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From automorphisms of Riemann surfaces
to smooth 4-manifolds

AHMET BEYAZ, PATRICK NAYLOR, SINEM ONARAN, AND B. DouG PARK

Starting from a suitable set of self-diffeomorphisms of a closed
Riemann surface, we present a general branched covering method
to construct surface bundles over surfaces with positive signature.
Armed with this method, we study the classification problem for
both surface bundles with nonzero signature and closed simply
connected smooth spin 4-manifolds.

1. Introduction

Let X, denote a closed Riemann surface, i.e., a compact smooth oriented
real 2-dimensional manifold without boundary, having genus g. By a surface
bundle (over a surface), we mean a smooth fiber bundle whose fiber and
base are diffeomorphic to Xy and X, for some nonegative integers f and g.
It is well known (cf. [16] and [21]) that the signature of a surface bundle is
divisible by 4 and that it vanishes when f <2 or g < 1. The first example
of a surface bundle with nonzero signature was constructed by Kodaira in
[18]. His example, other early examples in [2], [I5], and more recent exam-
ples in [], [5], [6] were all constructed using branched covering methods.
Inspired by these works, we will present a more general topological recipe
for constructing surface bundles via branched covering method, where the
initial input is a finite set of self-diffeomorphisms of a fixed surface > whose
graphs are mutually disjoint. For an alternative approach using relations in
mapping class groups, we refer to [8], [20], and [22].

Our first application is in the classification of surface bundles with
nonzero signature. The following definition was introduced by Endo in [§].

Definition 1. The minimal base genus function is
b(f,n) = min{g | there is a ¥ ¢-bundle X — ¥, with o(X) = 4n}.

629



630 A. Beyaz, P. Naylor, S. Onaran, and B. D. Park

Lower bounds for b(f,n) were given in [8], [19], and [13]. In particular,
[13] claims a lower bound

(1) b(fin) > +—

for all f >3 and n # 0. In [9], it was shown that b(f,n) < 8|n|+ 1 for all
f >3 and n # 0. It is natural to consider the asymptotic quantity (cf. Prob-
lem 2.18(B) in Kirby’s list [I7] that was posed by Mess)

Gy := lim b(f,n).

n—oo n

From (1)), we would immediately obtain Gy > 3/(f —1). Various upper
bounds for Gy were computed in [4], [5], [20], and [22]. At the time of this
writing, the smallest known upper bounds seem to be Gy < 6/(f —2) for
all even f >4 1in [4], and Gy <6/(f — 1) for all odd f > 3 in [22]. Below
we will prove the following upper bound formula that covers all but finitely
many cases:

(2) Gy < for all f > 44.

5.6
f—25
This provides a new smaller upper bound for G'; for all f large enough (more
specifically, for all odd f > 363 and all even f > 348). In fact, follows
from an even better set of upper bounds that depend on the congruence
class of f modulo 7 (see Theorem [11|in Section .

Another application is in the classification of closed simply connected
smooth spin 4-manifolds (the spin geography problem) with nonnegative
signature. We recall the following definition from [I].

Definition 2. We say that a symmetric bilinear form has oco?-property if it
is the intersection form of infinitely many pairwise nondiffeomorphic simply
connected irreducible symplectic 4-manifolds and infinitely many pairwise
nondiffeomorphic simply connected irreducible nonsymplectic 4-manifolds.
Given any even integer p > 0, let A, denote the smallest positive odd integer
such that the symmetric bilinear form pEg @ ¢H has co?-property for every
odd integer ¢ > A,.

