Nebentypus character.

(3) Since the space of holomorphic modular forms of a fixed weight, level, and
Nebentypus character is finite, the infinitely many modular forms constructed in
(2) have to have some relations. They should be reflected on the arithmetic of
the chosen number fields.

We don’t address these applications fully in this paper. Instead, we focus on
some interesting examples in Sections 4 and 5. Section 4 deals with unramified
extensions and Section 5 deals with real quadratic fields and its totally imaginary
quadratic extensions, both biquadratic and non-biquadratic. It turns out that
biquadratic and non-biquadratic fields have slightly different flavors (see for ex-
ample Corollaries 5.5 and 5.8). We record two simple examples here to give the
reader a flavor and refer to these two sections for other examples. Notice that
both examples are slight variants of Hecke’s original example.

Theorem 1.6. (Theorem 4.1, Corollary 4.7) Let F be a totally real number field
of degree d divisible by 4 and let K be a totally imaginary quadratic extension of
F unramified at all finite primes. Then

Fre/r(7) = L0 Xre/p) + 2771 ) am(K/F)q™
m=1
is a holomorphic modular form of weight d for SLay(Z), where

anE/F)= S pxp(tdr).

tedn T trp gt=m
Moreover,
(1) Ifd=[F:Q]=4, then

1
L(OaXK/F):% > pyr(tor),

teap "

and the ratio % is independent of F' or K, and is non-zero.
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(2) Ifd=I[F:Q]=38, then

4
L0, xx/F) = 15 > pryp(tor),
tedp "
tI'F/@t =1

and the ratio (;T((II((//IJS)) is independent of F or K, and is non-zero.

Theorem 1.7. (Theorem 5.1) Let N be a square-free positive integer. Let di,dy <
0 be two fundamental discriminants of imaginary quadratic fields, and let F' =
Q(VD) with D = dydy > 0, and let K = Q(/d1,\/ds). Assume that

d d
(di,d2) =1, and (—1) = (—2) = —1 for every p|N. (1.9)

p p
So every prime p|N splits in F' and every prime of F' above N is inert in K.
Let N be an integral ideal of F with odd number of prime factors in F' such that

NNZ=NZ . Then

fayay N (T) = L(0, Xk /) + 2 Z am (d1, d2, N)e(mr) (1.10)

m=1

is a holomorphic (elliptic) modular form of weight 2 for T'o(N) with trivial Neben-
typus character, where

am(dy, dy, N) = > prc/r(tN ). (1.11)

t:% €N Ja|<mVD

The case e(a,N') = —1 is even more interesting as first demonstrated by
Gross and Zagier ([6], [7], see also [10] and [17]). In ([3]), Bruinier and the
author compute the central derivative in one of the special case (see Theorem
5.7) when e(a, N) = —1, and use it to generalize the work of Gross and Zagier on
singular moduli ([6]) to a family of Hilbert modular form (the Borcherds forms on
a Hilbert modular surface) valued a CM 0-cycle associated to a non-biquadratic
quartic field.
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Notation Let I’ be a totally real number field, and let ¢ = ¢g otrp/g be the
additive character of F' used in this paper, where g is the ‘canonical’ additive
character of Q4 such that ¥g(z) = e(x). Let K = F(v/A) be a totally imaginary
quadratic extension of F, and let x = (A, )a be the quadratic Hecke character
of F' associated to K/F. Let Op and Ok ,p be the different of F' and relative
different of K/F respectively, and let dp = Np/gdr and dg,p = Nk pOk/r be
the discriminant and relative discriminant respectively. Let I(s,x) = ®'I(s, xv)
be the induced representation of SLa(Fy ), consisting of Schwartz functions ®(g, )
on SLy(Fy) such that

®(n(b)m(a)g, s) = x(a)lal*'®(g,5), n(b) = (é 11)> )= (8 a(‘)1>
(1.12)

For a factorizable section ® = [[, ®, € I(s, x) which is standard in the sense
that ®,|sr,(0,) is independent of s for v < oo, the Eisenstein series

E(g,5,®)= Y ®(yg,5) (1.13)
yE€B\SL2(F)

is absolutely convergent when Re(s) >> 0 and has a meromorphic continuation
to the whole complex s-plane with finitely many poles and is holomorphic on the
unitary line Re(s) = 0. Moreover, it satisfies a functional equation

E(g, 5,®) = E(g, —s, M(s)®), (1.14)
where
M(s)cp(g,s):/F B(wn(b)g, s)db, w— <(1) _01> (1.15)

is an intertwining operator from I(s, x) to I(—s, x), The Eisenstein series E(g, s, ®)
has the Fourier expansion

E(g,5,®) = Eo(g,5,®) + Y Ey(g,5,P) (1.16)
teF*
where, for t € F*
Ei(g, s, ®) = HWt,v(gvsv D) (1.17)
with
Wislg.s8) = [ @, (wn(b)g.s)o(~th)ab (1.18)

v

Here db is the Haar measure on F;,, with respect to the character v,,. The constant
term

Eo(g,s,®) = ®(g,s) + Wo(g, s, ®) = ®(g,s) + M(s)P(g, s). (1.19)
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We normalize
W;:U(g7s7 ¢)> = L(S+17XW)Wt,U(gysj(I)) (120)

and
E*(g,5,®) = A(s +1,x)E(g,s,P) (1.21)

with

A(S7X) = A% HL(87XU) = A%FR(S + 1>dL(37 X)? A= NF/Q(aFdK/F) (122)

Here 1
s+1 S
L(s,x0) =Tr(s +1) =7~ = (=)
for v|oco. Notice that the normalized L-function satisfies
Als;x) = A1 = s,x),  A0,x) = L(0,x)- (1.23)

Finally, when ®, = ®k is the eigenfunction of SO2(R) of ‘weight’ k for every
v|oo, i.e,

) cosf sinf
CI)v(gk‘g,S) = el’ﬂ@@v(g’s)’ ko = <— sin 0 cos 6> ’
we define for 7 = (11,72, -+ ,7q) € H¢
d
E*(1,5,®) = ij zE*(H 9r;,5,P), (1.24)
j=1 J

where 7; = u; +iv; and gr, = n(u;)m(,/v;) € SLa(Fy;) with g, (i) = 7;. Here
{o1,---,0;} are real embeddings of F.

The proof of Theorem 1.2 is simply to choose a proper section @V € I(s, )
with given data and compute the Fourier expansion of E*(7, s, poN ) via (1.16)-
(1.19). This is a purely local calculation. In Section 2, we collect and expand
results of ([11]) on local Whittaker functions needed for the proof of Theorem
1.2. They should be of independent interest.

