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Period integrals in nonpositively
curved manifolds

EMMETT L. WYMAN

Let M be a compact Riemannian manifold without boundary. We
investigate the integrals of L?-normalized Laplace eigenfunctions
over closed submanifolds. General bounds for these quantities were
obtained by Zelditch [23], and are sharp in the case where M is the
standard sphere. However, as with sup norms of eigenfunctions,
there are many interesting settings where improvements can be
made to these bounds, e.g. where M is a negatively curved surface
and the submanifold is a geodesic (see [6] [I8]).

So far, improvements in the nonpositive curvature setting have
been confined to the two-dimensional case (see works of Chen and
Sogge [0]; Sogge, Xi, and Zhang [18]; and the author [20} 22]). Here,
we provide two theorems which extend these results into the higher
dimensional setting. First, we provide an improvement of a half
power of log over the standard bounds provided the submanifold
has codimension 2 and M has strictly negative sectional curvature.
Second, we provide the same improvement for hypersurfaces whose
second fundamental form differs sufficiently from that of spheres
of infinite radius. We use the usual tools, such as the Hadamard
parametrix and the method of stationary phase, but critical to our
argument is a computation of the Hessian of the distance function
on the universal cover of M.
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1. Introduction
1.1. Background

Let (M, g) be a compact n-dimensional Riemannian manifold (n > 2) with-
out boundary. Let A, denote the Laplace-Beltrami operator, written in local
coordinates as
Ag =197 " ai(191"*g"9;).
0.
Let e; for j =0,1,2,... form a Hilbert basis of eigenfunctions of A, with
corresponding eigenvalues A, i.e.

)2,
—Agej = )\jej.

We are interested in the relationship between the geometry of M and asymp-
totic bounds on the means of eigenfunctions over submanifolds as the eigen-
value tends to infinity.

This class of problems has its roots in the theory of automorphic forms,
where bounds on the Fourier coefficients of eigenfunctions along closed geo-
desics are of interest. Using Kuznecov sum formulae, Good [9] and Hejhal [11]
independently obtained bounds

[yej ds = O(1)

where M is a compact hyperbolic surface and v a closed geodesic. Later
Zelditch [23] extended this result to the general Riemannian setting and
obtained a Kuznecov sum formula

(1.1) > /Eej do

<A
for d-dimensional submanifolds Y, where do is the surface element on X.
This provides the general bound,

/ejda =
2

2
~ )\nfd + O()\nfdfl)

(1.2)
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which is optimal on the sphere for anyﬂ submanifold X.

In [13], Reznikov extended the bounds in [9] IT] to geodesic circles and
closed horocycles in hyperbolic surfaces of finite area, and put forth a con-
jecture for optimal bounds.

Conjecture 1.1 ( [13]). Let M be a compact hyperbolic surface and v a
closed geodesic or geodesic circle. Then,

/ejds
.

for all e > 0.

It seems the standard techniques will only yield improvements by a power of
log A; over the standard bounds. The conjecture, let alone any polynomial
improvement over the standard bounds, seems a long way off.

The first improvement on was obtained by Chen and Sogge [6],
who used the Gauss-Bonnet theorem to show

/ejds
v

where M is a compact surface with negative sectional curvature and -~ is a
geodesic. This result was later improved by Sogge, Xi, and Zhang [18] by pro-
viding an explicit decay of O(1/4/log ;) under some weaker sectional curva-
ture hypotheses. The author [20] extended [6] and later [I8] from geodesics
to a wide class of curves satisfying some curvature conditions, albeit with-
out the weakened sectional curvature hypotheses. The result is summarized
below.

=o(1)

Theorem 1.2 ([22]). Let M be a compact Riemannian surface without
boundary with nonpositive sectional curvature. For each p € M and v €
SpM, let k(v) denote the limit of the curvature of the circular arc at p
with center taken out to infinity along the geodesic ray in direction v. Then,

ndeed, by (1.1)) and the fact that the gaps between successive distinct eigenval-
ues on S™ approach a constant (see [21])
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if v is a closed curve in M such that
Ky 7 k(v) for all normal vectors v to -,

then
/ €4 ds = O(l/wlog )\j),
gl
where here k. denotes the geodesic curvature of .

By inspection of the constructions in [20] 22], k is precisely the curvature of
a horosphere as in [10].

There have been a number of recent improvements on the general bounds
assuming some dynamical properties of the geodesic flow. Canzani,
Galkowski, and Toth [5] provided a little-o improvement on bounds on av-
erages of Cauchy data over hypersurfaces of eigenfunctions belonging to a
sequence with defect measure. The author [21] provided a little-o improve-
ment on provided the set of looping directions which depart from and
arrive at ¥ conormally has measure zero. Using quantum defect measures,
Canzani and Galkowski [3] recently obtained the little-o improvement for a
vast range of situations containing results in [5, 21].

1.2. Statement of results

In this article, we provide a generalization of [22] to nonpositively curved
manifolds of arbitrary dimension. Our first result provides an improvement
of 1/4/log \; to if M has negative sectional curvature and X has codi-
mension at least 2.

Theorem 1.3. Let (M, g) be a compact, n-dimensional Riemannian man-
ifold, without boundary, with negative sectional curvature. Let X2 be a closed
d-dimensional submanifold with d < n — 2. Then,

/ejda
by

where do denotes the induced measure on X.

n—d—1
2

_ oo Vie ),

Our second result treats the codimension 1 case and requires a gener-
alization of the limiting curvature k from the two-dimensional case. First,
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we define the second fundamental form Iy, of a submanifold ¥ to be the
vector-valued bilinear form

O5(X,Y) = (VxY)*

to be the component of the covariant derivative of Y with respect to X which
lies normal to X. For what follows, we appeal to the formalism of [10], [1],
and [§] for stable Jacobi fields, Busemann functions, and horospheres, sum-
marized below.

Let (M, §) be a Hadamard manifold with nonpositive sectional curvature
(e.g. the universal cover of M). Fix a choice of unit-speed geodesic

7:R—>M
t— ().

Fix a vector X at 7(0). A Jacobi field Jx along 7 is stable if |Jx(t)| is
bounded for ¢ > 0. There exists a unique stable Jacobi field Jx for any
choice of v and X. Our choice of v also provides a Busemann function f,
defined as

f(x) = lim (dg(y(t),z) —1).

t—o00

Busemann functions are C? and convex, and the flow lines of their gradients
are unit-speed geodesics. A horosphere is a level set of a Busemann function.
They are also the hypersurfaces obtained as a limit of spheres containing
some fixed point with centers at (t) as t — oo.

Let p = 7(0) and v = +/(0). We let H(v) be the horosphere f~1(f(p)),
where f is the Busemann function associated with v as above. The second
fundamental form of H(v) is then given by

(13) 1) (X, Y) = (~J5(0), V) v,

where Jy is the unique stable Jacobi field along v with Jx(0) = X, and
where J denotes the covariant derivative with respect to the parameter of
7. Note I, is invariant under isometry, and hence is well-defined after
quotienting M by a group of deck transformations to obtain a compact
manifold M. After accounting for differences in convention, we recover two
useful, well-known facts from [1]:

1) My ) is continuous over v in the unit sphere bundle SM.

2) (g, v) is positive semidefinite.
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(1) and (2) follow, respectively, from the facts that Busemann functions are
C? and convex.

Our second main result, which pertains to period integrals over hyper-
surfaces, requires hypotheses on the quadratic forms (IIy; — II H(v)s v) on T'X
for each unit vector v normal to X.

Theorem 1.4. Let (M,g) be as in Theorem except allow M to have
nonpositive sectional curvature, and let 3 be a closed hypersurface. If

(1.4) rank((Ily; — gy, v)) + rank((Ils — M g_y,), —v)) > n
for each v € SNX,

then

(1.5) /Zej do = O(1//log \;).

Remark 1.5. The results of Theorems and and of Corollary
to follow, still hold if we replace the eigenfunctions by quasimodes W) with
|¥allzz < 1 and with spectral support on the frequency band [A, A + @]
The submanifold ¥ need not be closed, either, provided the surface element
do is multiplied by some smooth, compactly supported cutoff. This will be
made apparent in the next section.

The arguments in Section [4] allow us to pick out some criteria for hy-
persurfaces which satisfy the hypotheses of Theorem As a consequence,
we have the following corollaries. (See Proposition and Remark for
details.)

Corollary 1.6. Let M and X be as in Theorem . Then % satisfies (|1.4))
and hence (L.5)) if any of the following hold.

1) At each point in X, at least n/2 of the principal curvatures of ¥ lie
outside the interval [a,b], where 0 < a < b are constants such that

0> —a’> K> 1>

on M, where K is the sectional curvature of M.
2) X is a geodesic sphere in M.

3) M has strictly negative curvature and ¥ is a totally geodesic hypersur-
face.
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Note Theorem not only generalizes Theorem to hypersurfaces of
arbitrary manifolds, but it is stronger even in the two-dimensional case. In
Theorem the curvature of v is signed, and in Theorem [1.2]it is not. This
lets us apply Theorem [I.4] to all spheres, not just those of some bounded
radius as in [22), Corollary 1.6].

Section 2 is dedicated to reducing Theorems [I.3] and [I.4] to bounds on a
kernel involving the half wave operator. Following this, we lift our compu-
tation to the universal cover (M, §) of M, which we identify with R™ with
the pullback metric by the Cartan-Hadamard theorem as in [2], 6], 18], 22].
We then rephrase the kernel as a sum of kernels over the group of deck
transformations I' associated with the covering map. Section 3 is dedicated
to writing these summands as oscillatory integrals, roughly

(1.6) Z/Z/Eaa(:n,y)ei’\‘b“(x’y) do(z) do(y)

ael

with phase function
Pa(z,y) = dg(az, y)

where T and g are respective lifts of = and y to M , and where dj denotes
the distance function on the universal cover M. Section 4 is dedicated to
computing and bounding derivatives of the phase function so that we can use
the method of stationary phase in Section 5. Theorems [1.3] and [L.4] follow
if we can show each of the non-identity terms of (L.6) is O(A~%?) and
O()\_"/ 2), respectively, where the constants implied by the big-O notation
are sufficiently uniform.

