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Instability of the solitary wave solutions

for the generalized derivative nonlinear

Schrödinger equation in the

critical frequency case

Zihua Guo, Cui Ning, and Yifei Wu

We study the stability theory of solitary wave solutions for the
generalized derivative nonlinear Schrödinger equation

i∂tu+ ∂2xu+ i|u|2σ∂xu = 0.

The equation has a two-parameter family of solitary wave solutions
of the form

ϕω,c(x) = φω,c(x) exp

{
i
c

2
x− i

2σ + 2

∫ x

−∞

φ2σ
ω,c(y)dy

}
.

Here φω,c is some real-valued function. It was proved in [29] that
the solitary wave solutions are stable if −2

√
ω < c < 2z0

√
ω, and

unstable if 2z0
√
ω < c < 2

√
ω for some z0 ∈ (0, 1). We prove the in-

stability at the borderline case c = 2z0
√
ω for 1 < σ < 2, improving

the previous results in [7] where 7/6 < σ < 2.
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1. Introduction

In this paper, we study the stability theory of the solitary wave solutions
for the generalized derivative nonlinear Schrödinger equation:

(1.1) i∂tu+ ∂2xu+ i|u|2σ∂xu = 0, t ∈ R, x ∈ R

for σ > 0. It describes an Alfvén wave and appears in plasma physics, nonlin-
ear optics, and so on (see [34, 35]). In the case of σ = 1, by a suitable gauge
transformation, (1.1) is transformed to the standard derivative nonlinear
Schrödinger equation:

i∂tu+ ∂2xu+ i∂x(|u|2u) = 0.(1.2)

This equation (1.2) was widely studied. The local well-posedness was
proved by Hayashi and Ozawa [18, 19] in the energy space H1(R) and by
Guo and Tan [10] in the smooth space. In the paper of [18], the authors
proved the global well-posedness in the energy space when the initial data
u0 satisfies the mass condition ∥u0∥L2 <

√
2π. This condition seems natural

for global well-posedness in view of the mass critical nonlinear Schrödinger
equation and generalized KdV equation, as it ensures a priori estimate of
H1-norm from mass and energy conservations. However, recently, the third
author extended the condition to ∥u0∥L2 < 2

√
π in [44, 45], in which the key

ingredient in the proof is the use of the momentum conservation. A simplified
proof was later given by the first and third authors in their paper [15], where
the global well-posedness in H

1

2 (R) was also proved under the same mass
constraint. The problems for large mass are still unclear at the moment.
In [6], Fukaya, Hayashi and Inui constructed a class of large global solution
with high oscillation. In the papers of Cher, Simpson and Sulem [3], Jenkins,
Liu, Perry, Sulem [22, 26–28], Pelinovsky and Shimabukuro [39, 40], the
authors constructed a class of global solution by using the inverse scattering
method. On the long-time behavior and modified scattering theory, see [13]
and references therein. On the low regularity theory, see [1, 4, 5, 8, 9, 14,
21, 31, 36, 37, 42, 43] and the references therein.

In the case of σ ̸= 1, the Cauchy problems of (1.1) have been inves-
tigated by many researchers. In the case of σ > 1, local well-posedness in
energy spaces H1(R) was studied by Hayashi and Ozawa [20] for any σ > 1,
by Hao [16] in H

1

2 (R) for any σ > 5
2 , and by Santos [41] in H

1

2 (R) for
any σ > 1 and small data. In the case of 1

2 ≤ σ < 1, local well-posedness
in H2(R) was studied by Hayashi and Ozawa [20], see also Santos [41] in
the weight Sobolev spaces. In the case of 0 < σ < 1

2 , local well-posedness
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in some weighted spaces was studied by Linares, Ponce and Santos [25].
Note that in this case, the nonlinear term is not regular enough, appro-
priate construction of the working space is needed to handle nonlinearity.
Global well-posedness was studied in [6, 20, 33]. In particular, in the case
of 0 < σ < 1, the global existence (without uniqueness) of the solution in
H1(R) was shown by Hayashi and Ozawa [20]; while in the case of σ > 1,
the global well-posedness of the solution in H1(R) was shown by Fukaya,
Hayashi, Inui [6] with some suitable size restriction on the initial datum.

Also, the stability theory was widely studied. The equation (1.1) has a
two-parameter family of solitary waves (see [29]),

uω,c(t) = eiωtϕω,c(x− ct),

where ϕω,c is the solution of the form

ϕω,c(x) = φω,c(x) exp

{
c

2
ix− i

2σ + 2

∫ x

−∞
φ2σ
ω,c(y)dy

}
,(1.3)

with

φω,c(x) =

{
(σ + 1)(4ω − c2)

2
√
ω cosh(σ

√
4ω − c2 x)− c

} 1

2σ

.

Actually ϕω,c is the solution of the following equation

−∂2xϕ+ ωϕ+ ci∂xϕ− i|ϕ|2σ∂xϕ = 0.(1.4)

Note that the equation (1.4) can be solved in H1(R) when 4ω > c2, c ∈ R or
4ω = c2, c > 0.

When σ = 1, Colin and Ohta [2] proved the stability of the soliton waves
when c2 < 4ω, and see also [11] for previous result in the case of c > 0. The
endpoint case c2 = 4ω, c > 0 was studied in [23]. Further more, Le Coz and
Wu [24], Miao, Tang and Xu [32] proved the stability of the multi-solitary
wave solutions. A consequence of these results is the existence of a class of
global solutions with arbitrary large mass.

In the case of 0 < σ < 1, Liu, Simpson and Sulem [29] proved that the
solitary wave solution uω,c is stable for any −2

√
ω < c < 2

√
ω, and Guo [12]

further proved the stability of the solitary wave solutions in the endpoint
case 0 < c = 2

√
ω. In the case of σ ≥ 2, the solitary wave solution uω,c is

unstable for any −2
√
ω < c < 2

√
ω (see [29]).

The case 1 < σ < 2 is more complicated. It was proved by Liu, Simpson
and Sulem [29] that there exists z0(σ) ∈ (0, 1), which solves the equation
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Fσ(z) = 0 with

Fσ(z) = (σ − 1)2
[ ∫ ∞

0
(cosh y − z)−

1

σ dy

]2

−
[ ∫ ∞

0
(cosh y − z)−

1

σ
−1(z cosh y − 1)dy

]2
,

such that when −2
√
ω < c < 2z0

√
ω the solitary wave solution uω,c is stable,

and when 2z0
√
ω < c < 2

√
ω the solitary wave solution uω,c is unstable.

