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We study Toeplitz operators on the Bargmann space, with Toeplitz
symbols that are exponentials of inhomogeneous quadratic polyno-
mials. It is shown that the boundedness of such operators is implied
by the boundedness of the corresponding Weyl symbols.

1. Introduction and statement of results

In the recent work [4], the authors have established some basic links between
the theory of Toeplitz operators acting on exponentially weighted spaces of
entire holomorphic functions and Fourier integral operators (FIOs) in the
complex domain. The point of view of complex FIOs was used in [4] to show
that the boundedness of a certain class of Toeplitz operators is implied by the
boundedness of their Weyl symbols, in agreement with a general conjecture
made in [1]. The purpose of this note is to obtain a slight, but perhaps
natural, extension of this result, by taking a closer look at the arguments
of [4]. In a special case, we show that the boundedness of the Weyl symbols is
also a necessary condition for the boundedness of the corresponding Toeplitz
operators. We shall now proceed to describe the assumptions and state the
main results.

Let Φ0 be a strictly plurisubharmonic quadratic form on Cn and let us set

(1.1) ΛΦ0
=

{(
x,

2

i

∂Φ0

∂x
(x)

)
, x ∈ Cn

}
⊂ C2n.

The real 2n-dimensional linear subspace ΛΦ0
is I-Lagrangian and R-

symplectic, in the sense that the restriction of the complex symplectic form
on C2n to ΛΦ0

is real and non-degenerate. In particular, ΛΦ0
is maximally

totally real.
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682 Coburn, Hitrik, Sjöstrand, and White

Let us introduce the Bargmann space

(1.2) HΦ0
(Cn) = L2(Cn, e−2Φ0L(dx)) ∩Hol(Cn),

and the orthogonal projection

(1.3) ΠΦ0
: L2(Cn, e−2Φ0L(dx)) → HΦ0

(Cn).

Here L(dx) is the Lebesgue measure on Cn. In this note we shall be con-
cerned with the boundedness properties of Toeplitz operators of the form

(1.4) Top(eQ) = ΠΦ0
◦ eQ ◦ΠΦ0

: HΦ0
(Cn) → HΦ0

(Cn),

where Q is an inhomogeneous quadratic polynomial on Cn with complex
coefficients. The following is the main result of this work.

Theorem 1.1. Let Φ0 be a strictly plurisubharmonic quadratic form on Cn

and let Q be a quadratic polynomial on Cn with the principal part q. Assume
that

(1.5) Re q(x) < Φherm(x) := (1/2) (Φ0(x) + Φ0(ix)) , x ̸= 0

and

(1.6) det ∂x∂x (2Φ0 − q) ̸= 0.

Let a ∈ C∞(ΛΦ0
) be the Weyl symbol of the operator Top(eQ) and assume

that a ∈ L∞(ΛΦ0
). Then the Toeplitz operator

Top(eQ) : HΦ0
(Cn) → HΦ0

(Cn)

is bounded.

Remark. In the homogeneous case, when Q is a quadratic form, Theo-
rem 1.1 was established in [4]. In the general inhomogeneous case consid-
ered here, Theorem 1.1 provides further evidence for the conjecture of [1], [3],
stating that a Toeplitz operator is bounded on HΦ0

(Cn) if and only if the
corresponding Weyl symbol is bounded on ΛΦ0

.

The plan of this note is as follows. In Section 2, we carry out the principal
step in the proof of Theorem 1.1 by characterizing boundedness properties
of operators given as Weyl quantizations of symbols of the form eiP (x,ξ),
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Weyl symbols and Toeplitz operators 683

where P is a holomorphic inhomogeneous quadratic polynomial on C2n.
The homogeneous case was discussed in [4], and the only additional idea
required here consists of performing a factorization of a suitable complex
affine canonical transformation associated to the Weyl quantization above.
The proof of Theorem 1.1 is then completed in Section 3 by passing from the
Toeplitz symbol to the Weyl one, along the lines of [4]. Section 4 is devoted
to the discussion of an explicit family of metaplectic Toeplitz operators in a
quadratic Bargmann space, where we also verify that the sufficient condition
for the boundedness of the Toeplitz operator given in Theorem 1.1 is in fact
necessary, in agreement with the conjecture of [1], [3].

