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Stability of tautological bundles on
symmetric products of curves

ANDREAS KRUG

We prove that, if C' is a smooth projective curve over the complex
numbers, and E is a stable vector bundle on C' whose slope does
not lie in the interval [—1,n — 1], then the associated tautological
bundle E" on the symmetric product C") is again stable. Also,
if E is semi-stable and its slope does not lie in (—1,n — 1), then
E[ is semi-stable.

Introduction

Given a smooth projective curve C over the complex numbers, there is an
interesting series of related higher-dimensional smooth projective varieties,
namely the symmetric products C™. For every vector bundle E on C of
rank r, there is a naturally associated vector bundle E[ of rank rn on the
symmetric product C™ | called tautological or secant bundle. These tauto-
logical bundles carry important geometric information. For example, k-very
ampleness of line bundles can be expressed in terms of the associated tau-
tological bundles, and these bundles play an important role in the proof of
the gonality conjecture of Ein and Lazarsfeld [6]. Tautological bundles on
symmetric products of curves have been studied since the 1960s [111, 13}, [14],
but there are still new results about these bundles discovered nowadays; see,
for example, [2] 10} 15].

A natural problem is to decide when a tautological bundle is stable.
Here, stability means slope stability with respect to the ample class H,, that
is represented by C"~1 4+ 2 c C™ for any = € C; see Subsection for
details. This problem has been much studied, mainly in the special case
that L is a line bundle; see [I15, [7, 12]. It is easy to see that EM can
only be stable if E is stable; see Hence, the question is under
which circumstances the stability of E implies the stability of E™. For line
bundles and n = 2, there is a complete answer given by Biswas and Nagaraj
[3]. Namely, L is unstable if and only if L = O¢, and L is properly semi-
stable if and only if L = O(4x) for some point 2 € C. Mistretta [12, Sect. 4],
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proved that L is stable whenever deg(L) > n — 1. Recently, Dan and Pal
[5] and Basu and Dan [2] started the treatment of the problem for E of
higher rank, considering the case n = 2. In loc. cit. it is shown that E? is
stable whenever F is stable with deg(FE) > rank(E), and E®? is semi-stable
whenever E is semi-stable with deg(E) > rank(E).

In the present paper, we generalise the result of loc. cit. to arbitrary n,
and complement it by a similar result for vector bundles of negative degree.
Concretely, we prove the following

Theorem 0.1. Let C be a smooth projective curve, and let E € VB(C) be
a vector bundle. We set d := deg(E), r := rank(E), and p := u(E) = <.

T

(i) Let n € N, and let E be semi-stable with d > (n — 1)r or, equivalently,
w>n—1. Then E"l s slope semi-stable with respect to H,,.

(ii) Let n € N, and let E be stable with d > (n — 1)r or, equivalently, u >
n — 1. Then E™ s slope stable with respect to H,.

(i) Let E be semi-stable with d < —r or, equivalently, p < —1. Then E[
is slope semi-stable with respect to Hy, for every n € N.

(i) Let E be stable with d < —r or, equivalently, i < —1. Then E!" is
slope stable with respect to Hy, for everyn € N.

The slope of a tautological bundle is given by the formula M(E["]) =
d—(n—-1)r _ p—n+1

rn - n
as follows:

If the slope ,u(E[”]) of a tautological bundle lies outside of the interval
[—1,0], the tautological bundle inherits the properties stability and semi-
stability from E. If M(E["]) lies on the boundary of this interval, EM still
inherits semi-stability from E.

The key to our proof is a short exact sequence relating the tautological
bundles E"~1 and El; see [Proposition 1.4] This exact sequence allows us
to prove by a direct argument if deg £ > 0, and by induction
if deg £ < 0.

The paper is organised as follows. In Subsections and we recall
the definitions of slope stability and of tautological bundles on the sym-
metric product of a curve. In Subsection we introduce some important
divisors on C™ and C", and compute their intersection numbers. In Sub-
section we show that stability of E[" can be tested by computing the
slopes of &,,-equivariant subsheaves of W;E[”], where m,: C™ — C™ is the
S,,-quotient morphism. Then, in Subsection [1.5, we explain how slopes of