Note that the simply connected 4-manifolds with the same intersection
form in the above definition are all homeomorphic by Freedman’s work in
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[10]. Here,
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00001210
00000T1 20
(0000100 2,

Henceforth we will assume that p and ¢ are nonnegative integers so that
the rank and the signature of pEg @& qH are 8p + 2q and 8p, respectively.
Recall from [I2] that a closed simply connected smooth 4-manifold with
nonnegative signature is spin if and only if its intersection form is pEg & ¢H
for some nonnegative integers p and ¢ with p even. Also recall that if a closed
simply connected smooth spin 4-manifold with intersection form pEg @ ¢H is
symplectic, then ¢ = b =1 (mod 2). (Here, b = 8p + ¢ is the dimension
of the maximal positive definite subspace of the second homology group
under the intersection form.) Finally we note that A, is well defined as it
was shown in [26] that pEg ® ¢H has oo?-property when the odd integer ¢
is larger than some constant that depends on p.

In [11], Furuta has shown that if pEg & ¢H is the intersection form of a
closed smooth spin 4-manifold with ¢ > 1, then ¢ > p+ 1. Thus we obtain
a necessary lower bound A, > p + 1. The famous 11/8 Conjecture (Problem
4.92 in [I7]), which remains unresolved, would imply a stronger lower bound
Ay > %p when p > 4. Below we will prove a new upper bound on A, which
is an improvement of the upper bound in [I] for many small values of p.

Our paper is organized as follows. In Sections 2| and |3 we will give the
details of the construction of surface bundles. In Section {4, we will prove
the upper bound in Corollary In Section [5, we present a new upper
bound for A, in Corollary Unless otherwise stated, our homology and
cohomology groups will have integer coefficients.

2. Technical lemmas

For convenience, we list the key ingredients of our construction here.

1. Let X be a closed oriented surface of genus g > 0. Let k : H1(3;Z/n) —
G be a surjective group homomorphism to some finite abelian group
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G. Note that G must be of the form G = (Z/n;) x --- x (Z/n,) for
some positive integers nq,...,n, dividing n and 1 <r < 2g.

2. Consider the surjective homomorphism
¢ k
m(2) = Hi(5;Z/n) = G,

where ¢ is the abelianization followed by the change of coefficients
from Z to Z/n. Let p : ¥ — ¥ be the degree |G| cover corresponding
to k, in the sense that im py = ker(k o ¢), where py : (X)) — m1(X)
is the induced map on the fundamental groups. Then the genus of )
is given by

9(E) = 1Gl(g— 1)+ 1.

Note that we also have im p, C kerk, where p, : Hl(i;Z/n) —
Hy(X;Z/n) is the induced map on the homology groups.

Next suppose that ag,aq,...,aq are self-diffeomorphisms of ¥, where
ag is the identity map. We define I'g = I', € ¥ x ¥ to be the graph of p,
and I'; the image of I'g under id x a;; ( =0,...,d), i.e.,

I = {(z,a;(p()) |« € £}.

Consider a divisor D = Z?:o c;I';, where each c¢; € Z.

Our surface bundle will be an n-fold cyclic branched cover of 3 x ¥ with
branch locus D. To apply the cyclic branched covering construction, we need
to check that the homology class of D is divisible by n. Under sufficiently
nice compatibility of «;’s and k, this will be true.

Lemma 3. Let X, k,aq,...,aq and D be as above. Suppose that the induced
maps (o)« : Hi(X;Z/n) — Hi(2;Z/n) satisfy

d

(3) ker k C ker ch(ozj)*
=0

and that Z?:o c; is divisible by n. Then the homology class of D is divisible
by n.



From automorphisms of Riemann surfaces to 4-manifolds 633

Proof. We recall that for any map f:Z — Y, the homology class of its
graph I'y C Z X Y is given by

4] = Z £1(8:) x B,

where {f3;} is a basis for H,(Y) and {3’} is the dual basis so that 3; - 3/ = 523
As in [5], we shall write f*(x) for the homology class PD(f*(PD(z))), where
PD denotes the Poincaré duality map. If A: H,(Y) — H.(Y) is a linear
map, then we note that

2

(4) D pH(B) x AB; = ZP*(AT/@) X fBi.