2 Local results

In this section, we extend the local results of [11] to a general p-adic local field,
which is needed in the proof of Theorem 1.2 and should be of independent interest.
In this section, F' stands for a finite field extension of @, with ring of integers O
and a uniformizer w. Let K be a quadratic extension of F', including F'& F'. Let
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X be the quadratic character of F* associated to K/F and let ¢ be an unramified
additive character of F' in the sense

n(¢) == min{n : Y|zno, =1} =0.

For o € F*, let V, = K with quadratic form Q,(z) = azz. This gives a Weil
representation w, = wy,, y of G = SLy(F) on S(K), and the map

Aot S(K) — 1(0,X),  Aa(9)(9) = wal(g)9(0),

is G-equivariant. Here we remark that xy, = (—detV,,)r = x K/F is indepen-
dent of the choice of a. Let R(V,) be the image of A\,. Then w, and R(V,) only
depends on a € F*/NK* (up to isomorphism). In this paper, we denote V' for
Vo with @ = 1. When K/F is inert, we fix a choice for V— = V,, with a € wO7.
When K/F is ramified, we fix a choice for a € O} such that y(a) = —1. It is
well-known that

R(VT) if K/F split,

R(VT)® R(V™) if K/F non-split. 21)

1(07X) = @QEF*/NK*R(VCK) = {

Let ¢' = char(Ok), and let ®, € I(s,x) be the standard sections such that

(I)a(ga 0) = )\a(qbo)'

Actually, @, depends only on the choices of & modulo NO3.. We denote ®* for
®, € R(V*'). When K/F is non-split, we denote ®~ = ®,, for the prefixed a
above. We remark that ®, (thus ®*) depend on the choice of ¢. In fact, the
section ®, with respect to 3¢ is the same as ®,3 with respect to ¢. Then the
following is well-known and is easy to check.

Proposition 2.1. Assume that K/F is unramified. Let X = |w|® .

(1) One has wt(k)¢® = ¢° for all k € K = SLy(Op). ®F is the unique
eigenfunction of K = SLa(OF) with trivial eigencharacter such that ®*(1,s) = 1.

(2) one has

Wi (1,s,®1) = char(OF)(t) Z (x(w)X)".

0<r<ordpt

(8)  One has fort € Op

. ordpt + 1 if K/F split,
Wi (1,0, (I)+) = Y 14(=1)ordr? . .
——5—— if K/F inert.
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In particular, Wi (1,0,®%) = 0 if and only if K/F is inert and ordpt is odd. In
such a case,

* 1 -
W, (1,0,@%1) = §(Ol“dpt + 1) log ||

(4) M*(s)®"(g,s) = L(s,x)®" (g, —s). In particular, Wi (1,s,®T) =

M*(s)®*(1,s) = L(s,x). Here L(s,x) = (1 — x(w)|w|*)~! is the local L-
function of x.

Denote
Ko(@") ={g= <c d> € SLy(Op): ¢=0 mod w"} (2.2)
It is easy to check that

SLo(F) = BKo(w") | JBuwKe(@) [ J( |J Bn (c)Ko(=")). (2.3)

O<ordpc<n
Here n™(c) = <1 (1)>

Proposition 2.2. Assume that K/F is inert.

(1) One has w™ (k)¢° = ¢° for every k € Ko(w). ®~ is an eigenfunction of
Ko(w) with the trivial eigencharacter such that (1) =1 and &~ (w) = —|w|.

(2)  One has
ordpt
_ 1+ ||
*(1,5,7) =ch —_ -X)"
Wt(?sv ) car(OF)(t)< 1+’W‘X+n§:0( ))
1+ ||
=T (1,5, &1
1 + ’w‘XC aI‘(OF)(t) +Wt( y S, )7
and
14+ ”(D‘ ordpt
Wi (w,s,®7) = —|w|char(w ™ Op)(t) <_1—Hw\X + 7;) (—X)")
(3) Fort e OpW/(1,0,07) = —H%W =0 < ordpt = 0 mod 2.
Fort € w 0p, Wi(w,0,®7) = —H%W =0< ordpt =0 mod 2. When

ordpt > 0 is even, one has

|| ordpt
1+ | 2

W, (1,0,®7) = || "W, (w,0,87) = ( )log |w].
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* — L(s+1,x)L(s, _
(4) M*(5)0~ = —|e| O o= ().

Proof. We first recall a general fact about Weil representation, which holds for
any quadratic extension K ([9]). That is,

wo(n(b))d(z) = Y(bazz)(z),
wo(m(a))p(z) = x(a)alé(za), (2.4)
wo(w)d(x) = 1 (Va)d(z) = 7(Va) /F Sy (—atrre) (@) dyy

Here
(V) = (e(Va)v(9)*~(det Vi, 1))~

and dyy is the self-dual Haar measure on K with respect to (z,y) — ay)(trg/pzy).
v(¥) and y(«, 1) are Weil’s local indices ([13]). So

1
dyy = |0k /Flfcdy (2.5)

where vol(Ok, dy) = 1. Since the matrix of V,, with respect to the basis {1, VA}
is diag(a, —aA), one has

(Vo) ™' = (@, —al)y($)*y (=4, )
Y(=1,9) (=4, )
(-1, ~A)y(A, )
(*17 *1)

So

Recall also that &~ = &, for o € wO}.. It is clear from (2.4) that

wa(n(b))e’ = ¢°, b€ Op,
wa(m(a))8’(z) = x(a)|a|¢’(za) = ¢°(2), =z € Of,

wa(w)¢0(z) :V(Va) o ¢(atr2g)do¢y

v(Va) ]w\char(w_l(’);()(z).
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Here doy = |wl|dy is the Haar measure on V,, self-dual with respect to the bi-
character (x,y) — ¥ (atrzy). So (¢,a € wOF)

wa(n(—c)w )¢0() (V) |[w|to(—cazz)char(w ™ OF)(2)
7 (V) |w|char(w 1Ok ) (z)
= wa(W)¢0(Z)-
Therefore,
wa(n™(€))¢° = wa(w Hwa(n(—c)w)¢” = wa(w™ w)¢? = ¢°.