2. From bounded Weyl symbols to bounded Weyl

quantizations

Let F (x, ξ) be a holomorphic quadratic form on C2n, let ℓ(x, ξ) be a complex
linear function on C2n, and let us consider formally the Weyl quantization
of a symbol of the form

(2.1) a(x, ξ) = exp (i(F (x, ξ) + ℓ(x, ξ))).

We have

Au(x) = aw(x,Dx)u(x)(2.2)

=
1

(2π)n

∫∫
ei((x−y)·θ+F ((x+y)/2,θ)+ℓ((x+y)/2,θ))u(y)dydθ.

Following [4], we shall view A as a Fourier integral operator in the complex
domain. The holomorphic quadratic polynomial

(2.3) Φ(x, y, θ) = (x− y) · θ + F ((x+ y)/2, θ) + ℓ((x+ y)/2, θ)

is a non-degenerate phase function in the sense of Hörmander and defines a
canonical relation

(2.4) κ : (y,−∂yΦ(x, y, θ)) 7→ (x, ∂xΦ(x, y, θ)), ∂θΦ(x, y, θ) = 0.
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Writing η = −∂yΦ(x, y, θ) and ξ = ∂xΦ(x, y, θ) we see that κ is given by
(y, η) 7→ (x, ξ), where

x =
x+ y

2
−

1

2
F ′
ξ

(
x+ y

2
, θ

)
−

1

2
ℓ′ξ,

y =
x+ y

2
+

1

2
F ′
ξ

(
x+ y

2
, θ

)
+

1

2
ℓ′ξ,

ξ = θ +
1

2
F ′
x

(
x+ y

2
, θ

)
+

1

2
ℓ′x,

η = θ −
1

2
F ′
x

(
x+ y

2
, θ

)
−

1

2
ℓ′x.

(2.5)

Here ℓ′x, ℓ
′
ξ ∈ Cn are constant. The graph of κ is parametrized by the mid-

point coordinate

ρ =

(
x+ y

2
, θ

)
∈ C2n,

and we may rewrite (2.5) in the form

(2.6) κ : ρ+
1

2
HF+ℓ(ρ) 7→ ρ−

1

2
HF+ℓ(ρ).

Here HF+ℓ(ρ) = (F ′
ξ(ρ) + ℓ′ξ,−F ′

x(ρ)− ℓ′x) is the Hamilton vector field of the
holomorphic function F + ℓ at ρ. Recalling as in [4] that the Hamilton vector
field of F is given by HF (ρ) = Fρ, where

F =

(
F ′′
ξx F ′′

ξξ

−F ′′
xx −F ′′

xξ

)

is the fundamental matrix of F , we see that (2.6) takes the form

(2.7) κ :

(
1 +

1

2
F

)
ρ+

1

2
Hℓ 7→

(
1−

1

2
F

)
ρ−

1

2
Hℓ.

In what follows we shall assume that ±2 /∈ Spec(F), so that the canonical
relation

(2.8) κF :

(
1 +

1

2
F

)
ρ 7→

(
1−

1

2
F

)
ρ

is a canonical transformation. We have

κ = exp

(
−
1

2
Hℓ

)
◦ κF ◦ exp

(
−
1

2
Hℓ

)
.
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More explicitly, it follows from (2.7) that κ is a complex affine canonical
transformation given by

(2.9) κ : ρ 7→ κF (ρ)−
1

2
κF (Hℓ)−

1

2
Hℓ.

In view of Jacobi’s theorem, the right hand side of (2.9) is given by

κF (ρ)−
1

2
Hℓ◦κ−1

F +ℓ,

and we conclude that the map κ admits the following factorization

(2.10) κ = κℓ ◦ κF ,

where κF is given in (2.8) and κℓ is a complex phase space translation given
by

(2.11) κℓ(ρ) = ρ−
1

2
Hℓ◦κ−1

F +ℓ.