We choose the standard basis {a1,b1,...,a4,by} for Hi(X), oriented so
that the intersection form is given by

Dy
J:[ 0 1]
-1 0

The dual basis for Hy(X) is {b1, —a1,...,by, —a,}, and we have a’ = JTq;

and b* = JTb;.
We can now compute the homology class of D. We have

9 g
[To] = p*({pt}) X T+ p*(Z) x {pt} + > _p*(@) x a’ + > _p*(b;) x "
i—1 i=1

Write A =p*({pt}) x £+ p*(E) x {pt}. Since (id x o), =id X (oj)«, we
get

L] = A+ p"(a) x (ag)ea + Y p"(bi) x (a).".
i=1 i=1

For convenience, we will denote Z;l:o ¢j(a;)s by F. Thus using the fact that
a' = J%a; and b = JTb; we get
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Since the first part is divisible by n from our hypothesis, we only need to
show the divisibility of the second part. By , the second part is equal to

Z [P*([JFT]ai) X a; —i—p*([JFT]bZ-) X bl-] )

To check that this is divisible by n, it suffices to check that for each basis
element e € Hy(X), p*(PD([JFT]e)) is divisible by n. For any x € Hy(%),
we have

(0" (PD([JFT]e)),z) = (PD([TF"]e), ps()),

and since im p, C ker k from the definition of p, it suffices to check that for
all z € ker k and basis elements e, we have

(PD([JFT)e),z) =0 mod n.
Moreover, note that the intersection product on Hj(X) is given exactly by
a-b=(PD(a)UPD(b),[X]) = (PD(a), PD(b)N[X]) = (PD(a),b).

Since we can also express a - b as a’ Jb in the standard basis, we can conclude
that

(PD([JFTle),z2) =0 <= €eTF(JT])z2=0 < elFz=0.

This last statement holds for all basis elements e if and only if F'z = 0.
In other words, each term of the form p*(PD([JF*]e)) is divisible by n if
ker k C ker F' when we consider these as subgroups of Hi(X;Z/n). This was
our hypothesis (3)), so we conclude that [D] is indeed divisible by n. O

Most times, we will be working in the following special situation.

Corollary 4. Suppose that o : X2 — 3. is a self-diffeomorphism with induced
map oy 2 H(X;Z/n) — Hi(X;Z/n). If we perform the above construction
witha; =ao’ (j=0,...,d), k= Z?:o cjad, and G = imk, where c; € Z are
chosen so that Z;l:o ¢; =0 mod n, then [D] is divisible by n.

Remark 5. A particular instance of this corollary is the example in Section
3 of [B], in which we have « = 7, k = id — 7, o = 1, ¢4 = —1 and d = 1. One
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can also check that in this case, the expression

S ) x a; +p([TFTJbi) x b
i=1

does in fact give the correct formula for the homology class [D].
We now compute the self-intersection number of [D].

Lemma 6. Leta : Y — X be an orientation preserving self-diffeomorphism,

and set oj = ol (j=0,...,d). Further assume that a, 02, ..., a% are all fized
point free. If c = Z?:o cjand T = Zj 0 j , then the self- mtersectzon number

of D in X x X is given by:
[D? = —(¢ + 27(g — 1))|G].

Proof. As before, we write F' = Z?:o cjal. Since p is a degree |G| cover, we
readily compute that

g 2
5)  [DP =G+ D [P (TF ai) x a; + p*([TFT|bi) x bi]
=1

Let © = [D]? — ¢?|G| denote the last square term of . Since (§1 x m) -
(€2 x o) = (—1)dea(&)dea(m) () . &) x (11 - ), and self-intersections are all
zero, O is equal to

p*(JFTa;) - p*(JFTb;) x (a; - b)

IV

.
Il
—

—p*(JFTb;) - p*(JFTa;) x (b; - a;)]

I
M

[—p* (al FITTIFT;) x (a; - b;) —p* (6] FITTIFTa;) x (b; - a;)] .
1

<.
Il

Since a; - b; = —b; - a; = 1, we can write

g
O =p* |> b FJF a; —al FIFTb;| x {pt}.
=1
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Since ay € Sp(2g,7Z), we have the relation o, Jal = J. Thus we have

FJFT = Z cjead J(al)!