So we (k)¢? = ¢° for every k € Ko(w), and @~ = ®,, is an eigenfunction of Ko(w)
with trivial eigencharacter. It is clear

e (1)=¢%(0) =1, @ (w) =(Va)lwl.
This proves (1). Next, for b ¢ Op, one has

wn(b) = <b01 _bl> <bfl (1)) ,

and @~ (wn(b)) = x(b~H)|b|~TV®(1). Since y is unramified and y(w) = —1,
one has

Wi(1,s,&7) :/OF ~(wn —tb) +;/ n(b))1h(—tb)db
= &~ (w)char(Op)(t) + Z || x ( / P( ——b
n>1
=7V, )\w!char(OF)()
+) (—X)" (char(@"Op)(t) — |w|char(=" ' OFp)(t)) .
n>1

So Wi(1,s,®7) =0 unless t € Op. When k = ordpt > 0, one has

k

Wi(l,s,27) = y(Va)lew| + (1 —|w]) D (=X)" — |w|(—X)**!

n=1

k
= —1+7(Va)lw| + (1+ @] X) Y (-X)"

n=0

So Wi(1,0,87) = —1+4(Va)|w| + (1 +|e|) L0 By [10] Proposition 1.4, one
has Wy(1,0,97) = 0 if x(¢) # x(a) = —1, i.e., k is even. This implies

(A, ¢9) =1 (2.7)



CM Number Fields and Modular Forms 317

and v(V,) = —1. So
14| &
Wt*(lv Sa(I)_) = L(S + 1>X)Wt(1a S>(I)_) =———= t Z(_X)n

as claimed. The proof for W (w,s, ®7) is similar and left to the reader. (3)
follows from (2) easily. To prove (4), notice that SLa(F') = BKy(w) | BwKy(w),
so the Ko(w)-invariant space I(s, x)*°(®) is two dimensional and has a basis
{®*,®"} by Proposition 2.1 and (1). So

M(s)®™ = a®t(—s) +bd (—s).

On the other hand, M (0) clearly preserves R(V*). So we have to have a = 0,
and M(s)®~ = bP~ (—s), with

L(s,x)

b=M(s)® (1,s) = Wy(l,s,®7) = ﬂw|m.

O]

Next, we assume that K = F(v/A) is ramified over F with ordpA = 0 or 1.
Let dg/p = @/ OF be the relative discriminant, and 9 = Ok/r = w{((’)K be the
relative different. Notice that f = 1 when p # 2. There is not much difference
between V*, so we use V, and @, and so on with o € Or.

Proposition 2.3. Assume that K/F is ramified, and let the notation be as above.

(1)  For any k = <ZZ> € Ko(w’), one has

wa k)¢’ = x(d)¢’.

Let ®,, € I(s,x) be the standard section associated to ¢° via the Weil represen-
tation (wa, S(Va)), i.e., Po(g,0) = wa(g)p(0). Then D, is the eigenfunction of
Ko(w!) with character x : Ko(w!) — {£1},k — x(d) such that

L L
a(1) =1, Pa(w) = x(a)y(A,¥)|@]? = x(—a)e(x, ¥)|@|z,  (2.8)
O,(n"(c)) =0 for0<ordpc< f.
(2) Its Whittaker function with respect to v satisfies

Wi (1,8, ®a) = Palw)(1 + x(at) X7 )char(OF) (1),
Wi (w,5,®0) = ®a(w)*(1 + x(at) X )char(d, ) ) (1).
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(8)  One has the functional equation

(4) Fort e Op, Wi (1,0,®,) = 0 if and only if x(at) = —1. In such a
case,

Wt*"(l, 0,9,) = ®o(w)(ordpt + f)log |w|_1.

(5) Forted

KJF Wi (w,0,®,) = 0 if and only if x(at) = —1. In such a
case,

Wy (w,0,84) = x(~1)|w|’ (ordpt + f) log || .

Proof. This is basically Proposition 2.7 of [11] when p # 2. Notice that W} (g, s, ®)
= Wi(g, s, ®) in this case. Recall that y has conductor w/ O, and Ko(w") is gen-

erated by m(a), n(b), and n™(c) = (1 (1)> with a € O%, b € Op, and ¢ € @w"OF.

(1) By (2.4), one clearly has wy(n(b))¢? = ¢° and wa(m(a))¢® = x(a)@®
for b € Op and a € O%. Next, n™(c) = wn(—c)w. First,

wa(w)d°(z) = 7(Va) . V-attgpeg)dyy = Y(Va)lw | char (97" (x).

Second, for ¢ € wf O, one has then

wa(n(—e)w)d’ () = y(Va)|e|? ¢(—aca)char (97 ) (x)
— (Vo) || % char(@1) (@) = wa(w)g".
So
wa(n™(€))8° = wa(w ™ wa(w)g? = ¢°.

This proves the first claim of (1) and that ®, is an eigenfunction of Ko (/) with
character x. Clearly

Do (1) = wa(1)¢%(0) =1,
and

B () = wa(w)@*(0) = (Va)| @] = x(a)y(A, )] &

by the above calculation. When 0 < n = ordpe < f, one has n™ (¢) = —wn(—c)w,
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and thus
Ba(n(€)) = X(—D)wa(wn(—c)yuw)é*(0)
— X (-1)(Va) /F wa (n(—c)w) ¢ (2)dz

2 / b(—cazz)dz / (Y —atr g/ pzg)dy

=X [ v(-acz)d:
K/F

= ||~/ Y(—acw 7 22)dz.
Ok
The norm map z +— zz maps Og — {0} onto the subset A of Op — {0} whose

characteristic function is given by char(A)(z) = HX( )char((’)F)( ) (for z # 0).
The kernel of the norm map is K', which is a compact group. So there is a
constant C' > 0 such that

¢(—acw_1z2)d,z =C w(—acw_lx)mdx

OK OF 2
1 ~f 1 ~f
= - Y(—acw M x)dr + = Y(—acw 7 x)x(x)de
2 Jo, 2
= 0.

This proves (1).
(2) For b ¢ Op, write

wn(b) = (b: ‘bl> <b11 ?) .

So @, (wn(b)) = x~1(b)[b| 175 ®u(n=(b71)) for b ¢ Op, and

Wi(1, s, o) :/O o(wn(b))y(—tb) db+2/ n(b))ib(—tb)db
F n>1
_ char wns n —1 _ﬁ
— B, (w)char(OF)( +nz>:f | /OFX () (~ )b,

Here we have used the fact that ®,(n"(c)) =0if 0 < ordpec < f.
Notice that the Gaussian integral

(@) [ xR b = chax(@" O (OX(~)elx,v) o

F
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where €(x, 1) is the Tate’s root number. So
n _ tb I
> @ x(w) /O X0 (=—)db = x(—t)e(x, ¥) || 2 || char (O) (¢)
n>f F

with k = ordt > 0. In summary, we have proved for t € Op
Wil 5, ®a) = 1(Va)lo|® (14 x(at)OX )

with

C = e, ¥)7(A, )~ x(-1).
So Wi(1,0,®,) = 0 if and only if X(at)C’ —1. On the other hand, by Propo-
sition 1.4(iii) of [10], ep(Va) = —x(t), i.e., x(at) = —1, implies W;(1,0, ®,) = 0.