Let Φ0 be a strictly plurisubharmonic quadratic form on Cn and let us
recall the I-Lagrangian R-symplectic linear manifold ΛΦ0

defined in (1.1).
The following is the main result of this section.

Theorem 2.1. Let F be a holomorphic quadratic form on C2n such that
the fundamental matrix of F does not have the eigenvalues ±2, and let ℓ be a
complex linear form on C2n. Let Φ0 be a strictly plurisubharmonic quadratic
form on Cn. Let

a(x, ξ) = exp (i(F (x, ξ) + ℓ(x, ξ)))

and assume that a ∈ L∞(ΛΦ0
). Then the operator

aw(x,Dx) : HΦ0
(Cn) → HΦ0

(Cn)

is bounded.

When proving Theorem 2.1, we shall rely on some results of [4], and it will
also be convenient to use the factorization (2.10). Our starting point is the
following observation.

Lemma 2.2. Let m(x, ξ) be a complex linear form on C2n and let us
consider the complex canonical transformation exp (Hm)(ρ) = ρ+Hm, ρ ∈
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C2n, (a complex phase space translation). Let Φ be a strictly plurisubhar-
monic quadratic form on Cn. Then we have

exp (Hm) (ΛΦ) = ΛΨ,

where Ψ is a strictly plurisubharmonic quadratic polynomial on Cn given by

(2.12) Ψ(x) = Φ(x) + Im

(
m

(
x,

2

i

∂Φ

∂x
(x)

))
, x ∈ Cn.

Proof. While (2.12) can be established by a straightforward computation,
here we would like to indicate a more general approach, illustrating the
point of view of evolution equations associated to the operator mw(x,D).
See also [7], [5]. Let us consider the real Hamilton-Jacobi equation

(2.13)
∂Ψ

∂t
(x, t)− Imm

(
x,

2

i

∂Ψ

∂x
(x, t)

)
= 0, Ψ(x, 0) = Φ(x),

for x ∈ Cn, t ∈ R, t ≥ 0. Associated to the function Ψ(x, t) is the manifold

LΨ =

{(
t,
∂Ψ

∂t
, x,

2

i

∂Ψ

∂x

)}
⊂ R2

t,τ ×C2n
x,ξ,

which is Lagrangian with respect to the real symplectic form

(2.14) dτ ∧ dt− Imσ,

where

σ =

n∑

j=1

dξj ∧ dxj

is the complex symplectic (2,0)–form on C2n
x,ξ. The equation (2.13) tells us

that

(τ − Imm) |LΨ
= 0,

and therefore the Hamilton vector field of the function τ − Imm, computed
with respect to the real symplectic form (2.14), is tangent to LΨ. Using the
general relation

Ĥm = H−Imσ
−Imm,

valid for any m(x, ξ) holomorphic, where Ĥm = Hm +Hm is the real vector
field naturally associated to the holomorphic vector field Hm, see [6], we
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conclude that the vector field

∂t +H−Imσ
−Imm = ∂t + Ĥm

is tangent to LΨ. Identifying Ĥm and Hm, we get

ΛΨ(·,t) = exp (tHm) (ΛΦ) .

It is now easy to obtain (2.12) and to this end, we claim that the unique
solution of the equation (2.13) is given by

(2.15) Ψ(x, t) = Φ(x) + tIm

(
m

(
x,

2

i

∂Φ

∂x
(x)

))
+ Ct,

where Ct depends on t only. When verifying the claim, let us write −Imm =
p and choose real linear coordinates on Cn so that (x, 2i ∂xΨ(x, t)) corre-
sponds to (x, ∂xΨ(x, t)) in the usual R2n–sense. Then (2.13) becomes

(2.16)
∂Ψ

∂t
(x, t) + p

(
x,

∂Ψ

∂x
(x, t)

)
= 0, Ψ(x, 0) = Φ(x).

