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258 Hervé Jacquet
1 Introduction

We denote by G the group of invertible 2 x 2 matrices and by N the subgroup of
matrices of the form
n=1{91]"

The group N(R) x N(R) operates on GL(2,R) and M (2 x 2,R) by
s+ ‘nysng.

We say that an element s or its orbit is relevant if

10 lxzo) o E 420 =0
$11 S 01 =S T 9 = U.

A system of representatives for the relevant orbits in M (2 x 2, R) are the diagonal

matrices
al 0
( 0 az) ,a1 # 0,

and the matrices

We set

()

so that the previous matrix can be written wa.

.- (22

we set Aj(m) = a, Ag(m) = det m. They are invariants of the action of N x N.

For a 2 x 2 matrix

We let ¢ or simply ¥ be a non trivial additive character of R. We define
the orbital integrals of a Schwartz function ® on M (2 x 2,R): for a; # 0,

Q[®, v : a1, a9) :=

Jol(0) (5 () s

and, for a # 0,
Q[P, 9 : wa] == /<I> [wa ((1)313” Y(z)dx



Kloosterman Integrals for GL(2,R) 259

_ /@ [a <?;)} (z)dz.

Most of the time, we will assume that ® is in fact a smooth function of compact
support on GL(2,R). Our purpose is to study the asymptotic of these integrals.

Similarly, we denote by M} (2 x2,C/R) the space of 2 x 2 Hermitian matrices.

The group N(C) operates by

S — tﬁsn.

We say that an element s or its orbit is relevant if

10N (12 i
21 S 01 =S z z=0U.

The previous matrices are also a set of representatives for the relevant orbits. We
define the orbital integrals of a function ¥ € S(M}(2 x 2,C/R)) : for a3 # 0,

Q[\P7C/R7w : a17a2] =

/C\p Kig’) (‘g CD (éj)] (x4 2)dz

Q[¥,C/R,v : aw]

::/qu [a <$i>]¢(a:)dx.

We set H := GL(2,C) N Mp(2 x 2,C/R). We often write

w(c(z) = wR(Z + E) .

and, for a # 0,

Most of the time we will assume that V¥ is in fact a smooth function of compact
support on H.

We want to study the asymptotic of these new integrals and show that, apart
from a sign, they have the same asymptotic as the previous integrals.

We will not discus here the motivation for the study of these integrals. See
the references [10], [5], [6]. In fact the integrals at hand are already discussed in
[10] (1). The novelty here is the introduction of the Casimir operator and the
use of a partial Fourier transform of the functions at hand. Indeed, we write the
orbital integrals as the integrals of a partial Fourier transform of ® or W. In the
end both kind of orbital integrals are written as the integral over R of a Schwartz
function against an oscillatory factor, the same in both cases. Moreover, the
results and the methods are likely to generalize to the case of GL(n). Indeed our
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use of the Fourier transform is inspired by the fact that the orbital integral of a
function ® or ¥ and the orbital integral of its full Fourier transform are related
by a simple integral transform. This relation holds in the context of GL(n) ([5],

(4)).
Analogous integrals and dual Bessel distributions have been studied by a
number of authors, specially Baruch ([1]) and Baruch/Mao ([2]). For the relation

with the classical literature and an exhaustive list of references see [3]. The idea
of introducing a partial Fourier transform already occurs in [2].

2 Stationary phase

We recall and extend somewhat classical results on the stationary phase method
([9] is a convenient reference.). We recall the elementary formula

[owe (L) as=lal ) [ (-2 )ar.

where ¢ is a Schwartz function on R and qg denotes its Fourier transform

@) = [ otwyi(-ya)dy.
The factor y(z, ) is an eighth root of 1 dpending only on the sign of x.

Proposition 1 Let ¢(y,x) be a Schwartz function on R2. Assume that the sup-
port ¢ is contained in a set

{(y,2) : [yl = C1, |z] < Ca}

where C7 > 0,Cy > 0. Consider the integral

1
[ otwzyn (‘f”)dy.

There are two smooth functions of compact support on R, 0., ¢ = +1, such that
the integral is equal to the sum

> o (%) st ilal 2220, (0) )

e==+1

Any two such functions satisfy

0.(0) = ¢(¢,0) . (3)



Kloosterman Integrals for GL(2,R) 261
ProOF: Consider first the case where C7 > 1. Set
1
t=y+—.
Yy

Then, on the support of ¢, |y| < |t|. Moreover

dt 1
= 1= =
dy y?
so that, on the support of ¢
dt 1
1>—2>1——>0.
T dy — C?