So C' =1, i.e.,
(A, ) = x(=1)e(x, ¥). (2.9)
Therefore

Wi(1,5,®,) = X(a)’y(A,w)|w\£(1 + x(at) XOrdrttS),

The formula for W;*(w, s, ®,) can be proved similarly. For the purpose of proving
(3), we also need to compute Wi(n~(c), s, ®,) when 0 < n = ordpc < f. Similar

calculation gives
Wi(n™(c),s,P4) =0 (2.10)

unless ordpt = ordpc — f. In such a case,

Wil (). 5,a) = aw)b(Dlel ™ [ I CICrT

Cc

sxall [ ot @)

Now we are ready to prove (3). It is clear that M(s)®, € I(—s,x) is an
eigenfunction of Ky(wf) with eigencharacter x since ®,, is. So it suffices to verify
(3) for g = 1,w, or n™(¢) with 0 < n = ordrc < f. Since

M(s)®a(g,s) = Wo(g, s, Pa),
one sees immediately from (2)
M(5)®a(1,8) = Po(w), M(s)Pa(w,s) = o (w)?.

So M(s)Pu(g,s) = Po(w)Pu(g, —s) is true for g = 1,w. By (2.10), one has for
0<ordpe< f

M(s)®a(n"(c),s) = 0= Du(w)Pu(n (c), —s).
This proves (3). Claims (4) and (5) follow from (2) directly. O
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Finally, we consider the case F' = R, and fix ¢r(x) = e(x). (2.1) still holds.
When K = C, i.e., x = sgn is the sign character. Let ¢° = e~™*? be the Gaussian,
and let ®F be its associated standard section in I(s, x) via the Weil representation
wi1. Then &+ = @il is the unique eigenfunction of Kg = SO2(R) of weight +1
defined in the introduction. The following is [11], Proposition 2.6. The sign
(1)_01> to define the Whittaker
function while —w is used in [11]. For general ®f, we refer to [12], Proposition
14.1.

difference is due to the fact that we use w = <

Proposition 2.4. For T = u+iv in the upper half plane H, let g; = n(u)m(y/v),
and )
W:R(T, s, <I>]§) =v 2L(s+1,x)Wi(gr, s, @i),

where L(s,x) = 'r(s + 1) as in the introduction. Then

(1)
—2ie(tt) ift >0,
WtTR(Ta 0, CI)]%{) =9q ift=0,
0 if t <O.

(2) Whent <0, one has
W:ﬁé(ﬂ 0, d%) = —ie(tr) By (47 t|v),
where - p
Bi(x) = / emun 2l —Fi(—z), x>0
1 u
is a partial Gamma function.

(3) M*(s)®L = —iL(s,x)®k(—s). Here M*(s) = L(s + 1,x)M(s) is the
normalized intertwining operator from I(s,x) to I(—s,x).

We end this section with a useful fact relating the local Weil index with the
local root number.

Corollary 2.5. Let F' be a local field, and let iy be a non-trivial additive character
of F. Let A € F*. Then

V(A Y)e(xa, ) = 1.
Here xa = (A,)p is the quadratic character of F* associated to F(v/A).

Proof. First notice that

(A, a) = xala)y(A, ), e(xa,ah) = xala)e(xa, ).
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So the identity does not depends on the choice of 1. Next, if A € F*2, then
(A, %) = €(xa, ) = 1. So we can assume A ¢ F*2. When F =R, A <0, and
thus

V(A yr) = i7" = e(sgn, =) "
When F is a p-adic field, we take 9 to be unramified. If K = F(v/A) is unramified
over F', then one has by (2.7)
V(A ) =1=e(xa, )"

If K = F(v/A) is ramified, then one has by (2.9)

(A, ) = xa(—1)e(xa, ) = e(xa, )"

The case of non-archimedean field of positive character is the same.

3 The main formula

Now we are back to the global situation and let the notation be as in the introduc-
tion. In particular, F is a totally real number field of degree d, and K = F(v/A)
is a totally imaginary quadratic extension of F'. Recall that x = xx/r = (A, )a
be the quadratic Hecke character of F' associated to K/F.

For a = (ay) € HU| dic F¥ with ord,a, = ord,0r and a square-free integral
ideal N/ of F prime to dr/r as in Theorem 1.2, we choose a standard section
® = o*N =T, @, € I(s,x) as follows.

When v|oo, we choose ®, = ®} € I(s, x,) be the unique eigenfunction of
SO2(R) of weight one as in the introduction.

When v|dg /F, choose @, = & with respect to the unramified additive char-
acter 10 = ay, 11, as in Section 2.

When v|N, choose ®, = ®, with respect to a unramified additive character
Y, say ¥ = a1, for some vy, € OpOF as in Section 2.

When v { Ndg,poo, choose ®, = ®F with respect to a unramified additive
character 19, say 1) = a; 11, for some a, € 9O} as in Section 2.

We remark that ®, is independent of the choice of ¥¥ or equivalently a;*
when v 1 d /ro0. The purpose of this section is to prove

Theorem 3.1. Let the notation be as above. Then the Eisenstein series E*(T, s, <I>O"N)
satisfies all the properties in Theorem 1.2.
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Proof. We first make a remark on the Fourier expansion and the local Whit-
taker function with respect to ©». When t # 0, the t-th Fourier coefficient of an
Eisenstein series E(g, s, ®) is

a@ﬁ@wiLwEm@%a@w4mwb

— H/(I)U(wn(b)gv)%bv(—tb)dwvb

= HW;{JJ(QU,&(I%)-
v

Here the Haar measure dy,b on F;, is chosen to be self-dual with respect to 1.
The Haar measure db on F,, used in Section 2 is chosen to be self-dual with respect
to an unramified additive character, say 99 = a; ',. So we have (we set a, = 1

1
for v|oo) dy, b = |ay|d db. So
Vo e
Wt,v (gvvvq)v) = |av|v Wtav,v(g’sa(bv)' (3'1)

Everything in (1) follows from the general theory of Eisenstein series except
for the function equation, where one has

E(g,s,®) = E(g,—s, M(s)®).

For the rest of the proof, we denote ® = ®*. By the results in Section 2, and
the above remark one has

—iL(s, xv) if v|oo,
1
« 3 el |/ rlé Xo(—ow)e(Xo, v)  if vldg/F,
M;(5)®y = oo [ M0y = Bu(=5) ¢ i
T Tt e TF (8, xv) if v|N,
1
|0F|2 L(S, Xv) otherwise.