; see Subsection [1.7] Hence, we can reformulate our result
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&,,-equivariant sheaves on C" can be computed by restriction to appropri-
ate subvarieties. In the next Subsection [1.6] we discuss the key short exact
sequence relating 7% E" and 7% El*~1. In Subsection we compute the
slope of tautological bundles and their pull-backs along the quotient mor-
phisms, and remark that (semi-)stability of E[" implies (semi-)stability of
E. In Section [2] we carry out the proof of Halfway through
the proof, we have to separate the cases of negative and positive degree d.
These two cases are treated in Subsections and respectively. In the
final Section [3] we observe that is already optimal in the sense

that the numerical conditions on the slopes cannot be weakened.
Conventions

All our varieties are defined over the complex numbers. We denote the set of
positive integers by N. Given two varieties X and Y, we write the projections
from their product to the factors as pry = pr))gXY: X XY — X and pry =
préxy: X xY — X. We write VB(X) for the category of vector bundles
and Coh(X) for the category of coherent sheaves on X.
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1. Preliminaries
1.1. The notion of slope stability

Let X be a smooth projective variety. Let us fix an ample class H € N!(X)
in the group of divisors modulo numerical equivalence. For a coherent sheaf
A € Coh(X) with rank(A) > 1, we define its degree and its slope with respect
to H by

_ _ degy(A)
degy(A) :=c1(A) - H" ' = A)-H"! A) = I
egin(4) = ci(4) [ty B ) = SR
A vector bundle E € VB(X) is called slope semi-stable with respect to H if,
for every subsheaf A C E with rank(A) < rank(E), we have pug(A) < pp(E).
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It is called slope stable with respect to H if, for every subsheaf A C E with
rank(A) < rank(E), we have the strict inequality pp(A) < pp(E). Some-
times, we omit the word ‘slope’ and just speak of semi-stable and stable
vector bundles. Note that, if X = C' is a curve, the notion of stability and
semi-stability is independent of the chosen ample class H € N*(X).

1.2. Symmetric product of a curve and tautological bundles

From now on, let C' always be a smooth projective curve, and let n € N.
There is a natural action by the symmetric group &,, on the cartesian prod-
uct C™ by permutation of the factors. The corresponding quotient variety
c = C" /&, is called the n-th symmetric product of C. By the Chevalley—
Shephard-Todd theorem, the variety C'™) is smooth, and the quotient mor-
phism m,: C" — C™ is flat.

The points of C™ can be identified with the effective degree n di-
visors on C'. Accordingly, we write them as formal sums: x1 + -+ + x, =
Tn (X1, ..., 2p) for z1,..., 2, € C. In fact, the symmetric product is the fine
moduli space of effective degree n divisors (or, equivalently, zero-dimensional
subschemes of length n) on C, with the universal divisor =, c C" x C
given by the image of the closed embedding

C N xC O™ O, (w14 +Tp, @) = (L1 + -+ Tyt + T, 1)

Now, the Fourier—-Mukai transform along this universal divisor allows us to
construct tautological vector bundles on C™ from vector bundles on C.
Concretely, for E € VB(X), the associated tautological bundle on c™ s
given by

Bl = G € (0=, @ pr& " B) 2 a b B,

where a: 2, — C" and b: E,, — C are the restrictions of the projections
prgE:: *C and prg(n)xc, respectively. Since a is flat and finite of degree n, the
coherent sheaf E is a vector bundle with rank(E™) = n rank(E).

1.3. Intersection theory on symmetric and cartesian
products of curves

Fori=1,...,n, we write pr;: C"™ — C for the projection to the i-th factor,
and pr;: C" — C™ ! for the projection to the other n — 1 factors. We set
H, =Y [pr; ' ()] € NY(C™) for any point = € C. Indeed, modulo numer-
ical equivalence, the divisor pr; 1(93) is independent from the point x € C.
Using the Segre embedding, we see that ﬁn is ample.
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We define H,, € NI(C(”)) as the unique class with 7*H,, = ﬁn One can
check easily that H, is represented by C™~1 4z, the image of the closed
embedding C~Y — O with o — « 4 z, for any = € C. Since H,, is ample
and m,: C" — C" is finite, H,, is ample too. We always consider stability
of bundles on C'™) with respect to this ample class.

Another important divisor on C" is the big diagonal 6,, = Zl§i<j§n Asj
where

(1) Aij:{(xl,...,wn)|l‘i:l'j}CCn.

