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Positive currents on non-kahlerian
surfaces
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To the memory of Marco Brunella

We propose a classification of non-kahlerian surfaces from a dy-
namical point of view and show how the known non-kéahlerian sur-
faces fit into it.
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1. Introduction

Since Kodaira’s foundational work on the classification of compact complex
surfaces, non-kéhlerian surfaces have been a subject of interest for many
complex geometers. Beside the elliptic non-kahlerian surfaces and the Hopf
surfaces which were studied by Kodaira, two further series of examples ap-
peared in the seventies: the Inoue surfaces and the Kato surfaces
[Kat77]. According to the Global Spherical Shell Conjecture these
classes should exhaust all non-kdhlerian compact complex surfaces up to
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bimeromorphic equivalence. Some recent progress towards a solution of this
conjecture was achieved by Andrei Teleman in [Tel05], [Tell0], [Tell8]. His
approach is to study a certain moduli space of stable rank two vector bun-
dles on a given surface X and deduce the existence of a compact analytic
curve on X.

In this paper we look at objects on X of a different nature, namely at
positive d-exact currents. It is known by [HL83] and [Lam99] that every non-
kéhlerian surface admits non-trivial such currents. Extending our approach
from |[CT13] we introduce an invariant I(7") of a positive d-exact current T’
on a non-kahlerian compact complex surface and investigate its behaviour
for the known classes of surfaces. This analysis leads us to a rough classi-
fication of non-kéhlerian surfaces into parabolic and hyperbolic surfaces, see
Definition Note that the commonly used invariants such as the Kodaira
dimension, the algebraic dimension or the Kéhler rank do not adapt well to
the historical partition of non-kéhlerian surfaces into elliptic, Hopf, Inoue
and Kato surfaces, or to Kodaira’s partition into classes. (An example is
Kodaira’s class VII which was given a slightly restricted area in the mono-
graph [BHPVAdV04].) We show that the results of Marco Brunella’s papers
[Brul3bl, [Brul3a], [Bruld] fit perfectly into our classification. These papers
were a source of motivation for our investigation and we therefore dedicate
this work to the memory of Marco Brunella.

We start by presenting some preliminary facts in Section [2| on positive
pluriharmonic currents and on Green functions on compact complex sur-
faces. In Section [3| we propose a classification and show how the known
classes of non-kéahlerian surfaces fit into it. This is followed by a short sec-
tion presenting three conjectures inspired by this classification and by our
previous work on the Kéhler rank of surfaces [CT13]. The paper ends with
an appendix on nef (pluri)closed currents and on the corresponding positive
cones in Bott-Chern and in Aeppli cohomology.

2. Preparations

2.1. Positive pluriharmonic (1, 1)-currents on
non-kihlerian surfaces

In this section X will always stand for a non-kéhlerian compact complex
surface. It is known that any compact complex surface admits some Gaudu-
chon metric, that is a hermitian metric whose associated Kéahler form is
i00-closed. We shall call such forms Gauduchon forms and we shall fix one
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Gauduchon form w on X. We use the following definition following Lamari,
[Lam99].

Definition 2.1. A (1,1)-current on X will be said to be nef pluriharmonic
if it is a weak limit of positive i00-closed (1,1)-forms on X (or equivalently
a weak limit of Gauduchon forms).

Nef pluriharmonic currents are clearly positive and i90-closed. In the
case of surfaces, extending the characterization of compact non-Kéhler man-
ifolds given by Harvey and Lawson in [HL83|, Lamari shows that any non-
kéhlerian surface admits some non-trivial nef pluriharmonic current which is
d-exact, [Lam99, Theorem 7.1]. Since its evaluation on the Gauduchon form
w is positive, it follows that its Bott-Chern cohomology class is non-zero.
Moreover, up to a positive multiplicative constant there is only one such class
in Hllg’é(X ,R). In the sequel we shall denote by 7 a smooth representative
of such a class. We fix the class {7} by requiring [, 7 Aw = 1.

Note also that the intersection form H}S’é(X, R) x Hjlg’é(X, R) - R,
({a},{B}) = [y @ A B is negative semi-definite with totally isotropic space
spanned by the class of 7, see Section |5, Therefore, since H}B’(lj(X ,R) and
Hil’l(X ,R) are dual under the natural pairing, it follows that the kernel of
the morphism j : Hllg’é,(X ,R) — Hil’l(X ,R) is of dimension 1 and is gener-
ated by 7, and the cokernel is also of dimension 1, the image of j consisting
of the classes that vanish on 7. Here we have denoted by H}B’é(X ,R) and by
Hil’l(X ,R) the corresponding Bott-Chern and Aeppli cohomology groups;
see Section [p| for definitions and further facts on these topics.

Proposition 2.2. Let T be a positive, 90-closed (1,1)-current on X. Then
T has a decomposition

(1) T=> ¢lE]+T
JjeJ

where J is a countable set, c; > 0 are non-negative real numbers, E; are
irreducible compact curves on X and T' is a nef pluriharmonic current.

Proof. Given an irreducible compact curve E C X, Bassanelli in Theorem
4.10 in [Bas94] proved that xgT is a current of the form f[E], where f is
a weakly plurisubharmonic function on FE. Since F is compact, it follows
that f is a constant ¢, and, therefore, for a given irreducible compact curve
E C X, the current T can be written as ¢[E] + T", where T is a positive
pluriharmonic current such that ygT’ = 0.
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If X is non-elliptic, then there are finitely many compact curves F; on
X and from Bassanelli’s Theorem it follows that 17" can be written

(2) T=> ¢lE]+T

where xp, 7' = 0, V.

If X is elliptic, denote by C the set of all compact complex curves in
X. If w is a fixed Gauduchon form on X, then there exists ¢ > 0 such that
wa > ¢, VE € C, see Remark Now if n € N, denote by

1
eu={pecher> i)

and by E, =Ugec,E. We c%aim that C, is finite. Indeed, we have
T> T = T> —[FE] and theref
> XE, Z xel > Z n[ ] and therefore

EecC, EeC,
1 1
w/\TZZ— w > —-c-card C,,.
X EcC "JE "

and this inequality proves the claim stated above. Here we used the fact that,
if A and B are analytic subsets of pure dimension 1, such that C':= AN B
has zero dimension, then xyaupT = xaT + xBT. Indeed, xauBT + xc1 =
xAT + xBT, and, since C' is a finite set of points, it follows that xoT =0
[AB93] (see below for a more detailed proof of xcT' = 0).

Denote by T}, the d-closed current Z xeT'. It is d-closed because each

EeC,
XeT is of the form c¢[E], with ¢ a non-negative constant. Clearly C,, C Cp11,

and therefore T),41 > T),. Denote by Cy+ = U,C,, = {E € C|xgT # 0}. Since
C, are finite sets, it follows that C is a countable set {E£;|j € N}. Note that

N
/ W/\ZXEjTS/ w AT. Indeed, if / W/\ZXEjT>/ w AT, pick
X ; X X = X
n so that {E;|1 <j < N} C Cp, and then Z;VZI xg,T < T, <T, contradic-
tion. Therefore } . xp,T is a closed positive current of the form }, c;[Ej]
and Zj Cj [E]] S T. B
The current 7" := T — ch [E;] is a positive i00-closed current. From

j
the construction of ch [Ej], it follows that xg1” =0, VE € C. Indeed, if

J
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xeT" = ¢[E] with ¢ > 0, then from 7" < T it follows that xgT = d[E] with
some d > 0, therefore E is in C; and there exists k € N such that d = ¢
but then xp, 1" =xpT — x5, 2_; ¢[Ej] = ck[Ex] — XB.cr[Ex] = ci[Ex] —
ck[Ex] = 0, contradiction.

Therefore, on any non-Kihler compact surface, the positive i09-closed
(1,1)-currents admit a Siu decomposition.

We have to prove that T is a nef pluriharmonic current, i.e., that it
belongs to G, the weak closure of the cone of Gauduchon metrics G in
D'LL (X R) the space of (1,1)-currents.

Suppose that 7" ¢ G; then let K = {G € G|{w,G) = 1} where w is our
fixed Gauduchon form and L = RT" C D'MY(X,R). Since LN K =0, K is
weakly compact and L is closed, they can be separated by a C* (1,1)-
form 6 such that (0, G) > o > 0,VG € K and (0, G) < 0,VYG € L. We obtain
0,7y =0 and further from Lemme 1.4 in [Lam99] applied to the form
0 — eow that there exists ¢ a distribution such that

(3) 0 +i00p > eqw.