Here p(x, ξ) is real linear on R2n
x ×R2n

ξ , p(x, ξ) = p′x · x+ p′ξ · ξ and Φ(x) is

a real quadratic form on R2n,

Φ(x) =
1

2
A0x · x, x ∈ R2n,

with A0 real symmetric. With

Ψ(x, t) =
1

2
Atx · x+Bt · x+ Ct,

the equation (2.16) becomes

1

2
∂tAtx · x+ ∂tBt · x+ ∂tCt + p′x · x+ p′ξ · (Atx+Bt) = 0,

and we immediately get the unique solution

Ψ(x, t) =
1

2
A0x · x− t

(
p′x · x+ p′ξ ·A0x

)
+ Ct = Φ(x)− tp (x, ∂xΦ(x)) + Ct,

where

Ct =
t2

2
p′ξ ·

(
p′x +A0p

′
ξ

)

depends on t only. This shows (2.15) and completes the proof. □
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Remark. Associated to the canonical transformation exp (Hm) is the Fourier
integral operator e−imw(x,D), and from [8] we may recall the explicit descrip-
tion

e−imw(x,D) = e−
i

2
m′

x·x ◦ τm′

ξ
◦ e−

i

2
m′

x·x,

where τs is the operator of translation by s ∈ Cn, (τsu)(x) = u(x− s). We
may then verify by an explicit computation that the operator e−imw(x,D) is
bounded,

e−imw(x,D) : HΦ(C
n) → HΨ(C

n),

where Ψ is given by (2.12). Here the weighted spaces of holomorphic func-
tions HΦ(C

n), HΨ(C
n) are defined analogously to (1.2).

Let a be of the form (2.1) and let us notice that a ∈ L∞(ΛΦ0
) precisely when

(2.17) ImF |ΛΦ0
≥ 0

and

(2.18) ρ ∈ ΛΦ0
, ImF (ρ) = 0 =⇒ Im ℓ(ρ) = 0.

It follows from (2.17) and Proposition B.1 in [4] that the canonical trans-
formation κF in (2.8) is positive relative to ΛΦ0

, and applying Theorem 1.1
of [4], we get

(2.19) κF (ΛΦ0
) = ΛΦ,

where Φ is a strictly plurisubharmonic quadratic form such that Φ ≤ Φ0. We
need to obtain an explicit description of the (clean) intersection ΛΦ ∩ ΛΦ0

.

Proposition 2.3. We have

(2.20) ΛΦ ∩ ΛΦ0
=

{(
1−

1

2
F

)
ρ; ρ ∈ ΛΦ0

, ImF (ρ) = 0

}
⊂ C2n.

Proof. It will be convenient to obtain a reduction to the case when ΛΦ0
is re-

placed by the real phase space R2n. To this end, let T : L2(Rn) → HΦ0
(Cn)
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be a unitary metaplectic Fourier integral operator with the associated com-
plex linear canonical transformation κT such that

κT (R
2n) = ΛΦ0

.

We have

ΛΦ ∩ ΛΦ0
= κF (ΛΦ0

) ∩ ΛΦ0
= κT

(
κG(R

2n) ∩R2n
)
,

where it follows from (2.8) that

κG :

(
1 +

1

2
G

)
ρ 7→

(
1−

1

2
G

)
ρ,

and G is the fundamental matrix of the quadratic form G = F ◦ κT . We have
ImG|R2n ≥ 0 and therefore

(
1±

1

2
G

)
ρ ∈ R2n

precisely when ρ ∈ R2n, ImG(ρ) = 0. It follows that

κG(R
2n) ∩R2n =

{(
1−

1

2
G

)
ρ; ρ ∈ R2n, ImG(ρ) = 0

}
,

and we obtain (2.20). □

In what follows we shall use the notation

(2.21) L =

{(
1−

1

2
F

)
ρ; ρ ∈ ΛΦ0

, ImF (ρ) = 0

}
.