It is easy to see
1 1 1
1T ldx/rl2 T] 10r12 = A72, A= Npjg(Ordg/p).
vldg/r v|OF

and

S

1- _1-=s
11 || + |@o|® 11 No? + [Ny 2

1+s

1+s —ifs °
v L=l AV VT N 2
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So
* st * ‘N|U + |N’U
M*(s)® = |A] 2 HM e(a, N)A(s,0@(—s) [ | :
s |N|v + |N|v
with
6(0[,./\[) = ( )O(N ) H XU av (Xm%) = 1)0(N)id H Xv(av)ﬁ(Xvawv)
”UIdK/F vldg/p

being as in the first formula for e(a, ') in Theorem 1.2. Here we used the fact

that
T D =TTw-n=1

U|dK/F

So
E*(1,s,®) = E(1,—s, M*(s)®)

= G(CY,N)A(I - 37X)E(7-7 =S, (I)) H |N’1i+s ha ’N|ii
v N |N|v2 + ’N|U ?
leT + |/\/|;T
"% \N|v + |N!v

This verifies the functional equation. The constant term of E*(7, s, ®) is

Ej(r,5,@) = As +1,)( [ vi)? +M*(5)®(gr,8)( [] i)z

=e(a, N)E*(1,—s,P)

1<i<d 1<i<d
= A=, )( [ vi)? + el M)A, ) J] vi) 2.
1<i<d 1<i<d

Here v; = Im(7;). In particular,
E5(1,0,®) = (1+ €(a, N))A(0, x) = (1 + €(a, N))L(0, ).

This verifies (3) for the constant term. Moreover, if e(a, N') = 1, then E§(7,0, ®) =
2L(0,x) # 0. If e(a, N') = —1, then E*(7,0,®) = 0 by the functional equation
proved in (1). So

E*(1,0,8) = 0 & e(a,N) = —

For t € F*, the t-th Fourier coefficient of E*(7,0,®) is given by
Ef(,0,@) = Az [[ wya(m0,@h) [[ Wil @o,e) [ wil(1,0,9,)

1<i<d vldg vidg ) poo
=0
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unless t >> 0 and t € 971, i.e., t € 8}1’+, by the results in Section 2. In such a
case, one has by the same results in Section 2.

Wi (73, 0, Bk) = —2ie(04(t)73),
W (1,0, @a,) = [ o~ e 1) (1 + xulawt)), iF vldi
and
— 1-|r(—1)°2rd“"‘”t71 if v|N,

*, Wy L _1)ordy(ayt) . . .
Wtﬂ}b (1,0, ®4,) = |Alo % if v Ndg, poo is inert,

(1 +ordy(ayt))  if v Ndg/poo is split.

ordya
v

On the other hand, decomposing a = [, p , one sees immediately that

pryr(@) = [] pola) (3:2)
<00
with
1 if v is ramified in K,
pu(a) = 71“_12)0“%“ if v is inert in K, (3:3)
1+ ord,a if v is split in K|
So
1
[T Wi .0.8) = ()" prpptornN™) [ 141 34)
’UTdK/FOO UTdK/FOO

Therefore, one has
Ef (7,0, @) = €(a, N)2%5(at) pye/p (t0pN 1)
for t € 8;1’+. This verifies (3).
To verify (2), let v = <CCL Z) € l'o(dg/r), let 7, be its image in SLa(F,). For
v = 0j|oo, write 7; = 0;(7) and ¢; = 0;(c) and so on. Write g-.-. = v;g-, kg, then

i _ T +d;
l¢j7j + dj

Also note that Imwy;7; =
I(s,x) as

We also write the action of SLa(Fj) on

v
lejTj+d;[?

7(9)®(g1) = (g19)-
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The proof of (2) is a standard shifting technique between finite and infinite primes.
Indeed,

* —1
E*(y7, 8, @) = (HIm’YjTj) °E (ngijsa P)
J J

=[1(cim + d)E* ([ vigr» 5, @)

J J
1 _
= [[(em +dp) )2 E* ([ [ 9 5[] % H®).
7 7 V<00
The last identity is due to the trivial but important fact that f(yg) = f(g) for
any automorphic form f, v € SLy(F), and g € SLy(Fy). Now, the results in
Section 2 imply

-1 o, if v unramified,
T(’YU )(I)U = ) .
Xov(d)®, if v ramified.
Therefore
* 1o
E* (7,5, @) = H(CjTj +d;)(vj) 2E (HgTj’ s, ®) H Xo(d)
J J v ramified

= x(N [ (e + d))E* (7,5, ®).

J

This verifies (2). Finally, we verify the second formula for e¢(a, N). It is well-
known ([15] that

o o) = {z if v|oo,

Xo(w@y)™ ) if x is unramified at v < oco.

So it = [ 1) €(Xv, ¥v). Since the global root number of x is
1= H E(Xva wv)a

a simple calculation gives then

aN) = (-1 ] wl) I x(@.

vldK/F ’U‘(‘)F,’U'de/F
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Elementary Proofs of Corollary 1.3: Since this corollary is so simple, we
give two other simple proofs here. First, if K/F, i.e., x is unramified at every
finite prime, then the global root number Y is

1= HE(vad’v) =il H Xv(wv)n(wv) =+

v v<o0

as in the final part of the proof of the theorem. This is impossible and so K/F' is
ramified at some finite prime. The second proof is even simpler and is generously
shown to me by David Rohrlich. Indeed,

1= X(_l) = HX’U(_]') = (_1)[F:Q} H Xv(_l) == H X’U(_]')'

v<o0 <00

So there is some finite prime v such that x,(—1) = —1, which implies that K/F is
ramified at v. Notice that the above argument actually proved a slightly stronger
result: If K/F is a quadratic extension of number fields unramified at every finite
prime, then the number of real primes of F' which become complex in K is even.

We end this section with a simple fact complement to Corollary 1.3.

Proposition 3.2. Let d > 0 be an even integer. Then there is a totally real
number field F of degree d together with a totally imaginary quadratic extension
K such that K/F is unramified at every finite prime.