Fukaya [7] proved that the solitary waves solution is unstable when 7
6 < σ <

2, c = 2z0
√
ω. The case 1 < σ ≤ 7

6 , c = 2z0
√
ω is still unknown. However, as

pointed out by the referee, in view of the form of the linearized action S′′
ω,c

defined later, the energy seems in fact C3-functional at least when 1 < σ < 2,
so the proof in [7] may be applicable for all case of 1 < σ < 2 and c = 2z0

√
ω.

In this paper, we aim to solve this case by a different approach which does
not require more regularity of the energy than C2.

Before stating our theorem, we adopt some notations. For ε > 0, we
define

Uε(ϕω,c) =

{
u ∈ H1(R) : inf

(θ,y)∈R2

∥u− eiθϕω,c(· − y)∥H1 < ε

}
.

Definition 1. We say that the solitary wave solution uω,c of (1.1) is stable
if for any ε > 0 there exists δ > 0 such that if u0 ∈ Uδ(ϕω,c), then the solution
u(t) of (1.1) with u(0) = u0 exists for all t > 0, and u(t) ∈ Uε(ϕω,c) for all
t > 0. Otherwise, uω,c is said to be unstable.

The main result in the present paper is

Theorem 1. Let 1 < σ < 2 and z0 = z0(σ) ∈ (−1, 1) satisfy Fσ(z0) = 0.
Then the solitary wave solutions eiωtϕω,c(x− ct) of (1.1) is unstable if c =
2z0

√
ω.

In this paper, we use the same ideas as in [46]. It relies on the modulation
theory and construction of the virial identities. Compared to [7], the idea is
to utilize virial identities to replace the Lyapunov functional, to obtain the
lower bound on modulations. This can be used to avoid the requirement of
the high-order regularities of the energy. However, the construction in the
present paper is much more delicate, due to the complicated structure of
the equation. In addition, the construction of virial quantities in this paper
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possibly gives a hint to analyze global behaviors of the solutions to (1.1)
such as blowup.

This paper is organized as follows. In Section 2, we give the definitions of
some important functionals and some useful lemmas. In Section 3, we obtain
the modulation result and show the coercivity for the second variation. In
Section 4, we prove the main theorem.

Remark 1. We note that the same result in Theorem 1 was obtained
independently by Miao-Tang-Xu in [30] (appear on arXiv on March 20,
2018) by different method. They used the third derivative of the energy
around the solitary wave.

2. Preliminaries

2.1. Notations and conservation laws

We use A ≲ B or A = O(B) to denote an estimate of the form A ≤ CB for
some constant C > 0. Similarly, we use A ∼ B to mean A ≲ B and B ≲ A.
We denote ḟ = ∂tf .

For u, v ∈ L2(R) = L2(R,C), we define

⟨u, v⟩ = Re

∫

R

u(x)v(x) dx

and regard L2(R) as a real Hilbert space.

For a function f(x), we define its Lq-norm ∥f∥Lq =
(∫

R

|f(x)|qdx
) 1

q

and

its H1-norm ∥f∥H1 = (∥f∥2L2 + ∥∂xf∥2L2)
1

2 .
The strong solution u(t) of (1.1) satisfies three conservation laws,

E(u(t)) = E(u0), P (u(t)) = P (u0), M(u(t)) =M(u0)

for all t ∈ [0, Tmax), where Tmax denotes the maximal existence time of u(t),
and

E(u) =
1

2
∥∂xu∥2L2 − 1

2(σ + 1)
Im

∫

R

|u|2σu ∂xu dx,

P (u) =
1

2
(i∂xu, u)L2 =

1

2
Im

∫

R

u ∂xu dx,

M(u) =
1

2
∥u∥2L2 .
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2.2. Some functionals

From the definitions of E, P and M , we have

E′(u) =− ∂2xu− i|u|2σ∂xu,
P ′(u) =i∂xu,

M ′(u) =u.

Let

Sω,c(u) = E(u) + ωM(u) + cP (u),

then we have

S′
ω,c(u) = E′(u) + ωM ′(u) + cP ′(u)(2.5)

= −∂2xu− i|u|2σ∂xu+ ωu+ ic∂xu.

Hence, (1.4) is equivalent to S′
ω,c(ϕ) = 0. Hence for the solution ϕω,c to (1.4),

we have

S′
ω,c(ϕω,c) = 0.(2.6)

Moreover, by (2.5), we obtain

S′′
ω,c(ϕω,c)f = −∂2xf + ωf + ic∂xf − iσ|ϕω,c|2σ−2ϕω,c ∂xϕω,c f(2.7)

− iσ|ϕω,c|2σ−2ϕω,c∂xϕω,c f − i|ϕω,c|2σ∂xf.

2.3. Useful lemmas

In this subsection, we give some lemmas which are useful in the following
sections. First, we have following formulas.

Lemma 1. Let 1 < σ < 2 and (ω, c) ∈ R2 satisfy c2 < 4ω, then

S′′
ω,c(ϕω,c)ϕω,c =− 2σi|ϕω,c|2σ∂xϕω,c,(2.8)

S′′
ω,c(ϕω,c)(i∂xϕω,c) =− 2σω|ϕω,c|2σϕω,c.
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Proof. First, using (2.6) and (2.7), we get

S′′
ω,c(ϕω,c)ϕω,c = −∂2xϕω,c + ωϕω,c + ic∂xϕω,c − iσ|ϕω,c|2σ−2|ϕω,c|2 ∂xϕω,c

− iσ|ϕω,c|2σ−2|ϕω,c|2∂xϕω,c − i|ϕω,c|2σ∂xϕω,c
= −∂2xϕω,c − (2σ + 1)i|ϕω,c|2σ∂xϕω,c + ωϕω,c + ic∂xϕω,c

= −2σi|ϕω,c|2σ∂xϕω,c.

Similarly, using (2.6) and (2.7), we obtain

S′′
ω,c(ϕω,c)(i∂xϕω,c) = i∂x

[
− ∂2xϕω,c + ωϕω,c + ic∂xϕω,c − iσ|ϕω,c|2σ ∂xϕω,c

]

− 2σ|ϕω,c|2σ−2 ϕω,c|∂xϕω,c|2

= −2σω|ϕω,c|2σϕω,c.

This concludes the proof of Lemma 1. □

Let

J(u) = Im

∫

R

|u|2σu ∂xudx.