Note that, in the Chow group modulo numerical equivalence, we have
n

(2) (Ho)" ' = (n =11 pr ()
i=1

for any point y = (x1,...,7,_1) € C"" 1. Note that
ﬁ;l(y) =1 X+ XTj—1 X C x Tit1 X Tp—1-

From this, we can easily compute the following intersection numbers

(3) (H)" =nl, 6,-(H,)" '=nl(n-1).
1.4. Stability under pull-back along quotient morphism

Let G be a finite group acting on a smooth projective variety X. A G-
equivariant sheaf on X is a coherent sheaf B together with a G-linearisation,
that means a family of isomorphisms {\;: B = g*B}4eq such that for every
pair g, h € G the following diagram commutes:

)\47

B ‘> ¢*B 9" An

g*h*B ——> (hg)*B.
)\hg

Let m: X - Y := X/G be the quotient morphism. Then, for every g €
G, we have mo g = m, which yields a canonical isomorphism of functors
pg s ™ = g*m*. This gives, for every F € Coh(Y), a G-linearisation {u, :
F 5" ¥ F}geq of 7 F. We call this the canonical G-linearisation of the
pull-back ™ F. By a &, -equivariant subsheaf of m*F, we mean a subsheaf
A C 7 F which is preserved by the canonical G-linearisation of the pull-
back: p14(A) = g* A as subsheaves of g*7*F.
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Lemma 1.1. Let a finite group G act on a smooth projective variety X
such that Y = X/G is again smooth and m: X — Y is flat. Let H € N'(Y)
be an ample class and F € VB(Y).

(i) If prr(A) < pr-pg(miF) holds for all &,-equivariant subsheaves A
of m*F with rank A < rank F', then F is slope semi-stable with respect
to H.

(1) If prpr(A) < pomp(m F') holds for all &, -equivariant subsheaves A of
7* F with rank A < rank F', then F is slope stable with respect to H.

Proof. For every B € Coh(Y) with rank B > 0, we have
pe i (77 B) = |G - i (B);

see [8, Lem. 3.2.1]. Hence, for F' to be semi-stable, it is sufficient to have
Uro i (7*B) < pp-g(7*F) for every subsheaf B C F' with rank B < rank F..
The assertion of part follows from the fact that 7*B is a G-equivariant
subsheaf of 7*F whenever B is a subsheaf of F. The proof of part is
completely analogous. (I

See [12), Sect. 4.2] for a similar criterion for slope stability of sheaves on
quotients.

1.5. Some technical lemmas concerning restriction of sheaves

Lemma 1.2. Let Fi,...,F, € Coh(C™) be finite collection of coherent
sheaves on C™, and let m <n. Then there exist points Tmii,...,xTn € C
such that, if
L: C™ — Cn, (tl,...,tm) — (tl,. . .,tm,:lj‘erl,...,l‘n)
denotes the closed embedding with image C™ X Tpyq1 X «++ X Ty, the ranks
of the F; do not change under pull-back along v and all the higher pull-backs
of the F; along v vanish:
Vi=1,...,k : rank(:*F;) = rank(F;), L/*(F;))=0 forj#0.

Proof. We consider the projection

f:C"=C" M (z1, .., n) = (Tt e, Tn)
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to the last n —m components. By generic flatness, we get for every i =
1,...,k an open dense subset U; C C"™" such that Fjj;-1(y,) is flat over U;.

Now, choosing (Zm+1,-.-,%n) € ﬂle U; gives the result. O

Lemma 1.3. Let A be an &,,-equivariant sheaf on C™.

(i) Let xa,...,x, € C be points such that LIt*(A) = 0 for all j # 0 where
t: C = C™ is given by 1(t) = (t,xa,...,xy). Then

degy (A) = nldeg(t"A4).

(ii) Let x € C be a point such that L7t*(A) =0 for all j #0 where ¢ :
C"1 < O™ is given by v(t1,...,tn_1) = (t1,... ,tn_1,2). Then

degy (A) =ndegy (L"A).

Proof. In the set-up of part we have +(C) = pry H(y) with y = (2, ..,
x,) € C" 1. By projection formula, we have

[pr ()] - c1(A4) = " c1(A) = c1 (1" A) = deg(t* A),

where the equality ¢*c1(A) = c;(¢*A) is due to the vanishing of the higher
derived pull-backs. By the &,-equivariance of A, we get [pF; *(y)] - c1(A) =
[P 1 (y)] - c1(A) = deg(:* A) for every i = 1,...,n. Combining this with

gives

degy (A) = (Hp)" - ci(A) = (n—1)! (Z[pri_l(y)]> - c1(A)
i=1
= (n = Dn[pry ()] - c1(A)
=nldeg(t*A).
The proof of part is very similar. 0

1.6. Pull-back of tautological bundles along the &,-quotient

For i =1,...,n we consider the divisor §,(i) := Zje{l,...,n}\{i} Ay on C™;
compare (|1)).
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Proposition 1.4. For everyi=1,...,n, there is a short exact sequence
(4) 0 — pri B(=0,(i)) — m*EM - prixt (B 0.

