Math. Res. Lett.
Volume 27, Number 4, 11951236} 2020

Sphere theorems for submanifolds in
Kahler manifold
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In this paper, we prove some differentiable sphere theorems and
topological sphere theorems for submanifolds in Kéhler manifold,
especially in complex space forms.
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1. Introduction

The study of the relation between curvature and topology is a fundamental
problem in differential geometry. Sphere theorems play an important role in
such a study. There are two types of differentiable sphere theorems: one is
for the Riemannian manifold itself (i.e., intrinsic version), the other is for
submanifolds in a Riemannian manifold (i.e., extrinsic version). The typical
example of the former one is the classical 1/4-pinched differentiable sphere
theorem, which states that a compact Riemannian manifold M of dimension
n > 4 with pointwise 1/4-pinched sectional curvature is diffeomorphic to a

*L. Sun is the corresponding author.
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spherical space form. This theorem was finally proved by Brendle-Schoen
(131, [).

The study of sphere theorems for submanfolds in a Riemannian man-
ifolds also has a long history. At first, people concerned on the rigidity
sphere theorems for minimal submanifolds in unit sphere. For example, Si-
mons ([18]) and Chern-do Carmo-Kobayashi ([5]) showed that for a com-

pact minimal submanifold M™ in unit sphere S"*7, if |B|? < 5T, then M

is either totally geodesic, or a Clifford hypersurface, or a Veronese surface
in S*. Later on, Li-Li ([I2]) proved that M is either totally geodesic or a
Veronese surface in S* if |B|? < %n Topological sphere theorems for sub-
manifolds have also been considered. Lawson-Simons ([10]) considered the
vanishing theorem of integral current in an n-dimensional submanifold in
unit sphere (the case of submanifold in Euclidean space was considered by
Xin ([20]) and showed that an n-dimensional submanifold in unit sphere with
|B|?> < min{n — 1,2y/n — 1} is a homotopy sphere. Leung ([11]) proved that
an n-dimensional minimal submanifold in unit sphere with |B|?> < n and
n > 3 is homeomorphic to a sphere. Later on, Shiohama and Xu ([I7]) im-
proved Lawson-Simons’ result to complete submanifold in space forms with
nonnegative sectional curvature. By using mean curvature flow, Andrews-
Baker ([1]) proved a differentiable sphere theorem for submanifolds in R™?
under the pinching assumption relating |B|? and |H|?. Recently, Cui-Sun
([6]) and Gu-Xu ([7], [21], [22], etc.) also proved some topological and differ-
entiable sphere theorems for submanifolds in general Riemannian manifold.
Furthermore, Li-Wang ([I3]) proved some differentiable sphere theorems for
Lagrangian submanifolds in complex space form. In general, the conditions
of sphere theorems for submanifolds in a Riemannian manifold are expressed
in terms of the scalar curvature, Ricci curvature or the sectional curvature
and the mean curvature of the submanifold, as well as the sectional curvature
of the ambient manifold.

In this paper, we will consider sphere theorems for submanifolds in
Kéhler manifold, which are special cases comparing with the above men-
tioned results for general Riemannian manifold. Contrary to the above men-
tioned sphere theorems, we will express the condition in terms of the holo-
morphic sectional curvature of the ambient manifold instead of its sectional
curvature.

Let M be a smooth n-dimensional submanifold of a Kéahler manifold
N?™_ We will denote the curvature tensors on M and N by R and K,
respectively. Recall that the sectional curvature is given by

K(X,Y) = K(X,Y,X,Y)
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and the holomorphic sectional curvature is given by
K(X)=K(X,JX)=K(X,JX, X, JX),

where X and Y are tangent vector fields on M. Denote the minimal and
maximal holomorphic sectional curvatures by

1.1 Roin = min K(X), Kpax = max K(X).
(1.1) Tain, K(X) ax = max K(X)

Our first theorem is as follows:

Theorem A. Let M be a smooth n(> 2)-dimensional closed simply con-
nected submanifold of a Kdhler manifold N?™. If the scalar curvature of M
satisfies the following condition:

(1.2)
2 g 2_ 4 17 -2 . r
3n4+8Kmax - %Kmin =+ %|H’2> 'Lf Kuin > O;
RM 2 3n1+8Kmax - nz_Qn—i_SKmin + %|H’27 Zf Kmin S 0 S Kmax;

3(n2—n+2) 1 2_n48 7 _92 C
%Kmax - %Kmin + %|H|27 Zf Kmax < 0;

and we further assume that the strict inequality holds for some point xog € M
if IN(maX = Nmin. Then M 1is diffeomorphic to S™.

Recall that a submanifold M in a Ké&hler manifold NV is said to be totally
real in N if JT,(M) C Ny(M) for each = € M, where J is the complex
structure on N and N, (M) is the normal space of M in N at z. When the
submanifold is totally real, Theorem A can be improved to be the following:

Corollary 1.1. Let M be a smooth n(> 2)-dimensional closed simply con-
nected totally real submanifold of a Kéhler manifold N?™. If M satisfies the
following condition:

3(n> —n+2) -~ n?—n+4 - n—2
( )Kmax_ Kmin+
4 2 n—1

Ry > HJ%,

and we further assume that the strict inequality holds for some point o € M
if Kimax = Kmin = 0. Then M is diffeomorphic to S™.

In particular, when N is a complex space form with constant holomor-
phic sectional curvature ¢, we have:

Corollary 1.2. Let M be a smooth n(> 2)-dimensional closed simply con-
nected totally real submanifold of complex space form N?™ with holomorphic
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sectional curvature c. If M satisfies the following condition:

-2 1 -2
RM Z (TL )(n+ )C—|— n ’H|2,
4 n—1

and we further assume that the strict inequality holds for some point xg € M
if c=0. Then M is diffeomorphic to S™.

Next, we plan to examine differentiable sphere theorems under Ricci
curvature pinching condition. ,
Theorem B: For fired 0 < ¢ <1, set é(e,n) = %. Let M be a
smooth n(> 4)-dimensional closed simply connected submanifold of a Kdhler

manifold N*™. If M satisfies the following condition:

2 K e — (= 1+ 22) Kinin + 0(2,n)[H?,
if Kuin > 0;
(13) Rl > |5 K= (0= 14 d2)Kuin + 0(e,m)[HI,
if Kmin <0 < Kpax;
Mi{mw — (n— 14 42) Ky + 6(2,n)[H|%,
if Kmax <0,

and the strict inequality holds for some point o € M. Then M is diffeomor-
phic to S™.

Corollary 1.3. For firted0 < e <1, seté(e,n) = @Eff%. Let M be

a smooth n(> 4)-dimensional closed simply connected totally real submani-
fold of a Kdhler manifold N*™. If M satisfies the following condition:

S 3n—14¢) ~

Ric Kax — (n — 14 26) Kypin + 6(2, n)[HJ,

min — 9

and the strict inequality holds for some point o € M. Then M is diffeomor-
phic to S™.

Corollary 1.4. For fized0 < e <1, setd(e,n) = zl(z(iszf%. Let M be

a smooth n(> 4)-dimensional closed simply connected totally real submani-
fold of complex space form N?™ with holomorphic sectional curvature c. If
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M satisfies the following condition:

_1—
Ric® > %H 5(,n)|H2,

min =

and the strict inequality holds for some point xg € M. Then M is diffeomor-
phic to S™.

Remark 1.5. Ife =1, then 6(s,n) = 1.

For a submanifold in a K&hler manifold, we also have the following topo-
logical sphere theorem:
Theorem C: Let M be a smooth n(> 4)-dimensional closed simply con-
nected submanifold of a Kdhler manifold N?™. If the scalar curvature of M
satisfies the following condition:
(1.4)
3nrif—kmf(max - %Kmin + 27:3|H|27 Zf Kmin > 0;
Rar 2 Q 35 O K e — O K + 223 [H?, if Konin €0 < Kinas
wkmax - Wf{min + 27:3|H|27 Zf f(max <0,

and the strict inequality holds for some point xo € M. Then M is homeo-
morphic to S™.