Thus we may view y as a function of t. Then

dy  Pu(y) dy

dtn (2 —1)2 dt’

where P, is a polynomial. This is bounded by a polynomial in |¢|. Now regard
the function

o(y(t), z)
as a function of (¢,x). Then any partial derivative
onts é
otnosx
can be computed as a linear combination of terms of the form
gmts é
oy™ozs

with coefficients in the ring C[%]. and is thus rapidly decreasing for ¢ large. Thus
o(y(t), z) is a Schwartz function of (¢, x). Using t is a variable we get

[ o (3) otuter. 0 e,

dy
we see that ¢1 is a Schwartz function and the integral is the partial Fourier
transform of ¢;(¢,z) evaluated at (x~', z). This is a smooth function §(z) of
compact support on R with the additional property that

If we set

(0) =0

ox™
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for all m. We can rewrite 6 in the prescribed form with 6.(0) = 0 = ¢(e, 0).

Now we may assume the projection of the support of ¢ on the first factor is
concentrated on small neighborhoods of £1. For y close to 1 we set

_y—-1
- y1/2'
Then ) i
v
v(1)=0,y+-=2+20%, —(1)=1.
M) ; oW
For y close to —1 we set
o oy+1
()
Then ) J
v
v(-1)=0,y+-=-2—0v2, —(-1)=1.
(-1) ; e

Then our integral becomes

Z/M, <2+U)>§5dv

e==+1

_Z¢< ) €T ¢)|x|1/22 1/2/¢1 U, T) ( eujx) du,

where we have set

1(u, ) = /¢(y,l’)gi P(—vu)dv.

Hence the original integral has the required form with

_ /¢1(u,x)¢ (-6“42"”> du.

0) = / 61, 0)du = (3, 0) % = 0(e0),

The functions . are not unique but let us show that, as claimed, their values at
0 are unique. Indeed, suppose that we have a relation of the form

¥ (i) b1(2) + (f) 6 1(x) = 0

valid for > 0 sufficiently small, where ¢ and ¢_1 are continuous at 0. We have
to see that

In addition
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If say ¢1(0) # 0 then we can write

It follows that v (%) has a limit as x — 0T, a contradiction. Our conclusion

follows. O
REMARK: In the previous Proposition, the values of the derivatives ‘f;;ef at
x = 0 are also uniquely determined by the partial derivatives of the function

¢(y, ) at the point (¢,0). In particular the derivatives of . are arbitrary.

Proposition 2 Let ¢(y, ) be a Schwartz function on R%. Assume that the sup-
port ¢ is contained in a set

{(y,z) : ly| > Oy, |z| < Co}

where C7 > 0,Cy > 0. There is a smooth function of compact support 8 on R
with

20)=0

dz™

/¢( )sz(‘y—)dy—e( ).

for all m such that

PRroOOF: We set

Then

Thus we can use t has a variable of integration and write the integral
dy
dt .
[o(3) v

(¢, ) /¢> dydt

then ¢ is a Schwartz function and the integral is the partial Fourier transform
of ¢1 evaluated at (z~!, ). Our assertion follows. O

As before, if we set

263
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3 Orbital integrals for GL(2,R).

In this section we will study the orbital integral of a smooth function of compact
support ® on GL(2,R). Thus we may regard ® as a Schwartz function, in fact a
function of compact support on M (2 x 2, R), which vanishes on singular matrices.
Our method is to compute the orbital integral as the integral of a partial Fourier
transform of ® against an oscillatory factor.

We first discuss the asymptotic of the integral for ajas < 0. Our goal in this
section is to prove the following result.

Proposition 3 Let ® be a smooth function of compact support on G(R). Then,
forb>0,¢> 0,61 = £1,

Q[®, 1) : e1be, —e1b ] =

> 2ty (551 ) stea v e o @

e==+1

where the functions O(x,y) are smooth functions of compact support on R x R
Any two such functions verify

0:(0,c) = Q[P, 1 : cew]. (5)
PROOF: Since ® has compact support, in the orbital integral Q[®, v : a1, ag] the

product Ay = ajas remains in a fixed compact set of R*. We first introduce the
partial Fourier transform

D, <;‘lz> = /@ <‘Zz> b(—yt)dy .

Then by Fourier inversion formula we find, after a change of variables,

Q[(I),%Z) : (11,(12] -
A
]a1|_2/<1>1 <a1 x1> " <:U1 + 22 + y(As +x1$2)> dzydaody .
T2 Y ai
We first consider a smooth partition of unity on R
pr+d2=1,

where ¢ is supported on a neighborhood of 0 and and is one in a smaller neigh-
borhood of zero. We will choose ¢ in a moment. The orbital integral is then the
sum of two integrals

[P, : a1, a9) ==
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A
|a1| 2 / g1 <a1 xl) (0 <x1 FaFylhe t xlm)) ¢i(y)da1dxady ,

€2 Y ai

with ¢ = 1,2. Since As remains in a compact set of R* we may assume that the
support of ¢; is so small that

1
b (i ) 1
V=20
In addition, we choose the support of ¢ so small that in the integral {2; the
quantity 1+ 9y remains in a compact set of R. We then use new variables:

Xlzl‘l(l—i-l‘gy),XQ:xQ,Y:y.