Proof. Let p be a prime number such that p =1 mod d. Then Q™ (¢,) = Q({p +
G 1) is a cyclic totally real number field of degree %, which is divisible by g. So
it has a unique totally real subfield F} of degree %. Let di < 0 and dy < 0 are two
fundamental discriminants of imaginary quadratic fields such that p,d; and do
are pairwise relatively prime. Then F' = Fj(y/d1d2) is a totally real number field
of degree d, and K = F|(y/dy,/ds) is a totally imaginary quadratic extension
of F' unramified at every finite prime of F'. Incidently, F' is abelian over Q with
Galois group Z/2 x Z/(d/2). O

4 Unramified cases

In this section, we assume that K/F' is unramified at every finite prime and take
N =Op. So N =1 in Theorem 1.5. Theorem 1.5 and Corollary 1.4 give

Theorem 4.1. Let F' be a totally real number field of degree d with 4|d, and let K
be a totally imaginary quadratic extension of F unramified at every finite prime.
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Let xg/r be the quadratic Hecke character of F' associated to K/F. Then
Fr/p(T) = L0, xkp) + 2971 Y am(K/F)q™
m>1

is a holomorphic modular form of weight d for SLy(Z). Here q = e(7), and

am(K/F)= > p/r(tdr).
teatt
tI‘F/@t =m

Theorem 4.1 can be used to compute L(0, xg/r) and thus the relative class
number hg /hp. Indeed, they are related by (see for example [16])

od hi

L = —_—
0.0 Wk (O : uxOp] hr

(4.1)

Here hi and hp are ideal class numbers of K and F' respectively, and pg is the
group of roots of unity in K and Wx = #ux.

Let ok
Bp(r)=1— 2" op1(n)q" (4.2)

be the classical Eisenstein series of weight k, where By is the Bernoulli numbers,

and
or(n) = ka
mln
Let
Ar)=q[JA-g)* =D ¢"r(n) (4.3)
n>1 n>1

be the cusp form of weight 12 for SLy(Z). Siegel proved in [14] page 90 the
following proposition.

Proposition 4.2. Let

4] ifd=2 mod 12,
|1+ [E] fd#2 mod 12,

be the dimension of the space My(SLo(Z)) of holomorphic modular form of weight

d for SLa(Z). Write
Evor—aye n
G - § Cdnq -

n>—r
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Then cqp # 0. Moreover, if f(T) =3, 5qanq" be a holomorphic modular form
of weight d for SLao(Z), then

g Cd,—mm = 0.

0<m<r

We refer to [1] and [2] for generalization of this proposition. Combining this
proposition with Theorem 4.1, one obtains

Corollary 4.3. Let the notation and assumption be as in Theorem 4.1. Then

ca,0L(0, xx/F) + Z cd,—mam (K/F) =0,

1<m<r
where cqm and r are as in Proposition 4.2.

Ezample 4.4. Let D1,Ds,--- , D, > 0 are fundamental discriminants of real
quadratic fields such that (D;,D;) = 1for 1 <i < j < r. Assume D; = dids
such that d; and do are fundamental discriminants of imaginary quadratic fields.
Let F = Q(+v/D1,--- ,v/D,) be a totally real number field of degree 2", and let
K = F(y/di1,v/dz). Then K is a totally imaginary quadratic extension of F’ which
is unramified at every finite prime of F'. So, for r > 2,

faydy.Da - ., (T) = fryp(T)

is a holomorphic modular form of weight 2" for SLa(Z).

Ezxample 4.5. Let d be an even positive integer, and F; be a totally real number
field of degree d/2 with discriminant dp,. Let D = did2 > 0 be a fundamental
discriminant prime to dp, such that d; and dy are fundamental discriminants of
imaginary quadratic fields. Then F = F(v/D) is a totally real number field of
degree d, and K = Fy(\/dy,/dz) is a totally imaginary quadratic extension of F
unramified at every finite prime. If 4|d, then we obtain a holomorphic modular
form of weight d for SLa(Z) given by

[oe)
Trudyas(7) = L0, xre/p) + 2971 Y am(K/F)g™.
m=1
On the other hand, if d =2 mod 4, then for every ¢t € 8;1’+ = (VDO )™, the
ideal tOF is a not a norm from K.

Conjecture 4.6. Let 4|d and let Fy be a totally real number field of degree % as
in Example 4.5. The the formula forms fr, 4,.4,(T), as di and da vary subject to
the conditions in Example 4.5, generate the space of My(SL2(Z)) of holomorphic
modular forms of weight d for SLa(7Z).
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The small degree cases are in particular interesting. For example, since
M, (SL2(Z)) and Mg(SLa(Z)) are both one dimensional, we obtain immediately
from Theorem 4.1

Corollary 4.7. Let the notation and assumption be as in Theorem 4.1.

(1) Ifd=[F:Q] =4, then

fryp(T) = L(0, xx/p) Ea(T),

and )
L0, xk/r) = 30 Z PK/F(tOF).
teaht

(2) Ifd=IF:Q] =28, then

fr/p(T) = L(0, xk/r) Es(7),

and A
L0, xx/r) = 15 > pryr(tor).
tedap "
tI'F/@t =1
(8)  In both cases, the ratio gzno,(xili{//?) is independent of F or K.

Corollary 4.8. (1) Let F = Q(v/D1,+/Ds) be a bi-quadratic totally real quartic
field, and assume Dy = dyds such that di and dy are fundamental discriminants
of imaginary quadratic fields. Let K = (\/di,\/d2,+/Ds) be a totally imaginary
quadratic extension of F'. Then

am (K/F)
L(07 XK/F)

is independent of the choice of dy,ds, or Ds.

(2) Let F = Fy(VD) and K = Fy(\/dy,/d2) be as in Example 4.5, where
Dy = didy, and Fy is a totally real quartic field of degree 4 with (dg,,D) = 1.
Then
agp(m)

is independent of the choice of di,ds or Fy.
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Similarly, we have

Corollary 4.9. Let the notation and assumption be as in Theorem 4.1 with
d=1[F:Q] =12. Then

fr/p(T) = abh2(7) + bA(T)

with

a(K/F)=Ca+b, ay(K/F)=(1+2")Ca—24b, C = %. (4.4)

Finally,
L(Oa XK/F) = a.

Ezample 4.10. Let F1 = Q(«) be a totally real cubic field, and let D; = dydy > 0
and Dy are two fundamental discriminants of real quadratic fields such that
(D1,D2) = 1 and that d; and dy are fundamental discriminants of imaginary
quadratic fields. Then F = Q(«, v/D1,+/D3) is a totally real number field of de-
gree 12, and K = Q(a, /d1, \/dz, /D) is a totally imaginary quadratic extension
of F, and so

fa,dl,dg,Dg(T) = L(Oa XK/F) + 211 Z (Lm(K/F)qm

m>1

is a holomorphic modular form of weight 12 for SLy(Z). A natural question is
when two such forms are proportional (say fixing «, D1, dg, and varying d;)?