1.3. Examples and limitations of Theorems and

There are two examples of manifolds which help to illustrate Theorems
and the flat torus and a compact hyperbolic manifold. These two exam-
ples help to motivate the statements of Theorems and At the same
time, these specific examples show the deficiencies of our main results and
suggest that a more complete picture must be provided with other methods.

The torus. Suppose M is the flat torus T" = R"/27Z". According to The-
orem since T" is flat, we should obtain a decay of O(1/,/log ;) on
integrals of eigenfunctions e; of the torus over hypersurfaces ¥, provided ¥
has at least n/2 nonzero principal curvatures at each point. In [12], Hezari
and Riviere present the following result on the torus, which has both stronger
hypotheses and (much) stronger bounds than those in Theorem
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Theorem 1.7 ([12]). Let ¥ be a smooth, compact, embedded, oriented
hypersurface of T™ without boundary with surface measure o, and suppose
all principal curvatures of ¥ are nonzero at each point on . Then,

/ exdo = O(A~1/27)
b

where € is any positive constant, but which is allowed to vanish when n > 5.

Hezari and Riviere explain that the problem comes down to counting lattice
points on spheres, for which there are bounds

(1.7) H{meZ: |m| =X =0\"2)  foralle>0

but where € is allowed to vanish when n > 5. At the same time if ¥ is a
rational hyperplane in T”, one may pick out a sequence of exponentials with
eigenvalues tending to infinity whose restrictions to > are a constant. In this
sense, some nonvanishing curvature conditions on ¥ are necessary to obtain
decay.

Now consider the situation where d < n — 2. Theorem [I.3]| requires that
the sectional curvature of M be strictly negative. However, it is reasonable
to ask if a similar result applies in the flat setting. Consider the specific case
where ¥ = T¢ x {0}~ for d < n — 2. By writing e, as a linear combination
of exponentials and using Cauchy-Schwarz, we obtain

< > lem)

‘/ (Y do
= |m]=A

d r_
g(m) = / e o) dy = {(()%) " ;8
Td m .

where m' = (mq,...,mg) are the first d coordinates of m. This and (|1.7))

yields
/ ey do
by

which is better than the bound in Theorem Though this computation
applies only to a few specific submanifolds, it suggests that Theorem
may apply to M with merely nonpositive sectional curvature. However, this
result is inaccessible with the methods used to prove of our main results. In-
deed, we require negative curvature to obtain a uniform constant and finish

1/2

where

d—2+4¢
2

=0O(A ) for all € > 0,
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the proof of Theorem [I.3]in Chapter 5.

A compact hyperbolic manifold. Suppose M is a compact hyperbolic
manifold, i.e. the sectional curvature is identically —1. By the corollary,
Theorem requires that at least n/2 of the principal curvatures of ¥ not
be 1. We ask whether we require the full conditions on 3 to obtain the
improved bound . Consider the extreme example where X is precisely
a horosphereﬂ in M. Is the standard bound

/Ze,\ do = 0O(1)

sharp like it is for rational hyperplanes in the torus? A recent result by
Canzani, Galkowski, and Toth [5] shows that if e) is a quantum ergodic
sequence, its average over any hypersurface will be o(1). If we assume the
quantum unique ergodicity conjecture, the standard O(1) bound is never
sharp regardless of the conditions on the curvature of ¥. Whether or not we
obtain an explicit decay of O(1/y/log \) for period integrals over horospheres
is an open question.

Note. As of the time of publication, this question has been resolved by
Canzani and Galkowski. In particular if M has Anosov geodesic flow (e.g.
when M has strictly negative curvature) and X lifts to a horosphere in M,
then we obtain the quantitative bound O(1/1/log \) on eigenfunction period
integrals over ¥ [4, Theorem 4, EJ.

2. A standard reduction and lift to the universal cover

The following reduction is part of the standard strategy for many problems
dealing with the asymptotic distributions of eigenfunctions on manifolds
(e.g. [2,16,[17-19, 23] and many others). We follow the example of [17,[19] and
use pseudodifferential operators to microlocalize to cones in T* M with small
support. Afterwards we perform a lift to the universal cover as in [2, [6, [1§].

2There are no closed horospheres in a compact hyperbolic manifold. However by
Remark it suffices to consider a small, embedded piece of a horosphere with
surface measure o which as been multiplied by some smooth, compactly supported
bump function.
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For both the situations in Theorems [.3] and we will show

/ejda
)

where 0 is some exponent less than n — d — 1 and where we set

2

(2.1) ST dl L OT)O

A EANT 1]

(2.2) T = clog A

for some sufficiently small c.

Now we introduce Fermi-type coordinates about Y. Parametrize a small
neighborhood in ¥ with geodesic normal coordinates =/ = (1, ..., x4) € R%
Then take a smooth, orthonormal frame v441, ..., v, of the normal bundle of
Y. Writing x = (2/, 21) € R® where 2 = (2441,...,2,) are the remaining
n — d coordinates, the coordinate map

(2.3) («/, 21) = exp(zgp1vap1 (@) + - + zpvp(2))

parametrizes a small neighborhood in M containing a piece of . By con-
struction,

(2.4) 9(',0) = {gz(()f) Ino_d]

where gy is the intrinsic metric on ¥ and I,,_4 is the (n—d) x (n —d)
identity matrix. We also note for future use that

ge(@) = Lo+ O(l2' )

and that the Christoffel symbols associated with the Levi-Civita connec-
tion intrinsic to ¥ vanish at ' =0 [7]. In particular, we can take the
Christoffel symbols to be as small as desired by shrinking the neighborhood
parametrized by our coordinates.

Take a finite open cover of ¥ in M of such coordinate charts and with
it a subordinate partition of unity

on X. By the Cauchy-Schwarz inequality,

2
e;ido /bie-da < Csx ‘/bieda
fyesae] = [22 [ 2| bes

2 2

)
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and so (2.1]) follows if we can show

/ bEj do
b

where b is a smooth function on X with controllably small support, and the
constants in the bounds are allowed to depend on b. We will take this a step
further and microlocalize to small cones in T* M. Take a partition of unity

Z%‘El
i

of the sphere S"~! C R”, and take smooth bump functions 3y and 3; both
supported on a small interval in R and for which Sy =1 near 0 and g1 =1
near 1. For each i, we define operatorsE|

2

(25) g T*l)\nfdfl + BCT)\(S

A EMAHT1]

26 Buaf) = g [ [ OB ) dyde
with symbol

Bix(z,y,€) = Bollz — y|)Bo|z*|)b(a")B1 (€] /N ai(€/I€]),
and similarly

1
(2m)"

Raf(@) = o [ IR €)1 dy g

with symbol

Ra(2,y,€) = Bo(lz — yl)Bo(|z™)b(z") (1 = Br(1€]/N))-

Whenever we write, say B; ), without arguments, we are referring to the
operator itself. When writing B; \(z,y,{) with arguments, we are referring

3The purpose of the operator Bj is to filter out geodesics which depart y and
arrive at = in sufficiently differing directions, as Lemma [3.2] will show in the next
section (see also Figure 1 in Section . This strategy was used before by Sogge,
Toth, and Zelditch [17] who obtained improved sup-norm estimates for eigenfunc-
tions on manifolds provided that, at each point, the set of recurrent directions of
geodesics has measure zero.
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to its symbol. We will use this convention for similarly constructed operators.

Note
be; do = /Bi,\e-da—k/R,\e-da.
[ e, 3 [ Buacido + [ Roe

Note the absence of a discrepancy between the left and right sides of the
equation above. Indeed,

ZBi,/\('za yvg) + R,\(x,y,ﬁ) = B(|l’ - y|)50(|$L|)b($l)a

1

which is a symbol constant in £. By Fourier inversion, the associated operator
acts on a function f by

1
@)

/ ) / B e — ol Do) (y) dy dg = ol Db(a') f (),

which is precisely bf when x € X. By the same Cauchy-Schwarz argument
as before, ([2.5)) follows provided we can show

(2.7) Z /E B)\ej do

AjENAHT 1]
where B), is defined as in (2.6)) with symbol

2
< T*l)\nfdfl + €CTA6

(2.8) By(z,y,€) = Bo(lx — y|)Bo(|a)b(z") B (€] /N )a(&/[€])

where By, 51, a, and of course b all have adjustably small support, and we

can show
/R)\ej do
)

(2.9) >

A EAAFT 1]
where R, is as above. The latter bound follows from Cauchy-Schwarz in-
equality applied to the integral and the following proposition whose proof
we defer until the end of the section.

2
=0(\™™) uniformly for T > 1

Proposition 2.1. Let Ry be as above.

sup Y [Raei(@)|? = 0O(A).
TEX ) EAAH]
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We will also use the following generalization of the bound (1.2 to help
us contend with (2.7]), whose proof we also defer until the end of the section.

Proposition 2.2. Let By be as above. Then if x is a (not necessarily non-
negative) Schwartz-class function on R with suppy adjustably small,

2

(2.10) D> x(h =) ‘/ Byejdo| = O\,

. M

J
A careful choice of nonnegative x yields

2
> / Byejdo| = O\~
X

AjENAF]

as a consequence.