0<y,l<d
d
2§ 70 T i 70T\l i 7Tl
= chaiJ(a* )+ Z ciqodd(a; ) + Z ciqald(a; )
j=0 0<j<i<d 0<i<j<d
=7J+ Z cjcl(a{fl + Oéiij)J
0<j<i<d
=7J+ Z Cjcl(I)le,
0<j<I<d

where we introduce the notation ®; = a* —|— a* ~J. Hence O is equal to

g

p* Z b;?F TJ + Z cija®J | a; — a,;fp TJ + Z cia®ud | bi p | x{pt}
i=1 j<l j<l
g
=p" Z 270! Ja; — Z cjcral ®;.Jb; + Z cijebl ®da; p | x {pt}.
=1 j<l j<l

Note that by convention, a; = eg;_1 and b; = eo;, where e; denotes the i-th
element in the basis {a1,b1,...,aq,by}. Since el Ae; is the ij-th entry A; ;
of the matrix A, we get

g
©=p"||-297 - chcl Z {[®jid]2i-1,2i — [®jiS]2i2i-1}| {pt}| % {pt}

j<l i=1

=p* —297'—203012{ jtl2im1,2i—1 + [®ji)ei2i} | {pt}]| % {pt}

J<i =1

=p* || =207 = ) _cjate(@p) | {pt}| x {pt}.
g<i

If A € Sp(2g,Z), then tr(A) = tr(A™1), and thus tr(®;;) = 2tr(al 7). Since
each o7 is fixed point free by our hypothesis, the Lefschetz fixed-point
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theorem implies that tr(ai_j )=2forall 0 <j <! <d. Thus we have

0= [—Qgr— <622_7> 2. 2] p*({pt}) x {pt}
= —2( +7(9 - 1)|G].

Here, we have used the fact that

c? :chcl :Zc§+2chcl :T+Zchcl,
gl J

g<i g<i
which implies that Zj<l cic, = (¢ —1)/2. O

One can check that the formula in the last lemma agrees with the special
case given in [5].

Remark 7. It was shown in [7] and [23] that if « is an orientation preserving
self-homeomorphism of a surface with genus g > 2, then at least one of the
powers o, a?,...,a?972 has a fixed point. Thus we must have d < 2¢g — 3 in

the hypothesis of Lemma [6]

3. Construction of surface bundles

We will now finish the general construction. Let « : ¥ — ¥ satisfy the hy-
potheses of Lemma [6] Suppose that we have an epimorphism

k:Hi(X;Z/n) - G

satisfying condition in Lemma [3| with respect to aj = of (j =0,...,d),
and that ¢ = Z;l:o ¢; is divisible by n so that the homology class [D] is also
divisible by n. Further suppose that

(6) cj =+1 forevery j=0,1,...,d.

Let ¢, : X, — ¥ x ¥ be the cyclic Z/n branched cover that is ramified on
D. Since I';’s are mutually disjoint in 3 x ¥ and each I'; occurs with mul-
tiplicity 1 in D by (@]), the branched cover X,, will be a smooth surface
bundle and hence a symplectic 4-manifold (cf. p. 1022 of [14]). If « is holo-
morphic, then the resulting branched cover X,, will be a complex surface (a
double Kodaira fibration in the terminology of [6]) as explained on p. 261 of
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[15]. By Hirzebruch’s signature formula [I5], since o(3 x ) = 0, we have

n?—1 n?—1
(M o(Xa) = =" [DP = (¢ + 2d+ (g - D)IG,

where 7 = Z;‘l:o 0]2. = d+ 1. We can compute the genera of the fibers of the

surface bundles X,, — ¥ and X,, — Y as follows.