Then we have

J ′(u) = 2(σ + 1)i|u|2σ∂xu.(2.9)

Moreover, we have the following lemma.

Lemma 2. Let 1 < σ < 2 and (ω, c) ∈ R2 satisfy c2 < 4ω, then

∥∂xϕω,c∥2L2 =ω∥ϕω,c∥2L2 .(2.10)

Moreover,

J(ϕω,c) = 4ωM(ϕω,c) + 2cP (ϕω,c),(2.11)

σ − 1

σ + 1
J(ϕω,c) = 2cP (ϕω,c) + 4E(ϕω,c),(2.12)

and

J ′(ϕω,c) = −σ + 1

σ
S′′
ω,c(ϕω,c)ϕω,c.(2.13)
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Proof. From the equation S′
ω,c(ϕω,c) = 0, by multiplying on both sides with

x∂xϕω,c and ϕω,c respectively, and integrating over x, we obtain

∥∂xϕω,c∥2L2 = ω∥ϕω,c∥2L2 ,

and

∥∂xϕω,c∥2L2 + ω∥ϕω,c∥2L2 + c Im

∫

R

ϕω,c ∂xϕω,cdx− J(ϕω,c) = 0.

Therefore, we have

J(ϕω,c) = 4ωM(ϕω,c) + 2cP (ϕω,c).

Combining the definition of E and (2.10), we have

E(ϕω,c) =
1

2
∥∂xϕω,c∥2L2 − 1

2(σ + 1)
Im

∫

R

|ϕω,c|2σϕω,c ∂xϕω,c dx

= ωM(ϕω,c)−
1

2(σ + 1)
J(ϕω,c).

Then, we get

ωM(ϕω,c) = E(ϕω,c) +
1

2(σ + 1)
J(ϕω,c).

Hence, we obtain

J(ϕω,c) = 4

[
E(ϕω,c) +

1

2(σ + 1)
J(ϕω,c)

]
+ 2cP (ϕω,c)

= 2cP (ϕω,c) + 4E(ϕω,c) +
2

σ + 1
J(ϕω,c).

That is,

σ − 1

σ + 1
J(ϕω,c) = 2cP (ϕω,c) + 4E(ϕω,c).

Moreover, from (2.8) and (2.9), we have

J ′(ϕω,c) = 2(σ + 1)i|ϕω,c|2σ∂xϕω,c
= −σ + 1

σ
S′′
ω,c(ϕω,c)ϕω,c.

This completes the proof. □
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Lemma 3. Let 1 < σ < 2 and (ω, c) ∈ R2 satisfy c2 < 4ω, then

∥ϕω,c∥2σ+2
L2σ+2 = 4(σ + 1)

[ c
2
M(ϕω,c) + P (ϕω,c)

]
,(2.14)

and

∂cM(ϕω,c) = ∂ωP (ϕω,c), ∂cP (ϕω,c) = ω∂ωM(ϕω,c).

Proof. The details are given in Appendix. □

For any (ω, c) ∈ R2 satisfying c2 < 4ω, we define a function d(ω, c) by

d(ω, c) = Sω,c(ϕω,c).

Thus, we have

d′(ω, c) =
(
∂ωd(ω, c), ∂cd(ω, c)

)
=

(
M(ϕω,c), P (ϕω,c)

)
,

and the Hessian matrix d′′(ω, c) of d(ω, c) is given by

d′′(ω, c) =

[
∂ωωd(ω, c) ∂ωcd(ω, c)
∂cωd(ω, c) ∂ccd(ω, c)

]
=

[
∂ωM(ϕω,c) ∂ωP (ϕω,c)
∂cM(ϕω,c) ∂cP (ϕω,c)

]
.

For general exponents 1 < σ < 2, Liu, Simpson and Sulem [29] proved
that c = 2z0

√
ω is the unique solution of det[d′′(ω, c)] = 0. Let (µ, ν) to be

the eigenvector associated to zero eigenvalue of the Hessian matrix d′′(ω, c).
Since zero is a simple eigenvalue, (µ, ν) is unique up to a constant. That is,

(2.15)

{
µ∂ωM(ϕω,c) + ν ∂ωP (ϕω,c) = 0,

µ ∂cM(ϕω,c) + ν ∂cP (ϕω,c) = 0.

Together with ∂cM(ϕω,c) = ∂ωP (ϕω,c), (2.15) is equivalent to

(2.16)

{
µ∂ωM(ϕω,c) + ν ∂cM(ϕω,c) = 0,

µ ∂ωP (ϕω,c) + ν ∂cP (ϕω,c) = 0.

Now we have the following lemma.
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Lemma 4. Let 1 < σ < 2 and (ω, c) ∈ R2 satisfy c = 2z0
√
ω, then

P (ϕω,c) = a0M(ϕω,c),
µ

ν
=

√
ω,

where a0 = (σ − 1)
√
ω > 0. Moreover, there exists κ0 > 0, such that

µ2∂ωωM(ϕω,c) + 2µν∂ωcM(ϕω,c) + ν2∂ccM(ϕω,c) = κ0z0,(2.17)

µ2∂ωωP (ϕω,c) + 2µν∂ωcP (ϕω,c) + ν2∂ccP (ϕω,c) = −κ0
√
ω.(2.18)

Proof. The proof of Lemma 4 is postponed to Appendix. □

For convenience, we denote the quality Qµ,ν to be:

Qµ,ν(f) = µM(f) + νP (f).

Moreover, we let ψ = ∂λϕω+λµ,c+λν |λ=0= µ∂ωϕω,c + ν∂cϕω,c.

Lemma 5. Let 1 < σ < 2. If c = 2z0
√
ω, then

⟨M ′(ϕω,c), ψ⟩ = ⟨P ′(ϕω,c), ψ⟩ = 0,(2.19)

and

S′′
ω,c(ϕω,c)ψ = −Q′

µ,ν(ϕω,c),
〈
S′′
ω,c(ϕω,c)ψ,ψ

〉
= 0.(2.20)

Proof. By (2.16), we get

{
⟨M ′(ϕω,c), µ∂ωϕω,c + ν∂cϕω,c⟩ = 0,

⟨P ′(ϕω,c), µ∂ωϕω,c + ν∂cϕω,c)⟩ = 0,

that is,

⟨M ′(ϕω,c), ψ⟩ = ⟨P ′(ϕω,c), ψ⟩ = 0.