It follows that ¢ is actually quasi-plurisubhamonic, and from Proposition
3.7 in [De92], we can approximate ¢ by another quasi-plurisubharmonic
function ¢’ which has logarithmic poles (in particular the set Ey = {z €
X|v(¢',z) > 0} is an analytic subset of X), and such that

(4) 100y > 8—20w — 0.

Note that xg, 7’ = 0. Indeed, xcT" =0 for any irreducible compact
curve in X, and, if Y is a finite set in X, then the fact that xy7T’ =0
follows from [AB93]: denote by (7")° the simple extension of T"[x\y. Its
existence is guaranteed by Theorem 5.4 in [AB93]. It is a positive plurihar-
monic current (see also Remark 5.5 in [AB93]). Then xyT' =T — (T7)° is
positive, pluriharmonic and supported in Y. From Theorem 5.1 in [AB93] it
follows that xyT” = 0.

Apply Proposition 3.1 in [Lam99] with T=T", x = ¢, a=0,Y = E,,
n =0 and

€0

(5) ’y:Ew—G.

It follows that

(6) 0=(0.T) > J{w,T) ~ (0.T') = (. T")
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hence 77 = 0, contradiction. O

In the above proof we made use of the following

Remark 2.3. If (X,w) is an n-dimensional compact complex manifold en-
dowed with a hermitian metric, then there is a constant ¢ > 0 such that for
any positive (non-zero) k-cycle E on X we have

/wkZC.
E

Indeed, the void cycle, which we denote by 0, is an isolated point in the cycle
space Ci(X) of k-dimensional cycles on X, [BM1}}, Remarque after Lemme
IV.2.2.3], the volume function with respect to w is continuous on the cycle
space, [BM1}), Proposition 1V.2.3.1], and the set of all cycles whose volume
is bounded from above by some constant M is compact, [BM14, Théoréme
I1V.2.7.20], which is a consequence of Bishop’s Theorem. Thus the minimum
of the volume function restricted to Ci(X) \ {0} is attained and is non-zero.

Proposition 2.4. Let T be a positive i00-closed (1,1)-current such that
fX TAT =0. Then T is closed. If, moreover, T is nef pluriharmonic, then
it 1s d-exact.

Proof. Since fX TAT =0 and 7 is d-exact, it follows that fX TAT =0,
where T” is the nef pluriharmonic current that appears in Proposition
Thus T is a weak limit of Gauduchon forms 7’ = limw,,. We noted above
that the natural morphism H}B’é(X ,R) — Hil’l(X ,R) has a 1-dimensional
kernel, therefore its image has codimension 1. So Hil’l(X ,R) is generated by
the class of w and the image of Hé’é(X ,R) and therefore each w, can be
written

(7) W = Enw + ap + 05, + 0oy,

(8) 5n:/TAwn—>/TAT’:O,
X X

o, are d-closed (1, 1)-forms, and o, are (1,0)-forms. Indeed,

/(wn—anw)/\T:0
b'e
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and, as explained above, it follows that the class of w, — e w in HY A "(X,R)
is in the image of the natural morphism j : H}B(lj(X R) — H1141(X R), see
also the Appendix.

Then

0>/ /an~l—dan—|—an))
X
—/( snw+00n+0an)
X
:/(wn—snw)Q—l—Q/ doy, A\ 0ay,
X X
:/wi—Zen/wnAw+ei/w2+2/ oy, N 05,
X X X X
—25n/wn/\w+si/w2+2/ Doy, N Oy,
X X X

Since [y wn Aw = [ T" Aw and g, — 0, it follows that

v

(10) / 9o A5 - 0
X

and therefore o, — 0 strongly in L?, in particular as currents. So from @
(11) OT' = lim dw,, = lim(g,,0w + dda,,) = — lim ddo, = 0,

therefore T” is closed and hence T is closed as well.

If T is nef pluriharmonic and d-closed, let o be a C* representative
of T in the Bott-Chern cohomology class of T, i.e., T = a + i00¢ where
 is a quasi-plurisubharmonic function on X. If T' = lim w,,, where w,, are
Gauduchon forms, then

(12) 02/042:1im/a/\wn:hm/T/\wnzo
X X X

SO f X a? =0 and « is d-exact and therefore T is d-exact. We have used the
fact that the intersection form on H BC(X R) is negative semi-definite with
totally isotropic space spanned by the class of 7. O
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2.2. Positive exact (1,1)-currents in L? (X))

We shall denote by L?(X) and by L? | (X) spaces of currents with coefficients
in the corresponding spaces of functions without making their degrees pre-
cise. A closed positive current of bidegree (1,1) is in L?(X) if it admits
local O0-potentials which are square integrable along with their gradients.

Bedford and Taylor defined in [BT78] the self intersection of a closed
positive (1,1) current T in L?{(X) as follows: if T = i90u on some open
subset U of X and if ¢ is a test function on U, then

<TAT,9 >::/1/)T/\T::—/i65w/\i6u/\5u.

A direct computation shows that this definition does not depend on the
chosen i90-potential u and the definition is extended by linearity to define
a current on X. By [BT78, Theorem 3.6] T'A T is a positive (2,2)-current
on X. This may also be seen in the following way. Let €2 be an open subset
of C2. For a plurisubharmonic function u in L#(2) we define a distribution
M A(u) on Q by setting

(13) MA(u)(¢) := — /i@éw A i0u A Ou.

We regularize u in the usual way by means of a sequence of regularizing
kernels (pe)e converging to the Dirac distribution. The sequence of func-
tions u := u  p. decreases towards u. The functions u. are in C*°(§2) and
plurisubharmonic on the smaller open sets .. By the Meyers-Serrin theo-
rem we also have lim._ou = u in L%(Q) Thus if ¢ is a test function on
2, then Supp(¢)) C Q, for 0 < e << 1 and lime0 M A(ue)(¢) = MA(u) ()
and on the other hand

MA(ue) () :== /Qia&b A iOue A Oue = /Q@D(iﬁéuﬁf

which will be positive if v is positive.

From the degeneration of the Frolicher spectral sequence at the Fq-level
for compact complex surfaces [BHPVdV04, Theorem IV.2.8], it follows that
if T is an exact positive (1,1) current, then there exists a bidegree (0, 1) cur-
rent S such that T = 95 and 9S = 0 (see Lemma 12.1 p.42 in [BHPVAV04]).
(In fact it is not difficult to check that any bidegree (0,1) current S’ with
0S5’ = T has the property 05’ = 0.) We investigate the situation when T is
in L2 (X).
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Proposition 2.5. Let T' be a positive d-exact current of bidegree (1,1)

in L2 (X) and let T = 0S for some bidegree (0,1)-current S. Then S is

in L*(X), iS A\ S is i00-closed, and xyiS NS =0 for any compact proper

analytic subset Y of X. In particular, iS A S is a nef pluriharmonic current.
Moreover the value of the integral

/ TAISAS
X
depends only on T and not on the chosen potential S.

Proof. Note that if T is in L?;(X), then the ellipticity of d on (0,1) forms
implies that S is in L2(X), hence iS A S is well-defined and is a (1, 1)-current
with L' coefficients.

Locally we may write T = i00u and S = i0u. It follows that: [T AT =
—f 100y NiS A S for any C™ function ) on X and in particular estimating
on ¢ =1 one gets T AT = 0 and i99(iS A S) = 0.

If dimY = 0, the statement on the vanishing of yyiS A S follows from
[AB93] as in the proof of Proposition[2.2] If dim Y = 1, the statement follows
from the fact that iS A S has L' coefficients, and an L!-function cannot
dominate a Dirac measure. Indeed, if xyiS A S = ¢[Y] with ¢ > 0, then iS A
S > c[Y] and if (¢n)n is a sequence of positive functions that converges
pointwise to xy, then, from the dominated convergence theorem, it follows
that

/iS/\S/\cpnw—>0
X

while [, pnw — [, w > 0. Therefore the inequality iS A S > ¢[Y] cannot be
true with ¢ > 0.

If S1, So are two primitive currents for T as above, then 7 := S — Sy is a
holomorphic 1-form on X. If this form is non-zero then in A 77 is a non-trivial
closed positive (1,1)-form such that [, (in A 7)? = 0 hence as remarked in
Section {r} =clinnn} e HE’é(X, R) for some positive constant ¢. Thus

/TAiSl/\Sl—C/i?7/\77/\i(§2+77)/\(52+77)_/TAiSQASQ.
X X X
O

Definition 2.6. Under the above assumptions, i.e. for a positive d-exact
current T = 9S of bidegree (1,1) in L?|(X), we define a linear form I(T)
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on Ker(Hé’(lj(X, R) — Hi’l(X, R)) by setting

I(T)(«) := /Xa/\iS'/\S.