Corollary 1.6. Let M be a smooth n(> 4)-dimensional closed simply con-
nected totally real submanifold of a Kihler manifold N*™. If M satisfies the
following condition:

3(n? —n+4) - n?—n+38 - n—3
( )Kmax_ Kmin+
4 2 n—2

RM Z |H|27

and the strict inequality holds for some point o € M. Then M is homeo-
morphic to S™.

In particular, when N is a complex space form with constant holomor-
phic sectional curvature ¢, we have (comparing with Corollary [1.2)):

Corollary 1.7. Let M be a smooth n(> 4)-dimensional closed simply con-
nected totally real submanifold of complex space form N?™ with holomorphic
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sectional curvature c. If M satisfies the following condition:

2
n“—n-—4 n—3
Ry > + H|?
- 4 ¢ n—2| I

and the strict inequality holds for some point xo € M. Then M is homeo-
morphic to S™.

Theorem D: Let M be a smooth n(> 4)-dimensional closed simply con-
nected submanifold of a Kdhler manifold N*™. If M satisfies the following
condition:

(1.5)

(3n + 4)Kmax - 2(” + 1)f{min + %’HF’ 'Lf f{min > 0;
Riclyl, > { (30 +4) Konase — 201+ 3) Kinin + S[HP,if Kinin <0 < Ko

min
3nf(max - 2(” + 3)kmin + %|H‘27 Zf kmax <0,

and the strict inequality holds for some point xo € M. Then M is homeo-
morphic to S™.

Corollary 1.8. Let M be a smooth n(> 4)-dimensional simply connected
compact totally real submanifold of a Kdhler manifold N*™. If M satisfies
the following condition:

) ~ 1
Ric > 30K pax — 2(n 4+ 1) Kopin + §\H|2,

and the strict inequality holds for some point xg € M. Then M is homeo-
morphic to S™.

In particular, if IV is a complex space form, then we have the following
topological sphere theorem for totally real submanifold (comparing with

Remark :

Corollary 1.9. Let M be a smooth n(> 4)-dimensional simply connected
compact totally real submanifold of a complex space form N?™ with holo-
morphic sectional curvature c. If M satisfies the following condition:

min

1
Ricll > (n—2)c+ §|H|27

and the strict inequality holds for some point xg € M. Then M is homeo-
morphic to S™.
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Remark 1.10. All results mentioned above are sharp.

e Consider the totally embedding CP™/?(4) C CP™(4) where n is an
even number. Then Ric = (n+2)g and Ry =n(n+2). Thus The-
orem A, Theorem B, Theorem C and Theorem D are sharp.

o Consider My, :=S""P ( L )XSP (#) (C S"“(l)) CCP"(4)

V1+p? V14+p?

where 0 < p < 1, then My, is a totally real submanifold of CP™*1(4).
Moreover,
n—2 n—2
_ H 2 _ -9 N= = 2
R, n—1| "= (n—2)(n+1) Y —0, asp—0,
-3 2(n—14
R, - ’H‘Z—(HQ—TL—‘Q:—M/LQ%O, as b — 0.
e n—2 n—9

Therefore, Corollary Corollary Corollary and Corollary
are optimal.
e Fore =1, Corollary Corollary [1.7] are optimal for n = 4. Corol-

lary[1.8 and Corollary[1.9 are optimal for n = 4. We refer the reader
to [22/.

In another paper, we will consider differentiable sphere theorems and
topological sphere theorems for Lagrangian submanifods in Kahler manifold
([19]). Similar argument can also prove some sphere theorems for submani-
folds in Sasaki space forms.

2. Preliinaries

In this section, we will provide some basic materials about Kéhler manifold
that will be used in the proof of the main theorems. First recall the follow-
ing expression of the sectional curvature and curvature tensor in terms of
holomorphic sectional curvature:

Lemma 2.1 (cf. [9]). Let N be a Riemannian manifold and X,Y, Z, W
be vector fields on N. Then we have

(2.1)  2UK(X,Y,ZW)=KX+Z,Y+W)+K(X - ZY —-W)
+K(X+W,Y - 2)+K(X -W,Y + Z)
~K(X+ZY-W)-KX-ZY+W)
_K(X+W,Y+2)-K(X-W,Y — 2).



1202 J. Sun and L. Sun

Lemma 2.2 (cf. [23]). Let N be a Kdhler manifold and X, Y be vector
fields on N. Then we have

(2.2) 32K(X,Y) =3K(X +JY)+3K(X —JY) - K(X +Y)
~K(X-Y)—4K(X) —4K(Y).

Putting (2.2) into (2.1]), we get that

Corollary 2.3. Let N be a Kdhler manifold and X, Y, Z, W be vector
fields on N. Then we have

W6K (XY, ZW)=K(X +Z+JY +JW)+ K(X +Z—JY — JW)
KX+ Z+JY —JW) - KX +2Z—JY + JW)
KX -Z+JY —JW)+ KX —Z—JY +JW)
KX —Z+JY +JW)—K(X —Z—JY — JW)
KX4+W+JY —JZ2)+ K(X+W —JY + JZ)
KX +WH+JY +J2)— KX +W —JY — JZ)
KX -W+JY +J2)+ KX -W - JY — JZ)
—K(X-W+JY —JZ) - K( )

(2.3) —K(X-W=JY +JZ2).

Let M™ be an n-dimensional submanifold in Riemannian manifold N¢.
Choose local orthonormal frame {ej,...,eq} on N so that {e;,...,e,} are
tangent to M and {ep+1,...,€e4} are normal to M. Denote R and K the
curvature tensors on M and N, respectively, and hf; = (B(e;, €j),eq) the
component of the second fundamental form of M in N. The mean curva-
ture vector is given by H = Zian H%eq, where H* = """ | h%. Then the
Gauss equation can be written as

(24) R”kl z]kl+ Z hzk YU Zoi ]k)
a=n+1

In particular, the Ricci curvature and the scalar curvature satisfies
Ric(e;) = ZKWJ + Z Z hiihs; — (hi; )2,
a=n+1 j=1

(2.5) Ry = Z Kijij + H> — B[,
ij=1
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Fix pe M, X,Y € T,M and an orthonormal basis {e1,...,e,} of T,M,
the following notations will be used in this paper:

n
Ric(X,Y) =Y R(X,e;,Y,e;), Ricj; = Ric(ej,e;),
i=1
[€irs .-y €i ] = span{ei,, ... e}, V1 <i3 <ig<---<ip<n,

k
.k .
Ricl ][eil, coe ] = g Ric;i,,
j=1

Ric[mk]in(p) = I:BililCT . RicMe; ... €],

where RiclFl[e; ,... e;] is called the k-th weak Ricci curvature of
[€iys - - -, €i,], which was first introduced by Gu-Xu in [7].

At the end of this section, we will state some lemmas which will be
crucial in the proof of our main theorems. The first result is due to Aubin:

Lemma 2.4 ([2]). Let M be a compact n-dimensional Riemannian mani-
fold. If M has nonnegative Ricci curvature everywhere and has positive Ricci
curvature at some point, then M admits a metric with positive Ricci curva-
ture everywhere.

A Riemannian manifold M is said to have nonnegative (positive, respec-
tively) isotropic curvature, if

Ri313 + Ria14 + R2323 + Ra424 — 2R1234 > 0(> 0, respectively)

for all orthonormal four-frames {ej,es.es.e4}. This conception was intro-
duced by Micallef-Moore and they proved the following topological sphere
theorem:

Lemma 2.5 ([14]). Let M be a compact simply connected n(> 4)-dimen-
stonal Riemannian manifold which has positive isotropic curvature, then M
18 homeomorphic to a sphere.