Let x be some nonnegative Schwartz-class function with x(0) =1 and
suppx C [—1,1]. Since we can fit some rectangle under the graph of y, we

have (2.7) provided

2
< T—l)\n—d—l + QCT)\(S.

(2.11) ZX (Aj —\)

B/\ej do
P

To access (2.11)), we will make use of the spectrally-defined half-wave oper-
ator,

eit«/—Ag — Z eit)\jEj
J

where F; is the orthogonal projection operator onto the e;-th eigenspace.
The half-wave operator has kernel

VR (a,y) = 3 e (@)e;(y)

J

and so the kernel of the composition Bye'V ~2 Bj is

=5 BY(z,y) Ze”)‘lBAe] z)Bxe;(y),
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where here B} denotes the adjoint of By. We use the Fourier inversion
formula and the expression above to write the left hand side of (2.11)) as

(2.12) Z / R(t/T)e MAetth

X//Bx\ej(x)B»?j(y)da(m)da(y) dt
27rT/// X/ T)e™ By =2 B (2, y) dt do (x) do(y).

Let 8 be a smooth bump function on R such that g(t) = 1 for |t| < 2 and
B(t) = 0 for |¢t| > 3. At this point we introduce a constant R to be determined
later, independent of T" and A, and dependent only on the geometry of M
and ¥. We cut the integral into 5(t/R) and 1 — (t/R) parts and
obtain

(2.13) 2WT/// B(t/R)%(t/T)e~

x Bye' \/iBA(x y) dt do(z)do(y)

2WT/// (1 - B(t/R)R(t/T)e

x Bre'™V=89 B (2, y) dt do(z) do(y).

We let X7 denote the function with Fourier transform X (¢ ) B(t/R)x(t/T).
By reversing our argument, we write the first term in as

1 2
TZXT(/\j -) ’/ Bye; do
I %

where X is Schwartz-class with bounds
xXP oy - <c =AY =
T J — N,k(1+|>\J )\|) for N7k_0)1)2)"'

for constants Cp;, uniform for 7> 1. We apply Proposition E to obtain
a bound of O(T~'A\"~41) on the sum above. Indeed, the bounds of the
proposition only depends on the support of XT, which is uniform in 7', and
bounds on finitely many derivatives of Xr.
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Hence, we are done if we can show that

(2.14) ‘ /// (1= B(t/R))x(t/T)e it

x Bye'™V =2 Bi(x,y) dt do(z) do(y)| < e“TX.

As in [2, 6], 18], we will want to replace the half wave operator of ([2.14])
with the cosine operator so that we have Hiigen’s principle at our disposal
when we lift to the universal cover. By Euler’s formula,

etV TR = 9 cos(t\/—Ay) — e MtV R

9

hence we write what is inside the absolute values in (2.14) as

2L a-semmeme

x By cos(t\/—iAg)B;{(w, y)dtdo(x)do(y)

v L[ assememe

x Bye V=54 BY(z,y) dt do(z) do(y).

Setting X (t) = B(t/R)%(t/T) as before and reversing our reduction, the
latter term is a constant multiple of
/ B AEj do
b

/n </H|B/\(x,y, )|d§> dy = O(\")

and hence by Cauchy-Schwarz we have operator bounds ||Bj|r2—r~ =
O()\”/ 2). In particular we have the very cheap, very suboptimal bound

1 2
215) 3 (M-TOy 0 - 20+ )

J

By (2.3),

(2.16) < A2 uniformly for all j.

B)\ej
by

At the same time, X satisfies bounds

X7(r)| <CN(A+ 7)™  forT>1, N=1,2,....



1528 Emmett L. Wyman

Putting this together with our cheap polynomial bound (2.16)), we find the
sum in (2.15) is bounded like O(A™°°). Hence, it suffices to show

P . o —itA
e | [ [ a-sempiem
X By cos(ty/—Ag)BX(z,y) dtdo(x) do(y)| S eCT X,

We are ready to perform our lift. We now introduce our assumption that
M is nonpositively curved. By the Cartan-Hadamard theorem, we identify
the universal cover M of M with R™ equipped with the pullback g of the
metric g through the covering map. Let I' denote the group of deck trans-
formations associated with the covering map and let

D= {x € M :dy(#,0) = infrdg(a;z,o)}
ac

denote a Dirichlet domain in M with 0 chosen to be a lift of a point on %
in the support of By. Let f be a smooth, compactly supported function on
M and set

fl@) =) flaz)
where Z is any lift of = to M. Since the covering map is a local isometry,

u(t,z) =Y cos(ty/—Az) f(ai)

acTl

solves the wave equation (07 — Ay)u = 0 with initial data u(0,z) = f(x) and
Oyu(0,z) = 0, hence

u(t,x) = cos(ty/—Ay) f(z).
We conclude

(2.18) cos(t\/—Ay) = Z a* cos(ty/—Ag)
aecl

where a* is the pullback operator through «, e.g. o*f(%) = f(a). Hence
we will have (2.17)) provided

(2.19) >

ael

[ [ Hamxz ) dote) do<y>\ < CTy
> JX
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where
(2.20) .
Ko(T, X 2,y) = / (1= B(t/R))x(t/T)e " Bra* cos(tr/—Ag) B (&, §) dt,

where Bj is the operator on M associated with the symbol

- By(x,vy, if 2,5 € D,
(2:21) Ba(i,5,6) = { A0 .
0 otherwise,

where T and g are the respective lifts of x and y to the Dirichlet domain
D in the universal cover, and where Bya* cos(t\/—Ag7)B(#,7) denotes the
kernel of the composition Bya* cos(ty/—Az)B5. In ([2:21), recall By(z,y,¢)
has both z- and y-support on a small neighborhood of some fixed point
of ¥, and hence can be uniquely lifted to the Dirichlet domain D in the
universal cover. We note now for future reference that, by Hiiygen’s principle,
Ko(T, \;z,y) is supported on dz(Z,7) < T + 1, after perhaps shrinking the
Z-support of the symbol B). Hence, all except for a finite number of terms
in the sum in is zero. In fact, by volume comparison [I4, Chapter I,
Theorem 1.3], the number of Dirichlet domains within a ball of radius 7" in
the universal cover is bounded by a constant times e“”. Hence,

(2.22) #{a €T : suppK,(T,A; -, - ) is nonempty} = O(eCT).

This concludes our reduction, but we still need to prove Propositions|2.1
and The proof of Proposition is very standard but a bit involved,
requiring a parametrix of the half wave operator and two consecutive appli-
cations of stationary phase. We refer the reader to [15, 17, 19, 2] for similar
arguments.

Proof of Proposition[2.9. With Following the steps in the reduction above,
we write (2.10) as

/// X(t)e—itAB)\eit\/—iAgB;(ZE,y)dtdO’($)da‘(y) < pn—d-1
»Jr /-0

By using Hérmander’s parametrix [16, Chapter 4] or by using the Hadamard
parametrix and the arguments in section 5.2.2 of [15], we write

(2.23) eit‘/Ag(l,’y):/ ! P@YOTPWO) (¢ 2y, €) de

n
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modulo a smooth kernel where ¢ is a zero-order symbol in ¢ satisfying
10800 ya(t, 2, 5,€)| < Cap(1+ €N

for multiindices a and F, and where since the support of x is small,
X(t)q(t,z,y,€) is supported where dy(z,y) is near 0. After perhaps further
restricting the support of x, the phase function ¢ is defined on the support
of xq, is smooth and homogeneous of degree 1 in &, and satisfies

p(x,9,€) = (x =y, + Oz — y*¢])

where here x and y are written in Fermi coordinates ({2.3)). Finally,

/Z g (y )&i&;

is the principal symbol associated with the half-Laplacian y/—A,. For x and
y in Fermi coordinates,

| e e Sy e
o
- / / L()q(t, z,y, 5)ei(¢(w7y7£)+t(p(y7€)—>\)) dt d¢
= )\”/ / x(t)q(t, z,y, )\5)ei/\(w(m,y,ﬁ)th(p(y,E)*1)) dt de¢
= [ 00t 0608 (0, ) A OO D) g
+O(A™™)
where 7 is as before, that is with small support and with §; = 1 near 1. The

O(A™°°) bound on the discrepancy is uniform in  and y, and is obtained
by integration by parts in ¢. Hence,

///;wwmm#v%mmwﬁw@w@
— )\n/ / W) By (2, w, n)el P+ @eEO-D) ¢ (1) q(t, w, 2, )
x B1(1€) eV OBy, 2, ) dt da’ dy' dw dz dn d¢ dE + O(A™).

We perform the change of variables 1 — An and ¢ — A, and write £ = £’ +
rw in cylindrical coordinates with r € (0,00) and w € S"~4~1. The integral
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on the right hand side is then

(224) = Asn / . e /ei)‘q>(t7x/7y/7£/7raw7w7z7777<)

X QO(A; t7 xl? y/') 5/7 7"7 w? w7 27 777 C)
x dt dx’ dy' d¢' dr dw dw dz dn d¢

where dw denotes the standard volume measure on S"~41,

Q(t’ '1:,7 y,’ 5/7 7"7(}.), w? Z7 ,,77 C) = <£LJ - w’ T’> + cP(/U'}7 Z’ 5/ + ’r‘w)
+t(p(z, & +rw) — 1)+ (z — ¥, ),

and

QO(A; t? xl? y/7 5/7 T? w? w7 z? 777 C)

= (OB Bo(|7 — w)Bo(ly — 2|)alt,w, 2, (€ +1w))
x B (In))B1(IC))B1(p(z, € + rw))aln/|n))a(¢/|C)r™ %L,

Note all derivatives of a are uniformly bounded for A > 1.