Note that the linear form I(T') is determined by its value on 7, which is
exactly the integral appearing in Proposition |2.5

2.3. Green functions

To our knowledge the notion of Green function for a non-kihlerian surface
appears first in the paper [D0O99]. It was further used in [Brul3al and in
[Bruld].

Definition 2.7. We say that a compact complex surface X admits a Green
function if there exist a Z-covering w: X' — X, a divisor D >0 on X and
a negative plurisubharmonic function G : X' —] — oo, 0] which is multiplica-
tively automorphic on X' and pluriharmonic on X'\ 7=1(D). Being multi-
plicatively automorphic for G means that if g € Aut(X') generates the deck
transformation group of m: X' — X, there exists a positive constant k such
that G o g = kG. We will always implicitely assume that Green functions are
non-trivial in the sense that X' is connected and that k # 1. By interchang-
ing g and g~ we may further assume that k < 1.

Proposition 2.8. If (m,D,G) is a data system defining a Green function
on a compact complezx surface X and if u := —log(—G@G), then the following
assertions hold:

1) w is plurisubharmonic and additively automorphic. The additive auto-
morphy for w means that uwo g = u + p, where p := —logk.

2) i00u has trivial automorphy and it defines a non-trivial exact positive
current on X. In particular X is non-kdhlerian.

3) X is non-elliptic.

4) i00G = >_; a;[Djl, where D; are the irreducible components of T~ Y(D)
and a; are non-negative constants.

5) w is in Liloc(X’) and

i00u = idu A Ou.

6) i00u is in L?(X) and I(i00u) = 0.



Positive currents on non-kahlerian surfaces 385

7) For any continuous p-periodic function h : R — R satisfying 1 + h' +
R’ >0 as distributions, the function v := u + h o u, understood as be-
ing —oo on the polar locus of u, is plurisubharmonic, additively au-
tomorphic and defines an exact positive (1,1)-current T := id0dv €
L2 (X) with I(T) = 0. Moreover, such a function v satisfies i00v =
iOv A Ov if and only if it equals u up to an additive constant.

Proof. The function ¢ :] — 00,0[— R, t — —log(—t) is convex and increasing
hence u is plurisubharmonic. The assertions on the additive automorphic
behaviour and on the fact that i99u descends to a non-trivial exact positive
current on X are clear. (Note for later use that du and Ou also descend to
X.)

Suppose now by contradiction that X is elliptic with elliptic fibration
f: X — B over a compact complex curve B. By Liouville’s theorem it fol-
lows that G is constant on the connected components of the general fibers
of fom: X' — B. Indeed, Liouville’s theorem says that any upper bounded
subharmonic function on C is constant. In our case the connected compo-
nents of the fibers of fonm: X' — B are compact or else isomorphic to C
or to C*. Note also that a negative subharmonic function on C* which has
non-trivial multiplicative automorphy has a pole at one of the ends of C*
and extends to C as a subharmonic function. Thus, by the automorphic
behaviour of GG, the connected components of these general fibers are el-
liptic curves and 7 factorizes through a Z-covering «’ : B — B of the base
and a proper elliptic fibration f': X’ — B’. Clearly G and u descend then
to plurisubharmonic functions on B’ with the corresponding automorphic
behaviour. But as above this contradicts the fact that B is Kéhler.

Thus X is non-kéhlerian of algebraic dimension zero and the consider-
ations in [Brul4l pp. 252-253] apply to show that 7~ 1(D) is a divisor with
simple normal crossings and that i00G = Y ; aj[Djl.

We now look at u:= 1 o G. From [Blo09, Theorem 1] it follows that u
is in Liloc. We now show that i90u = i0u A Ou. Since 100G = > a;[Dj]
and 7~1(D) has simple normal crossings, we can assume that locally around
of point of 771(D), the Green function G can be written as Go(z1, 22) =
2a4 log |z1| + 2a2 log | 22|, where a1,a2 > 0 and a; + ag > 0, where Gy is de-
fined on the polydisc {(z1, 22)||z1| < 1,|22| < 1}. Indeed, if there is a differ-
ence, G — G, between the two functions then it must be pluriharmonic and
thus of the form 2R f for some holomorphic function f. But then we may
change the coordinate function z1, say, to z1es1 and obtain the desired local
expression for G. We consider next the smooth plurisubharmonic functions
Ge(z1,22) = aylog(|z1]? + €) + azlog(|22|? + €), € > 0. Clearly, (Ge)eso is a
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family of functions that decreases to G. Denote by u. = —log(—G:) on
1 1 . .
(21, 22)]|21] < 2 |z9| < 30 Since (ue)eso decreases to u when £ — 0, it

follows that (i00ue).~o converges to i00u weakly. At this point one may

infer from [Ceg07] that du. — du in L?. However in our case one can see

this also by a local direct calculation as follows. Away from D one gets
0G, zZ1dz Zodzo

Ou. — — 27 _ _
R (P P r R (P S e

and when aj # 0 it is therefore enough to check that the sequence
Z1 Z1
————— | converges towards
(la?+e)Ge /. 7 |21Go
other component being similar. We have

|Z1] ( 1 1 )
< 2 2
|Gol \|z1]* |21 +¢

2 < 11 >
+ 1 - :
|Zl| +¢€ —GE —GU

E2

121|2(|21]2 + €)2G§

in L? locally around 0, the

‘ 21 B 21
(lz1? +)Gs [=1]2Go

Now the first term squared gives

which is bounded by

62

af|z1?(|z1 | + €)2log?(| 21 |2)

b 62

which in turn leads to an integral of the form —————— 5 dt for some
0 t(t+e)?logt
fixed b €]0, 1[. The integrands are uniformly bounded by the function Tloa%1
0g
which is integrable on ]0, [ and we conclude by Lebesgue’s dominated con-
vergence theorem for this term. We now turn our attention to the second
term. We have

’21| 1 B 1 B ‘21’ G: — Gy
|21|2 +é —GE —GO

N |21’2+€ ‘ GEGO
B E a1 log(1+ﬁ) + as log(1+ﬁ)
- ’21‘2 +é G()Gg
1 1 €
< + -Clo <1 + >
|z1](—log |z1]?) ~ |21](—log|z1?) & 22|
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for some constant C' not depending on &, where for the first term we used
the inequalities

]21|a1 log <1 + ﬁ) |Zl|a1ﬁ

(I +8)GoG: ~ (|21? + €)(—arlog |z1]?)(—ar log(|z1[* + €))
1

<
" lail(=log|z1f?)

which hold for z and € small. We may again apply Lebesgue’s dominated
convergence theorem since the bounding functions are square-integrable.

It follows that idu. A Ous — iOu A Ou in L'. It remains only to prove
that i00u. — i0u. A Ous — 0 weakly.

Straight forward computations show that

100Uz — i0ue N Oug = —GiiagGE

1
2id21 ANdZ1 + as

£
- - 1dzo N\ dZ
G- <‘“<|zlr2+e> 210 ZQ)

£
(l22]* +¢)

1 1 1
and for e < 2’ |z1] < 2 |z2| < 5 we have G. < ajlog(|z1|> + ¢) and G. <

as log(|z2|? + €), hence

0 < i00u. — iOuz A Ou.
1

€

< _ .

log(|z1]* +€) (|z1]* +e)
1

5 idz1 AN dzy

S idz Adz
— . 1a.z VA
log(|z2+¢e) (2 +e)2 2777

therefore, in order to show that i90u. —i0ue. A Qu. — 0 weakly, it
€

B2y log(lz]* +e)(|z* +¢)
€ —0, e>0. A polar change of coordinates leads to the condition

is enough to show that 5dzdz — 0 when

lim L 5 - 3 5dr =0 and the substitution s= 2 +¢ to
=0 Jo  log(r? +¢)(r? +¢)
i-&-& e 1
lim ————ds = 0. Since ¢ < _, it follows that
=0 J, logs-s 2

e :
[ L
- logs- s . logs-s
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n

and if n is any positive integer and ¢ < e™", we write

3 —n

3
1 € 1 € € €
————ds :/ —ds—i—/ ——ds.
/5 log s - 2 e—n logs - s2 - log s - 52

e " e~ " n
€ € 1 ee 1
/ —2ds§/ gds=——— < —
- logs- s e N-S n n n

Now

3
1 1
and if we choose € such that furthermore / —%ds < —, we obtain
, e-n logs-s n
4 € 2
that / —————ds < —. Therefore
. logs-s n
. € _
lim 5dzdz =0

&0 Jp,1) log(l2l2 + &) (|2 +¢)

and i00u = iOu A Ou. Thus idu A du is d-exact and hence I(i0du) = 0.