Lemma 8. The genera of the surface bundles are given by:

bundle base genus fiber genus
Pr © ¢ t Xy — X g G(n(g — 1) + =1y 4 g
priogi X o E]IGl0-D 41| nlot ) - (%))

Proof. Since the divisor D|yxx is cop(pt) + cra(p(pt)) + - + caa®(p(pt)),
the fibers of X, — ¥ are Z/n cyclic covers of ¥ ramified over d + 1 points.
The Riemann-Hurwitz formula then gives

2g(fiber) — 2 =n(2g —2)+ (d+1)(n — 1)

so the the fiber genus is n(g + %5%) — (432). Similarly, Dlg, = cop~L(pt) +
ap (ot (pt)) + -+ cgp~(a~%(pt)) so the fibers of X,, — ¥ are Z/n cov-
ers of ¥ ramified over (d + 1)|G| points. The Riemann-Hurwitz formula gives

2¢(fiber) — 2 = n(2g(3) — 2) + (d+ 1)(n — 1)|G,

and so in this case the fiber genus is |G|(n(g — 1) + %) + 1. O

Note that in the special case considered in [5], we had g =3, d =1,
co=1, ¢y = —1, |G| = n?, and the formulas for the fiber genera agree (3n
and 3n3 — n? + 1, respectively).

Lemma 9. Ifn is a positive odd integer, then X, is spin.

Proof. By a formula of Brand [3], the second Stiefel-Whitney class of X, is

wa(X) = (5 (PDID]),

and consequently, X, is spin when n is odd. [l
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4. Application to the minimal base genus problem

We start with the following lemma due to Nielsen.

Lemma 10. There exists an orientation preserving self-diffeomorphism «
of a surface ¥ for each genus g > 2 such that o, o?,...,a%973 are all fized
point free.

Proof. An example of such o was given in [23]. One views ¥ as the union of
a cylinder and a genus g — 1 surface ¥/ with two small disks removed. Next
one thinks of ¥ as a regular 4(g — 1)-gon with small holes at the center and
the outer vertex. One can then define o on the ¥/ part to be the rotation by
angle 4(331) about the center, and extend it smoothly onto the remaining
cylinder part. We refer to p. 222-223 of the English translation [24] for more
details. N

Theorem 11. Let f > 44 and 2 < i <8 be integers. If f=4i (mod 7),
then

5.6
) T
Proof. To prove this, we will construct an infinite family of surface bundles
and then employ the usual trick of pulling back to unramified covers. We
start with the triple of positive integers (g,n,d), where g > 2, n > 2, and
d is an odd integer such that 1 < d < 2¢g — 3. Following the construction in
the previous section, construct surface bundles X,, associated to the sum

k=id—a, +a?—-- —af,

where « is as in Lemma[l0]and G = im k. For convenience, we introduce the
variable u = (d — 1)/2, so that 0 < u < g — 2. From (7)) and Lemma(g] these
bundles have the following data:

base genus fiber genus signature

Glg—1)+1 | nlg+u) —u|5- " (u+1)(g-1)|G

Given a genus h surface, there is an m-fold unramified cover 7 : ¥, _1)41 —
Y by a genus m(h — 1) + 1 surface. By pulling back the bundle X,, via 7,
we get a new family of surface bundles X, ,,, with the following data (for
any g >2,n>20<u<g—2,andm>1):
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base genus fiber genus signature
m|Gl(g—1)+1 | n(g+u)—u %-%m(u%—l)(g—l)](}’\
Let f = n(g + u) — u. Then we obtain
. m|G|(g—1)+1 3n 1
(9) Gp< lm g——pry 21 u+1l
i3 S mu+1)(g-DIG] n u

This gives a wide family of possible upper bounds for G, depending on our
choice of the parameters g, n and wu.