In addition, Micallef-Wang proved the following topological result for
manifold with positive isotropic curvature:

Lemma 2.6 ([15]). Let M be a closed even-dimensional Riemannian man-
ifold which has positive isotropic curvature, then ba(M) = 0.
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Furthermore, Seshadri proved the following result for manifold with non-
negative isotropic curvature:

Lemma 2.7 ([16]). Let M be a compact n-dimensional Riemannian man-
ifold. If M has nonnegative isotropic curvature everywhere and has positive
1sotropic curvature at some point, then M admits a metric with positive
1sotropic curvature.

The 1/4-differentiable sphere theorem was finally proved by Brendle-
Schoen ([3], [4]) using the Ricci flow method. They proved that:

Theorem 2.8 ([3]). Let (M, qgo) be a compact, locally irreducible Rieman-
nian manifold of dimension n(> 4) with curvature tensor R. Assume that
M x R? has nonnegative isotropic curvature, i.e.,

(2.6) Riz13 + N Riq1a + p#° Rasos + N Rogoa — 2M R34 > 0

for all orthonormal four-frames {e1,ea,es,e4} and all \,u € [—1,1]. Then
one of the following statements holds:
(i) M is diffeomorphic to a spherical space form;
(ii) n = 2m and the universal covering of M is a Kdhler manifold bi-
holomorphic to CP™;
(iii) The universal covering of M is isometric to a compact symmetric
space.

3. Some algebraic estimates

In this section, we will prove some algebraic estimates that are used in the
proof of the main theorems.

In this section, we always assume n > 4. We say that R is an algebraic
curvature on R™ if R is a fourth tensor such that for every x,y, z, w € R,

R(iﬁ;yaZ,w) = _R(y7xasz) = _R(xvyawvz) = R(Z7w7xay)7
R($7y7 va) + R(yv Z,:C,’LU) + R(z,x,y,w) =0.

Let {e;};~, be an orthonormal frame of R™.
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Example 3.1. If B = (h{;) : R" X R" — R is a bilinear operator, we 0b-
tain an algebraic curvature tensor R defined by:

ijl th YU Zh gk? \V/lgl,],]{?,lgn

Lemma 3.2. Let R be an algebraic curvature tensor R. Suppose there is a
constant ¢ such that for every orthonormal four-frames {ei, ea,es3,e4},

Ri212 + Ri234 > c,
then for every A\, u€ [—1, 1] and every orthonormal four-frames {e1, ea, €3, e4}
Rig13 + A’ Rigis + 11> Rogas + A p” Rosos — 2ApRiass > (14 A%) (1+ %) c.
Proof. The assumption implies that for every orthonormal four-frames

{ela €2, €3, 64}7

Ri212 — |Ri234] > c.

The Bianchi identity yields that
R1234 =R1324 + R1432.

Therefore,

Riziz + A2 Rig1a + p* Rosos + A2 p” Roaoq — 2AnR1234
= Ris13 + A’ Rua1a + 11 Rogas + A1 Roaoa — 2Mu(Ris24 + Russs)
> Riz13 + A Rigua + p° Rosas + A2 Rasoy

— (14 X?) [Risaal — (A + p®) | Ruasel
= (Riz13 — |Risaa|) + A (Ria14 — | Rua32|)

1% (Razos — |Rozial) + A2 u® (Roasa — |Rons))

> (1+ A4 p + X)) c
= (1 + /\2) (1 + u2) c.
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Lemma 3.3. Let R be an algebraic curvature tensor R. Suppose there is a
constant ¢ such that for every orthonormal four-frames {e1, ea, es,e4},

Riz13 + Rasos + Rigga > ¢,
then for every \ € [—1,1] and every orthonormal four-frames {e1, ez, e3, €4}
Rizi3 + A2 Rig14 + Rosas + A’ Roaog — 2MRig34 > (14 A?) c.
Proof. A straightforward verification. O

Lemma 3.4. Let B = (h{;) : R" x R" — RP is a bilinear operator. Define
H*:=3%""  he and

=1 ""11
zykl Zh Zh Gk for all 1<, 5k, 1 <n.

Then for all orthonormal four-frames {e1, ez, e3,es4}, we have

. - 1|3 e(
(3.1) Ri912 + Ri234 > 3 Lozt () Z Z ’

n—l
1,j=1a=1

with equality holds if and only if h$; = h{; + hSy for all i # 1,2 and hi; =0
for all distinct 1,5 with {i,j} # {1, 2} We also have

2 4 ~ Zp
(3 2) Z Z Rzyz] - 2R1234 > Z Z

j=3 1,j=1 a=1

Proof. For the proof of this Lemma, we refer the reader to Gu-Xu’s paper
[7]. We only need to notice that (3.1) follows from the inequality

n

(3.3) 2l 2 D ()% + _)12 > (),
i#j i,j=1

for all distinct m, [, and the equality holds if and only if

(3.4) h$ = hiym + hij, for all i # m,l.

Furthermore, follows from the inequality

[ N e a [e% e (H
(35) thphqq + 2h 1l Z Z(th)Q + _
i#j ij=1
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for all distinct p, g, m, !, and the equality holds if and only if
(3.6) hi = by, + hgg = hyy, + by, for all i # p,q,m, L. 0

Lemma 3.5. Let B and R be as in Lemma . Assume

n n
Ripir, + ZRjkjk >2D, foralll1<i<j<n,
k=1 k=1

then for every 0 < e <1 and all orthonormal four-frames {e1, e, e3,e4}

. - 1 ((n —4)e +2)? 5
R R >—|D - H®
1212+ f2se 2 2 8(2+(n2—4n+2)£);( )

Proof. The proof can be found in [6]. For reader’s convenience, we give
another but direct proof. Set

o 1 1
hi; = hi; + Eﬂaéij, T = EHQ'

One can check that

n n

S )2 =3 () +n@?. forati<a<p.

3,j=1 3,j=1

Denoted by Rj; := Z?:l Rijij, we get

Ri; = Hhg — Z Z he:he,

j=la=1
p n
(n—1 Z P+ > (0 —2)Thg — Z(ha)
a=1 a=1 j=1
Thus,
1< = P
3 > Ri=(n-1)) (1%’
i=1 a=1
1 P 2 i n 2
+30 {( e YR -3) (hO;) :
a=1 i=1 j=1 i=1
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1 < P
n—2i:3 = n_lc;
p n n n
LS -y ke -3 (i)
a=1 =3 j=11i=3

By assumption,

Rii+Rj; > 2D, VY1<i<j<n,

then

DN |

2 ~ 1 n_o
ZRii2D7 n_QZRn'ZD-
i=1 ;

Now for every ¢ € (0, 1], we get

— n—2i:
= p ) ::ZE 2 p 2 i c p n 2
R DA SEAD SITED DD OO ()
a=1 a=1 i=1 a=1j=1 i=1
1_ P n n oa 2
“a 2 (i)
a=1j=1 i=3
P a2 (n 2e — 2 w a2°a
—€<R1212+31234)+(n—1—5)Z(T) + B ZT Zhw
=1 =1 =1
2 e p n O; e p nan
53 (Bh) SEEY () i X ()
a=1 j=3 i=1 a=1 j=1i=3

p

° 0t o ° 0 ta
—EE <h13 94 — hiy 23>
a=1
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1 . T 2 (TL - 2)8 —2 T iLa
M N

ar=d)>

€ <R1212 + R1234

N—

8(2+(n2 4n+2
g

Lemma 3.6. Let B and R be as in Lemma . Assume that for every
orthonormal four-frames {e1, ez, e3, €4},