Let finally h be a p-periodic function satisfying 1+ h'+h"” >0 as
distributions and let v :=wu+ howu. Away from the poles of u we have
i00v = ((1 +h + h") ou)iddu and the plurisubharmonicity of v here is a
consequence of our assumption on h. By the mean value inequality v is
plurisubharmonic around the poles of uw as well. Since h is continuous and pe-
riodic it will be bounded by some positive constant C' and we get v > u — C.
Thus the singularities of v are no worse than those of u, by [Blo04, The-
orem 3.3]. (Note that the negativity assumption present in [Blo04, The-
orem 3.3] may be achieved locally by substracting some positive constant
since plurisubharmonic functions are by definition upper semicontinuous and
hence are locally bounded from above.)

We now check that I(T) = 0. For this, note first that the condition
1+h +h" >0 is equivalent to (e +e'h/) >0 and thus we may define
an increasing function f:[0,00[— R by f(z):= (¢! + e'h')'([0,]), since
(e! + e'h') is a positive measure. The function f is the (essentially unique)
primitive of the positive mass (e! + e'h’)’ on [0,00[. Since f is increasing,
it is measurable and locally bounded. Taking into account periodicity one
obtains that the distribution A’ is represented by an L function. Thus we
can write

(14) i0v A Ov = (1+ h' o u)?idu A Ju.
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We shall exhibit a positive constant ¢ and a continuous p-periodic function
g on R such that

(15) (1+ h ou)?idu A du = i00(pu + g o u),

from which we immediately see that iOv A Qv is d-closed and hence I(T) =
1 [P 1 P

0. Put H := (1+ 1) p:= / H(s)ds, C := / (e°H(s) — e’u)ds

P Jo e’ —1Jo

t t
and g(t) := / (H(s) — p)ds — et/ (e*H(s) —e*u)ds+C(1—e ). We
next check thaqc w and g fulfill the degired conditions.

Since H is in L*™ we get that pu, C' and g are well defined and that g is
continuous. To see that g is p-periodic we compute

t+p t+p
gt +p) —g(t) = /t (H(s) — p)ds — e_t_p/0 (e°H(s) — e’u)ds
we [~ s+ Ol =t
/ (H(s) — p)ds — e~ p/o (e*H(s) — e’u)ds
t+p
- p/ —e’p)ds

p

t
+ e_t/ (e*H(s) — e*u)ds + Ce t(1 —e7P)
0
t
= —e P(eP —1)C — e_t_p/ (e¥TPH(s') — e *Pp)ds’
0

t
+ e_t/ (e*H(s) — e*u)ds + Ce ' (1 — e7P)
0
=0.

Moreover, direct computation also shows that as distributions

g(t)=e" /0 (eSI—;T(s) —e’u)ds + Ce™
= —g(t)+ /0 (H(s) — u)ds + C,
§"(t) = g(t) - /0 (H(s) - p)ds + H(t) — C — p
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and
g//_‘_g/_{_,u —f

In particular ¢’ and ¢” are represented by continuous and L°° functions,
respectively. The equation is established now by developping its right-
hand member:

i00(pu + g o u) = piddu + i0((g' o u)ou)
= 1i00u + (g” o u)idu A Ou + (¢’ o u)idou
= (H o u)idu A Ou.

Let finally v = u + h o u be as above and such that i90v = idv A Ov. We
shall show that in this case h must be constant. Put f := e’ + ¢'h’. We have
seen that it is an increasing function. Using the equation , the condition
i00v = iOv A Ov on v may be reformulated as

peetp,

which in particular implies that f is differentiable and is either identically
zero or vanishes nowhere. But the first situation cannot occur by the peri-
odicity of I/, so we may find f by integrating

P
fz
We deduce
1
—m =-1 + Cet

for some constant ¢ which has to vanish by periodicity of A’ again. Thus
I =0, proving that h is constant as stated. O

In fact it will follow from the work of Brunella in [Brul3a], [Brul4] and
from our Proposition that if X admits a Green function then all exact
positive (1, 1)-currents on X are up to a multiplicative factor of the form
i00v for an additively automorphic function v as above, see Corollary
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3. Classification of non-kahlerian surfaces from a dynamical
point of view

3.1. The known classes of non-kahlerian surfaces

Recall that a compact complex surface is called minimal if it does not appear
as a blowing up of a point of another smooth complex surface. Any compact
complex surface X appears as the result of a finite sequence of blow-ups of
points on a minimal surface Y. In this case Y is called a minimal model
of X. Thus the classification of compact complex surfaces reduces itself to
the biholomorphic classification of minimal models. Moreover a surface is
kéhlerian if and only if it admits a kahlerian minimal model. Note that
any non-kdhlerian surface admits a unique minimal model [BHPVdV04]
Theorem VI.1.1].

We also recall that the algebraic dimension a(X) of a non-kéhlerian
surface X can equal 0 or 1. It is 1 if and only if X is an elliptic surface.
When a(X) = 0 there exist only finitely many compact complex curves on
X. In this case we will denote by D4, the maximal effective reduced divisor
on X. For these facts and more on compact complex surfaces we refer the
reader to the monograph [BHPVAV04].

The known minimal non-kahlerian surfaces may be divided into the fol-
lowing classes:

1
2

) minimal elliptic non-ké&hlerian surfaces,
) non-elliptic Hopf surfaces,

3) Inoue surfaces,
)

4) Kato surfaces.

We will say that a non-kéhlerian surface is unknown if its minimal model
does not belong to one of these classes.

Here we will give a short description of each class; see [Nak84] for a
detailed exposition.

3.1.1. Minimal elliptic non-k&ahlerian surfaces. These are by defini-
tion minimal surfaces X with odd first Betti number, admitting a fibration
7 : X — Y with elliptic general fibers onto a curve Y. It can be shown [Bri96,
Proposition 3.17] that in this case the fibration 7 is a quasi-bundle, i.e. all its
smooth fibers are pairwise isomorphic and its singular fibers are multiples of
smooth elliptic curves. From loc. cit. it also follows that h10(X) = h10(Y),
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i.e. all holomorphic 1-forms on X are pull-backs of holomorphic 1-forms on
Y, see also the proof of the next proposition.

Proposition 3.1. If X is a minimal elliptic non-kahlerian surface, then
the following assertions hold:

1) Ewvery positive divisor D on X is a positive combination with ratio-
nal coefficients of fibers of m and is homologically trivial over Q. In
particular there exist exact positive (1,1)-currents on X not in Lz_l.

2) All exact positive (1,1)-currents T which are in L* necessarily have

I(T) # 0.

Proof. Let D be an irreducible curve on X and let F’ be a general fiber of
the elliptic fibration 7 : X — Y. If D is not contained in a fiber of 7, then
the self-intersection number of the divisor D + nF will be positive for n
large, implying that X is projective, cf. [BHPVdV04, Theorem IV.6.2]. Thus
D must be contained in a fiber and, since 7 : X — Y is a quasi-bundle, a
multiple of D is homologically equivalent to F' and thus D is homologically
trivial over Q.

Let now T =i0S be an exact positive (1,1)-current on X, with S a
(0, 1)-current with coefficients in L?(X). Let wy a volume form on Y. Then
wx = m*wy is positive non-trivial and such that wx A wx = 0. Thus {wx} =
c{r} e Hi-;é(X, R) for some positive real number c. Suppose that

(16) 0=1I1(T)(wx) ::/iS/\S/\wX.

We shall show that T' = 0.

Let Y° be the set of regular values of 7 and set X°:=7"1(Y°). We
will begin by working on X°. Since 7 : X — Y is a quasi-bundle it follows
that the fibration 7° : X° — Y° is locally trivial over Y°. For such a local
trivialization we choose local coordinates (z,w) on X° where z is a local
coordinate on Y° and w is a coordinate for the fiber direction. The formula
implies that S = fdz where f is locally in L? on X°. Since T is real and
T = i0S we also get % = 0 as distributions. Since 95 = 0 we further get
% = 0. Thus the distribution f is independent of the w coordinate and it
follows that f is a tensor product of the function 1 in the vertical direction
with an L?OC—function f° on Y°, cf. [Sch66, IV.5.Exemple 1]. Setting R°® =
f°dz on Y° we may say that S ”comes from R° from the base”, meaning by
this that S is the tensor power of the function 1 in fiber direction with R°

in horizontal direction. The form R° has coefficients in L? (Y°). Moreover,
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T ”comes from iOR° from the base”, in particular iOR° is a positive (1, 1)-
current on Y°. We shall next show that it admits an extension to Y as a
positive exact (1, 1)-current. From this it will follow that i{0R° = 0.