The subsheaves Uy (E, 1) :=im(prf E(—6,(i)) — W;E[n}) of m:EM defined

by these sequences have pairwise trivial intersections:
(5) Un(E,i) N Un(E,j) fori#j.

Furthermore, these subsheaves get permuted by the natural &, -linearisation
of the pull-back wiEM: If (i) = j, we have the equality p,(U,(FE,i)) =
o* Un(FE, 7) of subsheaves of o*m* E".

Proof. The pull-back of the universal divisor =, C C"™ x C' along the flat
morphism 7, X idc: C" x C — C™ x C'is given by (7 X idc)*E,, = Dy, :=
> k1 Tpr, - By flat base change along the diagram

Pre

cnx C cn x 0 =2

I I

cn oM,

7Tn><idc
—_—

C

we get, setting g, := prg"xc = prg<">x0 o(m, X idg): C™ x C'— C, the fol-

lowing isomorphism
(6) mEM = pre., (Op, ® g,F) .
Now, let us fix some i € [n]. We note that >, Ior, = (pF; X idc)* D1,

which gives D,, = Ty, + (pry x id¢)*Dy—1. Hence, we get a short exact se-
quence

(1) 0=0r, | =Y e, N ] | = On, = (pF; x ido)*Op, , =0
ki

of coherent sheaves on C™ x C'. All the sheaves of this sequence are finitely
supported over C". Hence, combining @ and @, gives the short exact
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sequence

(8) 0 = preny | Or,, (= E[Fprk NTlpr]) ® g, E
k£
— W;*LE[”] — promy (PF; X ide)*Op, _, ® ¢hE) — 0

of coherent sheaves on C™, which will turn out to be isomorphic to the
asserted sequence . By flat base change along the diagram

qn

—_—

C"x C——=Ccr1xcC

Pren l l pPren—1

pry -1
n n
C ot

C

we see that pren, ((pF; x ide)*Op,_, ® ¢4 F) = prin Bl To bring the
first term of into the correct form, we consider the isomorphism

t: C" ifpri CC"xC, (x1,...,2n) —~ (T1,...,Tp;2;) .

Because of I'p, NIy, = {(z1,...,2n;2) € C" x C | 2, = 2; = v}, we see
that

D Mo, NTpr, ] | = 60(i) -
ki

From this, it follows that prew, (Or, (- > kzillor, N Tpr 1) = pry E(—0n (1)),
which shows that the sheaves in are isomorphic to those in (4)).

The fact that, for i # j, the subsheaves pri E(—d,(i)) and prj E(—d,(j))
of 7} El"l intersect trivially follows from the fact that Or,, (=2 kziLpr, N
Tpr 1) and Or,, (= 324 ;[Tpr, N Dpr 1) intersect trivially as subsheaves of Op .

The final statement of the proposition follows from the fact that, for
o € 6, with o(i) = j, we have the equality

N Z[Fprk N I‘pri] = U*OFprj - Z[prk N Fpri]
ki kti

of subsheaves of 6*Op, , where v is the natural &, -linearisation of the pull-
back Op, = (7} x id¢)*Oz,. O
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1.7. Degree and slope of tautological bundles

There are well-known formulae for the Chern classes of tautological bundles;
see [11, Sect. 3|. In particular, we have

(9) c (B = dH,, — 16, .

Alternatively, this formula can easily be deduced inductively using the short
exact sequence of |Prop081t10n 1. 41 For doing this, note that H,, = prf[z] +
pr; *[. 1 and 8, = 0, (i) + pr;op—1 for every i € [n]. Combining @ with .,
we get degy (mxEl) = n!(d— (n—1)r) and

Mgn(w;;E[n]) _ (n—D!(d— (n—1)r)

r

(10) =n-l(p—n+1).