The Jacobian matrix is
L+ 2oy z1y 129
0 1 0
0 0 1

Its determinant remains in a compact set of RY. Thus

X1+ Xo+YA

ay

Ql[q),l/J . al,ag] = /(Z)(Xl,XQ,Y)l/J < ) XmdXQdY

where ¢ is a compactly supported function. This has the form

s <1,1,A2>
ap aip aj

where f is a Schwartz function. Thus it has the form specified in the Proposition
with 6.(0) = 0.

We now introduce another partial Fourier transform

< ¢ ul) // < ¢ x1> Y(—xouy — zrug)dridrsy .
u2 Yy T2y

We use the elementary formula

/¢($1,$2)¢(t1‘11‘2)d1‘1d1’2 = |t|_1/Qg(xl,$2)7[)(—t_1$1$2)d$1d$2.

We find
Qa[®, 1) 1 ar,az] =

1
a —_ = ala aituluw
|CL1‘1/(I)2< 11 U a1>w<y12_ 112>><
U2 = o7 Yy ai Yy

265
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P2(y)dy
|yl

dul d’u,z

or, after a change of variables,

1
_ alu Yyai1a2 — o w4+ uo + ajuiue
|a1| 1L/G¢Q ( 1 1> ﬂ) y _ >
u2 Yy al Y
dy
lyl

duyduada(y)

We set
d)(ya al) =

//@2 (m u1) " <_U1 + uz + a1u1u2> duldu2¢2(y) .
us y y ||

The function ¢ is a Schwartz function on R x R with support in a set

‘y| 201,|01’ < (Cs.

_ 0 u U1+ up $2(y)
¢(y’0)_/¢2 <U2 y > v < y ) dundia,

-1
=|y\—1<z>2<y><1>1<_;1 g )

= Iy\1¢2(y)/‘1> (5_1 _yl) Y(—ay)de

T

=yl 2p2(y)QUP, Y : —y ]

In addition

Recall we assume ajas < 0. We set
a1 = €1bc, as = —e1b e
with b > 0,¢ > 0 and €; = +1. Then

Qa[®, 9 : e1be, —e1b (]

2y L
= (bC)_l/qﬁ(y,eleW (y”) dy

61bc

y+y
_b_lc_2/¢(—c_1y, elbc)¢< by> dy .
€1
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Now we apply Proposition (1), or rather a variant of the Proposition with ¢ in a
compact set of R*, as a parameter. This can be written as

—9a— _ 2ee

P2 TRy <b1> Y(eer, ¥)fe(erb c)
e=+1

where 6, are smooth functions of compact support on R x R such that

0:(0,¢) = ¢(—cLe,0) = Pho(—cL1O)Q[P, ¥ : cew] = Q[P 4 : cew].

After a change of notations we arrive at the Proposition. O

4 Action of the Casimir Operator

In this section we show that the derivatives of the functions 6. at 0 can be
computed in terms of the orbital integrals of the functions Q[p(C)"®,v : wz|
where C is the Casimir operator. Recall

H? H?

C—7+X_X++X+X_:7+H+2X_X+ (6)

() @) ()

For X in the enveloping algebra of GL(2,R) we denote by p(X) the corresponding
left invariant differential operator. Thus if X is in the Lie algebra then

where

d®(gexp(tX))

p(X)B(g) = L

t=0

We assume
P(x) = exp(2imnzx), n = =+1.

Let ®; be the function defined on the open set {g|A;(g) # 0} by

@1(g) :=/<I> [(;?ﬁ(éf}] Wz + y)dady.

Since C' is in the center of the enveloping algebra we have

Q[p(C)®, ¢ : a1, a2] = (p(C)P1) (diag(as, az)) .
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H2
(P(2 + H)@) (diag(erbe, —e1b™'c)

= (;(b(Z))Q + b;b) (@4 (diag(eqbe, —elbflc)))

= (;(bjb)z + b;;)) (Q[®, 9 : e1be, —e1b™'c]) .

Likewise

(p(X- X+))<I>1(d1ag(elbc *€1b 'e))

9? e1be 1¢
el
88875 0 —€1b 01 s—1—0
2
0 o~ 2imnb2s 2imnt B, [(elbc 071 )]
s=t=0 0 —elb c
4 2
= lQ[@,w : e1be, —elb_lc]

s o 1 0\ [ebc
~ 9sot |\ —sb21 —61b1
:&sat

b2

Thus
Q[p(C)®, 9 : e1be, —e1b™ ] =
1,.4d d 8r?
(2(bdb) +bo + b2> Q[®, v : e1be, —e1b (] (8)

We remark that in terms of the coordinates (a1, as) the action of the Casimir

operator is given by
Qp(C)P, ¢ : a1, az] =

1
[2(a18a1 — a23a2)2 + (a104, — a204,) — 872 Zj Q[®,v : a1, a9]. (9)

To continue we write

Q[®, 1) : e1be, —eb '] = b 1/? Zgbe(b, c).

where we have set

dimeern

Belb,c) =272y (eer, ) exp( e erb o).