4 n
> D Rijij > 4D,
i=1 j=1
then for all orthonormal four-frames {e1, e, e3,e4},

p

2 4
Z S Rugig — 2Bnasa > 4D — L 37 ()2,
=1 :3

a=1

Proof. As notations in the proof of Lemma we get

1 4 ~ P 1 P 4 i 4 i 9
I Ri= (=D @+ =T Yk - >N (k)
=1 a=1 a=1 =1 7j=11i=1
P n_9F 4 182 2
= (-1 Y (P + YT hg;—ZZZ(h?j)
a=1 a=1 i=1 a=11i,j=1
S NE S T . R BTN S P N O 2
() 5> () - o> (k)
a=11,5=3 a=11=1 j=3 a=1j5=51=1
P o9 P L 2
<(n-1)> (T%)?+ 1 ZT@Zhﬁ-SZ(Zh3>
a=1 a=1 =1 « =1
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Notice that

p

2 4 p 4
Z Z ijij T 2R1234 =4 Z (Ta)Q +2 Z A Z Eg
i=1 j=3 «a a=1 i=1

=1

3 (S (S

a=1

L L N
-3 (s + h24) =" (A - hss)

a=1

Q
—_

‘We obtain

p

- n—2g .
ijij — 2Ri23a | +(n—1) Z ()% + 1 Z e z hii
a=1 i=1

)
AN
> =
]
[]-
aol}

-
Il
—
e
Il
w
Q
I
—

3 S 0|
I e
:Mw HM“

M»

P 1 P 4 .
> Z DA

p
ijij — 2R1234 | + (n —2) Z (T)?

U
HM%
>0
SR

=

+
Ll
W
M- L
S~
Q
[]=
>
)
|
| =
]~
R
[]=
>
)
~_—
no

Q
Il
—
o

[
—
Q

Il
—

4. Proof of Theorem A

In this section, we will prove the differentiable sphere theorems for subman-
ifolds in Ké&hler manifold.

Proof of Theorem A. By (.1, we have for any vector field X on N that

(4.1) Kuin| X < K(X) < Kpax X%
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By (2.2)) and (4.1)), we have for orthonormal pair (X,Y) on N
32K(X,Y) < 3Kmax (|X + JY[* +|X — JY|*)
— K (X + Y+ | X Y[+ 41 X"+ 4] )
= 24(1 + (X, JY)?) Kpmax — 16 Kin.
Similarly we have

32K (X,Y) > 24(1 + (X, JY))) Kpin — 16K ax.

Therefore, we have

3 . 1 -
(4.2) 1<1 + (X, IV Kin — 5KDW
- 1 -~
<K(X,)Y) < 2(1 + (X, YY) K pax — 5Kmm.

1211

By (2.3) and (4.1]), we have for any orthonormal four-frames { X, Y, Z, W'}

on N

(4.3) 256K (X,Y, Z, W)
<Ko (X +Z+ IV + IW | X+ Z - JY —JW|*
HX - Z+JY —IJW X - Z - JY + W
HX AW +TY —JZ + | X +W - JY +JZ*
HX -WHIY +JZ|* +|X - W - JY — JZ|*)
— Koin (X +Z4+JY —JW[* +|X + Z = JY + JW|*
HX —Z+IY + IV + | X - Z - JY —JW |
HX AW+ TY +JZ+ | X +W - JY —JZ|*
HX -W+JY = JZ* +|X - W —JY + JZ|*)
= Kmax [128 4+ 8((X + Z,JY + JW)? + (X — Z,JY — JW)?
HX +W,JY —JZ)? + (X —W,JY + JZ)?)]

— Kumin [128 4+ 8((X + Z,JY — JW)2 + (X — Z,JY + JW)?

HX +W,JY +JZ)* +(X - W,JY — JZ)?)].
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Similarly, we have

(4.4) 256 K(X,Y, Z, W)
> Konin [128 + 8((X + Z,JY + JW)? + (X — Z,JY — JW)?
HX +W,JY —JZ)? + (X — W, JY + JZ)?)]
— Kmax [128 +8((X + Z,JY — JW)2 + (X — Z,JY + JW)?
HX +W,JY +JZ)* + (X —W,JY —JZ)*)].

Next we will show that under our assumption, M x R? has nonneg-
ative isotropic curvature, i.e., (2.6) holds for all orthonormal four-frames
{e1,€2,e3,e4} and all A\, € [—1,1]. For that purpose, we first extend the
four-frame {ej,e2,e3,e4} to be an orthonormal frame {ey,...,e9,} of N

such that {ej,...,e,} are tangent to M and {e,41,...,€2,} are normal to
M. The Gauss equation (2.4) implies that

(4.5) R(X,Y,Z,W):=R(X,Y,Z,W) - K(X,Y, Z,W)
is an algebraic curvature. Lemma [3.4] implies that
5 5 138 [H|?
> _ =1 \"" S 1 _ B 2
Ri212 + Ri23a > 5 - 1 ”21 azl (n - B

Lemma implies that for every orthonormal four-frames {ei, ez, es3,e4}
and every A\, pu € [—1,1]

Riz13 + N Ryquq + M2R2323 + >\2u21352424 - 2)\u1%1234
2 2 2
L A0+ (JHE po)
2 n—1

ie.,

(4.6) Riz13 + AN Rigia + 1 Rasas + N2 1® Ragoy — 2M\iR1234
> K313 + AN K414 + p? Kozoz + N p* Kogaq — 20K 1234

By (22.5)), we have

(4.7) IBJ? — \H!2 ZKW
3,j=1
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Putting (4.7) into (4.6)) yields

(4.8) Riz13 + N Rig1a + 12 Rogos + AN p? Rogaq — 2\ R34
> K313 + M Kia14 + (12 Kozas + N2 12 Kogog — 20K 1234

1+ A% 4 p? + N2 n—2__,
+ 5 Ry — — [Hf ~ ”Zl Kijij
Z7j:

Therefore, it suffices to estimate the terms involving the curvature tensor K
on N. By (4.2)), for every i # j, we have

3 ~ 1~
(4.9) Kijij > Z(l + (e, J€j>2)Kmin - iKmaxv
and
(4.10) Kijij < Z(l + <6¢, J6j> )Kmax — §Kmin'
Therefore,
(4.11)

Ki313 + M K414 + 112 Kogoz + N Kogog

- ; > Kigi

ig—1
3 1-
> (1 + )\2 + ,u2 + )\2M2) <4Kmin - 2Kmax>

3
+ - ((61, Jes)? + N2 {eq, Jeg)? + p?(eg, Jes)? + N2 (eq, Je4>2) Kin

4
L+ N2+ g 4+ N
2
3 - 1 3 o~
X n(n_l) ZKmax_§Kmin +Z Z<ei7Jej> Kiax
ij=1
n®—n+3 - 3n? —3n+4 -
=1+ A4 p?+ )\2#2) <4 min = o max)

3 -

+ 1 (<€1, J63>2 + )\2<€1, J€4>2 + M2<€2, J€3>2 + )\2,u2<€2, Je4>2) Koin
B(L+ A2+ 42 + V) & .

— 3 Z (€, Jej>2Kmax.

ij=1
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We will cqnsider three cases:
Case 1: Knin > 0. In this case, we have from li that

L+ N 42 + N2 &
Ki313 + N Kua14 + p* Kogos + A1 Koog — a a Z Kijij

2 ~
2,7=1
n2—n+3 - 3n2 —3n+4 -
> (14 A2+ p2 + 2242) <4Kmin B a— max>
3n(1 4+ A%+ p? + N2p?) -
- 8 Kmax
2 2
— 3 ~ 3 4 ~
SN2 (R - T R R
4 8
By (i3) and (E4), we have
1~ ~ ~ 1~
(412> §Kmin - Kmax S K1234 S Kmax - iKmin-
Therefore, we have
(4.13) Ki313 + N K14 + 2 Kogoz + N Kooy — 2\ K134
THA2+ 2+ 0202 &
- 2 2 Kiji
ij=1
n>—n+3 - 3n?+4 -
> (1 + )\2 + Mz + )\QMQ) <4Kmin - 8Kmax>
- g K Kmax - EKmin
TN+ 24+ X202 (0?2 —n+4 - 3n2+8 -
= o o Kmin - 7Kmax
2 2 4
Putting (4.13) into (4.8]) yields
(4.14) Riziz + A Rigia + % Ragas + N 1® Ragoq — 2\1R1234
- T+ A2+ p? + N2
- 2