We look at the situation around a singular fiber of 7 over some critical
value yg € Y. By [BHPVAV04, Proposition II1.9.1 and p.207] we know that
over a small neighbourhood V' of yg in Y the restriction Xy of X may be seen
as the quotient p: T x D — Xy of T x D by the action of Z/nZ generated
by (w, z) = (w + 1/n, pz) where T is a one dimensional complex torus given
as C/A, A is the lattice generated by 1 and some a € H, and p = exp(2Z).
Supposing that V is biholomorphic to D we thus get a commutative diagram

TxD-2> Xy
lprz iﬂ'
D—* .V,

where ¢(z) = 2. Note that p is an unramified covering map. Let w be
a parallel volume form on T with [Lw=1. Then Q:= p,((pr1)*w) is a
closed positive (1,1)-form on Xy such that over V* :=V \ {yo} one has
T (Qx,.) = ly+. Since it can be considered on the whole Y, this extension
must be trivial. Then the currents 7, (S A Q) and 7, (T A 2) extend the cur-
rents R° and respectively iOR° over yg on V and 7.(T A Q) = i0m.(S A Q).
Thus the current :0R° extends as a positive exact current on Y and is there-
fore trivial. Thus T itself is trivial on X°. But then T is concentrated on a
finite number of fibers of w. Unless T" = 0 this contradicts the assumption
T € L? {(X) and the proof is finished. O

3.1.2. Non-elliptic Hopf surfaces. A compact complex surface X is
said to be a Hopf surface if its universal covering space is isomorphic to
C?\ {0}. A Hopf surface is called primary if its fundamental group is infinite
cyclic, and secondary otherwise. The following facts on Hopf surfaces X and
much more were shown by Kodaira in [Kod66]:

1) If X is a primary Hopf surface, then its fundamental group is gener-
ated by a contraction g : C?\ {0} — C2\ {0} which for suitable global
holomorphic coordinates (21, z2) on C? has the following normal form

(17) g(21, 22) = (121 + A\23", an22),
where m € Z~q, a1, a2, A € C and

(a1 —ay)A =0, 0 < |ag| < |az| < 1.
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2) A primary Hopf surface X = (C2\ {0})/(g) with g as above is elliptic
if and only if A = 0 and oz’fl = 0/52 for some positive integers ki, ko.

3) If X = (C?\ {0})/m1(X) is a non-elliptic secondary Hopf surface then
its fundamental group m1(X) is isomorphic to Z x (Z/IZ) where the
direct factor Z is generated by a contraction g of the form and the
finite cyclic group Z/IZ is generated by an automorphism of C2\ {0}
of the form

(2’1, ZQ) —> (6121, 62Z2),

where €1, €2 are primitive [-th roots of unity satisfying.
(e1 —eg)A = 0.

In particular X admits a finite unramified cyclic covering by the pri-

mary Hopf surface (C?\ {0})/(g).
4) bl(X) =1 and bQ(X) = 0.

5) Non-elliptic Hopf surfaces contain one or at most two irreducible com-
pact curves according to whether A # 0 or A = 0, for A as in equation

. These curves are elliptic.

In their study of closed positive (1, 1)-currents on compact complex sur-
faces done in [HL83], Harvey and Lawson subdivide non-elliptic primary
Hopf surfaces into two classes. Their definitions are immediately extended
to secondary non-elliptic Hopf surfaces too as follows:

1) Class 1 contains those non-elliptic Hopf surfaces for which the co-
efficient A in the above formulas vanishes. (Thus this class contains
exactly those Hopf surfaces admitting precisely two elliptic curves.)

2) Class 0 contains those non-elliptic Hopf surfaces for which A # 0.
(These are the Hopf surfaces containing only one elliptic curve.)

Proposition 3.2. 1) Up to a non-negative factor there exists exactly
one closed positive (1,1)-current on a non-elliptic Hopf surface of class
0. This is the integration current along the elliptic curve of the surface.

2) Every non-elliptic Hopf surface X of class 1 admits non-trivial closed
positive (1,1)-currents T in L? {(X) and for such currents one always
has I(T) # 0.

Note that on a Hopf surface X closed positive (1,1)-currents are exact
since by(X) = 0, so in the above statement I(7") is well defined.
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Proof. The assertion on Hopf surface of class 0 was proved in [HL83, Theo-
rem 69| for primary Hopf surfaces. The case of the secondary Hopf surfaces
immediately follows from this by pull-back and push-forward through the
finite covering map (C2\ {0})/(g) — (C2\ {0})/(Z x (Z/1Z)).

In the same way it will be enough to establish the second assertion only
for primary non-elliptic Hopf surfaces of class 1. Let X be such a surface
given by a contraction g of the form

9(z1, 22) = (121, 222),

with 0 < |a1] < |az| < 1. The existence of non-trivial closed positive (1, 1)-
currents in L2 | (X) follows from [HL83, Theorem 58], where it is even proved
that smooth such currents exist. More precisely in [HL83] Harvey and Law-
son consider the following objects on C2?\ {0} some of which obviously de-
scend to X. Set

_ log|aq|

~ logan|’
¢: C?\ {0} = R, ¢(21,22) := log(|z1]* + |22*"),
N = zodz; — rz1d2e.

QO 85 |22|2(T—1) . _
= 1000 = (R g P TN
0 0
Vi=rzg— — 2z

621 287227
|21

Tm: X — [0, 1], 77(21,22) = W

It is said in [HL83] that the form 2 is smooth on X but this might not be
the case around the elliptic curve E; := {23 = 0} when r ¢ N. To remedy to
this one may consider

ot
r
¢ C?*\ {0} = R, ¢/(21,22) = log(|22|* + [21]*"),
0 = z1dzg — v zdzy = —1'n).
‘Z1’2(r’71)

Q :=i00¢' = ~in AT,
R ETR R

|22|?

X —=[0,1], (21, %) = — s,
[ ] (1 2) |22|2+]Z1|2T
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and
= (Wom)Q+ (por)¥

where 9 : [0,1] — [0, 1] is smooth and equals 1 in a neighbourhood of 0 and
0 in a neighbourhood of 1. Then Q is a smooth positive d-closed (1,1)-form
on X without zeroes on X. The d-closedness of ) follows from the fact that
Om and Or’ are proportional to  on X \ F1 and on X \ Es, respectively.

Note further that the holomorphic vector field V' defines a holomorphic
foliation F on X, which coincides with the complex foliation defined by €
(i.e. the foliation whose leaves are tangent to ker(Q)).

Let now T be a non-trivial closed positive (1,1)-current in L% (X).
By [Tom08, Proposition 4] there exists an additively automorphic i90-
potential u of 7" in L? loc((C2 \ {0}) Supposing by contradiction that I( ) =
0, we infer that u‘?u AOuAQ =0 on X. This implies that duAQ =0
and Ou A Q = 0. Indeed, since at any point z € X the (1,1)-form Q has
rank one, it may be written locally as Q =i8 A 3 for some (1,0)-form
B and thus 0 = iOu A OuANiBAB =0uABAOuA B =adz Adz Aadz; A
dzy = |a|?idz; A dZ; Addze A dZ2, where adz; A dzg is the expression of the
(2,0)-form du A S in local coordinates around x. Hence du A = 0 and thus
the L2-forms du A Q and du A € vanish identically. In fact since the foliation
F is holomorphic, we may express ! as Q = if (¢1,¢2)d¢y A d¢ for suitable
local holomorphic coordinates (1, (2). It follows that gg =0, g—@ =0,s0uis
a function depending locally only on the (; variable. In particular the restric-
tion of u to those leaves of F not contained in the polar set of u is constant.
We now show that this implies that u has trivial additive automorphy and
hence that T = 0. For suppose by contradiction that w o g = u — p withp > 0
and let z be a point in C* x C* with u(z) # —oo. Then u(g(z)) = u(z) — p
and by the upper semi-continuity of w its values in a neighbourhood of g(2)
cannot be larger than u(z) — %, say, on one hand. On the other hand it is
shown in [HL83, Lemma 54] and its proof that the leaves of the foliation F
pulled-back from F to C? \ {0} are dense in the fibers of 7 o g. Thus the leaf
of F passing through z comes arbitrarily close to g(z). Since u is constant
equal to u(z) on this leaf we get a contradiction. O

3.1.3. Inoue surfaces. In this paper by an Inoue surface we mean a com-
pact complex surface X with b1(X) = 1, bo(X) = 0 and no compact complex
curves. The construction of Inoue surfaces appears in [Ino74] and their clas-
sification was completed in [Tel94] and in [LYZ94]. Their universal cover is
H x C and their fundamental group is generated by four affine transforma-
tions go, g1, g2, g3 in such a way that 71 (X) appears as a semidirect product
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I' x (go) of T by (go), where T is the subgroup generated by g1, g2, g3, and
go acts on H x C by

go(w, z) = (aw, Bz +t),

for some positive real number o < 1 and suitable complex numbers 3 and ¢.
Moreover for i = 1,2, 3 the elements g; act on H x C by

gi(w, z) = (w+ a;, z + bjw + ¢;),

for some real numbers a; b; and complex numbers ¢;, see [Ino74]. Here w
and z denote complex coordinates on H and on C respectively. Thus the
quotient group 71(X)/T" is infinite cyclic generated by the class gy of go,
defines a Z-covering 7 : X’ — X of X and the function y := Sm(w) defined
on H x C descends to a function ¢ : X’ — R.