Ezample 4.11. Let dy, dy be two fundamental discriminants of imaginary quadratic
fields such that 13, dy, and do are pairwise relatively prime. Let D = dyds. Then
F=Q(¢3+ Cfsl, VD) is a totally real number field (in fact, Galois over Q with
Galois group Z/6 x Z/2), and K = Q((13 + Cl_gl, Vdi,v/da) is a totally imagi-
nary quadratic extension of F' unramified at every finite prime. So fr/p(7) is a
holomorphic modular form of weight 12.

5 Real quadratic fields

In this section, we use Theorem 1.5 to give three different ways to construct
modular forms of weight 2 via CM quartic fields. Biquadratic fields give modular
forms of level N with the trivial character. Non-biquadratic fields give modular
forms of level N with the Dirichlet character (5 ). The first construction is very
close in essence to the one constructed by Hecke and is given in Theorem 1.7,
which we restate here for the convenience of the reader.
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Theorem 5.1. Let N be a square-free positive integer. Let di,ds < 0 be two
fundamental discriminants of imaginary quadratic fields, and let F = Q(v/D)
with D = didy > 0, and let K = Q(\/dy,\/d2). Assume that

d d
(dy,dy) =1, and (—) = (=) = —1 for every p|N. (5.1)
p p

So every prime p|N splits in F' and every prime of F' above N is inert in K.
Let N be an integral ideal of F with odd number of prime factors in F such that
NNZ=NZ . Then

fardo N (T) = L0, X yp) +2 Y am(dy, do, N)e(mr) (5.2)

m=1

is a holomorphic (elliptic) modular form of weight 2 for I'o(N) with the trivial
Nebentypus character, where

U (dy, dy, N) = > pryp(tN ). (5.3)
t=2+mD e/ |a| <my/D

Proof. Since K/F is unramified at every finite prime, o in Theorem 1.5 does not
appear, we denote o = 1 in such a case. So

(1, N) = i2(—1)°W) = (=1)oW)+L = 1

by assumption. Notice that O = v/ DOp, and thus

t e (OpN)t & VDt =

D
“;’*ﬁ € N with |a| < bV/D. (5.4)

Now the proposition follows immediately from Theorem 1.5. U

Notice that if N' = Nid for some rational positive integer d then it is clear
from the theorem

farax N = far a2 (dT)
is an old form, while fg, 4, A7 is @ modular form of weight two for I'g(/N1) with

N1Z = N1 NZ. Recall that when N is a prime number, there is exactly one (up
to scalar) Eisenstein series of weight 2 for I'g(N), given by

Bon(r) =t S0 d (55)

n>1 djn,Ntd

Recall also that dim Ms(T'g(N)) =1 for N = 2,3,5,7,13. So we have
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Corollary 5.2. Let N =2,3,5,7, or 13, and let di and dy be as in Theorem 5.1.

e 2UL(0, x10/8)
favdo N (T) = T N_-1 2,N (7),
and N1
L0, xk/F) = o1 Z pK/F(tN_l).

t=21YD e\ |a|<vD

We mention that fg, 4, o is independent of N when N is prime. Next we
consider the case where N is a square-free and N = 3 mod 4 so that Q(v/—N)
has discriminant —N. The following theorem gives another way to construct
modular forms of weight 2 for I'g(N) by biquadratic CM fields.

Theorem 5.3. Let K = Q(v/D,/—N) be a bi-quadratic CM field with mazimal
totally real subfield F'. Assume that D > 0 and —N < 0 are fundamental dis-
criminants of quadratic fields such that (2D, N) = 1. Let 3 = (Bv) € [,y OF,
such that

X(ﬁ) = HXv(ﬂv) =-1L

v|N
Then

fD,,@,N(T) - L(07XK/F) +2 Z am(Dvﬁa N)e(mT)

m=1

is a holomorphic modular form of weight 2 for T'o(N) with the trivial Nebentypus
character, where

am(D,B,N) = > 3(Bt)pxr(tOF).
t=24mYD cOp |a|<mv/D

Proof. In Theorem 1.5, we choose o = VD = (VDf,) € [T~ O3, and N' = Op.
Recall again dp = vV DOp. Then

(o, N) = HXv(av) H Xo(VD)

U‘N ’L)|\/5(9F

= HXv(ﬁv) H Xv(\/ﬁ)

v|N v|ND

=x(8) H Xv(\/ﬁ)

v|oo

= —x(0)-
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Using (5.4), Theorem 1.5 gives in this case the modular form of weight 2, level
N, and character y

fan(7) = L(0,x) +2 ) _ am(a, Ne(mr)

m>1
with

(e N)= S slat)rp(tor)

tedn bt trpgt=m

- S 5(B)pxc/ 1 (t0F).

t=24mYD eOp |a|<mv/D
= an(D,B,N).
So fp,g,n is a modular form of weight 2, level IV, and character x, where
X: (Z/N) — {£1},%(a) = [ [ xola).
o|N
We need to prove Y = 1. This follows from the following lemma. O

Lemma 5.4. Let a be a rational integer prime to N, and let p|N be a rational
prime number. Then

Hxv(a) = 1.

vlp

Proof. There are two cases. If p = pp’ is split in F. Then F, = Fy = Q,, and
thus xp(a) = xp(a). So xp(a)xy(a) = 1. If p is inert in F'. Since p is odd, O /p
is the quadratic extension of Z/p, and every element a € (Z/p)* is a square in
Or/p, and so xp(a) =1 again. O

Analogue of Corollary 5.2 holds here for N = 3,7. Another interesting exam-
ple is N = 11, where M3(I'y(11)) has dimension 2 and is generated by

5
Er1i(1) = ﬁ+q+3qz+4q?’+7q4+6q5+--- : (5.6)

and the cusp form
fe=rm17)? = ¢-2¢* = ¢’ +2¢" +¢° +2¢° = 2¢" = 2¢° = 2¢'"" +¢' +- -,
which is associated to the elliptic curve

E=Xo(11): y* —y = 23 — 22 — 10z — 20.



CM Number Fields and Modular Forms 335
Here are some examples coming from Corollary 5.2 and Theorem 5.3.

2
f-3,—23. N1 = 5(6E2,11 — fE) =1+ 2¢ +8¢* 4+ 10¢® 4+ 16¢* + - - - ,

2
f-3,-31.001 = 5(6E2,11 — f5)=1+2¢+8¢> +10¢% + 16¢* + - - -,
5
foa_arny, =4Fa11 = - +4(¢+3¢* +4¢° +7¢*--+),

3
fi3.511 = 24211 = 10+ 24(q + 3¢° + 4¢°> + 7¢* - - ),

8
firpan = ~(3Fa11 +2fr) =2+ 8(q + ¢* +2¢> + 5¢* + -,

5
8
fspm = (3E211 +2fp) = 2+8(¢+ @ +2¢5+5¢4+ ),
48
fs—p11 = E(EZH —fB)=4+48(P+ P+t ).