3n? +8 - n?—n+4 - n— 2
X (RM_ 4 Kmax"’mein_ n_1|H|2 .
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Case 2: Kuyin < 0 < Kpax. In this case, we have from 1) that

Kiz13 + N K414 + > Kasos + N2> Koaos
T+ A2 2+ 022 &
- > Kigi

2 =
i,7=1
n?—n+3 - 3n? —3n+4 -
> (14 A2+ p? + \2?) <4Kmm - max)
3(1+ A2+ p2 +22u2) - 3n(1+ A2 + % + 2\2p?) -
+ 4 Kmin - 3 Kmax
n“—n-+6 - 3n?+4 -
= (1 + )\2 + ,U2 + )\Q,UZ) <4Krnin - T o max)
By (4.3) and (4.4), we have
(415) Kmin - f{max S K1234 S Kmax - Kmin-
Therefore, we have
(4.16) Kiz13 + N Kiq1a + (1> Kogos + A2 Koaog — 20K 1934
R e
- ; > Kiji
ij=1
n?—n+6 - 3n?+4 -
> (14 M2 4 12 + \2?) <4Kmin -— max)
T+ X2 4 p2 + 222 (- -
- 5 a (Kmax - Kmin)
1+ A% 4 p? 4+ \2p? <n2—n+8~ 3n? +8 - )
= 9 9 min — — ,  {Ymax
Putting (4.16) into (4.8]) yields
(4.17) Rizis + A’ Ria1a + p* Rosas + N p° Rosos — 2ApuR 1234
i ol L\
- 2

3n? +8 - n>—n+8 - n—2
X <RM_ 4 Kmax‘{'f[{min_ TL—1|H|2 .
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Case 3: Kpax < 0. In this case, we have from (4.11) that

K313 + N K114 + p? Kogoz + M p? Koaoa
RS R
- . . > Kijij

2 ~
2,J=1
2 2
— 3 - 3n® —3 4 -
> (1 + )\2 +M2 + )\2M2) <n£L—|_Kmin _ % max>
1 )\2 2 /\2 2\
+3( + +4u + A )Kmin
n>—n+6 - 3n?—3n+4 -
= (1 + )\2 + M2 + )\2M2) <4 min — f max)
By (4.3)) and (4.4)), we have
~ 1~ 1~ ~
(418) Kmin - iKmax S K1234 S §Kmax - Kmin-

Therefore, we have
(4.19) K313 + N K114 + 1° Kozas + N2 Kogog — 201K 1234
2 2
n"—n+6 ~ 3 —3n+4 -
> (1 + A2 + /142 + >\2M2) ( - max)

4 min — 3
T+ N2+ 2+ N2 (1 - .
- a = *Kmax_Kmin

2 2
T+ XN 2+ X202 (n? —n+8 - 3n2 —3n+6 -
= 9 9 min*f max

Putting (4.19) into (4.8]) yields

(4.20)  Riziz + A Riaia + p° Ragog + N p® Roaos — 22 uR1234
- 2

3(n? —n+2) - n?—n+8 - n—2

From (4.14)), (4.17) and (4.20]), we see that in any case, under our as-

sumption ([1.2), M x R? always has nonnegative isotropic curvature, i.e.,
Rig13 + A*Rua14 + p* Rass + A2 pi° Roaga — 2M\1iR1234 > 0

for all orthonormal four-frames {e1, es,e3,e4} and all A\, u € [—1,1].
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Next, we will estimate the Ricci curvature on M. We will assume that

n > 3. By the Gauss cquation 24), (3), (-4), (&7, @9) and @EI0), we

have for i # j

(4.21)
Rijij = Kijij + Z [h&h5; — hc;')Q]
a=n+1
1 (3 o = - . n
> 5 5(1 + <€i7 J€j> )Kmin — Knax + Ry — Z Kijij -
ij=1
1 3n? —3n+4 - n?—n+3 - n—2
=5 (RM g Kt Ty K [HP
1 3 27 3 & 2 17
B §<€i7J€j> Kmin — 1 Z (eis Jej)" Kmax |

1,7=1

with the first equality holds only if

(4.22) w=0, forall k#I1,{k,1} #{i,j} and any «
and
(4.23) = hg; +h3y, forall k #1i,j, and any .

We will also consider three cases:
Case 1: Kjy > 0. In this case, we have from l’ and the assumption

[C2) that

1 3n?+4 - n?—n+3 - . _n—2|H|2
2 n—1

with equality holds only if (4.22)) and (4.23]) hold. In particular, we see that
for any 1 <i < n,

Kmax + 7Kmin

3n2+4 - n2—n+3 - n—2 9
> - - H
Ricy; > 5 <RM 1 5 n—l’ 1“1,

with equality holds only if

he =0, by =0, for all k#1, and any o
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and
o = hij, forall k,l#1i, and any «,

which implies

H 2
(4.24) IB|? = 18]
n—1
By assumption (|1.2]), we have
. n—1/( -~ 1 -~
Ricy; > T (Kmax - 2Kmin> .

Case 2: f(’mm <0< f(max. In this case, similar arguments as above
shows that
—1 /- N
RZC“ Z nT <Kmax - Kmin) )
with equality holds only if (4.24) holds.
Case 3: Kyax < 0. In this case, we have from 1} and the assumption

(T2) that

chzz > z 2 ! <;Kmax - Kmin> )
with equality holds only if holds.

If f(max and f(min are not both zero, then we can easily see from above
that Ricys is positive everywhere on M.

If IN(maX = Nmin = 0, then by assumption, M has nonnegative Ricci cur-
vature everywhere and has positive Ricci curvature at least at some point.
By Aubin’s theorem (Lemma , M admits a metric with positive Ricci
curvature. Now we can finish the proof of the theorem:

If n = 2, then by our assumption , we see that M has nonnegative
Gauss curvature and has positive Gauss curvature at least at some point.
Hence M is diffeomorphic to S? or RP?. In particular, since M is simply
connected, M is diffeomorphic to S2.

If n =3, then from the above argument, M admits a metric with pos-
itive Ricci curvature. Therefore, M admits a metric with constant positive
sectional curvature by Hamilton’s theorem ([8]). Hence, M is diffeomorphic
to a spherical space form. Since M is simply connected, M is diffeomorphic
to S3.
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If n > 4, then M x R? has nonnegative isotropic curvature. On the other
hand, putting A = p =1 in (4.6)) and from the above arguments (by consid-
ering three cases), we see that under our assumption (1.2)), we have

R1313 + Ri414 + Ro323 + Rog24 — 2R1234 > 0

for all orthonormal four-frames {e1, es, €3, €4}.

Claim. M has nonnegative isotropic curvature and has positive isotropic
curvature at some point rg on M.

Proof of the claim. We will also consider three cases according to the sign
of the holomorphic sectional curvature as above.

If f(min > 0, then we have from , and that

R1313 + Ri414 + R2323 + Ros24 — 2R1234

3n? +8 - 2 4 . -2
>2 (RM - w Kax + wl{min - ‘H|2>
>0,

2 -1

with the first equality holds only if hi; =0 for all 1 <1i,j < n. We will show
that if f(max #* f(mm at some point p € M, then the first equality cannot
achieve at p. Actually, if the first equality holds at p, then we have at p
that Ry = Z?J:l K;ji; by , since p is a totally geodesic point. Now
our assumption reduces to

n
3n?+8 - n2—n+4 -
Z KZ]Z] > 7Kmax - mein-

“ 4
i,7=1
Using (4.10)), we compute
3n?+8 - n?—n+4 - - 3n? - n?—n -
4 Kmax - mein < Z Kijz'j < TKmax - TKmin;

1,j=1

which implies that f(max = f(min, contradicting to our assumption. There-
fore, if f(’max %+ f(’min at p, them M has positive isotropic curvature at p.
If f(max = ~min at p, then M has also positive isotropic curvature at p by
assumption.