Proposition 3.3. If X is an Inoue surface, then under the above notations
putting G := —7 we get a Green function G : X' — R without poles on X'.
Moreover if u:= —log(—G) and p := —loga, then, up to a multiplicative
factor, any non-trivial closed positive (1,1)-current T' on X is of the form
T = i00v, where v :=u + h o u for some continuous p-periodic function h :
R — R satisfying 1 + h' + h"” > 0 as distributions. All such currents are in
L? (X)) and have I(T) = 0.

Proof. The fact that G is a Green function without poles is clear. By [HL83|
Theorem 82] every closed positive (1, 1)-current 7" on X is of the form T' =
(¢ o u)id0u, where ¢ is a positive p-periodic generalized function on R. We
may see ¢ as a p-periodic (positive) measure on R and we may assume that
#(]0,p]) = p. In order to find the desired function h it suffices to solve the
equation

L+ 0 +1"=¢

on R. For this, remark first that 1+ A +h" =¢ is equivalent to
(el +e'h') = el'¢p. Integrating once gives us a right-continuous increas-
ing function f: R — R of bounded variation such that f(z) := (e!¢)(]0,z])
for all x € R, JoMA20]. We will now obtain the desired function h by
integrating the equation e’ +e'h’ = f + C for a suitable real constant
C. The continuity of the resulting function h being clear, we only
need to check that a constant C' may be found so that the function
e '(f +C) become p-periodic, from which the periodicity of h will
follow. The p-periodicity of e !(f+ C) means by definition that for
all z€R we have e * P(f(x+p)+C)—e *(f(x)+C)=0, which is
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equivalent to e Pf(x+p)— f(z)=C(1—eP). But by periodicity of
6 we have ePf(ztp)—f(z)=eP(ed)(]0,5+p]) — (D)0, 1]) =
e P(e'9)(10,p]) + e7P(e'd)(Ip, = + p]) — (e'9)(]0,2]) = e7P(e'9)(]0, p]) =
e Pf(p) for all x € R. By choosing now C such that e ?f(p) = C(1 — e P)
we obtain the desired continuous p-periodic function h.

The assertion on the regularity of T"and on I(T") follows now from Propo-
sition 2.8 O

3.1.4. Kato surfaces. A Kato surface is a minimal surface X with
b1(X) =1, ba(X) > 0 and admitting a global spherical shell, that is an open
neighbourhood ¥ of the 3-dimensional sphere S in C?\ {0} holomorphi-
cally embedded in X and such that X \ 3 is connected. Their construction
is due to Masahide Kato, [Kat77], and their properties have been studied
by many authors.

Any Kato surface X admits exactly by(X) rational curves. Conversely,
if a minimal non-kéhlerian surface X admits by(X) rational curves, then X
is a Kato surface.

The class of Kato surfaces contains subclasses of previously constructed
surfaces known as parabolic Inoue surfaces [Ino75] and Inoue-Hirzebruch
surfaces, also called hyperbolic Inoue surfaces [Ino77]. We will not use the
terminology ” ‘parabolic Inoue”’ and ” ‘hyperbolic Inoue”’in order not to cre-
ate confusion with the already described class of Inoue surfaces. The reader
may consult [Nak84] for an account of these surfaces. We prefer instead to
consider the following subclassification of Kato surfaces:

1) Enoki surfaces, which are non-kéhlerian compactifications of affine line
bunles over elliptic curves by cycles D of rational curves. Enoki shows
that these surfaces are Kato surfaces, that (D?) =0, and that, con-
versely, any minimal surface with by = 1, bs > 0 and with a non-trivial
divisor D with (D?) = 0 is in this subclass, [Eno81].

2) Inoue-Hirzebruch surfaces, which are Kato surfaces whose rational
curves are organized into one or two homologically non-trivial cycles.

3) Intermediate Kato surfaces, which are Kato surfaces whose divisor of
rational curves is a cycle with at least one branch attached.

Proposition 3.4. 1) On an Enoki surface there exists exactly one exact
positive (1,1)-current up to a positive multiplicative factor. This is the
integration current along the reduced divisor of rational curves of the
surface.



Positive currents on non-kahlerian surfaces 399

2) If X is an Inoue-Hirzebruch surface or an intermediate Kato surface,
then X admits a Green function G. Moreover if u:= —log(—QG) is
the associated additively automorphic plurisubharmonic function with
uog=u-+p and (g) = m1(X), then up to a multiplicative factor any
non-trivial ezact positive (1,1)-current T on X is of the form T =
i00v, where v := u + h o u for some continuous p-periodic function h :
R — R satisfying 1 +h' + h" >0 as distributions. All such currents
are in L? {(X) and have I(T) = 0.

Proof. The first statement is part of [Tom08, Theorem 10]. The existence of
Green functions on intermediate Kato and on Inoue-Hirzebruch surfaces was
shown in [DO99]. A complete description of the exact positive (1, 1)-currents
on these surfaces was given in [Tom08, Theorem 11, Theorem 12]. O

3.2. Hyperbolic and parabolic non-kahlerian surfaces

The next definition divides the known classes of non-kéhlerian surfaces into
two groups: parabolic surfaces and hyperbolic ones. We will then show that
members of each of these groups have many properties in common. One may
speculate as to which of these properties are better suited to approach the
Global Spherical Shell Conjecture.

Definition 3.5. A non-kdhlerian compact complex surface X will be said
to be parabolic if its minimal model belongs to one of the classes: Hopf
surfaces, Enoki surfaces, non-kdhlerian elliptic surfaces. It will be said to
be hyperbolic if its minimal model is either an Inoue surface, an Inoue-
Hirzebruch surface, or an intermediate Kato surface.

This terminology is first used by Inoue in the particular cases of the ex-
amples of non-kahlerian surfaces that he constructs in [Ino75] and in [Ino77].
Note that non-kéahlerian surfaces that are hyperbolic in the above sense are
not hyperbolic according to the standard terminology used in complex ge-
ometry, as they have many entire curves.

Proposition 3.6. If X is a hyperbolic non-kdhlerian surface, then the fol-
lowing assertions hold:

1) X admits a Green function G such that the function uw=¥(G) :=
—log(—@G) is in L%,loc and

i00u = i0u A Ou.
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2) All exact positive (1,1)-currents T are of the form T = \i0d(u + h o u)
with A >0, h: R = R a continuous p-periodic function satisfying 1 +
B’ + k" >0 and p the automorphy summand of u as in Proposition[2.8
In particular all these currents are in L and have I(T) = 0.

3) The only homologically trivial divisor on X is 0.

—_~—

4) X\D,,,, =DxC.

Proof. The assertions on the Green functions and on the exact positive cur-
rents follow from Propositions and

The assertion on the homologically trivial divisors follows from the
knowledge of the structure of the reduced divisor of curves on these sur-
faces, cf. [Nak&4].

Finally the facts on the universal cover of X \ D4, are established in
[mo74], [Ino77] and [DOT03, Theorem 3.7]. O

Proposition 3.7. If X is a parabolic non-kdhlerian surface, then the fol-
lowing assertions hold:

1) X admits no Green function.

2) All exact positive (1,1)-currents T in L* {(X) necessarily have I(T) #
0.

3) There exist homologically trivial divisors D on X with D > 0, and in
particular there exist evact positive (1,1)-currents on X not in L* .

4) If the algebraic dimension of X is zero, then X \ Dw% C? and in
particular there exists no divisor D on X such that X \ D 2D x C in
this case.

Proof. If a non-kahlerian surface X admits a Green function then X is non-
elliptic by Proposition [2.8] and thus of algebraic dimension zero. In this
case it is shown by Brunella in [Brul3a] and [Brul4] that X is necessarily
hyperbolic. In particular, parabolic surfaces will not admit Green functions.