Letting πx : C2n ∋ (x, ξ) 7→ x ∈ Cn be the projection map, we notice that

(2.22) {x ∈ Cn; Φ0(x) = Φ(x)} = πx (ΛΦ ∩ ΛΦ0
) = πxL,

and the quadratic form Φ0 − Φ ≥ 0 satisfies

(2.23) Φ0(x)− Φ(x) ≃ dist(x, πxL)
2, x ∈ Cn.

We shall now consider the I-Lagrangian R-symplectic affine plane κ(ΛΦ0
),

where κ is given by (2.7). It follows from (2.10), (2.11), Lemma 2.2, and
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(2.19) that

(2.24) κ(ΛΦ0
) = ΛΨ,

where Ψ is a strictly plurisubharmonic quadratic polynomial on Cn given
by

(2.25) Ψ(x) = Φ(x) + Im

(
m

(
x,

2

i

∂Φ

∂x
(x)

))
,

where

(2.26) m = −
1

2

(
ℓ ◦ κ−1

F + ℓ
)
.

We claim that the quadratic polynomial Φ0 −Ψ vanishes along the real
linear subspace πxL ⊂ Cn and to this end, it suffices to check that the linear
form m is real along L ⊂ ΛΦ. It follows from (2.8), (2.18), and (2.26) that
when ρ ∈ ΛΦ0

, ImF (ρ) = 0, we have

m

((
1−

1

2
F

)
ρ

)
= −ℓ(ρ)

is real. We have therefore verified the claim and using also (2.23) and
(2.25) we conclude that the inhomogeneous quadratic polynomial Φ0 −Ψ is
bounded below on Cn. The general theory, see [6], [2], together with (2.24),
allows us to conclude that the operator

aw(x,Dx) : HΦ0
(Cn) → HΨ(C

n)

is bounded, and this completes the proof of Theorem 2.1.

3. Toeplitz operators and proof of Theorem 1.1

The purpose of this section is to apply the results of Section 2 to the study
of boundedness properties of Toeplitz operators in the Bargmann space,
establishing Theorem 1.1.

Let Φ0 be a strictly plurisubharmonic quadratic form on Cn and let Q be
a quadratic polynomial with complex coefficients on Cn, with the principal
part q. Assume that the condition (1.5) holds. Arguing as in [4, Section 4],
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we then see that when equipped with the natural domain

(3.1) D(Top(eQ)) =
{
u ∈ HΦ0

(Cn); eQu ∈ L2(Cn, e−2Φ0L(dx))
}
,

the Toeplitz operator

(3.2) Top(eQ) = ΠΦ0
◦ eQ ◦ΠΦ0

: HΦ0
(Cn) → HΦ0

(Cn)

is densely defined.

Recalling the integral representation for the orthogonal projection ΠΦ0
and

following [4], we may write for u ∈ D(Top(eQ)),

(3.3) Top(eQ)u(x) = C

∫∫

Γ
e2(Ψ0(x,θ)−Ψ0(y,θ))+Q(y,θ)u(y) dy dθ,

where Ψ0 is the polarization of Φ0 and Γ is the contour in C2n, given by
θ = y. Using the assumption (1.6), we conclude as in [4] that the operator
Top(eQ) can be viewed as a metaplectic Fourier integral operator associated
to a complex affine canonical transformation: C2n → C2n.

It is now easy to complete the proof of Theorem 1.1. Let us write, follow-
ing [8], [4],

(3.4) Top(eQ) = aw(x,Dx),

where a ∈ C∞(ΛΦ0
) is the Weyl symbol of the Toeplitz operator Top(eQ),

given by

(3.5) a (x, ξ) =

(
exp

(
1

4

(
Φ′′
0,xx

)−1
∂x · ∂x

)
eQ
)
(x), (x, ξ) ∈ ΛΦ0

.