The proof of the other two cases are similar and we omit the details here.
This completes the proof of the claim. O
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By Lemma and the above claim, M admits a metric with positive
isotropic curvature, and hence M is homeomorphic to a sphere by Micallef-
Moore’s theorem (Lemma . In particular, M is locally irreducible. Now
Brendle-Schoen’s theorem (Theorem applying to M gives us that M is
either diffeomorphic to a round sphere S”, or is a Kéhler manifold biholo-
morphic to complex projective space, or is isometric to a compact symmetric
space. Since, M admits a metric with positive isotropic curvature, Lemma
shows that ba(M) =0 if M has even dimension, and hence M cannot
be a Kéhler manifold. Furthermore, Seshadri ([16]) proved that any locally
symmetric metric on M must be of constant sectional curvature. Thus, we
have shown that M must be diffeomorphic to a round sphere S™. This fin-
ishes the proof of the theorem. O

From the proof of Theorem A, we can easily see that the assumption of
Theorem A can be weaken if the submanifold is totally real, which is given

by Corollary

Proof of Corollary[1.1. We choose any orthonormal four-frame {ey, ea, €3, €4}
on M. Since M is totally real in N, we see that Je; is normal to T'M for
any 1 < i < 4. Therefore, we have by (4.9) and (4.10) that for 1 <i,j <4

3 -~ 1~
(4.25) Kijij > ZKrnin - iKmaxa
and

3 - 1~

Kijij < iKmaX - iKminv
Also by (4.3) and (4.4)) we have that
1 - ~ 1 - ~

(426) §(Kmin - Kmax) S K1234 S i(Kmax - Kmin)-

From (4.8), (4.25) and (4.26]), we see that

Riz13 + N Rig1a + p1° Rasas + N2 1? Ragas — 2\ R1a34
>1+A%HP+VM
- 2
2-n+2) - 2 _n+4- -2
" (RM _ ?WKM Jontde !HP) |

2 -1

The remaining part of the proof is similar to that of the proof of Theorem A
and we omit the details. We only need to notice that in order to show that
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the isotropic curvature is nonnegative everywhere and positive at some point
on M, we have

Ri1313 + Ri414 + R2323 + Roao4 — 2R1234

3(n2 —=n+2) -~ n?—n+4 - n—2
> 9 <RM ) e E1?
>0,

4 2 -1

with the first equality holds at p € M only if p is a totally geodesic point.
Then at p, we have Ry; = szzl K;j;j, and our assumption reduces to

3(n2—n+2) - n2—n+4 -
QKIH&X - 7Km1n
4 2
- 3 1 -
< -21 Kijij <n(n—1) EKmax - iKmin )
Z?]:

which implies that f(max < %f(min. But at p we also have

Ri1313 + Ria14 + R2323 + Roa24 — 2R1234
= Ki1313 + K414 + Ko323 + Kogoq — 2K1934
Z 4Igvmin - 3Kmaxa

which implies that 3 Kmin < Kmax if Ri313 + R1a14 + Ras23 + Roaos — 2R1234
= 0. Therefore, Kax = Kmin at p. This finished the proof of the corollary.
O

Proof of Corollary[1.3 As in the proof of Corollary we have

Riz13 + M Rig14 + 1> Rogog + AN 1® Ragog — 20 R1234
1 )\2 2 )\2 2 2 _ -9 —9
> + +;L + A (RM_n I c—n1|H2>.

It suffices to estimate the isotropic curvature of M. By taking A = pu =1,
we obtain

R1313 + Ria14 + R2323 + Ros24 — 2R1234
2

-2 )
22<RM—”I c—Z_l\HP)zo,

with the first equality holds at p € M only if p is a totally geodesic point.

Then at p, we have Ry = Kijij = n(”zl)c. We conclude that ¢ > 0.

n
4,j=1
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However, at p,

R1313 + R1a14 + R2323 + Ro424 — 2R1234
= Ki313 + K414 + K2323 + Koaoa4 — 2K 1234 > c.

Therefore, if ¢ # 0, then the isotropic curvature of M is positive everywhere.
If ¢ = 0, then by assumption M has nonnegative isotropic curvature and has
positive isotropic curvature at some point xgp on M. The remaining part of
the proof is similar to that of Theorem A. O

5. Proof of Theorem B

In this section, we will consider differentiable sphere theorem for compact
submanifolds in K&hler manifold under the Ricci curvature pinching condi-
tion.

Proof of Theorem B. We will show that under our assumption, M x R? has
nonnegative isotropic curvature, i.e., holds for all orthonormal four-
frames {e1,ea,e3,e4} and all A\, u € [—1,1]. As in the proof of Theorem A,
we first extend the four-frame {ej, ez, e3,€e4} to be an orthonormal frame
{e1,...,eam} of N such that {e1,...,e,} are tangent to M and {e;41,...,
€am } are normal to M. Define the operator R by , which is an algebraic
curvature. Then for any 1 <14 < j < n, we have from that

n n n n
(5.1) > Rukik+ Y Rjkje = Rici + Ricjj — Y Kigir — »_ FKjkji
k=1 k=1 k=1 k=1
. 3 - -
> chﬁ]in - (n - 1) <2Kmax - Kmin)
3« -

o Z Z (<6iv Jek>2 + <eja J€k>2) Kax-
k=1

Now we will c~onsider three cases:
Case 1: K, > 0. In this case, we have from lb that

n n
~ ~ . 3n ~ ~
E R + E Rjkjk > R’LCE}M - ?Kmax + (n - 1)[{min-
k=1 k=1
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By taking 2D = Ric? — %”f(max +(n— 1)Rmin in Lemma we obtain

min
for every 0 < e <1 and all orthonormal four-frames {ej, ez, e3,e4}

~ ~ 1 . 3n -~ ~
Ri212 + Ri234 > % {chﬂn — 5 Hmax + (n— 1)Ko — 5(5,n)|H\2] ;

where (g, n) = @%ﬁﬁz;a). Lemma, implies that for every A\, u €
[—1,1] and every orthonormal four-frames {e1, s, €3, e4}

Riz13 + N Rigia + p% Rosas + N2 1i® Rogoy — 2\iR1234

2 2 ~ %
Z (1 + A ;il + 1% ) [chﬁ]m _ 37,” max —+ (77, — ].)Kmin - (5(57n)|H|2:| )

ie.,

(5.2)

2¢(R1313 + A Ria1a + p? Razas + N2 p? Rosa — 2\ R1234)
> 2e(Ki313 + N K414 + p? Kozaz + N 1% Kogog — 221K 1934)

(14 A (1 +p2) [Ricm = R (0 — D) Eoin — 62, m)|H]? .

min 9

Since Kmin > 0, we have from 1) and 1} that
(5.3) K13 + N2 Kia1a + 1°Kogos + N2 p° Kosoq — 2ApK1234

~ 1~
> (1 + )\2)(1 + M2) <iKmin - 2Kmax>

2 2 5 B
- (1 * A )2(1 * = ) <Kmax - ;Kmin>

= (1421 + 12 (fcmm _ f(max) .

Inserting (5.3)) into ([5.2)), we have

2¢(Ri313 + N2 Ria1a + 12 Rogoz + N2 p? Raaq — 2\ R1934)
> (14 X1+ u?)

de - 3
e Gt (0 — 1 4 26) Ruin — 82, m)|H?

X Ric[z] —

min

>0

)
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the strict inequality holds for some point g € M, where the last inequality
follows from our assumption . The same argument as in the proof of
Theorem A implies that M is diffeomorphic to S™.