We get

1,.4d d 8rm -1
(2(bdb) —{—b% + l)2> Q[®, 1 : e1be, —e1b™ (]
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1,.d 1.d 3 8nr?
— —1/2 ( L/ %2 i et e en
Zejb (z(bdb)+2bdb =t >¢e(bc)
or

Q[(p(C) + %)cp : e1be, —erbe™]

1d 8n
N2 1d
Z <2 a) Tamt 62>¢6(b’c)'

Now we use the explicit form of ¢.(b,c). After simplification we find

4
Zb_1/22_1/27(€€1’1/’) exp< 27r;6177> y

0* 0
2 .
{21) 5 5 0c(€1b,¢) + (e1b — 46n27r)%06(61b, c)} .

Let us introduce the differential operators

1., 02

0
Qe = §x2— + (z — denin) —

0x2 oz’ (10)

We have just seen that if we write

Q[®, 1) : e1be, —e1b L] =

dimeern

Z b=1/2971/ 2 (eeq, 1) exp(

€

)(9€<61b, C)

where the functions 0. (z, y) are smooth functions of compact support on R x R’
then

QUp(C) + 212, cabe, —erbe] =

diTee
> b2 2y (eer, ) exp(— ) Qe ybeles 1d)

Thus for any integer n > 0,

3
Q(p(C) + L), 0+ erbe, —erbe” ] =
4z
S b2 2 eer, ) exp( < QU el ead). D)

We point out a simple property of the operators Qe .
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Lemma 1 Let k # 0. Let Q. be the differential operator

1,07 )
For any 7 > 0,
o1, PG+ ¥
97 W = 5" g T DT R G T g
For any C* function ¢ and any n > 0 we have
n — n Tar¢
Qre(0) = > K 52(0),

1<r<n
where the constants ¢ are independent of k and c;, = 1.
PROOF: The first identity is established by induction on j. The second assertion

is trivial for n = 1. Thus we may assume n > 2 and our assertion established for
n — 1. Then

Qre(0) = Qp 1 (Qr9)(0) -
By the induction hypothesis we get this is

> Qo).

1<n—1

Applying the first identity we get

S e (kafﬂqs L) arqs(o)) |

mr+1 2 "
1<r<n-—1 0 0

The assertion for n follows. O.

Now by Proposition (3)
3
Q[(p(C) + g)"q) s wee] = Q¢ 00, ¢) .

By the Lemma this is

0"6(0, ¢) o 0270,
WjL Z (—4dimen)"c] 5 (0,¢).

1<r<n

(—dimen)"

This implies the following result.
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Proposition 4 For everyn > 0, there is a polynomial P, of degree n with leading
coefficient 1 such that for e = £1, ¢ > 0,
3 "0,

Q[P,(p(C) + é)q)7¢ twee] = (—4dimen)" O

(0,¢) .

Thus we see that the functions 6.(z, c) are not unique but their derivatives

0"0(x,c)
ox”

have uniquely determined values at x = 0.

The following lemma implies that these derivatives are arbitrary.

Lemma 2 Let ¢, n > 0, be a sequence of functions in C°(R*). There is a
function ® € C°(G(R)) such that, for allm >0,

Qp(C™)®, 1 : wz] = ¢n(2) .

PRrROOF: Let U be the open set of matrices
_(ab
9=\ cd

Every matrix g € U can be written uniquely in the form

o= (25 (47)ror=(3.2)

with 7 > 0, z = sign(b)y/—A2(g). The matrix ¢ is in S if and only if » = 1 and
y = 0. Let B; be the group of matrices of the form

<2T01> ,7‘>0.
(z,2,p) = 02y (1),
z0 01

RxR*x By —U.

such that b # 0 and As(g) < 0.

The map

gives a diffeomorphism

We write
H2
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Then, for any function ®
Qp(C)P, 9 : wz] = Qp(C1)P, ) : wz]

where
H2
C1:—4i7TX_—H+7.

More generally, since C' is in the center of the enveloping algebra,
QUp(C™), v : wz] = Ap(CF)D, 1 : ws]
Now (] is an element of the enveloping algebra of the group B;. Moreover

H2n
on

Ccp = > iy XU HI +

0<i<n,0<j<n—1

Given a sequence 0, (z,z) , n > 0 of smooth functions of compact support on
R x R*, there is a smooth function ® of compact support on U such that

e[ (0) ()] -vae

Indeed, introducing appropriate coordinates we see that we need to find a function
®(x, z,u,v) of compact support on R x R* x R x R such that

8z‘+j 1 aQn
Z cz,]mfb(w,z,o,())+27%®(x,z,0,0) :en(l',Z)
0<i<n,0<5<n—-1

This follows from Borel’s Theorem (See [4], Theorem 1.2.6, page 16.).
We take 6,, to be of the form

%maz%@MmL/M@wmm=r
Then

QLp(C)"D, 1 : w2] = Qp(C1)"®, 1 : w2] — /Hn(x, (x)ds = ép(2) .0

5 Flat orbital integrals

If follows from the previous section that if

Qp(C)"®, ¢ :wz] =0
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for all n > 0 and all z € R* then the functions 6.(x,c) have the property that,
for all n > 0,
0"0(z, c)

=0.
ox™

z=0

exp <4m6) Oc(z, )
T

are smooth functions with the same property. We arrive at the following result.