We will use the method of stationary phase in variables t, 2/, £, r, w, z,
7, and (. Instead of doing so all at once with eight variables, we break it into
two stages — the first involving w, z, n, and {, and the second involving the
remaining four. We begin by fixing 2/, ¥/, and £ and by performing stationary
phase with respect to w, z, n, and (. The gradient of the phase function in
these variables is

=1+ &+ O(lw — 2[[¢])
w,z,n,¢ m’—w
y -z

which, when 2’ = ¢/, has a critical point at w = z =y’ and n = ( = £. The
Hessian matrix at this point is

x x —1 0

9 ol x x0T
Vw,z,n,Cq)_ -7 0 0 O
0O I 0 O

which has determinant —1 and signature 0. There is a smooth curve
(w,z,m,¢) = (@, v, (@, ¥, £),C(z',y', ) on a neighborhood of 2’ =y’ on
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which V,, ., ¢® = 0 by the implicit function theorem, and V%mzm’gfb is uni-

formly nondegenerate by continuity. After perhaps restricting the support
of Qo, by [16, Corollary 1.1.8] the integral (2.24)) is

(2.25) :)\”/-~'/ei)‘\y(t’x/’y"g/’r’w)Ql()\;t,:r:',y’,&',r,w) dt dz’ dy d¢' dr
with phase

qI(t7 xl? y/7 r7 w) - @(t7 xl? y/’ 5/7 T? w? xl? y/’ n(m/7 y/7 5)7 C("B/7 y/7 5))
= So(xlv y/7 5) + t(p(y,7 g) - 1)

and where the amplitude Q1 has compact support and has uniformly bounded
derivatives in all variables for A > 1. Next we fix 3’ and w and perform sta-
tionary phase in the remaining variables ¢, r, 2/, and &. We have

p(y, &) —1
t0,p(y, €) + O(|2" — y/'[I€])
&+ O0(2" = y'[I€])
' —y +tVep(y, &)+ O(l2' — ')

Vt,’/’,CC/7£/ \P =

which has a critical point at (¢,r,2/,&") = (0,1,9',0) whereat we have the
Hessian

2 —
Vt77,7x/7§/ \I’ —_—

O O = O
o O O
N O O
O ~N O O

where in the computations we use

d
Py &) = |2+ > gd(y)Ee,

i,j=0

a consequence of the construction of our Fermi coordinates . After per-
haps further restricting the support of @; (and in particular x), this is our
only critical point for fixed ' and w. [16, Corollary 1.1.8] in 2d + 2 variables
yields the desired bound of O(A"~¢~1) for (2.25). O
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Proof of Proposition|[2.1. Let x be as in the proof of Proposition It
suffices to show

> X = M[Raei(@)P < CyAN N=1,2,...
J

uniformly for 2’ € . Using a similar reduction as before, the sum on the
left is

1 [ , ‘
R(t)e ARV TR Ry (2, 1) dt.

21 J o

Using the argument in the proof of Proposition the expression above is
= \%" / e / e wznCO g (Xit 2w, z,n, ¢, €) dt dw dz dn d¢ dé

where

(I)(tvxlawa 2,1, Cv‘f) = <'T/ —w, 77> + QO(’U), zaé) + t(p('z?g) - 1) + <Z - xla C>

and

a()‘; t, $l) w, z,1, Ca 5) = X(t)|b($/)|2/80(|x, - w|),6’0(|a:' - Z|)Q(ta w, 2, )‘f)
x (1= B1(In)) (1 = Bu(I))Br(p(2,€))-

As before, the critical points of ® occur only where n = ( = £. By the con-
struction of our coordinates,

p(a',€) = (1+O(|2'[*))[¢]
and so we may adjust the support of b so that (1 — 51(|¢]))B1(p(2/,€)) = 0.

Hence, the critical points of ® lie outside the support of the amplitude and
the desired bound follows from nonstationary phase [16, Lemma 0.4.7]. O

3. Kernel bounds

We require a characterization of the kernels K, defined in (2.20) to pro-
ceed. Note first that if z and y are expressed in our Fermi coordinates ({2.3)
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about X,

(3.1)  Ko(T,\z,y) = %2”////”1"@3”@077)

x K (T, \; aw, 2)e"* Y9 By (y, 2, C) dw dz dn d¢

where w and Z are the respective lifts of w and z to the Dirichlet domain D
and

(32)  K(T, A7) = / (1= Bt/ R)X(/T)e ™ cos(t/=Bg)(, §) dt.

We begin by developing a characterization of the kernel K (T, \;z,y) for
#,9 € M with d;(Z,7) bounded away from zero as in [2, 6, [I8]. In what
follows, we draw liberally from Sogge’s text, Hangzhou Lectures on Figen-
functions of the Laplacian [15], for its arguments and notation, and also
Bérard’s article [2] for asymptotic bounds on derivatives of the distance
function and the coefficients of the Hadamard parametrix. In what follows,

we still impose T' = clog A as in ([2.2]).

Lemma 3.1. Fiz a positive integer m. There exist functions ay (T, \; Z,7)
and R(T, \; Z,7) depending on m such that

n—1

K(T,X2,5) =A% Y ax(T, X\ 7,§)e™ @0 4 R(T,\; 7, 9)
+
where if dz(Z,7) > 1,
(3.3) |ALAFay (T, X 2,7)] < Cjpe @D 5k =0,1,2,...
and
(3.4) |R(T, X 2, 9)| S e“TA™

Moreover if dg(Z,y) < R,

(3.5) K(T, % 2,§)] S eCTA™,
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Proof. By Theorem 2.4.1 and Remark 1.2.5 of [15],

N
(3.6)  cos(ty/—Ag)(E,§) =Y a(&,§)0Ey(t,dg(Z, 7)) + Rx(t, &,7)
v=0

where 0;F,(t,r) is some distribution supported on r < |t|, and if Z is ex-
pressed in geodesic normal coordinates about ¢ with metric g, the coefficients
«,, are defined inductively by

ao(@,7) = [g(&)|~/*

Agay,1(expy(tlog; ), )
ap(expy(tlog; ), 9)

1
(37 au(@ ) = a0(@ ) / - i,
0
v=12,3,...

where here Aj operates in the & variable and where log; is the inverse of
the exponential map at g. Note «,, are defined on all of M since |§()] is
nonvanishing. Finally the remainder term satisfies

(02 — Ag)Rn(t, 7, 7) = Agan (&, )0 En(t, dz(7,)).

where Aj operates in the & variable. In addition, the appendix of [2] provides
us with exponential bounds,

[Ada, (&, )| < Cre® B @D j=0,1,2,...,

which, with the fact that cos(t,/—Aj) is self-adjoint, provide us with the

same bounds on derivatives in Z
ALy, (7, 7)) < CjeSb@D j=0,1,2,...

(see [18]). Proposition in the appendix provides us with exponential
bounds on the mixed derivatives,

(38)  |ALAEa,(#,7)] < CipeCrr D5k =0,1,2,....

The same proposition and Bérard’s exponential bounds on derivatives of the
distance function provide

(3.9) |ALARd (7, 9)| < Cjpe@rr @) 5k =0,1,2,....
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From (3.8), (3.9), an energy estimate argument in [I5, §3.1], and the fact
that 0,F,(t,r) is supported on r < ||, we have that Ry is C" and satisfies
bounds

|at]RN(t) i'a Zj)| < Cjedeg(j7g)|t|2N+2_n_j for ] = 07 1a TRl

provided N > m + "TH Integration by parts m times yields the bound
(3.10) \ |- s/ e P R 2.9) dt\ < v Ty

as desired by (3.4)).
In light of (3.6)), (3.8)), and (3.9), it suffices to show

(3.11) / h (1= B(t/R)R(t/T)e OB, (t,r)dt = \"T > af (T, A r)es
o —

modulo terms whose contributions can be absorbed by the remainder
R(T, \; %, 7) since T = clog A\, where aY satisfy bounds

(3.12) |(9fai(T, XNr)| S CopN Py (1)
for{=0,1,2,..., T>1, r>1

where Py, 1, ; is some polynomial. By [15, Remark 1.2.5], 0, E,(t, ) is a finite
linear combination of distributions

(3.13) tj/ emaFilel i vk ge  for j+k=v, jk=0,1,2,...
[€1>1

modulo smooth terms whose derivatives grow at most polynomially in ¢
and r. The contribution of these discrepancy terms hence satisfy the same
bounds as and may be absorbed by the remainder. The contribution
of each term to the integral in (3.11)) is

/ / (1 - Bt/ R)R(E/T)e Peirettel ek e
|¢1>1 J =00

If the sign in the exponent is negative, the integral satisfies good bounds
by integrating by parts in { and may be absorbed into the remainder, so
it suffices only to consider the situation where the sign in the exponent is
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positive. In this case, we perform a change of variables £ — A{ and obtain
/5 N | B0 BRI g g
e Jo [ BRGNS

Let 1 € C§°(R,[0,1]) be equal to 1 near 1 and have small support. We
cut the integral in the second line into £1(|¢]) and (1 — 51(|¢|)) parts. The
latter cut contributes a O(T7~™T1\=™) term by integrating by parts in the
t variable m times, and we let it be absorbed into the remainder. The /1 (|£])
cut comes to

ek [ BB R(T)NEHED 5 eel ar e,

We take a moment to note that the integrand is supported on |t| > 2R, and
hence if r < R, the gradient in £ of the phase satisfies

[Ve(réy +t(15] = 1)| = |rex + /8]l = R

for all ¢ in the support of the integrand by the triangle inequality. Nonsta-
tionary phase and the bounds on our remainder term thus far yields .

From now on, we take r > R. By a change of coordinates t — rt, we
write the integral as

ek [ [ s R TN D 6y e v

 Anv /R / (= Bt/ Rt/ T)
% eiAr(£1+t(|§|—1))51 (1)) |§|—’"k dt d§.