Case 2: f(min <0< .f(max. In this case, following the same argument as

Case 1, we also have (5.2)). By (4.9) and (4.15)), we have

(5.4) Ki313 + M K1g14 + 2 Kogoz + N Koo — 2\K1934
3 - 1.
> (1 + )\2)(1 + H2) <2Kmin - 2Kmax>
(1+ )\2)(1 + ,u2)

- 2 <Rmax - Rmin)

= (U W)+ 12%) (2Kin — Konox)

Inserting ([5.4)) into ([5.2)), we have

2e(Rig13 + AN Riata + p1° Rogos + A2 Roaos — 2MuR1234)
> (14 A2)(1 4 4?)
3n + 4e -~ ~
2

% |Ricd — Knax + (n — 1+ 4e) Kpin — 0(¢, n)\H|2

min

>0

jtil 9

the strict inequality holds for some point g € M, where the last inequality
follows from our assumption . The same argument as in the proof of
Theorem A implies that M is diffeomorphic to S™.

Case 3: Kyax < 0. In this case, we have from that

= - 3(n—1)
_ _ . 1) - _
Z Ripir + Z Rjpji > chL}m - TKmax + (n — 1) Kmin.
k=1 k=1

By taking 2D = RicZ — za(nT_l)ffmax + (n— 1)I~(min in Lemma we ob-

min
tain for every 0 < ¢ <1 and all orthonormal four-frames {ej, e2, €3, €4}

~ ~ 1 3(n—1) ~ ~
Ri212 + Rig3a > % Ric?l — MKmax + (n = 1) Kmin — 5(57n)|H|2} :

min 9
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Lemma implies that for every orthonormal four-frames {ej,es,es, eq}
and every A\, u € [—1,1]

Riziz + N Rygiq + N21§2323 + )\2N21§2424 - QAMR1234
S (14 22)(1 + p?)

- 2e
—1) - -
X Ricx[i}in — ?)(712)Kmax + (n—1)Kmnin — 5(5:'”)‘1_1’2 )
ie.,
(5.5) 2¢(Ri1313 + A Ria1a + p? Razas + N2 p? Rosa — 2MpuR1234)

> 2e(K1313 + N2 K414 + 12 Kozoz + N2 p? Kogoq — 201K 1234)
+ (1 + A1+ p?)

3(n—1) -~ -

x [Ric[z] - Knax + (0 — 1) Konin — 8(2, ) |[H[?| .

min 2

Since f(max < 0, we have from and that

(5.6) K313 + N2 K414 + p? Kozoz + N2 Kogog — 201K 1934

3 ~ 1 -
> (1 + )\2)(1 + ,U2) <2Kmin - 2Kmax>

DA +p?) (1 -
_(1+>\)2( +M)<2Kmax_Kmin>

=1+ XA+ 42 <2f(min — if(max> .

Inserting (5.6)) into (5.5)), we have

2¢(Ri1313 + N2 Ryg1a + 11° Rosas + N2 Roaos — 2\uR1234)
> (14 A2)(1 4 )

2] 3n—1+¢) - -

X Ricmin — 9 Kmax + (7’L -1+ 45)ijn - 6(67 n)|H|2

> 0,
the strict inequality holds for some point xg € M, where the last inequality
follows from our assumption ([1.3). The same argument as in the proof of
Theorem A implies that M is diffeomorphic to S™. This finishes the proof
of the theorem. O
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Proof of Corollary[1.5 Let M™ be a totally real submanifold of a Kéhler
manifold N2™. Using the notations as in the proof of Theorem B, we have

from (j5.1)) that
n_ n_ i 3. ~
; Rikir + ; Rjkjr > RZCI[n]in —(n—1) <2Kmax - Kmin> .

= @f(max + (n — 1)Ky in Lemma we ob-
tain for every 0 < € < 1 and all orthonormal four-frames {ej, ea, €3, e4}

By taking 2D = Ric?

0D R = ) 8B

min

Ri212 + Rigsy > % [RZC[Q}

Lemma, implies that for every orthonormal four-frames {ej,eq,e3,e4}
and every A, € [—1,1]

Ri313 + N2 Ria1a + 11? Rozoz + N 1? Rosos — 2\uR1234

14+ 2 (1 4 p? 3(n—1) ~ -
> G i, 20 ) Rt = ) i = S B
ie.,
(5.7) 2¢(R1313 + A Ria1a + p? Razas + N2 p? Roana — 2M1uR1234)

> 26(K1313 + AN K414 + p? Kozog + N2 1? Kogoq — 221K 1234)
+ (1 + 21+ p?)

|:RZC[2] - 3(712_1)}%max + (n - 1>Rmin - (5(6,7’&)‘1‘1’2 :

By (4.25) and (4.26)), we have

(5.8) Ki313 + N Kua1a + 2 Kogoz + N Koo — 2\ K934

. 1 -
> (1 + A2)<1 + M2) <2Kmin - 2Kmax)
2
@A+ lkm lkm
2 2 2

= (14 )+ 1) (B~ o)
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Inserting (5.8)) into (5.7)), we have

2¢(Ri313 + N2 Rug1a + p1* Rogas + N2 Rosos — 2\uR1234)
> (14 A2)(1 + 42)

2] 3n—14¢) ~ -

x | Ricl: — 5 Kax + (n — 14 28) Kyin — 6(e, n)|H[?

>0,
the strict inequality holds for some point xg € M, where the last inequality
follows from our assumption (1.3). The same argument as in the proof of
Theorem A implies that M is diffeomorphic to S™. This finishes the proof
of the corollary. O

6. Proof of Theorem C and Theorem D

In this section, we will prove the topological sphere theorem for submanifolds
in Kéhler manifold.

Proof of Theorem C. As before, we will show that under our assumption,
M x R? has nonnegative isotropic curvature. For any orthonormal four-
frame {e1, ea, €3, €4}, we first extend it to be an orthonormal frame {e, ...,
eam} of N such that {ej,...,e,} are tangent to M and {eji1,...,€2m}
are normal to M. The tensor R defined by is an algebraic curvature.

Then (3.2) and (3.5)), (3.6) implie that

2 4 2 n p 2
~ - > oo—1 (H?) a |H]|
ZZRijij —2Ry934 > # - Z Z (hz'j)2 =T IB|*.

(6.1) R1313 + Ria14 + R2323 + Ro424 — 2R1234
’2

H
> K313 + K414 + Ko323 + Ko424 — 2K1234 + | — B

n—2
Putting (4.7) into (6.1)) yields

(6.2) Ri313 + Ria14 + R2323 + Roa2a — 2R1234
> K313 + K414 + K2323 + Ko424 — 2K 1234

n—3__9 &
27‘7:
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Therefore, it suffices to estimate the terms involving the curvature tensor K
on N. As in the proof of Theorem A, we will consider three cases:

Case 1: f(min > 0. In this case, we have from , and

that

n
(6.3) K313 + K1414 + Ko323 + Kogoq4 — 2K1234 — Z Kijij
ij=1
3 - 1~ ~ 1~
> bl o _ _ .
3 -~ 1 - 3 « -
- n(n - 1) <4Kmax - 2Kmin> - Z Z.JZ;(% J€j>2Kmax
S n®—n+8-  3n*+16 -
- 2 min 4 max-
Putting (6.3) into (6.2)) yields
(6.4) Ri313 + Ri414 + Ra323 + R2424 — 2R1234
3n%+16 - 2—n+38 - -3
> RM - nTKmax + %Kmin - o — ’H|2

Case 2: Kpin < 0 < Kpax. In this case, we have from 1) 1' and
[.15) that

n
(6.5) K313 + K414 + Ko323 + Kogoq4 — 2K1934 — Z Kijij
ij=1
3 - 1- _ _
Z 4 §Kmin - iKmax -2 (Kmax - Kmin)
1 - 3 —
- n(n - 1) <2Kmax - 2Km1n> - i 42.:1(6“ Je]) Kmax
Z?]:
n?—n+16 - 3n? +16 -
- 7Kmln - 7Kmax’
2 4
Putting (6.5 into (6.2)) yields
(6.6) R1313 + Ri1414 + Ro323 + Roso4 — 2R1234
2 16 -~ 2 16 -~ o
> Ry — M[(max + w[(mm n SIH\Q.