From (2.15), we have

{
⟨µM ′(ϕω,c) + νP ′(ϕω,c), ∂ωϕω,c⟩ = 0,

⟨µM ′(ϕω,c) + νP ′(ϕω,c), ∂cϕω,c⟩ = 0.

Therefore, we have

⟨Q′
µ,ν(ϕω,c), ψ⟩ = 0.
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On the other hand, differentiating S′
ω+λµ,c+λν(ϕω+λµ,c+λν) = 0 with respect

to λ, we have

S′′
ω+λµ,c+λν(ϕω+λµ,c+λν)∂λϕω+λµ,c+λν

∣∣
λ=0

= −
[
µM ′(ϕω+λµ,c+λν) + νP ′(ϕω+λµ,c+λν)

]∣∣
λ=0

.

That is

S′′
ω,c(ϕω,c)ψ = −Q′

µ,ν(ϕω,c).

Thus, we have

〈
S′′
ω,c(ϕω,c)ψ,ψ

〉
= −⟨Q′

µ,ν(ϕω,c), ψ⟩ = 0.

This proves the lemma. □

Lemma 6. Let 1 < σ < 2. If c = 2z0
√
ω, then

⟨J ′(ϕω,c), ψ⟩ = 4µM(ϕω,c) + 2νP (ϕω,c) ̸= 0.

Proof. Note that ψ = ∂λϕω+λµ,c+λν |λ=0, using (2.11), we can write

⟨J ′(ϕω,c), ψ⟩ = ∂λJ(ϕω+λµ,c+λν)|λ=0

= ∂λ
[
4(ω + λµ)M(ϕω+λµ,c+λν) + 2(c+ λν)P (ϕω+λµ,c+λν)

]∣∣
λ=0

= 4µM(ϕω,c) + 2νP (ϕω,c) + 4ω⟨M ′(ϕω,c), ∂λϕω+λµ,c+λν |λ=0⟩
+ 2c⟨P ′(ϕω,c), ∂λϕω+λµ,c+λν |λ=0⟩.

When c = 2z0
√
ω, together with (2.19), we obtain

⟨J ′(ϕω,c), ψ⟩ = 4µM(ϕω,c) + 2νP (ϕω,c) + 4ω⟨M ′(ϕω,c), ψ⟩+ 2c⟨P ′(ϕω,c), ψ⟩
= 4µM(ϕω,c) + 2νP (ϕω,c).

Using Lemma 4, we find

4µM(ϕω,c) + 2νP (ϕω,c) = ν
(
4
√
ω + 2a0

)
M(ϕω,c) ̸= 0.

Hence, ⟨J ′(ϕω,c), ψ⟩ ≠ 0. This finishes the proof. □
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3. Modulation and the coercivity property

Proposition 1. There exists δ0 > 0, such that for any δ ∈ (0, δ0), the fol-
lowing properties is verified. There exist C1-functions

(θ, y, λ) : Uδ(ϕω,c) → R× R× R
+,

such that for any u ∈ Uδ(ϕω,c), if ε is defined by

ε = e−iθu(·+ y)− ϕω+λµ,c+λν ,(3.21)

then ε satisfies the following orthogonality conditions,

⟨ε, iϕω+λµ,c+λν⟩ = ⟨ε, ∂xϕω+λµ,c+λν⟩ = ⟨ε, J ′(ϕω+λµ,c+λν)⟩ = 0.

Moreover,

〈
S′′
ω+λµ,c+λν(ϕω+λµ,c+λν)ε, ε

〉
≳ ∥ε∥2H1(R).(3.22)

Proof. The proof of the proposition can be splitted into the following three
steps.

Step 1: modulation for fixed time. Let
−→
F (θ, y, λ;u) =

(F1, F2, F3) with

F1(θ, y, λ;u) = ⟨ε, iϕω+λµ,c+λν⟩,
F2(θ, y, λ;u) = ⟨ε, ∂xϕω+λµ,c+λν⟩,
F3(θ, y, λ;u) = ⟨ε, J ′(ϕω+λµ,c+λν)⟩.

Note that

∂θε
∣∣
(0,0,0;φω,c)

= −iϕω,c; ∂yε
∣∣
(0,0,0;φω,c)

= ∂xϕω,c; ∂λε
∣∣
(0,0,0;φω,c)

= −ψ.

Then, the Jacobian matrix of the derivative of the function (θ, y, λ;u) 7→ −→
F

with respect to (θ, y, λ) is as follows.

D
−→
F
∣∣∣
(0,0,0;φω,c)

=



∂θF1 ∂yF1 ∂λF1

∂θF2 ∂yF2 ∂λF2

∂θF3 ∂yF3 ∂λF3




∣∣∣∣∣
(0,0,0;φω,c)

=



−∥ϕω,c∥2L2 −2P (ϕω,c) −⟨ψ, iϕω,c⟩
2P (ϕω,c) ∥∂xϕω,c∥2L2 −⟨ψ, ∂xϕω,c⟩

0 0 −⟨J ′(ϕω,c), ψ⟩


 .
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Thus, we can get

det (D
−→
F )

∣∣∣
(0,0,0;φω,c)

= 4σ(2− σ)ω[M(ϕω,c)]
2⟨J ′(ϕω,c), ψ⟩.

From Lemma 6, we have

det (D
−→
F )

∣∣∣
(0,0,0;φω,c)

̸= 0.

Therefore, the implicit function theorem implies that there exists δ0 > 0,
such that for any δ ∈ (0, δ0), u ∈ Uδ(ϕω,c), the following properties is verified.
There exist continuity functions

(θ, y, λ) : Uδ(ϕω,c) → R× R× R
+,

such that Fj(θ, y, λ;u) = 0, j = 1, 2, 3.
Step 2: the regularity of the parameters in time. It follows from the

regularization arguments that the parameters (θ, y, λ) ∈ C1.
Step 3: the coercivity property of S′′

ω,c(ϕω,c). In this step, we shall prove
that for any (ω, c) satisfying c2 < 4ω, and any ε ∈ H1(R) satisfying

⟨ε, iϕω,c⟩ = ⟨ε, ∂xϕω,c⟩ = ⟨ε, J ′(ϕω,c)⟩ = 0,

the following estimate holds,

〈
S′′
ω,c(ϕω,c)ε, ε

〉
≳ ∥ε∥2H1(R).