The products

Proposition 5 Suppose that
Q[p(C)"®, 1 s wz] =0

for alln > 0 and all z € R*. Then there is a smooth function of compact support
6 on R x R} such that

oo

@(0, C) =0

for all ¢ >0 and all r > 0, and
Q[®, v : e1be, —e1b~ '] = O(erb, )

forc>0,b>0, e =+1.
‘We have a converse.

Proposition 6 Let 0(z,c) be a smooth function of compact support on R x RX
such that oy

%(07 c)=0
for all ¢ > 0 and all n > 0. Then there is a smooth function of compact support
® such that

Q[®, 4 : xzc,—x 1] = O(z, c).

PROOF: Assuming ® supported on U we set

010 = [@ oo} | vtola

w1 s (71)] =m@wi-a).

Then
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(a1, az,2) — &y [<(1)91C> <C(L)1 %2>]

is a smooth function of compact support on R* x R* x R. Then

oo (G- fo [0 ()] v

This becomes:

Pl (8 )] (-2)e

Moreover

or
I ECRURY
alee(30)] -
—Asp YAV)
_ a Yy
o fal (3 )
y 0 ay
With a1 = zc,as = —x ¢, ¢ > 0 we want

Ixc\‘1/<1>1 (”;%)] " (y;rcy> dy = 0(z,c).

After a change of variables this becomes

ol ) (224) -
cnar-n (1) ()

is an arbitrary smooth function of compact support on

Note that

R x R* x RY.
Let ¢o(y) be a smooth function of compact support on R* such that
[ ooty =1.

We take
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1
= |z|0(z, c)y (—y+ ) Po(y) -

y
T
Because of the condition the function 6(x,c) is divisible by 2™ for every n > 0.
Thus this is indeed a smooth function which has the required property. O

REMARK: it is easy to obtain the asymptotic of the orbital integral of a
function supported on U. Since G(R) is a finite union of sets ‘n;U with n; € N(R)
this gives another proof of Proposition (3).

6 The case Ay >0

We simply record the result. The proof follows easily from Proposition (2).

Proposition 7 Suppose ® is a smooth function with compact support contained
in the set Ay > 0. Then there is a smooth function of compact support 6 on
R x R} such that
8’/‘
oz"

0(0,¢) =0
for allc >0 and all r > 0 and
Q[®, 1) : e1be, e1b™ ] = O(erh, c)

forc>0,b>0, e = =x1. Conversely, if 0 is such a function, then there is a
smooth function ® with compact support contained in the set Ao > 0 such that
the above relation holds.

7 Orbital integrals for H

Let ¥ be a smooth function of compact support on H. Then

QU,C/R, ¢ : ay,az] :=

Jo G (5 a) (57)] wwtes 21

We will study the integrals for ajas < 0. Our goal in this section is the following
result.

Proposition 8 For any smooth function of compact support on H

QIU, 4 : e1be, —e1b ] =
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b2 2N "y <2€b€1> (ee1,9)0c(e1d, ) (12)

e+l

where O are smooth functions of compact support on R x RY. For any two such
functions

0:(0,¢) = —eQ[U, 4 : wee] .
PrROOF: We introduce the partial Fourier transform

w (45) = [0 (47) vty

Then by Fourier inversion formula we get

Q[U,C/R, ¢ : aj,as] =

’a1|2//\111 (i};)iﬂ<Z+Z+i(lA2+ZZ)>dydz.

As before, we choose a partition of unity

P1+¢2=1

on R with ¢ supported on a small neighborhood of 0. We assume that ¢- (i —1A2 ) =
1.

Then Q[¥,C/R, v : a1, as] is the sum of two integrals i = 1,2

Q[,C/R, % = ay,a) =

o () (D)

We choose the support of ¢1 so small that, in the first integral, writing z = u+iv,
1 4+ yu remains in a compact set of R*. We then use the following variables of
integration:

y(u? + v?)

U=u+ 5

V=0,Z=U+iV,Y =y.

Indeed

a—U:1+yu7§0
ou

Thus the Jacobian determinant % is non-zero. Moreover, we can compute

u, v,y in terms of U, VY by

—14++/1+Y(2U -YV?)
u =
Y )

v=Vy=Y.
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Thus this is a legitimate change of coordinates. The integral takes the form

/f(Z»Y)T/} <Z+Z+YA2) dzdy .

ai

This has the required form with (0, c) = 0.
Thus we have to study

a1|2/‘1,1 <a1 z) y <z+z+y(A2 +zz)) ()i

zZy a1

We recall the elementary formula

X

FE (52 ) dz = [ f)w(—a(z +7))dz (13)
C C

(which can derived from (1) applied twice) where

f(2) = /C Fu)be(—zu)du.