We cut the integral one last time into £;(|t|) and (1 — $1(|t|)) components.
By Hiiygen’s principle, we only consider the situation where r < T, and

hence Bi(|t))(1 — B(rt/R))x(rt/T) and (1 — B1(|¢]))(1 = B(rt/R))x(rt/T)
have bounded derivatives in ¢ and r of all orders. The norm of the &-gradient
of the phase function is

[Ve(&r +t(I€] = 1))| = lex + €/[¢]]

which is again bounded away from 0 on the support of (1 — 51(]t|)) and so
contributes a term to be absorbed by the remainder by nonstationary phase.
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We write the 51(|t|) cut as I (T, A;r) + I_ (T, \;r) where

LT o) =Xkt [ s ) ()3 (rt/T)
x e B (g jg| 7 dt de.

The phase function of I has a critical point at (¢,&) = +(1, —ep) at which
the Hessian of the phase function,

0o -
+|-1 0
0 0

1

~N o O

is nondegenerate. We write s = Ar and subsequently write I+ as
ATV Tkmi i / / t7(1 — B(st/RN))Br ()X (st/TN)
R" J—c0
x G By (j€)) ¢~ dt de.

Note for T' > 1, the amplitude of the integrand satisfies bounds

00" 0% [#1(1 — Blst/RA) Bu(EDR st/ TN BLIEDIEN™ ]| < CratmA ™.

Taking s as the frequency parameter and using the method of stationary
phase [I5, Proposition 4.1.2] yields

. - - n—1
DU L5)| < Copyg X H I
from which we obtain

LN L (T, Xy 1))| < Crpp AT 0 R =075,

(3.11) and (3.12) follow. O

Set

I'r= {a el': sup dglaz,g) < R}.

x,yEsuppb

The contribution of the terms of T'g to the sum (2.19) are O(e“TA™™) by
(3.5) of the lemma, which is better than we need. Moreover by restricting
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the support of b, we ensure that

(3.14) inf dy(az,y) > R—-1 ifael'\Ig.
x,yEsuppb

In light of this, what remains is to show that

(3.15) >

I\Tr

/ / Ko(T, s 2,y) do(z) do(y)| < CTN.
»JX

The next lemma uses the previous to characterize the conjugated kernel
K. Here the function of the operators B) begins to surface. Conjugating K
by B, filters out points # and § in M for which the geodesic connecting § to
aZ departs and arrives in dissimilar directions (see Figure 1). This will be
very useful in Section 5, when we need to control the gradient of the phase
function dj(a, 7). As usual, T and § denote the respective lifts of  and y
to the Dirichlet domain D.

Lemma 3.2. We have

(3.16) Ko (T, \z,y) = AT Zaa,i(T, A; z,y)et P OT0) L O (eCT N0
+

where the amplitude aq .+ satisfies bounds
(3.17) ‘AiAzaa,i(T, Az, y)| < Ci’jeCi,jdg(ozi,?})

and 1is supported on supp,By x supp,By. Moreover, there exists an open
conical neighborhood U C T*M which can be made small by restricting the
support of By such that

(3.18) a0, +(T, X;2,y)| < Cyye?vndaeBDN=N N =12 .
for all x and y for which neither of

(v (0),a*y (1)) e U x U nor
(—=7(0), —a™/(1)) e U x U
hold, where ~y is the constant-speed geodesic with v(0) =g and (1) = oz,

and where ' is understood as an element in T*M, and where o is the
pullback on the cotangent bundle through a.
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Figure 1: Lemma tells us the only relevant terms in the sum are those
with geodesics (the dashed line) starting in U (resp. —U) and ending in aU
(resp. a(=0)).

Proof. By Lemma (3.1 we have
Ko(T, A 2,y)

. o 5 3)eEid;(ab,2
= (277)2”2//// WM By (2w, n)as (T, A; ab, £ )etAda(@0:2)
+

x VB (y, 2, C) dw dz dn d¢

1 ) .
+ W //// e"(l‘—’wﬂﬂB)\(a?,w,'f])R(T,)\;am,é)el<z—y’§>
T
X mdw dzdndcC.

The second integral on the right hand side is O(e“”'X%) by taking m in ([3.4)
greater than 2n — § and the fact that, by (2.8)),

[ [ Bswldwin =000
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It suffices then to equate the first term to the right hand side of (3.16)).
Using a change of variables n +— An and ¢ — A, this is

n—1

)\271-&-

WZ//// eAPLEWZI) AT N 2, y, w, 2,1, C) dw dzdn d¢
+

where

O (z,y,w,2,n,¢) = (x —w,n) £dz(aw, 2) + (z — y,()
and by ,
(3.19) A(T, Nz, y,w, 2,1, )

= Bo(lz — wl)Bo(|z — yl)Bo(|a™ ) Bo(ly b(=")b(y")
x ax(T, X aw, 2)a(n/|n])a(¢/I¢)Br(Inl) B (IC])

For clarity, we focus only on the ®, component; the argument for the al-
ternate sign is the same. The Euclidean gradient of the phase function with
respect to the variables of integration is

-+ Vﬁ,dg(ozﬁ),g)
¢+ ngg(aﬁ), 2)
r —w
-y

V,zncPt =

which has a critical point at (w, z,n,¢) = (z,y, Vzdz(aZ, ), —Vydz(aZ, y))
at which the phase takes the value dj(a,7) and has Hessian

* x =1 0

2 ol x x0T
Ve Pt = -7 0 0 ol

0O I 0 0

which has determinant —1. We have (3.16]) and (3.17)) by (3.9)), (3.3)), and [16,
Corollary 1.1.8]. Consider a conic neighborhood V' of R"™ containing the

support of a in (3.19) (also (2.8)). In local coordinates (2.3)), let U’ be the
set of (z,&) for which z lies in a small open neighborhood of the support of

bin ([28) and € lies in V, and let U C T*M be the set of the duals of the
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vectors of U'. If Vzdg(aZ, ) lies in the complement of U’, then

(3.20) | —n+ Vads(az,y)] > c>0

on the support of A for some constant ¢ depending on U’. Hence,
| =1+ Vadg(aw, 2)| > ¢ — [Vidg(az, §) — Vadg(aw, 2)|.

In the next section, we will show that the Hessian of the distance function
is uniformly bounded on the entirety of M x M minus a neighborhood of
the diagonal (see Remark and ) Moreover since z,y,w, and Z
are all in the same local coordinates, the Christoffel symbols of the metric
are bounded. Hence, the Euclidean Hessian of dj(a, ) in both variables is
uniformly bounded¥in o and

Vadg (@, §) = Vadg(aw, 2)| < C(|lz —w| + |y = 2])

by the mean value theorem. We restrict the support of 5y in so that
| —n+ Vads(aw, )| is bounded away from 0 uniformly in «. We remark
that the covector ( - ,Vzdz(aZ,y)) with the Euclidean inner product is
precisely the dual of 4/(1)/|7/(1)| pulled back by «. In particular, if Z and
g are such that the dual of 7/(1)/]7/(1)| is in the complement of U, we
have . The desired bound then follows from , , and
nonstationary phase [16, Lemma 0.4.7] in the w variable. The argument is
similar if —Vds(aZ,y) is in the complement of U. O

Let I'y denote the subset of I' for which there exist z and y in the support
of aq + such that the geodesic v : [0,1] - M with 4(0) =g and v(1) = aZ
has both 7/(0) € U and a*/(1) € U. Lemma [3.2] and (2.22)) show us

2.

ac(M\I'v)\T'r

for some m which can be made large. So, (3.15)) would follow from

(3.21) >

CMEFU\FR

[ [ K320 dote) do<y>\ < (CTy-m
»JY

[ [ Katrox e doto da<y>] < CT,
»JX

It is now time to specify the statements we require to prove Theorems

and Recall from ({2.1]) that the only requirement for the exponent §

4See ([4.2) for the relationship between the Hessian on a manifold and the Eu-
clidean Hessian in local coordinates.
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is that it is less than n — d — 1. Propositions [3.3] and [3.4] along with Lemma

and (2.22)) imply (3.21) under the hypotheses of Theorem and The-
orem respectively.

Proposition 3.3. Under the hypotheses of Theorem we have

[ [ aa sl x5 do(r) doty)| 5 T
»JE

for a € Ty \ 'y,

where the constant C is uniform in «.

Proposition 3.4. Assume the hypotheses of Theorem . Ifa €Ty \ g,

/ / Qo (T, N, y)e 8D do(z) do(y)| < ¢7TA2
»JX

where the constant C s uniform in o.

Remark 3.5. If M has strictly negative curvature, then the hypotheses of
Theorem [I.4] contain the hypotheses of Theorem [I.3] and Proposition [3.3
applies for hypersurfaces and gives us a bound of eCTA~/2+1/2_ This is
not enough to obtain the § we need in . The added hypotheses on the
curvature of ¥ in Theorem [I.4]allow us use the method of stationary phase in
Section [5| over one more variable, improving the bound by a factor of A~/2.

4. Geometry and phase function bounds

We will need some information about the first and second derivatives of
the phase functions in Propositions [3.3] and This section will provide
the tools necessary to do so. Specifically, we will compute the Hessian of the
phase function using the second fundamental form of 3 and of spheres in M.
We then verify Definition [1.3|and prove some useful properties of the second
fundamental form of circles of large radius. Finally, we use these properties
to provide good bounds on the Hessian of the phase function. DoCarmo’s
text [7] is our primary reference for this section.