From [29] Theorem 3.1, we obtain that S′′
ω,c(ϕω,c) has exactly one nega-

tive eigenvalue. Hence there exists only one λ−1 < 0, such that,

S′′
ω,c(ϕω,c)g−1 = λ−1g−1, ∥g−1∥L2 = 1.

Moreover, we have the following decomposition,

ε = a−1g−1 + a1iϕω,c + a2∂xϕω,c + h1,

with

⟨h1, g−1⟩ = ⟨h1, iϕω,c⟩ = ⟨h1, ∂xϕω,c⟩ = 0,

and

⟨S′′
ω,c(ϕω,c)h1, h1⟩ ≳ ∥h1∥2H1(R).
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Since ⟨ε, iϕω,c⟩ = ⟨ε, ∂xϕω,c⟩ = 0, we have a1 = a2 = 0. Then, we can write

ε = a−1g−1 + h1.

Next, using (2.13), we have

J ′(ϕω,c) = S′′
ω,c(ϕω,c)

(
−σ + 1

σ
ϕω,c

)
.

For convenience, we put

h = −σ + 1

σ
ϕω,c.

Note that ⟨h, iϕω,c⟩ = ⟨h, ∂xϕω,c⟩ = 0, we can also write that

h = b−1g−1 + h2

with

⟨h2, g−1⟩ = ⟨h2, iϕω,c⟩ = ⟨h2, ∂xϕω,c⟩ = 0,

and

⟨S′′
ω,c(ϕω,c)h2, h2⟩ ≳ ∥h2∥2H1(R).

For simplicity, we denote

γ = −⟨S′′
ω,c(ϕω,c)h, h⟩ = −⟨J ′(ϕω,c), h⟩ =

2(σ + 1)2

σ
J(ϕω,c).

Then, from (2.11) and Lemma 4, we know γ > 0.
Moreover, we have

〈
S′′
ω,c(ϕω,c)ε, ε

〉
= λ−1a

2
−1 + ⟨S′′

ω,c(ϕω,c)h1, h1⟩,(3.23)
〈
S′′
ω,c(ϕω,c)h, h

〉
= λ−1b

2
−1 + ⟨S′′

ω,c(ϕω,c)h2, h2⟩ = −γ < 0.(3.24)

According to the orthogonality condition ⟨ε, J ′(ϕω,c)⟩ = 0 and some direct
computations, we have

λ−1a−1b−1 + ⟨S′′
ω,c(ϕω,c)h1, h2⟩ = 0.(3.25)
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Together with (3.23), (3.24), (3.25) and the Cauchy-Schwartz inequality, we
obtain that

−λ−1a
2
−1 =

λ2−1a
2
−1b

2
−1

−λ−1b2−1

=
⟨S′′

ω,c(ϕω,c)h1, h2⟩2
−λ−1b2−1

(3.26)

=
⟨S′′

ω,c(ϕω,c)h1, h2⟩2
γ + ⟨S′′

ω,c(ϕω,c)h2, h2⟩

≤
⟨S′′

ω,c(ϕω,c)h1, h1⟩⟨S′′
ω,c(ϕω,c)h2, h2⟩

γ + ⟨S′′
ω,c(ϕω,c)h2, h2⟩

.

Thus, from (3.23) we get

〈
S′′
ω,c(ϕω,c)ε, ε

〉
≥ −

⟨S′′
ω,c(ϕω,c)h1, h1⟩⟨S′′

ω,c(ϕω,c)h2, h2⟩
γ + ⟨S′′

ω,c(ϕω,c)h2, h2⟩
+ ⟨S′′

ω,c(ϕω,c)h1, h1⟩

=
γ

γ + ⟨S′′
ω,c(ϕω,c)h2, h2⟩

⟨S′′
ω,c(ϕω,c)h1, h1⟩

≳ ∥h1∥2H1(R).

By (3.26) and Hölder’s inequality, we have

a2−1 ≲ ∥h1∥2H1(R).

Hence, by ε = a−1g−1 + h1, we have

∥ε∥2L2 ≲ a2−1 + ∥h1∥2H1(R) ≲ ∥h1∥2H1(R).

Since, 〈
S′′
ω,c(ϕω,c)ε, ε

〉
≳ ∥h1∥2H1(R) ≳ ∥ε∥2L2(R).

From the definition of S′′
ω,c(ϕω,c) in (2.7), we have

∥ε∥2
Ḣ1

≲
〈
S′′
ω,c(ϕω,c)ε, ε

〉
+ ∥ε∥2L2(R).

Therefore, we get that

〈
S′′
ω,c(ϕω,c)ε, ε

〉
≳ ∥ε∥2H1(R).

This finishes the proof of the proposition. □

Remark 2. The choosing of the orthogonal condition ⟨ε, J ′(ϕω+λµ,c+λν)⟩ =
0 is based on the following two reasons. The first, it guarantees the reversibil-
ity of the corresponding Jacobian matrix. The second, it brings convenience
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to obtain the desired estimate of the dynamic of the parameter ẏ as pre-
sented in the following lemma.

Lemma 7. Let δ ∈ (0, δ0) (δ0 given in Proposition 1), and assume that u
is the solution of (1.1) with u(t) ∈ Uδ(ϕω,c) for all t ∈ R. Then there exists
Cω,c ∈ R, such that

ẏ − c− λν = Cω,cλ̇+

〈
S′′
ω,c(ϕω,c)

−a0ϕω,c + i∂xϕω,c
2(a20 − ω)M(ϕω,c)

, ε

〉
(3.27)

+O(λ∥ε∥H1(R) + ∥ε∥2H1(R)),

and

θ̇ − ω − λµ = O(∥ε∥H1(R)), λ̇ = O(∥ε∥H1(R)).(3.28)

Here the parameters θ, y, λ are given by Proposition 1.

Proof. From (3.21), we have

u(t) = eiθ(t)
(
ϕω+λ(t)µ,c+λ(t)ν + ε(t)

)
(x− y(t)).