To apply it we introduce a new Fourier transform

v (25) = [ (44) vecunu.

Then we find the previous integral is equal to

1

Z—a y

After a change of variables this becomes

N
sign(ap]anl [ v, () " (‘” 2Ty ‘W““) a(0) V.

zZy ay Y

At this point we set

6y, a1) = /% <a1 z) " (_2+z+alzz> ¢2(y)dz'

zZy Y Y

This is a Schwartz function supported on a set

ly| > C1, a1 < Ca.
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- o () (2o
=y a(y) ¥y (_;1 ZZ_l)
=yt [0 ()0 ) v
= sign(y)y Q¥ C/R, ¢ : —y~'u].

In addition

Our integral takes the form

Qo[¥,C/R, 1 : e1be, —e1b™ L]

=able /QS y, €1bc)p < y_)dy
61bC

1
elb_lc_Q/ng(—c_ly, e1bc)) <y+y >dy

615

By Proposition (1) this has the form

2
611971/2072271/2 Z P <€b€1> v(e€e1, )0 (eb, c)

e=+1
where 6,(z,y) are smooth functions of compact support on R x R such that
0:(0,¢) = p(—c e, 0) =
—ec?Po(—cL)Q[T, C/R, ¢ : wee] = —ec®*QW, C/R, 1 - wee] .

After a change of notations we arrive at the Proposition. O.

8 Comparison of the action of the Casimir operators

We again assume ¢r(z) = exp(2imnz), n = £1. Now view s[(2,C) as real vector
space. Consider the bilinear form

B(X,Y) = Re(Tr(XY)).

Then the dual basis of

. 10 /o 00 I 014
H K = <0 >X+,X X+_<i0>’X__(OO> (14)
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is

H K
5,—§,X_,X+,—X’,,—Xjr.
Thus the element
H? K?
Cc = 7 - 7 + X_|_X_ + X_X_|_ — Xer/, - ‘XFL‘X'jr

is in the center of the enveloping algebra of GL(2,C) viewed as a real Lie group.
It can be written as
H? K?

Cc_7+2H—7+2X_X+—2X’,X’+.

The group GL(2,C) operates on the space of Hermitian matrices by s — !gsg.
We have a corresponding action of the enveloping algebra on the space of smooth
functions of compact support. We denote by o this action. Thus if X is in the
Lie algebra then

a(X)¥(s) = U(exp(t 'X)s exp(tX))|t20 .

We wish to compute
Q[p(C)¥,C/R, % : a1, ag]

as the application of a differential operator to the function
w(ar,a2) == Q¥,C/R, ¢ : a1, az].

Since C. is in the center of the enveloping algebra, it amounts to the same to
apply the left invariant differential operator p(C.) to the function

flg) == /‘I/[tutgagu]w(z—i-z)dz

where

. 1z
a = dlag(a’lva’Q)a U = <0 1>

and then evaluate at g = 1.

Applying H we get

d
@w(ale%, a2672t) = 2(a10q, — 4204, )w(a1,az).

t=0

Now o
exp(t 'K)aexp(tK) = exp(tK) laexp(tK) = a.
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Thus the contribution of K and K2 is 0. Thus the contributions of the terms in
C. containing H or K is

1

4 [2(a16a1 — a28a2)2 + (4104, — a28a2)} w(ay,az).

Now we compute the contribution of X_X ;. The value of p(X_X;)f at g =e¢
is obtained by differentiating

[e[a () (50)e(39) (5 o] wie+310:

with respect to s,t at ¢ = s = 0. This reduces at once to

—4mnc‘;t/\p [tu <(1)é> a (1 ?) u} Yz +7)dz

Now we exploit the relation
1t a 10 (a1 + t2ay tas .
00 t1) tas  as )

1 0\ (a1+t’ay 0 1 %
tas 1 0 ai1a2 0 1 .
a1+t2as a1+t2as

We get the derivative at ¢ = 0 of

) dintas / . (a1 +t%as 0 _
—4 —— =) |V dz .
(—4inm) exp < a1+ t2a2> [ u 0 ao ul P(z +7z)dz

The above derivative is

t=0

—167r2%w(a1, asz) .
ay

On the other hand the action of X’ X’ can be computed similarly. It is the
value of p(X_X4)f at g = e. It is is obtained by differentiating

JoL(E8) ()21 (05

with respect to s,t at t = s = 0. It is simply 0.

Altogether then we see that
Ce

Q[U(Z)\I/,’(/) : al,ag] =

[;(alaal — 0204,)* + (0104, — a204,) — 871'222} Q[¥,C/R,9 : ay,az].  (15)
1

The differential operator is the same as the one for p(C) (see (9). It follows
that the Proposition (4) is true for the integrals Q[¥,C/R, v : e].
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9 Matching

We say that ® and ¥ match for ¢ and we write ® Lowif
Q[®, v : ay,as] = sign(a1)QY,C/R, ¢ : a1, az].
It follows from Propositions (3) and (7) that if ® & then

Q[®, 9 : wz] = —sign(z)QY,C/R, v : wz].