In [4], we have seen that

(3.6) a(x, ξ) = CΦ0

∫

Cn

exp (−4Φherm(x− y))eQ(y) L(dy), CΦ0
̸= 0,

where the integral converges thanks to (1.5). An application of the method
of exact stationary phase allows us therefore to conclude that

(3.7) a(x, ξ) = Cexp (i (F (x, ξ) + ℓ(x, ξ))), (x, ξ) ∈ ΛΦ0
,

for some C ̸= 0, where F is a holomorphic quadratic form on C2n and ℓ
is a complex linear function on C2n. Theorem 1.1 follows therefore from
Theorem 2.1.
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4. Example: boundedness of a metaplectic Toeplitz operator

In the beginning of this section we shall illustrate Theorem 1.1 by applying
it in the case when

(4.1) Φ0(x) =
|x|2

4
,

and

(4.2) Q(x) = λ |x|2 +
1

2
c · x−

1

2
d · x.

Here c, d ∈ Cn and λ ∈ C satisfies Reλ < 1/4, so that the conditions (1.5),
(1.6) are satisfied. It follows from (3.5) that the Weyl symbol a of the oper-
ator Top(eQ) is given by

a

(
x,

2

i

∂Φ0

∂x
(x)

)
=

(
exp

(
1

4
∆

)
eQ
)
(x)(4.3)

=
1

πn

∫

Cn

e−|x−y|2eQ(y) L(dy).

Here ∆ is the Laplacian on Cn ≃ R2n. The Gaussian integral in (4.3) can
be computed by the exact version of stationary phase and we get, after a
straightforward computation,

(4.4) a

(
x,

2

i

∂Φ0

∂x
(x)

)
= C exp

(
1

1− λ

(
λ |x|2 +

1

2
c · x−

1

2
d · x

))
.

Here C ̸= 0 is a suitable constant depending on λ, c, d only.

Using (4.4), we may determine the explicit necessary and sufficient condi-
tions for the boundedness of a along ΛΦ0

. When doing so, it is convenient
to introduce the parameter

(4.5) γ =
1

1− 2λ
,

and to observe that

(4.6) Re

(
λ

1− λ

)
=

1

4 |1− λ|2

(
1−

1

|γ|2

)
.

It follows, in particular, that if |γ| < 1, then a ∈ L∞(ΛΦ0
) for all c, d ∈ Cn,

and if |γ| > 1, then a is unbounded for all c, d ∈ Cn. In the “boundary” case
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when |γ| = 1, we have a ∈ L∞(ΛΦ0
) precisely when

(4.7) Re

(
c

1− λ
· x−

d

1− λ
· x

)
= 0, x ∈ Cn.

Rewriting the condition (4.7) in the form

(
c

1− λ
−

d

(1− λ)

)
· x+

(
c

(1− λ)
−

d

1− λ

)
· x = 0, x ∈ Cn,

we conclude that a ∈ L∞(ΛΦ0
) precisely when

c =
1− λ

1− λ
d ⇐⇒ c = γd.

An application of Theorem 1.1 gives the following result.

Proposition 4.1. Let Φ0(x) = |x|2 /4 and

Q(x) = λ |x|2 +
1

2
c · x−

1

2
d · x,

with c, d ∈ Cn and λ ∈ C, Reλ < 1/4. Let us define γ ∈ C as in (4.5). If
|γ| < 1 then the operator

Top(eQ) : HΦ0
(Cn) → HΦ0

(Cn)

is bounded, for all c, d ∈ Cn. The same conclusion holds if |γ| = 1 and c =
γd.

We shall finish this section by demonstrating that, in the special case at
hand, the condition a ∈ L∞(ΛΦ0

) is in fact also necessary for the bounded-
ness of the Toeplitz operator Top(eQ). When doing so, we shall study the
action of Top(eQ) on the normalized reproducing kernels for the Bargmann
space HΦ0

(Cn). To this end, let us first recall from [8] that the orthogonal
projection ΠΦ0

: L2(Cn, e−2Φ0 L(dx)) → HΦ0
(Cn) is given by

(4.8) ΠΦ0
u(x) = aΦ0

∫
e2Ψ0(x,y)u(y)e−2Φ0(y) L(dy), aΦ0

> 0.