Using (1.1), we obtain

iε̇− (θ̇ − ω − λµ)(ϕω+λµ,c+λν + ε)(3.29)

− (ẏ − c− λν)(i∂xϕω+λµ,c+λν + i∂xε)

+ λ̇ · i∂λϕω+λµ,c+λν = S′′
ω,c(ϕω,c)ε+O(λε+ ε2),

where O(·) is a functional with the order equal or more than one.
First, multiplying the equation (3.29) on both sides with −a0ϕω+λµ,c+λν

+ i∂xϕω+λµ,c+λν and integrating over x, we get

− (θ̇ − ω − λµ)
[
− 2a0M(ϕω+λµ,c+λν) + 2P (ϕω+λµ,c+λν) +O(∥ε∥H1(R))

]

− (ẏ − c− λν)
[
− 2a0P (ϕω+λµ,c+λν) + ∥∂xϕω+λµ,c+λν∥2L2 +O(∥ε∥H1(R))

]

+ λ̇
[〈
i∂λϕω+λµ,c+λν ,−a0ϕω+λµ,c+λν + i∂xϕω+λµ,c+λν

〉

− ⟨ε, ia0∂λϕω+λµ,c+λν + ∂λ∂xϕω+λµ,c+λν⟩
]

=
〈
S′′
ω,c(ϕω,c)(−a0ϕω+λµ,c+λν + i∂xϕω+λµ,c+λν), ε

〉

+O(λ∥ε∥H1(R) + ∥ε∥2H1(R)).

By a direct expansion, we have

ϕω+λµ,c+λν = ϕω,c + λψ +O(λ2),(3.30)



✐

✐

“2-Wu” — 2020/5/31 — 15:50 — page 355 — #17
✐

✐

✐

✐

✐

✐

Solitary wave solutions for DNLS 355

and

∂λϕω+λµ,c+λν = ψ +O(λ).

Moreover, together with (2.19), we have

M(ϕω+λµ,c+λν) =M(ϕω,c) + λ⟨M ′(ϕω,c), ψ⟩+O(λ2) =M(ϕω,c) +O(λ2),

P (ϕω+λµ,c+λν) = P (ϕω,c) + λ⟨P ′(ϕω,c), ψ⟩+O(λ2) = P (ϕω,c) +O(λ2).

From (2.10), we get

∥∂xϕω+λµ,c+λν∥2L2 = (ω + λµ)∥ϕω+λµ,c+λν∥2L2 = 2ωM(ϕω,c) +O(λ).

We collect the above computations and obtain

− (θ̇ − ω − λµ)
[
− 2a0M(ϕω,c) + 2P (ϕω,c) +O(λ2 + ∥ε∥H1(R))

]

− (ẏ − c− λν)
[
− 2a0P (ϕω,c) + 2ωM(ϕω,c) +O(λ+ ∥ε∥H1(R))

]

+ λ̇
[〈
iψ,−a0ϕω,c + i∂xϕω,c

〉
+O(λ+ ∥ε∥H1(R))

]

=
〈
S′′
ω,c(ϕω,c)(−a0ϕω,c + i∂xϕω,c +O(λ)), ε

〉
+O(λ∥ε∥H1(R) + ∥ε∥2H1(R)).

By Lemma 4, we know that

− a0M(ϕω,c) + P (ϕω,c) = 0,

− a0P (ϕω,c) + ωM(ϕω,c) = (ω − a20)M(ϕω,c) ̸= 0.

Then, we get

− (θ̇ − ω − λµ)
[
O(λ2 + ∥ε∥H1(R))

]

− (ẏ − c− λν)
[
2(ω − a20)M(ϕω,c) +O(λ+ ∥ε∥H1(R))

]

+ λ̇
[〈
iψ,−a0ϕω,c + i∂xϕω,c

〉
+O(λ+ ∥ε∥H1(R))

]

=
〈
S′′
ω,c(ϕω,c)(−a0ϕω,c + i∂xϕω,c), ε

〉
+O(λ∥ε∥H1(R) + ∥ε∥2H1(R)).(3.31)

Next, multiplying ϕω+λµ,c+λν on both sides of the equation (3.29) and
treating as above, we get

− (θ̇ − ω − λµ)[2M(ϕω,c) +O(λ2 + ∥ε∥H1(R))]

− (ẏ − c− λν)[2P (ϕω,c) +O(λ2 + ∥ε∥H1(R))]

+ λ̇[⟨iψ, ϕω,c⟩+O(λ+ ∥ε∥H1(R))]

= O(∥ε∥H1(R)).(3.32)
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Finally, multiplying iJ ′(ϕω+λµ,c+λν) on both sides of the equation (3.29)
and treating as above, we obtain

− (θ̇ − ω − λµ) ·O(λ+ ∥ε∥H1(R))− (ẏ − c− λν) ·O(λ+ ∥ε∥H1(R))

+ λ̇[⟨J ′(ϕω,c), ψ⟩+O(λ+ ∥ε∥H1(R))
]

= O(∥ε∥H1(R)).(3.33)

Using (3.31), (3.32), (3.33) and Lemma 6, we obtain

ẏ − c− λν = Cω,cλ̇+

〈
S′′
ω,c(ϕω,c)

−a0ϕω,c + i∂xϕω,c
2(a20 − ω)M(ϕω,c)

, ε

〉

+O(λ∥ε∥H1(R) + ∥ε∥2H1(R)),

and

θ̇ − ω − λµ = O(∥ε∥H1(R)), λ̇ = O(∥ε∥H1(R)).

Here

Cω,c =
−1

2(a20 − ω)M(ϕω,c)
⟨iψ,−a0ϕω,c + i∂xϕω,c⟩.

This completes the proof. □

4. Instability of the solitary wave solutions

4.1. Virial estimates

To prove the main theorem, first, we need the localized virial identities.

Lemma 8. Let φ ∈ C∞(R), bounded and u be a strong solution to (1.1),
then

d

dt

∫

R

φ|u|2dx =− 2Im

∫

R

φ′u ∂xudx+
1

σ + 1

∫

R

φ′|u|2σ+2dx,

d

dt

∫

R

φIm(u ∂xu) =− 2

∫

R

φ′|∂xu|2dx+
1

2

∫

R

φ′′′|u|2dx+ Im

∫

R

φ′|u|2σu ∂xu.
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Proof. Combining the equation (1.1) and integration by parts, we have

d

dt

∫

R

φ|u|2dx = 2Re

∫

R

φ∂tuu

= 2Re

∫

R

φ(i∂2xu− |u|2σ∂xu)u

= −2Re

∫

R

iφ′∂xuudx+
1

σ + 1
Re

∫

R

φ′|u|2σ+2dx

= −2Im

∫

R

φ′u ∂xudx+
1

σ + 1

∫

R

φ′|u|2σ+2dx.