The assertions on the exact positive currents and on the homologically
trivial divisors follow from Propositions and

Finally, for the two classes of parabolic surfaces of algebraic dimension
zero, namely for non-elliptic Hopf surfaces and for Enoki surfaces, it follows
almost from the definition that the universal cover of the complement of the
union of compact complex curves is isomorphic to C2. O

For a compact complex surface X we consider the following properties:



Positive currents on non-kahlerian surfaces 401

e (P1) For every non-trivial divisor D on X one has D? < 0.
e (P2) All exact positive (1,1)-currents on X have L? ;-coefficients.

)
)
(P3) All exact positive currents T on X with L? -coefficients have
I(T) =
)

P4) X admits a Green function.

(
(P5) a(X) = 0 and there exists an effective divisor D on X such that
the universal cover of X \ D is biholomorphic to D x C.

Theorem 3.8. Let X be a non-kdhlerian compact complex surface. Then
the following hold:

1) If X has (P1), it is either a hyperbolic or an uknown non-kdhlerian
surface. If X does not have (P1), it is a parabolic surface.

2) If X has (P2), it is either a hyperbolic or an uknown non-kihlerian
surface. If X does not have (P2), it is either a parabolic or an uknown
non-kahlerian surface.

3) If X has (P3), it is either a hyperbolic or an uknown non-kihlerian
surface. If X does not have (P3), it is either a parabolic or an uknown
non-kahlerian surface.

4) If X has (P4), it is a hyperbolic surface. If X does not have (P4), it

1s either a parabolic or an uknown non-kdhlerian surface.

5) If X has (P5), it is a hyperbolic surface. If X does not have (P5), it
1s either a parabolic or an uknown non-kdhlerian surface.

The statement is summarized by the following table.

Criterion C' X satisfying C' | X not satisfying C'
(D*) <0 VD e Div(X)\ {0} hyperbolic, 7 | parabolic

all positive exact (1,1)-currents on X are in L2 hyperbolic, 7 | parabolic, ?

all positive exact currents T € L2 ;(X) have I(T) = 0 | hyperbolic, ? parabolic, 7

X admits a Green function hyperbolic parabolic, 7
a(X)=0and 3D with X\ D =D x C hyperbolic parabolic, ?

The question marks signal that possibly not yet known surfaces may respond
to the corresponding criteria.

Proof. The presence of hyperbolic and parabolic surfaces at the indicated
places of the table is a consequence of the Propositions and We are
left only with the task of explaining the absence of question marks at three
places of the table.
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The fact that parabolic surfaces are the only compact complex sur-
faces admitting homologically trivial divisors D with D > 0 is due to Enoki,
[Eno&1].

Non-kéhlerian non-elliptic surfaces admitting Green functions have been
shown to be hyperbolic by Brunella in [Brul3a] and [Brul4]. The case of
elliptic surfaces is settled by Proposition [2.8]

Finally, it is again Brunella who proved in [Brul3b] that hyperbolic
surfaces are the only non-kéhlerian non-elliptic surfaces whose complement
of the maximal divisor of curves is uniformized by D x C. (|

Combining the Theorem and Proposition [3.6] one immediately gets the
following

Corollary 3.9. If X admits a Green function G and if u:= —log(—G)
is the associated additively automorphic plurisubharmonic function with u o
g =u-+pand(g) = m(X), then up to a multiplicative factor any non-trivial
exact positive (1,1)-current T on X is of the form T = id00v, where v :=
u+ howu for some continuous p-periodic function h : R — R satisfying 1 +
A + k" >0 as distributions.

4. Perspectives

In this section we wish to briefly discuss a number of conjectures and ques-
tions related to the degree of regularity of the d-closed positive (1, 1)-currents
on compact non-kahlerian surfaces. The leading idea is the same which
guided our approach to the study of the Kéhler rank of surfaces in [CT13].
In that paper we worked under the assumption that a non-trivial positive
smooth exact (1,1)-current 7" exists on a compact complex surface X and
we aimed at a classification by distinguishing two cases according to whether
I(T) vanishes or not. In the second case we showed that X was necessarily
elliptic or Hopf of class 1. In the first case we proved that X admitted a
Green function without poles. This case was afterwards completely settled
by Brunella in [Brul3a)], who showed that such Green functions were only
supported by Inoue surfaces. Trying to extend this type of strategy and in
view of the striking similarities exhibited by Theorem for the surfaces
which are hyperbolic or respectively parabolic we are led to the following
conjectures.

Conjecture 4.1. If X is a non-kdhlerian surface all of whose exact positive
(1,1)-currents T are in L* {(X) and satisfy I(T) = 0, then X admits a Green
function, and in particular X is hyperbolic.
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Conjecture 4.2. If X is a non-kdhlerian surface all of whose exact positive
(1,1)-currents T are in L?{(X) but do not all satisfy I(T) =0, then X
admits a cycle of rational curves.

Conjecture 4.3. If X is a non-kdhlerian surface admitting an exact posi-
tive (1,1)-current not in L*{(X), then there exists on X some exact positive
current T with a non-vanishing Lelong number at at least one point of X.

Note that in this case the surface X would be parabolic. Indeed, for such
a current the Lelong-Siu level sets E.(T) cannot all be zero-dimensional, by
[Tel08, Theorem A.1]. Thus supposing that X is non-elliptic, we would get
T = [C] + R with C a curve and R is residual, and R would be d-closed and
nef pluriharmonic by Proposition [2.2| and thus d-exact. Therefore [C] would
also be d-exact, which implies the parabolicity of X.

5. Appendix

Since the notion of nef pluriharmonic current is not used frequently in the
literature we present here some properties relating it to the more common
notion of nef class.

As before, also in this section we denote by X a compact non-kahlerian
surface.

Let £P and D'P? be the sheaves of germs of smooth (p, q)-forms and
respectively of bidegree (p,q)-currents on X. We will write 57 and DE*
for the subsheaves of real forms, and respectively real currents. We will be
interested in the real Bott-Chern and Aeppli cohomolgy groups of bidegree
(1,1) on X. They may be defined using either global forms or global currents.
We recall their definition in terms of forms:

HEL(X,R) = {n e &N(X) | dn = 0}/iddER° (X)),

HYY(X,R) = {n e &N (X) | i0dn = 0}/{dS + S | S € EX(X)}.

The evaluation of currents on forms gives a duality between these two spaces.
We also get natural comparison morphisms to and from the second de Rham
cohomology group:

H]é”é'(X7 R) — HCZZR(Xv R)v HCQIR(X7 R) — Hi{l(Xa R)
We denote the image of the first one by H;}%(X ,R). We clearly have

Hip(X,R) = {ne &'(X) | dp=0}/{ne &' (X) | n=do, ¢ € EX(X)}.
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It is known that Ker(H g5 (X,R) — Hyp(X,R)) is 1-dimensional, [Lam99),
Proof of Theorem 7.1]. By duality one gets that Coker(H;}% (X,R) —
Hi"l(X ,R)) is also 1-dimensional. In fact it may be seen also more di-
rectly that the map Hy(X,R) — Hy'(X,R) is injective. Indeed if a
d-closed form n € Eﬂlx’l(X) equals S + 9S for some S € EH0(X), then
0=d(d(S+5S)) =d(n+0S+09S) =d(9S + 9S) = 9(9S) + 9(9S) and the
form 95 is holomorphic and d-exact and thus must vanish, see [BHPVdV04],
Lemma IV(2.3)(ii)], hence n = d(S + S) and its class vanishes in H;}% (X,R).
We clearly have that Ker(HE’é(X, R) — Hcll}% (X,R)) is generated by {7}pc
and that Coker(Hi}%(X, R) — Hil’l(X, R)) is generated by the image of
{w}a.

It is also known that the intersection form on H;g(X ,R) is negative
definite, [BHPVdV04, Theorem IV(2.14)]. It follows that the induced inter-
section form on H}g’(lj(X, R) by means of the map Hé’é(X, R) — H2.(X,R)
is negative semi-definite with totally isotropic space spanned by the class
of 7.

We next define “positive” convex cones in H}B,’é(X ,R) and in H}l’l(X ,R)
by

Psefpc(X) := {{T}pc | T € D'y (X), dT =0, T > 0},
Psefs(X) := {{T}4 | T € D'y"(X), i0dT =0, T > 0},
Nefpo(X) :={{T'}pc | T € D’]E’I(X), dT =0, T nef pluriharmonic},

Nefs(X) :={{T}a | T € D']%@’l(X), i00T = 0, T nef pluriharmonic}.
We also denote by G the set of Aeppli cohomology classes of Gauduchon

forms on X.