We outline some basic facts before we begin. For a general Riemannian
manifold (M, g) with Levi-Civita connection V, the Hessian of f € C*°(M)
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is the quadratic form
(4.1) Hessf(X,Y)=X(Yf) - (VxY)f

where X and Y are vector fields on M. For future use we note, in local
coordinates = = (z1,...,2y),

o o9\ . Of
(42) et (505 ) = i, - g,

and so if the Christoffel symbols Ffj are small and the first derivatives of f
are bounded, the Hessian of f is nearly the Euclidean Hessian. Suppose X is
a submanifold of M with the induced metric g and Levi-Civita connection

v. By (&),

(4.3) Hessy f(X,Y) = Hessp/ f(X,Y) + In(X,Y) f

where X,Y are vectors in ¥ and where Iy, is the second fundamental form
of ¥ in M, given by

(4.4) Ig(X,Y) = VxY — VxY = (VxY)?t,

the orthogonal projection of VxY onto the normal bundle N¥. The Hessians
and the second fundamental form are tensorial and only depend on the value
of X and Y at a point. (For details see [7, Section 6.2].)

4.1. Computing the Hessian of the phase function

We will want to compute the Hessian of the phase functions from Proposi-
tions [3.3] and [3:4] that is the function ¢ : ¥ x ¥ — R given by

¢($7 y) = dg(ajv Z])

where ¥ x ¥ is endowed with the product metric, where  and y are the
respective lifts of x and y to our Dirichlet domain D in the universal cover,
and where « is a fixed, non-identity deck transformation. By (4.3),

(4.5) Hessgx2¢(X,Y) = Hess 5, s:d3(X,Y)
—HeSSMdeg(X,Y) Haixi(X’ Y)dg

where X and Y are both vectors in ¥ x ¥ with the same base point, but are
also understood to be their respective lifts to a2 x ¥ where appropriate.
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To compute the Hessian of the phase function, it suffices to compute the
Hessian of dz on M x M and the second fundamental form of aX x ¥. To
this end, we write

X=X19Xy and Y=Y18Y,

where X7 and Y7 are vectors on aX and Xy and Yy are vectors on X and
write

(4.6) Hess ;7 773 Z Hess 7, ;7d3(Xi, Y)) and
,j=1,2

(4.7) 0.5y Z HaEXE & J)d
i,j=1,2

Note the i # j terms of (4.7]) vanish and we are left with

(4.8) I ixf}(X7Y) :Hai(Xl,Yl)dg+HE(X2,Y2)CZ§.

[0}

The next lemma helps us compute the terms in (4.6]).

Lemma 4.1. Let T and y be any points in M, let r = dj; 5(Z,79), and let
X1,Y1 €T; M and X2, Yo €15 M and we understand

Xidg = X1dz( - ,9)  and  Xody = Xady(7, -),

and similarly for Y;, i = 1,2. Then, the following are true.

1) X1dg = |X1|cos O where 0 is the angle between X and the first deriva-
tive of the geodesic adjoining y to . In particular, X1dz = 0 if and
only if X1 is perpendicular to this geodesic. This holds similarly for
Xodg.

2) We have absolute bounds

|Hess 7, i7dg (X1, Y2)| < 2| Xq||Ya|/r and
|Hess . 1743 (X2>Y1)| < 2| Xa[|Y1|/r.

3) Let Sy(r) denote the sphere in M with center § and radius r. Then,

Hess 7, ;7d3(X1,Y1) = _Hsg(r)(X{’Yi,)dg
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where X| and Y{ are the orthogonal projections of X1 and Y1 onto
T3S5(r), respectively. We similarly have

Hess 7, iy d5(X2,Y2) = —HSE(T)(XQ,YQ’)dg.
Proof. Fix X7 and Y5 as above and let 01,09 : (—¢,€) — M be curves with
o1 (0) = X, € TzM and oh(0) = Yo € T; M.
We then define a map
v (—€€) X (—e,€) x [0,1] = M
such that for all u,v € (—e¢,¢),

y(u,v,1) = o1(u) and ~v(u,v,0) = o2(v),

and where t — ~y(u,v,t) traces out the constant-speed geodesic connecting
o2(v) to o1(u). Since 9y, 0y, and J; are coordinate vector fields in the domain
of v, the Lie brackets

[Ou, O] = 0, [Oy, O¢] = 0, and [Ou, Oy] = 0
all vanish. Hence,
0= [auv 815]’7 = [8u'77 av’)/] = Vuat’)/ - vtau')’y

where V is the Levi-Civita connection on M and where V. and V; are
shorthand for the covariant derivative with respect to the vector fields 0,y
and 0yy. This and similar calculations yield the identities

Vu0y = Vi0y, V0ry = Vi0y, and VuOypy = VypOuy

which we will use repeatedly and without reference. Next, we write

1
dfer ). o2(0))? = [ or(u vt
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Taking a derivative in u of %dé yields

1
dgaudg}:/ <8t’)/(U,U,t),vuat’}/(U,’U,t» dt
0
1
= [ Ontw0.0.¥:0: (00,0
0

1
= [ 0o, v.0),0 (0,0, 1)
0
— <at7(u7 v, 1)7 8U’y(uv v, 1)>

where the third line is due to the geodesic equation V;0;y =0 and the
fourth to the fundamental theorem of calculus. Part (1) of the lemma fol-
lows after noting 0;7(0,0,1)/d; is the unit vector in the direction of the
geodesic v(0,0,t) at t =1, and after recalling 9,7(0,0,1) = X;. Next, we
take a derivative in v and obtain

d50u0pdg + 0ud50yds = (V,0ry(u, v, 1), 0yy(u,v,1))
+ <3t’7(U, v, ]-)7 vvau’}/(uv v, 1)>

Note V,0,v(u,v,1) = V,0,y(u,v,1) =0, since y(u,v,1) is constant in v.
Hence,

(4.9) dgauavdg + 8ud§,8vd§ = (Vﬁw(o, 0, 1), X1>.

We pause here to make a couple observations. First, ¢ — 9,7(0,0,t) is a
Jacobi field along ¢ — (0,0, ¢) with boundary data

0,7(0,0,0) = Y3 and 0yv(0,0,1) = 0.

Observe that 9,0,dj; is independent of our choice of curves o1 and o2, and
that

HeSSMXMdg(Xl, Ys) = X1(Y2dg) = 8u3vdg(0'1 (u),02(v))

at u = v = 0. To get part (2) of the lemma, we claim the right side of
is bounded by | X1 ||Y2|. Let h(t) denote the inner product of 9,7(0, 0, ¢) with
the parallel vector field w(t) obtained by a translation of £X; along ~y, with
the sign chosen so that h(0) > 0. Note since 9,7(0,0,t) is a scalar multiple
of w(t) for t =0 and ¢t =1, it is a scalar multiple of w(t) for all ¢t. In fact,
0yy(0,0,t) = h(t)w(t). Let R denote the Riemann curvature tensor as in [7],
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and by an abuse of notation, set

R(t) = (R(Y(t), 057(0,0,8))7(t), w(t)).

Then by the Jacobi equation,

2
R (t) + R(t)h(t) = <th28@7 + Ry, 0,7)7, w<t)> =0.

Now,
R(HAE)? = (R(Y,0,7)7, 0uy) <0

since the sectional curvature of M is nonpositive. In particular, R(t) <0
If h is nontrivial, it vanishes only at 1 and hence is nonnegative on [0, 1].
Then,

h"(t) >0  forte€[0,1].
By convexity,
0 <h(t) <h(0)(1-1),
and hence
0> h'(1) > —h(0).
We know h/(1) is equal to the right hand side of up to a sign, and

that |h(0)| < |X1]|Y2| by Cauchy-Schwarz. Furthermore, |X;d;| < |X:| and
|Yadg| < |Ya| by the triangle inequality. Hence,

[(V:97(0,0,1), X1) — (9udg)(9udg)| _ 2|X:1][Y2]

0y 0pdz| = )

as desired.

Finally we prove part (3) of the lemma. Consider geodesic normal
coordinates (x2,...,2,) at & of the sphere Sy(r). We take an extension
(z1,22,...,2y) of these coordinates to a neighborhood of M, where x is
the radial coordinate. By the geodesic equation V19; = 0,

HeSSMdeé(ala al) = 81(611'1) - (V161)$1 =0.
Moreover if 7 # 1,
HeSSMdeg(aia 01) = 0;(O171) — (Vi01)x1 = —V10i71,

where V;0; = V10; by a similar argument as in the proof of part (1). No-
tice that 0; is a perpendicular Jacobi field along the x1 coordinate geodesic.
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Hence, V10; is also perpendicular to the x; coordinate geodesic, and
Vlaz‘xl =0. Then,

HeSSMXMdg(XhYl) = HeSSMdg(X{,Y{)

where X{ and Y/ are the orthogonal projections of X; and Y; onto T3S5(r).
It suffices then to show

Hess 7, 7 (X1, Y1) = —Ilg, () (X1, Y1)dg

in the situation where X; and Y; are vectors tangent to the sphere Sj(r).
In this situation we have Yidg = 0, whence

Hess 7, 73 (X1,Y1) = —(Vx,Y1)dg = —(Vx, Y1) dg = —1g, () (X1, Y1)dg,
as desired. O

Remark 4.2. By comparison with the Euclidean case, the Hessian of the
distance function dj in one variable is uniformly bounded for dj > 1 (see [14]
Theorem 1.1]). This, part (2) of Lemma[4.1] and show that the Hessian
of dj in both variables is uniformly bounded for dz > 1.