By the same way, we obtain

d

dt

∫

R

φIm(u ∂xu) = Im

∫

R

φ∂tu ∂xudx+ Im

∫

R

φu∂txudx

= 2Im

∫

R

φ∂tu ∂xudx+ Im

∫

R

φ′∂tuudx

= 2Im

∫

R

φ(i∂2xu− |u|2σ∂xu)∂xudx+ Im

∫

R

φ′(i∂2xu− |u|2σ∂xu)udx

= −2

∫

R

φ′|∂xu|2dx+
1

2

∫

R

φ′′′|u|2dx+ Im

∫

R

φ′|u|2σu ∂xu.

This proves the lemma. □

Now we define φR ∈ C∞(R) satisfying

φR(x) =

{
x, |x| ≤ R,

2R, |x| ≥ 2R,

and 0 ≤ |φ′
R| ≤ 1 for any x ∈ R. Moreover, we denote

I1(t) =

∫

R

φR(x− y(t))|u|2dx,

I2(t) =

∫

R

φR(x− y(t))Im(u ∂xu)dx.

To prove the main theorem, we define the key functional I(t) as

I(t) = −
√
ωI1(t) + I2(t) + C̃ω,cλ,

where C̃ω,c = 2Cω,c(M(ϕω,c) + P (ϕω,c)).
Hence, by Lemma 8 we can obtain the following localized virial estimates.
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Lemma 9. Assume that

u = eiθ(t)
(
ϕω+λ(t)µ,c+λ(t)ν + ε(t)

)
(x− y(t)),(4.34)

with the parameters obeying the estimates in Lemma 7. Then the following
estimates hold:

I ′1(t) = −2Cω.cλ̇M(ϕω,c)− 2c[M(u0)−M(ϕω,c)]− 4[P (u0)− P (ϕω,c)]

− σ − 1

σ(2− σ)ω

〈
S′′
ω,c(ϕω,c)(

√
ωϕω,c − i∂xϕω,c), ε

〉

+
1

2(σ + 1)
λ2

d2

dλ2
∥ϕω+λµ,c+λν∥2σ+2

L2σ+2

∣∣∣
λ=0

+O

(
λ∥ε∥H1(R) + ∥ε∥2H1(R) +

1

R

)
+ o(λ2),

and

I ′2(t) = −2Cω.cλ̇P (ϕω,c)− 2c[P (u0)− P (ϕω,c)]− 4[E(u0)− E(ϕω,c)]

− σ − 1

σ(2− σ)
√
ω

〈
S′′
ω,c(ϕω,c)(

√
ωϕω,c − i∂xϕω,c), ε

〉

+
σ − 1

2(σ + 1)
λ2

d2

dλ2
J(ϕω+λµ,c+λν)

∣∣∣
λ=0

+O

(
λ∥ε∥H1(R) + ∥ε∥2H1(R) +

1

R

)
+ o(λ2).

Proof. By Lemma 8 and some direct computation, we have the following
formulas.

I ′1(t) = −ẏ
∫

R

φ′
R(x− y(t))|u|2 − 2Im

∫

R

φ′
R(x− y(t))u ∂xudx

+
1

σ + 1

∫

R

φ′
R(x− y(t))|u|2σ+2dx,

I ′2(t) = −ẏ
∫

R

φ′
R(x− y(t))Im(u ∂xu)dx

−
∫

R

φ′
R(x− y(t))[2|∂xu|2 − Im(|u|2σu ∂xu)]dx

+
1

2

∫

R

φ′′′
R(x− y(t))|u|2dx.
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First, with the definitions of M and P yields

I ′1(t) =− 2ẏM(u)− 2ẏ

∫

R

[
φ′
R(x− y(t))− 1

]
|u|2dx− 4P (u)(4.35)

− 2Im

∫

R

[
φ′
R(x− y(t))− 1

]
u ∂xu dx

+
1

σ + 1
∥u∥2σ+2

L2σ+2 +
1

σ + 1

∫

R

[
φ′
R(x− y(t))− 1

]
|u|2σ+2dx

=− 2(ẏ − c− λν)M(u)− 2(c+ λν)M(u)(4.36)

− 4P (u) +
1

σ + 1
∥u∥2σ+2

L2σ+2

+O
(∫

R

[
φ′
R(x− y(t))− 1

](
ẏ|u|2 + Im(u ∂xu) + |u|2σ+2

)
dx

)
.

In fact, supp[φ′
R(x− y(t))− 1] ⊂ {x : |x− y(t)| ≥ R}, 0 ≤ |φ′

R| ≤ 1. From
Lemma 7, we know that |ẏ| ≲ 1. Then, after using (4.34) and the exponential
decaying of ϕω+λµ,c+λν , we have

∫

R

[
φ′
R(x− y(t))− 1

](
ẏ|u|2 + Im(u ∂xu) + |u|2σ+2

)
dx

≲

∫

|x|≥R

[
|ϕω+λµ,c+λν |2 + |∂2xϕω+λµ,c+λν |+ |ε|2 + |∂xε|2 + |ε|2σ+2

]

= O

(
∥ε∥2H1(R) +

1

R

)
.(4.37)

Mergering (3.27) and (4.37) into (4.35), we obtain

I ′1(t) =− 2
[
Cω,cλ̇+

〈
S′′
ω,c(ϕω,c)

−a0ϕω,c + i∂xϕω,c
2(a20 − ω)M(ϕω,c)

, ε
〉

+O(λ∥ε∥H1(R) + ∥ε∥2H1(R))
]
M(u)

− 2(c+ λν)M(u)− 4P (u) +
1

σ + 1
∥u∥2σ+2

L2σ+2 +O

(
∥ε∥2H1(R) +

1

R

)
.

Now, using (2.19), (3.30) and (4.34), we get

M(u) =M(ϕω,c) + ⟨M ′(ϕω,c), ε⟩+O(λ∥ε∥H1(R) + ∥ε∥2H1(R)),(4.38)

and

P (u) =P (ϕω,c) + ⟨P ′(ϕω,c), ε⟩+O(λ∥ε∥H1(R) + ∥ε∥2H1(R)).(4.39)
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Moreover,

∥u∥2σ+2
L2σ+2 = ∥ϕω,c∥2σ+2

L2σ+2 + 2(σ + 1)λ⟨|ϕω,c|2σϕω,c, ψ⟩(4.40)

+ 2(σ + 1)⟨|ϕω,c|2σϕω,c, ε⟩

+
1

2
λ2

d2

dλ2
∥ϕω+λµ,c+λν∥2σ+2

L2σ+2

∣∣∣
λ=0

+O
(
λ∥ε∥H1(R) + ∥ε∥2H1(R)

)
+ o(λ2),

and

J(u) = J(ϕω,c) + λ⟨J ′(ϕω,c), ψ⟩+
1

2
λ2

d2

dλ2
J(ϕω+λµ,c+λν)

∣∣
λ=0

(4.41)

+
σ − 1

σ + 1
⟨J ′(ϕω,c), ϵ⟩+O

(
λ∥ε∥H1(R) + ∥ε∥2H1(R)

)
+ o(λ2).