Here

(4.9) Ψ0(x, y) =
1

4
x · y, x, y ∈ Cn,
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is the polarization of Φ0. We have

2ReΨ0(x, y)− Φ0(x)− Φ0(y) = −Φ′′
0,xx(x− y) · (x− y)(4.10)

= −
1

4
|x− y|2 .

Let us set

(4.11) kw(x) = (2π)−n/2e2Ψ0(x,w)−Φ0(w), w ∈ Cn.

Using (4.10) we see that kw ∈ HΦ0
(Cn) with

(4.12) || kw ||2HΦ0
(Cn) =

∫
|kw(x)|

2 e−2Φ0(x) L(dx) = 1, w ∈ Cn.

We shall now consider the operator Top(eQ) acting on kw. To this end, it will
be convenient to start by making the following observations. First, letting
q(x) = λ |x|2 be the principal part of Q in (4.2), we obtain, in view of (4.8)
and the exact stationary phase,

(4.13)
(
Top(eq)e2Ψ0(·,w)

)
(x) = Cλe

2Ψ0(x,γw), w ∈ Cn,

where Cλ is a constant depending on λ only, and the parameter γ has been
defined in (4.5). Next, let h be entire holomorphic such that he2Ψ0(·,w) ∈
L2(Cn, e−2Φ0L(dx)) for all w ∈ Cn. We then have

(4.14)
(
Top(h)e2Ψ0(·,w)

)
(x) = h(w)e2Ψ0(x,w).

Indeed, it suffices to observe that in view of (4.8), the left hand side of (4.14)
is equal to

(
Top(h)e2Ψ0(·,x)

)
(w).

Finally, let h be entire holomorphic such that

he2Ψ0(·,w), heqe2Ψ0(·,w) ∈ L2(Cn, e−2Φ0L(dx)),

for all w ∈ Cn. Directly from the definitions we then see that

(4.15) Top(heq) = Top(h)Top(eq),

when acting on the linear span of {e2Ψ0(·,w), w ∈ Cn} ⊂ HΦ0
(Cn).
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Using (4.2), (4.11), (4.13), (4.14), and (4.15), we get

(
Top(eQ)kw

)
(x) = Cλexp (2Ψ0(x, γ(w + c))(4.16)

− 2Ψ0(d, γ(w + c))− Φ0(w)).

Here, as above, Cλ ̸= 0 is a constant which depends on λ only. Taking the
norm in HΦ0

(Cn) and using (4.10), we obtain

||Top(eQ)kw ||HΦ0
(Cn)(4.17)

= C exp (Φ0(γ(w + c))− Φ0(w)− 2ReΨ0(d, γw)).

Here C ̸= 0 is a constant depending on λ, c, d only. It follows from (4.17) that
if |γ| > 1, the operator Top(eQ) is unbounded for all c, d ∈ Cn. If |γ| = 1,
we get with a new constant,

(4.18) ||Top(eQ)kw ||HΦ0
(Cn) = C exp (2ReΨ0(w, c)− 2ReΨ0(w, γd)),

and it follows that if c ̸= γd, the operator Top(eQ) is unbounded.

The discussion above may be summarized in the following theorem.

Theorem 4.2. Let Φ0(x) = |x|2 /4 and Q(x) = λ |x|2 + 1
2c · x− 1

2d · x, with
c, d ∈ Cn and λ ∈ C, Reλ < 1/4. The Toeplitz operator

Top(eQ) : HΦ0
(Cn) → HΦ0

(Cn)

is bounded if and only if the Weyl symbol a ∈ C∞(ΛΦ0
) of Top(eQ) satisfies

a ∈ L∞(ΛΦ0
).
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