Lemma (4.5), and (4.8) combined provide us with the crucial com-
putation
(4.10) Hessyuxd(X,Y) =10 5(X1,Y1)ds — g, (4,) (X7, Y7)dz
+ 5, (X2, Y2)dg — T, (a,) (X3, Y2)dg + R(X,Y)

g

where

[R(X,Y)| < 2(]X1[|Y2| + [ Xo|[Y1])/dg.
4.2. The second fundamental form of spheres

To provide any useful bounds on Hessyx»¢, we need to understand the
behavior of the second fundamental form of spheres of large radius. Here we
provide quantitative estimates for the perhaps obvious fact that the second
fundamental forms of large spheres are very nearly the second fundamental
forms of horospheres.

The second fundamental forms of spheres and horospheres both satisfy
a revealing ordinary differential equation. Let 4 be a geodesic in M and let
X be a unit normal parallel vector field along ~. Moreover suppose J is a
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stable Jacobi field along v for which J(0) = X. By (1.3]) and the observation
that J is a scalar multiple of the parallel transport of X along =,
(7, X)
Op—(X, X), =) = 2L
<H( 'y)( ’ )7 7> <J,X>
Differentiating the right hand side shows that (Ilz(_. (X, X), —') satisfies
the Riccati equation

(4.11) %u—i—[((X,*y’(r))%—uz:O

where K is the sectional curvature of M. The same equation is satisfied if
we replace Uy (r)) with Ig . To see this, let J and Y be respective
angular and radial coordinate vector fields of some spherical coordinates
about ~y(0), defined on a neighborhood of ~(r) for » > 0. In particular, we
choose Y so that v/ =Y, J restricts to a Jacobi field along v with J(0) =0
and £ J(0) = X(0), and

0=[LY]=V,;Y —Vyld
Since J is parallel to X and vanishes uniquely at v(0), X = J/|.J|. Hence,

(ViX,y) (X, V;Y) (X,VyJ) (X, 2J)
(1, Xy (LX) (LX) (X))’

<H5w(o)(7‘) (X, X), _7,> ==

so similarly satisfies (4.11]). This ordinary differential equation provides us
with means to bound (If(,),v) and to compare the second fundamental
forms of spheres of large radius to those of horocycles.

Proposition 4.3. The following are true.

1) If the sectional curvature K of M satisfies bounds —a® > K > —b® for
some nonnegative constants a and b, then

al X |* < (W (X, X),v) < b X|?

for all v.

2) For all T >0,

0< <HS»Y(0)(T‘)(X7 X), _7/(r)> - <HH(7’}/’(T‘))<X7X)7 —’)//(T')> < Tﬁl’X‘Q'
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Proof. Let X be a unit length, parallel vector field normal to v and set

u(r) = Mgy (X(r), X(r)),=7(r))  r€R

and
U(T’) - <HSW(0)(T) (X(?“)’ X(T))a _’Y,(T» r>0.
Both u and v satisfy (4.11) as argued above.

u > 0 and is uniformly bounded by continuity of ll(,) and compactness
of SM. If u(rg) > b for some ¢ € R, then

u'(r) < b? —u?(rg) <0 for r < rg,
which contradicts boundedness. If u(rg) < a, then
u'(r) > a® — u?(rg) > 0 for r < rp,

which contradicts nonpositivity. (1) follows.
(2) Note,
V(1) = (r) = —(*(r) = u’(r)).
Since u is bounded and the curvature of small spheres is large, v(r) — u(r) >

0 for small r. Since v' — v/ = 0 where v = u, v(r) —u(r) > 0 for all r > 0,
hence the lower bound in (2). Then,

/ ! U(T) + u(r) 2 2
— = ——_— — < — —
() () = ~ ST () — u(r)? € (o) ()
which implies the upper bound by an elementary computation. O

Remark 4.4. Part (2) of the proposition above implies the difference be-
tween the second fundamental form of a sphere and that a tangential horo-
cycle is always nondegenerate. This provides us with part (2) of Corol-
lary from Theorem Part (1) shows that if K is strictly negative,
(U () (X, X),v) is strictly positive definite. Hence, part (3) of the corollary.
Part (1) also shows that the (unsigned) principal curvatures of H(v) fall
in the interval [a,b]. Hence if at each point at least n/2 of the principal
curvatures of ¥ fall outside of the interval [a, b],

(Ig —Mgy,v)  and  (IIx — Og_y), =)

both have rank at least n/2 for each v € SNX, from which follows part (1)
of Corollary
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5. The conclusion of the proofs of Theorems [1.3] and [1.4]

In Section [2| we reduced the problem of bounding integrals of an eigen-
function over our submanifold 3 to bounds on the integral of a cosine wave
kernel. We also microlocalized to small cones covering the cosphere bundle
with base points in X and lifted the kernel to a sum over the deck group
in the universal cover. In Section [3| we used the Hadamard parametrix to
described this lifted kernel as an oscillatory integral with geometric phase
function

b T xR
(z,y) = dg(a,y)

where T and g are the respective lifts of x and y to the same Dirichlet
domain in the universal cover, dj is the distance function on M, and « is an
element of the group of deck transformations. Moreover in Lemma we
established that the only relevant terms in the sum over the deck group are
those for which there exists a geodesic intersecting both ¥ and a3 nearly
in the normal direction. In Section ] we computed the first derivatives and
the Hessian of the phase function ¢, as a function on % x X.

In this section we adapt the tools we developed in Section {4| to local
coordinates to prove Propositions [3.3 and [3.4] The respective main results,
Theorems [I.3] and [I.4] follow. Recall we are trying to bound an oscillatory
integral of the form

(5.1) //a(:c,y)eiiw(’”’y)d:cdy
R JR4

where
¢(z,y) = dg(a,7)
and
a(z,y) = aa+ (T, A2, y).

We have determined much of the behavior of ¢ in the last section, and in
Section 3, we determined that suppa C suppb x suppb, and

0002 a(x,y)| < Ce™

for multiindices £, among other things.
After taking the supports of b to be small and perhaps taking a smooth
extension of ¥ in M, we assume suppb is contained inside a ball B ¢ R?
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centered at 0 in our Fermi local coordinates . Furthermore, we assume
the phase function ¢ is defined on 2B x 2B with the same center but twice
the radius. Fix (z,y) € 2B x 2B and let vi(x,y) and ve(x,y) are the unit
vectors denoting the arriving and departing directions, respectively, of the
geodesic in M starting at § € & and ending at i € aX. By abuse of nota-
tion, we will also use vy and vy to denote their push-forwards to M through
the covering map where appropriate.
We fix a constant € > 0 and consider o € I'yy \ I'g for which

(5.2) IVo(z,y)| > € for some (z,y) € 2B x 2B,

where here V is the gradient with respect to the product metric on ¥ x X.
By Remark and , the Hessian of Hessy«x ¢ is a uniformly bounded
quadratic form for non-identity «. Hence by the mean value theorem, we
may restrict B so that

Vo(z,y)| > €/2 for all (z,y) € 2B x 2B

for all « satisfying . Since the metric tensor of 3 x X is nearly the
identity at (0,0), by taking B small we ensure that the Euclidean gradient
of ¢ in local coordinates is bounded below by €/4. The oscillatory integral
is then bounded by a constant multiple of e“¥TX\=N for any suitably
large N by Part (1) of Lemma

All that remains is the situation where

(5.3) Vo] <e¢  on2Bx2B.

Now is when we really capitalize on our ability to take R large and
restrict B and U. Recall that V%y(ﬁ is the Euclidean Hessian matrix of ¢ in
the variables x and y. We eventually want to show

_ [V2s(0,0) 0

for all &« € Ty \T'g, where E is an error matrix whose entries are con-
trolled by an adjustably small constant uniform in «. By (4.2) and since
the Christoffel symbols of the product metric on ¥ x ¥ vanish at (0,0), we
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may restrict the support of b so that

Oz, 0z, 0(x,y) = Hessgxs¢(0r,, Oz, ),
0y, 0y, 0(,y) = Hesssxxd(0y,, 0y, ), and
0z,0y,0(x,y) = Hesssxs¢(0z,, 0y,)

modulo some small, controllable error terms for ¢,57 =1,...,d. Hence, it
suffices to show

(5.5)  Hessnuxd(z,9)(9s,, 0z;) = Hessyux¢(0,0)(0s,, Ox; ),
Hesssxs¢(x,y)(0y,, 0y,) = Hessng¢( 0)(0y,, 0y, ), and
Hesssxsd(2,y)(0r,,0y,) =

modulo small, controllable error terms which are bounded independently of
a. Note the third line follows by taking R in (3.14)) large and invoking part
(2) of Lemma

Fix indices ¢ and j. We claim that the diameter of the set

{HeSSExE¢(x7y)<8zu 817]) 1XL,Y € B}

can be controlled by taking B and e small and R large. Recall v; = vy (z,y)
and vy = vo(x,y) are the unit vectors denoting the arriving and departing
directions, respectively, of the geodesic in M starting at § € & and ending
at af € aX. By part (2) of Proposition

(s, (4,) (%5 0y,), —v1) = (Mp(—,) (0, O )y —01)

modulo an error term controllable by taking R large. Hence by (4.10)), we
have

HeSSZXZ¢(8xl7a$J) = <HE(aa:”8xJ)avl> < ( Ul)(a, 8";])7U1>

modulo controllable error terms. The diameter of the set of values achieved
by the first term on the right is controlled by taking v; close to normal, i.e.
by taking € small and using Lemma and part (1) of Lemma and
similarly for the second term. The first line of follows. The second line
follows similarly. We now have and are ready to prove our propositions.
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Proof of Proposition[3.5 We will select d coordinates in which to use the
method of stationary phase in order to obtain the desired bound

/ / a(x7y)eii)\¢(x,y) dz dy 5 eC'T)\fd/2
R4 JR4

for (5.1)). By an orthogonal change of variables on R, we may take 9, for
i=1,...,d to align with the principal directions of ¥ at 0. Now,

(5.6)

Y _<HH(7U1)(8;/“78:/EJ.)7/U1> 7’75 J

and
<’%i7 - > - <HH(U2)(ay ,8?; ) _U2> 1=
— (M (0y)(9y,, 0y, ), —v2) i#

modulo controllable errors, where xk; = II5;(0,,, 0,) is the i¢th principal cur-
vature vector. We can take e small to keep v; and vy within a small, bounded
deviation from a normal direction to X, and in particular the projections 8;1
form a nearly orthonormal subset of the tangent space of H(—v1). Since M
is compact and has negative curvature per the assumptions of Theorem
the sectional curvature of M is bounded above by some negative constant.
Then, by part (1) of Proposition and the discussion above,

0y, 0,,4(0,0) = {

d
(58) > M (05, 05,), —m)&ig; >l and
ij=1
d

Z (0, (9y,, 0y, ), v2)Ei&5 > cl¢f?

ij=1
for all ¢ € R? and for some positive constant ¢ at (x,y) = (0,0). We have
trivially that for each i = 1,...,d, either

(Kiyv1) >0 or (ki —v1) > 0.