4 2 -2
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Case 3: f(max < 0. In this case, we have from , and

that

n
(6.7) K313 + Kia14 + K323 + Koaoq — 2K 1234 — Z Kiji;
ij=1
3~ 1 -~ 1 -~ -
Z 4 (QKmin - 2Kmax> -2 <2Kmax - Krnin)
3~ 1~

- n(n - 1) ZKmax - 2Kmin>

n2—n+16 -~ 3(n2—n+4) -
- meln - (4)Kmax'

Putting (6.7 into (6.2)) yields

(6.8) R1313 + Ri414 + R2323 + Ros24 — 2R1234
3nZ—n+4) -~ n:—n+16 - n—3
2 RM - (4)Kmax + f}'{min - n— 2 |H’2

From (6.4]), and , we see that in any case, under our assump-

tion , M always has nonnegative isotropic curvature and has positive
isotropic curvature at some point. By Lemma M admits a metric with
positive isotropic curvature. Since M is simply connected, M is homeomor-
phic to S by Lemma [2.5 d

Proof of Corollary[1.6, Let M™ be a totally real submanifold of a Kéhler
manifold N?™. In this case, (6.2)) is still true. By (4.25)) and (4.26)), we have

n
(6.9) K313 + K1414 + Ko323 + Kog24 — 2K1934 — Z Kijij
ij=1
3 ~ 1~ 1 -~ 1 -~
Z 4 (4Kmin - 2Kmax> -2 <2Kmax - 2Kmin>

. 1 -
- n(n - 1) <3Kmax - 2Kmin>
n®—n+8 - 3(n? —n+4) -

min — max-
2 4
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Inserting into (6.2)), we have

R1313 + Ria14 + R2323 + Ros24 — 2R1234

3(n?2 —n+4) -~ n2—n+8 - n—3
gl{max"’_i-[{min_ |I_I|2
4 2 n—2

> Ry —
> 0,
and the strict inequality holds for some point x¢ € M, where the last inequal-

ity follows from our assumption. Then the corollary follows from Lemma[2.7]
and Lemma 2.5 O

Proof of Theorem D. Using the same notations as in the proof of Theo-

rem B, we have from (4.10))

(610) ZZRU@] - ZRZC“ ZZKUU

i=1 j=1 i=1j=1
> Ric!l — (n—1) (3Kmax - 2f(mm)
3 4 n
ZZZ el,Je] Kiax.
=1 j5=1

Now we W~ﬂl consider three cases:
Case 1: Kn > 0. In this case, we have from |i that

n n
S Riar+ > Rinji > Rich, — 3nKomax + 2(n — 1) Kuin.
k=1 k=1

By taking 4D = Ricl) — 3nKipax + 2(n — 1) Kyin in Lemmal3.6] we obtain
for all orthonormal four-frames {e, es, €3, €4},

2 4
~ ~ ~ ~ 1
Z Z Rijij — 2Rq934 > Ricgll]in — 3nKnax + 2(77, — 1)Kmin — §|H’2
i=1 j=3

In other word,
(6.11) R1313 + Ri414 + R2323 + Roa24 — 2R1234
> K1313 + K414 + Ko2323 + Kog24 — 2K1234
- ~ 1
+ Ric] 30 Koy +2(n — 1) Kypin — SIHP.

min
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Since Kpin > 0, we have from (4.9) and (4.12)) that

(6.12) K313 + K414 + K323 + Ko424 — 2K1234
3 ~ 1~ ~ 1~
Z 4 <4Kmin - 2Kmax) -2 (Kmax - 2Kmin>

=4 (f(min - Kmax) .

Inserting (6.12)) into (6.11]), we have

R1313 + Ri1414 + R2323 + Ro424 — 2R1234
N - 1
> Ricl — (3n + 4) Koy + 2(n + 1) Kinin — 5 H?

min

>0

the strict inequality holds for some point xg € M, where the last inequality
follows from our assumption . By Lemma M admits a metric with
positive isotropic curvature. Since M is simply connected, M is homeomor-
phic to S” by Lemma

Case 2: Kmin <0< f(max. In this case, following the same argument as

Case 1, we also have (6.11)). By (4.9) and (4.15)), we have

(6.13) K313 + K414 + Ko323 + Koso4 — 2K1234
3~ 1~ - -
2 4 <2Kmin - 2Kmax> -2 <Kmax - Kmin)

=4 <2f{min - Kmax) .

Inserting (6.13]) into (6.11), we have

Ri1313 + Ria14 + R2323 + Ros24 — 2R1234

. R N 1
> RZCW - (3TL + 4)Kmax + 2(” + 3)Kmin - §’H‘2
>0

the strict inequality holds for some point xg € M, where the last inequality
follows from our assumption ((1.5). Then the theorem follows from Lemma

B and Lemma 2.5
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Case 3: f(max < 0. In this case, we have from 1) that

n

n
S Rian + > Rjngie > Richat, — 3(n — 1) Kinax + 2(n — 1) Knin.
k=1 k=1

By taking 4D = Ricﬁn —3(n— I)Rmax +2(n — I)f(mm in Lemma we
obtain for all orthonormal four-frames {e1, eq, 3,4},

2 4
~ ~ ~ - 1
>N Rijij — 2Riz3a > Rich, — 3(n — 1) Kax + 2(1 — 1) Konin — 5|H\2‘.
i=1 j=3

In other word,

(6.14) Ri1313 + Ri414 + R2323 + Rog04 — 2R1234
> Ki313 + K414 + Ko323 + Ko424 — 2K1234

~ i 1
+ Ricl —3(n— 1) Kmax + 2(n — 1) Kin — 5 HI

min

Since Kpmax < 0, we have from || and l) that

(6.15) Ki313 + K414 + K2323 + Kog04 — 2K1234
3 = 1~ 1~ .
2 4 <2Kmin - 2Kmax> -2 <2Kmax - Kmin)
= 8Rmin - 3Iz’max-

Inserting (6.15)) into (6.14]), we have

R1313 + Ri1a14 + R2323 + Ros24 — 2R1234
~ ~ 1
4 3 K nax + 2(n + 3) Kin — 5 [HP

min

> Ric
>0
the strict inequality holds for some point g € M, where the last inequality

follows from our assumption (|1.5). Then the theorem follows from Lemma
and Lemma [2.5] This finishes the proof of the theorem. O

Proof of Corollary[1.8 Let M™ be a totally real submanifold of a Kéhler
manifold N2™. Using the notations as in the proof of Theorem D, we have
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from (6.10]) that
4 n 3 R
S°N " Riji; > Ricy, — (n—1) <3KmaX . 2Kmm) .
i=1 j=1

By taking 4D = chEn}m (n—1) (3I~(max — 2]~(min) in Lemma we ob-
tain for every orthonormal four-frames {ej, es, e3,e4}

2 4

~ ~ . - ~ 1
E E Rijij — 2R1234 Z RZCI[fl]in — 3(TL — 1)Kmax + 2(n — 1)Kmin — §‘H’2
i=1 j=3

In other word, (6.14)) is true. By (4.25]) and (4.26[), we have

(6.16) K313 + K414 + K2323 + Kosoq — 2K 1234
3 - 1 - 1~ 1 -
Z 4 <4Kmin - 2Kmax> -2 <2Kmax - 2Kmin>
= 4[%min - 3[~(max-

Inserting (6.16)) into (6.14]), we have

Ri1313 + Ri414 + R2323 + Roso4 — 2R1234
1
> Ricl — 30K pax + 2(n + 1) Kupin — SIHP

min

>0

the strict inequality holds for some point xg € M, where the last inequality
follows from our assumption. Then the corollary follows from Lemma
and Lemma 2.5 O
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