Also, by the previous section we see that if ® & U then

¥

c."
p(C™)@ & o(E

4)\11

for all n > 0.

Proposition 9 For every ¥ € C°(H) there is ® € C°(G(R)) such that ® &y

PROOF: Let us write

Q[¥,C/R, v : e1be, —e1b L] =

2
61b_1/22_1/2 Z ¢ (?) ’}/(661, ¢)96(61b’ C) .

exl
We can find ® € C°(G(R)) such that

Q@4 : erbe, —erb™ e = b7 1/2272 N "y <26b€1> (eer, )0 (exb,c) .
etl

where
"0 (z, c)
oxm

_0"(x,c)
20 - 9an

=0
for all n > 0. Thus

Q[®, 1) : e1be, —e1b L] — 1 Q[W, C/R, 1 : e1be, —erb™ ] = 6%(e1b, ¢)
where 62(z, c) is a smooth function of compact support such that

o"0%(z, c)
ox™



282 Hervé Jacquet

for all n > 0. There is a function ®; supported on the set Ay < 0 such that the

difference is equal to
Q[P1,v : €1bc, —elbflc] .

Likewise there is a function ®5 supported on the set As > 0 such that
Q[®, 1) : e1be, b ] — 1 Q[W, C/R, 1 : e1be, e1b™ (]

= Q[®, 7 : €1be, elb_lc] .
Our assertion follows. O.

However, it is not true any ® of compact support on GL(2,R) matches a
function ¥ of compact support on H. Indeed, consider the orbital integral of
a smooth function of compact support ¥ on the space of invertible Hermitian
matrices.

aq alz
ajzag +a1z2z

Q[W, C/R, o : ar, as] = /qf [ ]wc(z)dz.

Here the determinant of the matrix in the integrand is As = ajas. Thus A,
remains in a compact set of R*. Changing variables we get

_9 a z z
‘aﬂR L/“W [2 Ai?m] w@ <a1> dz.

On the support of the integrand there is C' > 0 such that
LAQ%—Z§|§;CHG1L
But if Ay > 0 then
AVIRS V324—Z§L
Since As is in a compact set of R* we have
0<Cy <Ay
for a suitable constant C; Hence |a1| > C1C~ 1. Thus the orbital integral vanishes
for |aj| small enough.

This is not in general the case for the orbital integral of a function ® smooth
of compact support on GL(2,R) supported on the set Ag > 0. Indeed the orbital
integral has the form 6(aq,As) where 6(z,y) is a smooth function of compact
support on R x R such that

9"0(x,y)
dum =0
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for all n > 0.

However, for every ® supported on the set {g € G(R) : Ay < 0} there is a
function ¥ with matching orbital integrals. Indeed, arguing as before, it suffices
to prove the following lemma.

Lemma 3 Given a function 8, smooth of compact support on R x RY and such

that
9"0(z,y)

n
O =0

for all n > 0 there is a function ¥ supported on {s € H : Ays < 0} such that

Q[\II,(C/R,i/J . al,ag] = 9(@1,A2) .

PROOF: Indeed the orbital integral of a function ¥ can be written

+1 2
/@<a3ﬁ3¥$0¢(x>“@’
rT—iy —— ay

where ¢ = v/—Ay. For a suitable choice of ¥ this can be written
_ 2 — (c? — 2 2x
[ 2/¢1(al,$,0)¢2(y)¢3 <(aly)> 0 <a1> dady ,

where the functions ¢; have compact support and the projection of the support
of ¢1 on the last factor is a compact set of R}. Now take

mmba@:w(—z)¢ummwa@

where the partial derivatives of ¢4 with respect to the first variable vanish at
(0,¢). Then the integral takes the form

22 — (2 — 2
a1|2/¢4(a1,c)¢5(:c)¢2(y)¢3 <(y)

) dxdy .
ai

We take ¢2(y) supported on a small neighborhood of 0 so that ¢ — y? remains
in a compact set of RY. We also assume that ¢s(x) is supported on a compact

set of R7. We set
T =1/c2—y?+tay.

Then the integral becomes

2y | ! / 61(a1, ) ba(VE — 7 + tar) ba(y) b (t) ——— dtdy.

2 —y? +tay
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We may choose the support of ¢o and ¢3 to be small neighborhoods of 0 and then
choose ¢4 so that

b1 (/P = g+ ) ba(y)da(t) m = Sa(w)s(t).

Then the integral becomes

2 ar] 1 (a1,0) [ Galu)oa(t) dedy.
If we take
#1(a1,c) = 2|a1]0(a1, Aa), /¢2(y) dy=1, /¢3(t) dt =1

we obtain our assertion. O

10 A lemma for Bessel distributions on Hermitian
matrices

If ¥ is supported on the set A; # 0 then its orbital integral, viewed as as a
function of (a1, Ag), is simply a smooth function of compact support on R* x R*.
Likewise for the orbital integral of a function ® supported on the set Ay # 0.
Such functions are easily matched. Thanks to the following Proposition, for some
applications, we may be able to restrict ourself to functions of this type.