Proposition 5.1.

1) Psefpc(X) and Nefgo(X) are closed in H}B’é(X, R).

2) Nefpe(X) = {a € H5H(X,R) | Ye >0 3 € an&y'(X) ne > —ew}.
3) Nefpo(X) = Rxo{7}BC-
)

4) If the Bott-Chern cohomology class of a positive closed current T is in
Nefpo(X), then T is nef pluriharmonic.

5) Nefge(X) = Psefy(X)* and Psefgo(X)\ {0} = {a € Hyh(X,R) |
() >0 VneG}. In  particular  Psefgo(X) = Nefy(X)*,

Psefo(X) = Nefpo(X)* and Nefy(X) = Psefgo(X)*,
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6) G is open and Nefy(X) = G.

7) If E; are the irreducible curves of negative self-intersection on X, then

Psefpc(X) = Nefpo(X +Z{ iltBo

and

Psefy(X) = Nefy (X +Z{

8) Nefy(X) ={a e Hy' (X,R) | Ve >0 ane can&y(X) ne > —ew}.

Proof. 1) By arguing similarly to [HL83l Section 2] one gets the fol-
lowing facts: the operator i90 : Sﬂé’l(X ) — Eé’Z(X ) has closed range
since its cokernel is finite dimensional, [Ser55, Lemme 2], its dual
00 : D' (X) — D’%Kﬁl(X) has closed range by the closed range the-
orem, [Sch71l, IV 7.7], and thus the quotient topology induced by the
projection 7 : {T' € D'g"(X) | dT' = 0} — Hph(X,R) on Hyh(X,R)
is separated. Now the cone of closed positive currents is generated
by the compact set K := {T'e D'y (X) | dT =0, (T,w) = 1}, hence
Psefpc(X) is generated by its image w(K) in Hjlg’(lj(X, R). This im-
age is compact and does not contain 0. Thus Psefpc(X) is closed in
ng’é(X, R). The same argument shows that Nefpc(X) is closed as
well.

2) Let us denote the cone {a€ H}Bé(X R) | Ve>0 dn.ean
5%1()() Ne > —ew} by Ppes(X). The inclusion Nefpc(X) D Pep(X)
is proved in [Lam99, Proposition 4.1]. We show the second assertion
by duality. Let T be a nef pluriharmonic current on X and which
is d-closed. By [Lam99, Théoréme 1.2] the Bott-Chern cohomology
class {T'}pc is in Pe¢(X) if for all positive pluriharmonic currents 7"
one has ({T}pc, {T'}a) > 0, where {T"}4 is the Aeppli cohomology
class of T'. By Proposition the positive, i00-closed (1,1)-current
T" has a decomposition 7" =3, ¢;[E;] + T", where ¢; > 0 are posi-
tive real numbers, E; are irreduc1ble compact curves on X and 7"
is a nef pluriharmonic current. The inequality ({T}pc,{T"}4) >0,
is a consequence of Lemma below. Now if we write T as a limit
of Gauduchon forms, T" = lim,, .~ wy, and choose a smooth represen-
tative 1 in the class {E} of the integration current along a curve
E, we get ({T}po, {E}a) = ({T}so: {n}a) = T(n) = im0 [y wn A
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It is proved in [Lam99, Théoreme 7.1] that P,.f(X) = R>o{7}BC, so
Nech(X) = Pnef(X) = REO{T}BC“

Let T be a positive closed current with nef class {T'} pc. Then as before
T has a decomposition T' =}, ¢;[E;] +T", and this time 7" is closed
and nef pluriharmonic. Both 7' and 7" are thus d-exact. This implies
that >, c;[Ej] is d-exact as well. If X is elliptic the sum } . c;[E}]
may be infinite but it is in any case nef pluriharmonic. If X is not
elliptic, the divisor Zj cjFj on X is homologically trivial and the
corresponding integration current is nef pluriharmonic.

This follows from [Lam99, Théoreme 1.2].

As in (1) (see also [HL83, Lemma 6]) one can see that the operators
prod: EL(X) = EN(X) and pyod: D'N(X) — DL (X) have closed
range, where p; : E2(X) — & (X) and py : D' (X) = D'y (X) are
the natural projections. Thus the quotient topologies induced on
Hi’l(X ,R) both from the space of pluriharmonic forms and from the
space of pluriharmonic currents are separated. It follows that G is open
and that if T = lim,,_,o, wy, is a weak limit of Gauduchon forms, then
{T} 4 = lim, oo{wn}a € G hence Nefy(X) = G.

This assertion is a consequence of [Lam99, Proposition 4.3]. Note how-
ever that in loc. cit. one needs to take the closure of Psef4(X), see also

Remark 5.2

We denote the set {a € Hil’l(X, R) | Ve >0 I € o ﬂgﬂé’l(X) Ne >
—ew} by Ilhep(X). Let a€Il,ef(X) and let n. € an Sé’l(X) be
such that ne > —ew. We set Q¢ := 1. + ew. Then the classes {Q}4 =
a+ e{w}a are in G and tend to « as € tends to zero. Thus a € G =
Nefs(X) and II,c¢(X) C Nef4(X). Conversely, since we clearly have
G C II,ep(X), we get Nefs(X) C II,.f(X) and the desired equality of
cones follows since II,,.¢(X) is closed, [CRS19, Lemma 2.3]. 0

Remark 5.2. The above proof cannot be mimicked to show closedness for
Psefs(X) and Nef,(X) since there exist non-trivial d-exact currents on X,
hence the projection to Hi’l(X, R) of a corresponding generating compact
set of positive pluritharmonic currents will contain 0.

In fact, if X is an Enoki surface with just one irreducible curve C, one
can renormalize T so that {T}pc = {[C]}Bc and one gets dim H}B’é(X, R) =
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dimHi"l(X7 R) =2, Psefgc(X) = Nefgo(X) =Rso{7}Bc. By Proposi-
tion it follows that any positive pluriharmonic current is nef plurihar-
monic. Moreover, if such a current vanishes on T, then it must be d-exact
by Proposition (2.4 Hence we get

Psefy(X) = Nefy(X) = {a € Hy' (X, R) | (o, {r}5c) > 0} U{0}.

Lemma 5.3. Let T, T' be nef pluriharmonic (1,1)-currents on X such that
T is d-closed. Then for any sequences (wp)n, (wh)n of Gauduchon forms
converging weakly to T and to T' respectively, we have:

lim (wp,w!,) = {T}pc, {T'}a).

7,M—00

Proof. Let aq,...,ap be closed (1,1)-forms on X whose classes generate
H;}% (X,R) and such that | @ A aj = —6;5. Then in Aeppli cohomology T’

is cohomologous to some form dw + A’, where A’ = Z?Zl ajaj, 6,a; € R and

d = (T',7) > 0. Similarly w], are cohomologous to some (6 + €, )w + A/, with

;o 4 ' R ;L

A =5 =1 Oy O Evaluating on 7 and on each «; one obtains lim, _, €, =
: / )

0 and lim,, ay, ; = aj. Thus

w), = (6 + €,)w + Al + dol, + 05,
for some (1,0)-forms o},. We have
0= [ ()= [ (4 +deol+ )
D' X
= / (W), — (8 4 €))w + o, + 5"))?
X
= / (wh — (6 + €)w)* + 2/ do,, A\ Oa),
X X

:/(w;)2—2/(5+eg)w/\w;
X X
+/ (54‘6;)2&}2 + 2 0o, ||%2,
X

hence || 9o, [|3.< [ (6 + €,)w Aw), and the right hand term tends to
d(T",w) when n tends to infinity. Thus the sequence (|| 9o}, ||z2)n is bounded.
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The same argument works for T" and this time we get

Wp = €pw + Ay, + 0oy, + 05y,

n
with A4,, = E anjoj, lim €, =0, lim a,; =0, and lim ||do; ||z = 0.
— n—o00 n—00 n—o00
j:
Thus

lim  (wp,w!,)

n,m—00
= lim (e,w+ Ay + 0oy + Gy, (8 + €, )w + Al + 0ol + 05.,)
n,m—00
= lim (eyw+ oy, + 0y, (6 + €, )w + dol, + 05.,)
n,m—00
= lim (e,w+ oy + Oy, (6 + €,)w)
n,m—00
+ lim (eyw + oy, + 05y, Dol + O5),)
n,m—00
= (T,é6w) + lim (e w,do,, + 0G.)

n,Mm—00

= (T, 6w) = {T}pc. {T"}a).
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