Since 7, is finite of degree n!, we also get

e B (mREM) (- (n—1 —n+1
(1) (el = M) (@ D) pon
. nr n

Remark 1.5. For an arbitrary, not necessarily locally free, coherent sheaf
A € Coh(C), we can still define an associated tautological sheaf on cm
by Al .= a,b*(A); compare Since a is finite and b is flat,
the functor a.b*: Coh(C) — Coh(C'™) is exact; compare [9, Thm. 1.1]. In
particular, if 0 > Ey — Ey — A — 0 is a locally free resolution of A, then
0— Ew — E([)n} — A"l - 0 is a locally free resolution of A, Tt follows
that formula extends to a formula for slopes of tautological sheaves of
positive rank, namely pp (EM) = W' It follows that, if F is a vector
bundle on C' and A C E is a destabilising sheaf, then A" c EM is again
destabilising. In other words, (semi-)stability of E[™ implies (semi-)stability
of E.

2. Proof of the main result
2.1. General part of the proof

Let E € VB(C) satisfy the assumptions of one of the four parts
|(ii1), |(iv)| of [Theorem 0.1} By |Lemma 1.1} in order to prove stability or
semi-stability of E™, we need to compare the slopes of A and W:LE[”] for
A C m2El" a &,-invariant subsheaf with s := rank A < nr = rank El".
Fori=1,...,n, we set A'(i) := ANU,(F,i) as an intersection of sub-
sheaves of W;E[n]; compare |Proposition 1.4L We write the corresponding
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quotient as A”(i) = A/A'(i). We also set A’ = A’(1) and A” = A”(1), and

get a commutative diagram with exact columns and rows

(12) 0 0 0
0 A A Al 0
04>pl”{ E(_én(l)) HW;E[TL] —)prlﬂ* 1E[n 1__ .90

where the bottom row is the short exact sequence form [Proposition 1.4 We
set ' = rank A" and s” = rank A” which gives s = s’ + s”. By the last state-
ment of [Proposition 1.4] together with the &,-equivariance of the subsheaf
A C 7t Bl we have A'(i) = ¢* A’ for any o € &,, with (i) = 1. In particu-
lar, rank A'(j) = ¢ for every j =1,...,n. By (f]), we have D, A() C A
Hence, we get the following inequalities of the ranks

(13) s>ns, §">mn-1)s, ns'>(n-1)s.

Now, we divide the proof that ug (A) < pg (m:EM) (or, for the proof
of parts and |(iv)| of [Theorem 0.1} that we have have a strict inequality)
into the two cases of positive and negative d = deg F, treated in the following
two subsections.

2.2. Proof of the main theorem for bundles of positive degree

In this subsection, we prove parts and of [Theorem 0.1} Let E €
VB(C) be a semi-stable bundle with d > (n — 1)r, equivalently p > (n —1).

By [Lemma 1.2 and [Lemma 1.3| there are points xo,...,z, € C such that,
for v: C'— C™ with «(t) = (¢,x2,...,zy,) the closed embedding with image
C X 19 X +++ X xp, we have

(14) degy (A) = nldeg(t"4),

the rank of objects of diagram remain unchanged after pull-back by
t, and the rows and columns of the diagram remain exact after pull-
back by ¢. Since C' X z3 X --- X @, is a section of pr;: C" — C and a fibre
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of pry: O™ — C™ 1, the restricted diagram takes the form

(15)
0 (j (j
0 ¥ A ¥ A A" 0
0——=FE(—xzg—x3— -+ — x) — *mi BN —~ Ogr(nfl) ——0
By the semi-stability of E(—xy —x3 — -+ — x,) and ng(n_l), we get
(16) p( A < p(B(—zp —a3— - —xp)) =p—n+1

and p(c*A”) < 0. Note that equation is essentially were the upper

boundary n — 1 of the critical interval in the statement of
is coming from. Combining the two inequalities, we get

(17) deg(1*A) = deg(*A") + deg(L*A”)
= (A +"p(A") < (p—-n+1).

By , and by the inequality ns’ < s of combined with the assumption
H >n— 17

ol deg(t*A)

/
(18) g, (A) =nl==2 <l (u—n+1)

< (=D p—n+1) = p(m,EM).

By this shows that E is semi-stable.