We consider the special case when n=4, ¢ > 8, and u € {g — 8,9 —
7,...,9—2}. When u =g —ifor 2 <i <8, we have f = 7g — 3i = Tu + 4i.
Thus u = (f — 44)/7 and so (9) becomes

3-4 1 5.6
Gf<

SR LE Ly f4i4T

Note that as g > 8 and i ranges between {2,3,...,8}, 7g — 3i covers all
residue classes modulo 7 bigger than 43, and so this bound for G does
indeed hold for any f > 44. O

Corollary 12. Let f > 44 be an integer. Then Gy < 5.6/(f — 25).
Proof. The worst possible upper bound given by occurs when ¢ =8. [J

Remark 13. Different choices of parameters (g,n,u) yield similar upper
bounds when f < 44 as well, but these do not seem to improve upon the
known bounds.

5. Application to spin geography problem

We will need the following theorem that was proved in [I].

Theorem 14. Let X be a spin 4-manifold that is the total space of a genus
[ surface bundle over a genus b surface. Assume that o(X) = 16s, and X
has a section whose image is a genus b surface of self-intersection —2t for
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some integer t. Let r be a positive integer satisfying
1—t<r<min{s, f+b+1—t}.

If p and q are nonnegative integers satisfying

p=0 (mod?2), 0<p<2(s—r),
qg=1

(mod 2), ¢>2fb+12s—1—10p,

then the symmetric bilinear form pEs ® q¢H has oo®-property (cf. Defini-
tion and

Ap <2fb+ 125 — 1 — 10p.
We will now apply Theorem [14] to the following example.

Example 15. Let g=2, and let « be the fixed point free self-diffeomorphism
of a genus 2 surface in Lemma [I0] that was constructed by Nielsen. One can
verify (cf. p. 231 of [24]) that the induced map on the first homology is
representable by the matrix

010 0
-1 00 -1
@ = 11

000 1

By setting k = id — o, and G =im k, we get ¢ =0, d =1, and |G| = n3.
According to (7) and Lemma the corresponding surface bundle pr; o

©n : X, — ¥ has base genus b = n3 + 1, fiber genus f = 2n, and signature

o=16s = %(n4 —n?) > 0. There are two sections, each image with self-

[D]*
(d+1)n

intersection equal to —2t = = —2n°. By Lemma@ X, is spin if n

is odd.

Setting 7 = 1 in Theorem |14 (note that f +b+1—t=n3 —n? + 2n +
2 > 0), the surface bundles in Example [L5[lead to the following upper bound
on A,.

Corollary 16. Let p > 0 be an even integer. If n > 3 is any odd integer
satisfying p < é(n4 —n?) — 2, then we have

(10) Ay <50t —n? 4+ 4n — 1 — 10p.
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We can now compare the upper bound in with that in Theorem 5
of [1] for some low values of p, where n =3, 5 or 7:

bound in [I] bound in (|10

A, <275 —10p when 0 <p <6 A, <407 — 10p when 0 < p < 10

A, <1259 — 10p when 8 < p < 38 A, <3119 — 10p when 12 < p < 98

A, <3443 — 10p when 40 < p <110 | A, < 11983 — 10p when 100 < p < 390

We note that is an improvement over the bound in [I] when p = 8§,
10, and when 40 < p < 98. For example, when p = §, implies that for
every odd integer ¢ > 327, the topological 4-manifold

(11) 4(K3)#(q — 12)(5% x 5%),

the connected sum of four copies of K3 and g — 12 copies of S? x S2, has
infinitely many pairwise nondiffeomorphic irreducible symplectic smooth
structures. Here, S? x S? is the cartesian product of two 2-spheres, and K3
denotes the complex K3 surface equipped with the noncomplex orientation
and thus with the intersection form 2FEg @ 3H. Note that the existence of
infinitely many pairwise nondiffeomorphic irreducible nonsymplectic smooth
structures on is immediately obtained by just reversing the orientation
of the simply connected irreducible nonsymplectic spin 4-manifolds with
signature —64 that were constructed in [25].

At the moment it is not clear to the authors how to optimize these
bounds across many possible choices of surface bundles X,,. We hope to
clarify this issue in a future work.
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