It might be worthwhile to study when two such modular forms are propor-
tional. Notice that § does not matter in above formulae for D = 13 or 17, as
11 is inert in F' = Q(\/E) in these cases, and there is basically one choice for
B. When D = 5, 11 splits in F' = Q(+/5) into two primes v and v’. There are
two choices of 3 in this case. In the formula, we choose v so that x,(v/5) = 1,
By = —/5, and B, = /5. Notice that §(5t) 4+ §(—Ft) = 4 and thus

o
fspa1 + f5,-p11 = 2L(0, xx/r) + 8 Z( Z pr/F(tOF))g™
m=1 yeatmB oy |a|l<mV5
is a modular form independent of 8. In general, similar consideration gives

Corollary 5.5. Let N =3 mod 4 be a prime number and let F = Q(v/D) and
K = Q(VD,/—=N) be as in Theorem 5.3. Then
fp, N = L0, xx/p) +4 Y am(D, =N)q"
m=1

is a holomorphic modular form for Uo(N) of weight 2, where

am (D, —N) = > pi/F(OF).
t=24mVD O |a|<mv/D

Finally, we come to the non-biquadratic case. We first prove a an easy lemma.



336 Tonghai Yang

Lemma 5.6. Let F = Q(v/D) be a real quadratic field, and let K = F(\/A)
be a totally imaginary quadratic extension of F which is not biquadratic, i.e.,
F = Q(VAA) is also a real quadratic field. Assume that K/F is unramified at
every prime above 2, and that A is primitive in the sense that A does not have
rational prime factors. Then

(1)  dg/pNZ= Npjgdg/r = dpZ, where dj is the discriminant of F.

(2)  The character X : (Z/dp)* = (Op/dg/p)* — {£1} defined in Theorem
1.5 is the quadratic Dirichlet character associated to F/Q.

Proof. By a theorem of Hilbert ([4], Theorem 17.20), one has

dgr= [[ »

ord, A=0dd

where p runs through odd prime ideals of F'. Since A is primitive, p = Np/gp is
a rational prime split or ramified in F'. This implies

Nrdi/p = digyp NZ = H j22
ord, A=0dd

and AA’ = a2NF/QdK/F. But A and A’ are square modulo 4 and odd, so

AN =d?>=1 mod 4.
So Npjgdr/r =1 mod 4 is square-free and

Npjodg/p = dg.

This proves (1). (2) follows from the fact

(Z/dp)" = (OF/dk )
(since every prime factor of dj is split or ramified in F') and (1) and (1.7). O

Now assume N = 1 mod 4 be square free and let ey = (5 ) be the quadratic

Dirichlet character. Let F and K be as in Lemma 5.6 such that F = Q(v/N).
Take a = (o) € [], Fy such that ord,o, = ordy,vD, and N = Op. Then

e(a, N) = H Xo(VD) H Xo(—aw).

v|VDOp vy vldg)p
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Here x = xg/p- Set a = VD with 8 = (8,) € Hv\dx/p O}, then

6(0(,./\/): H Xv(\/ﬁ) H Xv(\/ﬁﬁv)

v|Dywldg ) p vldg/p
= H Xv(\/ﬁ) H Xv(ﬁv) = - H Xv(ﬁv)-
vldrdg/F vldg/p vldg/r

The lemma above implies O /dg/p = Z/N. So if we take §, = M for every
v|dg,p and some fixed rational integer M prime to N, then

)= ] =G 5.7

U|dK/F

So Theorem 1.5 gives

Theorem 5.7. Let N = 1 mod 4 be a square-free positive integer. Let F' =
Q(VD) be a real quadratic field and let K = F(v/A) be a CM quartic field such
that F = Q(vVAA") = Q(v'N). Assume that K/F is unramified at every prime
above 2 and that A is primitive. Let M be a rational integer prime to N with
(&) = —1. Then

Frrrar(t) = L(0,Xgp) +2 > am(K/F, M)e(mr)

m>1

18 a holomorphic modular form of weight 2, level N, and Nebentypus character
(). Here

am(K/F, M) = > §(Mt)pr/p(tOF).
t=24mYD eOp |a|<mv/D

The case when N is prime is in particular simple. In this case, there is a unique
prime vy of F' above N which is ramified in K/F, and §(Mt) = 1 + xu,(Mt) =
1 — xuo(t) = 0 or 2. Moreover, if 6(Mt) = 0, i.e., xu,(t) = 1, then (for ¢t > 0 > t/)

IT X =xuw® [ xo®) = -1.

vidg ) poo v]oo

This implies x,(t) = —1 for some inert prime v of F' (in K'), and so p,(tOr) = 0.
Therefore pg/p(tOF) = 0 when §(Mt) = 0. So we obtain
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Corollary 5.8. Let the notation be as in Theorem 5.7. Assume further that N
18 a prime number. Then

fryp = L0, xr/F) +4 Z am (K/F)e(mT)

m>1

is a holomorphic modular form of weight 2, level N, and Nebentypus character
(%) Here

am(K/F) = 3 pic/(tOF).
t=2+mYD eOp |a|<myv/D

Recall a classical result of Hecke which says that dim Ma(N,(5)) = 1 for
N =5,13,17. Recall also that for a primitive Dirichlet character € of conductor
N such that e(—1) = 1, the Eisenstein series

Bpo(r) = %L(—l,e) LY o mg™, g =e(n) (5.8)
m=1

is a modular form of weight 2, level N with Nebentypus character ¢. Here

ore(m)= Y e(d)d.

0<d|lm

Corollary 5.9. Let the notation and assumption be as in Corollary 5.8. Then
for N =5,13,17, one has

L 9y
Fige(r) = LoD B o),

Conjecture 5.10. Similar to Conjecture 4.6, we think the following should be
true.

(1) When N > 0 is square free, the modular forms fq, a, v constructed in
Theorem 5.1, as dy, do, and N change, generate the space Ms(To(N)) of holo-
morphic modular forms of weight 2, level N with trivial Nebentypus character.

(2) When N =3 mod 4 is square-free, the modular forms fp g n constructed
in Theorem 5.3, as D and [ change, generate the space Ma(To(N)).

(3) When N =1 mod 4 is square-free, the modular forms fy p a constructed
in Theorem 5.7, as K, F, and M change, generate the space Ma(N, (%)) of
holomorphic modular forms of weight 2, level N with Nebentypus character (5 ).

These conjectures can easily be verified when N is small.
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