Let now E be stable and g > n — 1. Then, by the stability of E(—xs —
x3 — -+ — Ip), the inequality is strict. Accordingly, the inequality in
and the first inequality in are strict, except for if s’ = 0. However,
for s/ =0 the second inequality of is strict, due to the assumption
> n — 1. Hence, in any case, we have pg (A) < pg (m:EM) so that EM

is stable by

2.3. Proof of the main theorem for bundles of negative degree

In this subsection, we prove part [(iii)| and |[(iv)| of [Theorem 0.1 So, let E €
VB(C) be a semi-stable bundle with x < —1. We argue by induction on n
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that ugz (A) < pg (7, E) for every &,-equivariant subsheaf with
s :=rank A < nr = rank E[",

For n =1, the assertion is trivial as ﬂfE[l] =F. Let now n > 2. By
ILemma 1.2 and [Lemma 1.3, there is an = € C such that, for ¢: C" ! —
C"™ with (ta, ..., tn) = (z,ta,...,t,) the closed embedding with image x x
C™ 1, we have

(19) degy (A) =ndegy (L7A),

the rank of objects of diagram remain unchanged after pull-back by
t, and the rows and columns of the diagram remain exact after pull-
back by ¢. Noting that ¢*(8,,(1)) = H,—1 and pry oo = idgn-1, the restricted
diagram takes the form

(20) 0

i

0
0 A A A" 0

| |

0—> O(—H, 1)¥" — 12BN — 7 El-1 0

By the induction hypothesis, together with , we get
20 opg  (FA) <pp (BRI = (- 2)(n—n+2).

Furthermore, the inclusion t*A’ < O(—H,,_1)®" combined with (3) gives

02 g A Sy (OC-Fu o)) = (1)
Combining and (22)), and replacing s’ by s — s”, we get

degﬁn,l(L*A) = S”/‘ﬁn,l(ﬁA”) + Sl“ﬁn,l(L*A/)
(n=2)(s"(p—n+2)—(s—5")(n—1))
=(n-2)"(p+1)— (n—1)s.

IN
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Combining this with the assumption p+1 <0 and the inequality ns” >

(n —1)s from gives
(23) ndegy  ("A) < (n—2)ns"(u+1) —nls

(n=2)(n—1)s(p+1) —nls
=n-1ls(u—n+1).

Together with and , we get

ndegg (1*A)

(20 g, (4) = —— P < (= )l — 0+ 1) = g (w5 ).

IN

Let now E be stable and p < —1. Proceeding as before by induction,
we see that, if s” < (n — 1)r, the inequality is strict. Hence, the first
inequality of is strict too, which leads to a strict inequality in . If
" = (n—1)r, we have ns” > (n — 1)s since s < nr. It follows that, in this
case, the second inequality of is strict, which again leads to a strict

inequality in (24)).
3. The numerical conditions are sharp

In this section, we observe that the numerical conditions in
on the slope cannot be weakened. For this, we consider examples of (semi)-
stable bundles on C' with various values p(E) € [—1,n — 1] such that El" is
unstable.

Let £ >0,z € C,and L = O¢(¢ - x). Any non-zero section of L induces a
non-zero section of L"; see [IT], Corollary of Prop. 1]. Hence, Oy is a sub-
sheaf of LI". For 0 < ¢ < n — 1, we have (L) < 0; see . Hence, in this
case, the subsheaf Oy is destabilising. For £ = n — 1, we have u(LM) =0
and LM is properly semi-stable.

In a similar way, we get examples of higher rank and non-integer slope:
Whenever E € VB(C) has u(E) < n — 1 and h°(E) > 0, the structure sheaf
O is a destabilising subsheaf of EI". For many curves C' and many values
of d and r such that u(E) < n — 1, the existence of stable bundles with
h°(E) > 0 is guaranteed by Brill-Noether theory.

The tautological bundles L") associated to L = O(—x), which have slope
M(L[”]) = —1 for every n € N, can also be shown to be properly semi-stable as
follows. We consider the bundle LE" := ;. pri L on C™ equipped with the
G,.-linearisation given by permutation of the direct summands. We have an

isomorphism LM 2 76 LE" where 787 LB are the invariants of 7, L"
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under the &,,-linearisation. Every morphism s: L < O¢ induces an &,-
equivariant embedding L¥" := Qi pri L — L¥" with components

sHU R id KX LE s prr L= OF TR LK O

Since 787 is exact, we have an inclusion 7S L¥" < LI". Furthermore,
i S [¥n = [X7 Hence,
_ LIEn)
&, K P,
prg, (mr L7) = == = —1 = pr, (L)

which shows that LM is properly semi-stable.

Note, however, that it is still possible that there are stable tautological
bundles with slope lying in the interval [—1,0]. At least, there are stable
tautological bundles on the boundary of this interval in the case n = 2: If L
is of degree 1 but not isomorphic to O¢(z) for any x € C, or of degree —1
but not isomorphic to O¢(—z) for any z € C, the tautological bundle L%
is stable (not only semi-stable) of slope —1 or 0; see [3].
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