If ¥ is a function on H we set, for g € G(C),

o(g)¥(s) = U(‘gsg) .

If

we set

0(n) = (u+7)

and write n = n,,. If Q is an orbital integral then
Q(o(n)T) = 0(n) " 1QT).

Proposition 10 Suppose u is a distribution on H such that
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for all f and alln € N(C). Suppose that

(o (Ce)f) = ep(f) -

If the restriction of u to the open set {s € H : Ai(s) # 0} is zero then p is 0.

PrOOF: Let Z be the set Ay = 0. Thus Z is the subvariety of matrices of the

form
0b %
(bd) ,beC* deR.

We first prove a lemma.

Lemma 4 Let o be a distribution such that

for all ¥ and alln € N(C). Suppose that u is supported on Z. Then in fact p is
supported on the subvariety Z1 of matrices of the form

0b «
(bd) ,beR*, deR.

PROOF: Indeed let B be the group of upper triangular matrices. Then Z is one
orbit of the group B(C) and N(C) is a normal subgroup of B(C). For any z € Z
let M} be the normal tangent space to Z , that is, the quotient

T(H,2)/T(Z,z).

Let M. the r—th symmetric power of M. Let N* be the stabilizer of z in N(C).
Since N* leaves Z invariant it operates on T((H, z), T(Z, z) and the quotient M}.
Thus it operates also on the r—th symmetric power M;’. Now n, is in N? if
and only if

ub+bu=0.

This is a real vector space of dimension 1. Calling ¢(u) the action of n, on the
space of Hermitian matrices we see that ¢(u)X is polynomial in (u, X). Hence
the linear tangent map d¢(u), is a polynomial function of v and so are the linear
maps induced on T(Z, z), M} and M!. In particular a common eigenvector in
MT? of these linear maps is actually an invariant vector. On the other hand, by
a result of Kolk and Varadarajan ([7]), the support of u is contained in the set
of z such that for some r there is a non-zero vector of M} transforming under
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the character 6 restricted to N?. By the previous observation for such a z the
restriction of @ to IN? must be trivial. This means that that

w+bu=0=u+u=0.

This is equivalent to b = b which proves the lemma. O.

Now we go back to the proof of the Proposition. Recall the Casimir operator
is given by

H?> K?
CC = 7 - 7 + X+X_ +X_X+ — Xj'_X,_ - X/_Xg_ .

It can also be written

H? K?
=— —2H- —+2X, X_-2X/ X" .

Ce 2 2

In view of the invariance property of p we have for any function f

(o (X1 f)) = ku(f)

with k& # 0 and
u(o(X4)f) = 0.

Thus the second condition on p reads

(P55 = 2o - 285 1) = hnto)

However the vector fields o( H) and o(K) are tangential to the variety Z while the
vector field o(X_) is transverse. Indeed to say that a vector field Z is tangential
to the submanifold Z means that if f =0 on Z then =f = 0 on Z. Let us look

at o(H).
o) f(s) = <<oo> ’ <00>>

d
o(H)f (23) ~a! (2%%)

Thus o(H) is certainly tangential to Z. Likewise

st =as (7 25 (5.5%)

t=0

In particular

t=0

t=0
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Oa d 0 ae 2t
o(K)f (az) =l <ae2” z )

Thus o(H) is certainly tangential to Z.

In particular

t=0

A vector field = is transversal to Z at a point z € Z if there is a function f
which vanishes on Z but Zf(z) does not vanish at z. The vector field o(X_) is

transverse at any point
L= 0b
~\bd

such that b+ b # 0. Indeed using the coordinates a, z,y,d in
a T+
r—iy d

0 x+iy>_d (2tm+t2d td+a:+z'y>

we have

J(X_)\p<

x—iy d dt \td+zx—1iy d o
0 0 0 x4y
=2x—+d—)¥ , .
(x8a+ ax) <:U1y d >

We can choose ¥ so that ¥ vanishes on the subvariety a = 0 but %—f does not

0 @t ’y) with z # 0. Thus o/(X_)

ish on the subvariety at th int )
vanish on the subvariety at the poin (:c iy d

is transversal at this point.

It is an observation of Shalika ([8]) that a transverse derivative of a distri-
bution supported on Z cannot be equal to a linear combination of tangential
derivatives of the distribution. It follows that u vanishes on the open set x # 0.
It is thus supported on the closed subvariety Zy defined by x = 0,a = 0, that is
the subvariety of matrices of the form

0 2y
—iyd )’
On the other hand, the distribution is supported on Z; by the lemma. Since

Zo N Z1 = ( the distribution is indeed 0. O

We note that the analogous resul for distributions on GL(2,R) and more
general groups has been proved by Baruch.
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