Hence by taking U in Lemma small, we can ensure v; and vy are close
in T'M and that

(5.9) (Kiyv1) > —c/2 or (Kiy —v2) > —c/2
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for each i = 1,...,d. We pick coordinates z = (z1,...,24) where z; = x; if
(kiyv1) > —c/2 and z; = y; if (k;, —v2) > —c/2. By reordering, assume that

z = (xla"'axéayé-i-l’"'?yd)

for some ¢ € {0,1,...,d}, and let w = (y1,...,Ye, Tps1,-..,2q) be the com-
plimentary coordinates. We bound the left side of (5.6) by

J.

and use the method of stationary phase on the inner integral to obtain the
desired bound. By (5.4),

dw

/ a(z,y)eT @) 4y
Rd

V2, .2(0,0) 0

Yet15--+5Yd

Now by (5.7)), (5.8), and our selection of coordinates by (5.9)),

V2, 2 (0,00¢] > l¢]  forall ¢ € B!

T1y..03Ly

and similarly

Yeot+1,-

V2 .6(0,00¢] > §|g| for all £ € R4,
Hence if E(z,y) is made small enough,
V26(w,y)¢ > lg|  forall § € R, .y € 2B.
The proposition follows after an application of Lemma [6.2] O

Proof of Proposition[3.4 Let v be the normal vector to ¥ which points in
a similar direction to v; and ve. By the hypotheses , we select two
subspaces V7 and V5 of TY, with respective dimensions ¢ and £y with £1 +
{2 = n, and on which the restriction of the quadratic form (Il — g (_),v)
to V4 and the restriction of (Ily — M (v)s —v) to Vi are nondegenerate. In
particular, select local coordinates (x1,...,xy, ) of V4 such that d,,,..., Oz,
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forms an orthonormal basis at 0 at which
|(Us(0z,, O0,) — Mg (—0)(On,, 0s,),0)| > 4e fori=1,....4
for some positive constant ¢ and
(Is2(x,, Oz,;) — Upr(—0)(Ox,, Ox, ) v) =0 fori # j.
By ensuring € in is sufficiently small, we take

’aﬂhaﬂ%(ﬁ(oao” = |<HE(8$178$1) - HH(fvl)(a:/rﬂa’fvi)?UlH Z 2¢
fOI"L'Zl,...,fl

and

‘8377817¢(07 0)’ = |<HZ(8117 aﬂﬂ;) - HH(—m)(a/ 8/ ),’Ul)’ S c/8n fOI‘ i 7£ J

i) T Ty

We similarly select a parametrization (yi,...,ys,) of Vo for which

10y,0y,6(0,0) = [ (y,, 0y,) — Upi(0,) (0, 0y,), —v2)| > 2¢

Yi’? 7Y
fori=1,...,4

and
04,0, 6(0,0)] = [T (3y,.9y,) — My, ). —va)| < c/8n for i # .

By bounding each of the entries of E(z,y) in (5.4)) by ¢/8n, the n x n Hessian
matrix V2 o1 enys, @(@, ) has diagonal terms whose absolute values are
bounded below by ¢, and off-diagonal terms bounded by c¢/4n. It follows
that

v oe,y)é| 2 Slgl  forall§ € R, wy € 2B.

L1yeeeslly sY1s---3Ytg

This and Lemma [6.2] show us

uniformly over the remaining variables z¢y1,...,2n—1 and yer1,..., Yn—1.
The integral in (5.1)) hence satisfies the same bounds. O
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6. Appendix
6.1. Exponential bounds on mixed derivatives

The following proposition allows us to obtain exponential bounds on mixed
derivatives of functions f(z,y) in C°°(M x M) if we are only provided with
exponential bounds on pure derivatives in both variables. We use this to
obtain bounds on the mixed derivatives of the amplitudes in Lemma (3.1

Proposition 6.1. Let (M,g) be a compact, n-dimensional, boundaryless
Riemannian manifold with nonpositive sectional curvature and let (M,@)
denote the universal cover of M equipped with the pullback metric. Let f :
M x M — R be a function satisfying bounds

|ALf(z,y)] < Cje% B @Y and Ak f(z,y)| < Cpe@d @)
where dg(z,y) > 1. Then,
]AéA’;f(x,yﬂ < O peCrrda(@y) for ds(xz,y) > 1,

where the constants Cj . depend only on the constants C; and Cy and the
manifold.

Proof. Fix zg and g in M and fix a smooth function 8 € C§°(R, [0,1]) equal
to 1 near 0 and supported in (—injM,injM ). Then let

F(z,y) = B(dg(x,20))B(dg(y, v0)) f(x, y).
Note
(6.1) |ALF(z,y)] < CheCidsow) and  |AFF(z,y)| < CfeCido(@ow)

by (3.9) for constants C’j’~ and C} which are independent of z, y, o, and yo.
The cutoffs allow us to interpret F' as a function on M x M. By Sobolev
embedding,

(6.2)  |AJAY f(xo, yo)| < [IALAFF (2, )|l e (arxan)
< COII = Ay — Ay)" T ALAEF (2, 9) | 200

where we understand A, + A, as the Laplace-Beltrami operator on the
product manifold M x M. It follows e,(x)eq(y) for p,q=0,1,2,... form
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an orthonormal basis of eigenfunctions on M x M with
(As + Ay)ep(x)eg(y) = —(A) + AD)ep(x)eq(y).

We use the shorthand
Fog) = [ [ Fla)e@e) dsdy
MJM

and write

(I — A, — Ay)”HAiAZF(UCa?J)H%2(MxM)
= D]+ AP AT A P (p, )

p.q
< Z(l I )\;A;(n-&-j-i-k—i-l) + )\‘ql(n+j+k+l))|ﬁ‘(x7y)’2
p.q
o g
= 1 FlZearany + AT RN sy + 1A F T2 -

Finally,

- .
IFNZ arary + IATT N E N arenry + 1A F e ey
< VOI(M)2(||FH%°°(M><M) + AT o reany

FNATTHRENR  ran )
and the proposition follows from (6.1)). d

6.2. A stationary phase lemma

The following stationary phase lemma helps us obtain uniform bounds on

(5.1) in both the proofs of Propositions and

Lemma 6.2. Let
I(\) :/ a(z)e?®) dy

where a is a smooth function on R™ with support contained in the unit ball
B ={x:|z| <1}, and where ¢ is a smooth function on /2B = {z : |z| <

V2}.
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1) If [Vo(z,y)| > ¢ on B for some ¢ > 0, then
IV < O™ forx>1

for N =1,2,....
2) If
(V20)E| > clé|  for allé € R"

on V2B for some ¢ > 0, then
I\ < CAX™2  for A> 1.

In both situations (1) and (2), the constants C' and Cn are polynomials
in ¢! and supg \8fa| and supp |8£¢| for finitely many multiindices 3.

Proof. (1) follows by careful inspection of the nonstationary phase argu-
ment [I5, Lemma 4.1.1].
For (2), let 7y : [0,¢] — R” be a unit speed curve in /2B where

Vo(v(t)) £ 0 for t € (0,2)

and

vV
"0 = e

Setting v(0) = x¢ and (¢) = x1, the mean value theorem gives us a time
t € (0,¢) at which

63) Vo) - V6(0)| = L VIVHH )

Cd s V()
=L |V D Gsnm)
> fc

> clxy — x|

If ¢ has a critical point at some zq in v/2B, since V2¢(z) is a linear isomor-
phism from R"™ — R", there exist such flow lines of V|V ¢| in every direction
starting at xo. Moreover by (6.3]), |[V¢| # 0 on this neighborhood minus the
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point zg. By an open-closed argument, there exists such a flow line connect-
ing o to any other point = € v/2B, and we conclude

[Vo(z)| > clz — x| for all z € V2B

from (6.3)). The desired bound on I()\) follows from this estimate of |V¢(z)|
and careful inspection of the proof of [15, Proposition 4.1.2].
On the other hand, if there are no critical points of ¢ in v/2B, we have

Vo
Vol

and hence |V@| has no critical points on v/2B. In particular, |V¢| attains
a minimum on B only on the boundary. Select such a point xg on 9B and
take a unit-speed curve v with v(0) = g and

v
"= R

VIVell = \v% >0,

By the same argument as before,
IVo(xo)| — [Vo(y(t))| > ct for all t > 0.

Hence, y(t) never intersects B for ¢ > 0. Moreover since |V¢| is bounded
below on v/2B, v must intersect the boundary d(v/2B) at some point z; at
some time £. Hence,

inf V| = [V(zo)| > el > (V2 - 1),
and hence we have reduced the problem back to (1). O
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