Combining (4.38) and (4.40) yields

I ′1(t) =− 2Cω,cλ̇M(ϕω,c)− 2cM(u)− 2λνM(ϕω,c)

− 4P (u) +
1

σ + 1
∥ϕω,c∥2σ+2

L2σ+2

+

〈
−S′′

ω,c(ϕω,c)
−a0ϕω,c + i∂xϕω,c

a20 − ω
+ 2|ϕω,c|2σϕω,c, ε

〉

+ 2λ⟨|ϕω,c|2σϕω,c, ψ⟩+
1

2(σ + 1)
λ2

d2

dλ2
∥ϕω+λµ,c+λν∥2σ+2

L2σ+2

∣∣∣
λ=0

+O

(
λ∥ε∥H1(R) + ∥ε∥2H1(R) +

1

R

)
+ o(λ2).

From the conservation laws and (2.14), we get

I ′1(t) =− 2Cω,cλ̇M(ϕω,c)− 2cM(u0)− 4P (u0)

− 2λνM(ϕω,c) + 2cM(ϕω,c) + 4P (ϕω,c)

+

〈
−S′′

ω,c(ϕω,c)
−a0ϕω,c + i∂xϕω,c

a20 − ω
+ 2|ϕω,c|2σϕω,c, ε

〉

+ 2λ⟨|ϕω,c|2σϕω,c, ψ⟩+
1

2(σ + 1)
λ2

d2

dλ2
∥ϕω+λµ,c+λν∥2σ+2

L2σ+2

∣∣∣
λ=0

+O

(
λ∥ε∥H1(R) + ∥ε∥2H1(R) +

1

R

)
+ o(λ2).
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Observe that

⟨|ϕω,c|2σϕω,c, ψ⟩ =
1

2(σ + 1)
∂λ

(
∥ϕω+λµ,c+λν∥2σ+2

L2σ+2

)∣∣∣
λ=0

.

Moreover, using the equality (2.14) again yields

⟨|ϕω,c|2σϕω,c, ψ⟩

=
1

2(σ + 1)
∂λ

(
4(σ + 1)

(
c+ λν

2
M(ϕω+λµ,c+λν) + P (ϕω+λµ,c+λν)

)) ∣∣∣
λ=0

.

Using Lemma 5 again, we obtain that

⟨|ϕω,c|2σϕω,c, ψ⟩ = νM(ϕω,c).

By Lemma 1, we have

− S′′
ω,c(ϕω,c)

−a0ϕω,c + i∂xϕω,c
a20 − ω

+ 2|ϕω,c|2σϕω,c

= − σ − 1

σ(2− σ)ω
S′′
ω,c(ϕω,c)

(√
ωϕω,c − i∂xϕω,c

)
.

Finally, we collect the above equalities and obtain

I ′1(t) =− 2Cω,cλ̇M(ϕω,c)− 2c[M(u0)−M(ϕω,c)]− 4[P (u0)− P (ϕω,c)]

− σ − 1

σ(2− σ)ω

〈
S′′
ω,c(ϕω,c)

(√
ωϕω,c − i∂xϕω,c

)
, ε
〉

+
1

2(σ + 1)
λ2

d2

dλ2
∥ϕω+λµ,c+λν∥2σ+2

L2σ+2

∣∣∣
λ=0

+O

(
λ∥ε∥H1(R) + ∥ε∥2H1(R) +

1

R

)
+ o(λ2).

Similarly, from the definitions of P , E and J , we have

I ′2(t) =− 2ẏP (u)− 4E(u) +
σ − 1

σ + 1
J(u)

− ẏ

∫

R

[φ′
R(x− y(t))− 1][Im(u ∂xu)− 2|∂xu|2 + Im(|u|2σu ∂xu)]dx

=− 2(ẏ − c− λν)P (u)− 2(c+ λν)P (u)− 4E(u)

+
σ − 1

σ + 1
J(u) +O

(
∥ε∥2H1(R) +

1

R

)
.
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Using (3.27), we get

I ′2(t) =− 2

[
Cω,cλ̇+

〈
S′′
ω,c(ϕω,c)

−a0ϕω,c + i∂xϕω,c
2(a20 − ω)M(ϕω,c)

, ε

〉

+O(λ∥ε∥H1(R) + ∥ε∥2H1(R))

]
P (u)

− 2(c+ λν)P (u)− 4E(u) +
σ − 1

σ + 1
J(u) +O

(
∥ε∥2H1(R) +

1

R

)
.

Combining (4.39) and (4.41), we obtain

I ′2(t) =− 2Cω.cλ̇P (ϕω,c)− 2cP (u)− 2λνP (ϕω,c)− 4E(u) +
σ − 1

σ + 1
J(ϕω,c)

− P (ϕω,c)

M(ϕω,c)

〈
S′′
ω,c(ϕω,c)

−a0ϕω,c + i∂xϕω,c
a20 − ω

, ε

〉
+
σ − 1

σ + 1
⟨J ′(ϕω,c), ε⟩

+
σ − 1

σ + 1
λ⟨J ′(ϕω,c), ψ⟩+

σ − 1

2(σ + 1)
λ2

d2

dλ2
J(ϕω+λµ,c+λν)

∣∣
λ=0

+O
(
λ∥ε∥H1(R) + ∥ε∥2H1(R) +

1

R

)
+ o(λ2).

Using (2.11), (2.12), (2.13), Lemma 4 and the conservation laws, we have

I ′2(t) =− 2Cω.cλ̇P (ϕω,c)− 2c[P (u0)− P (ϕω,c)]− 4[E(u0)− E(ϕω,c)]

− σ − 1

σ(2− σ)
√
ω
⟨S′′

ω,c(ϕω,c)(
√
ωϕω,c − i∂xϕω,c), ε⟩

+
σ − 1

2(σ + 1)
λ2

d2

dλ2
J(ϕω+λµ,c+λν)

∣∣∣
λ=0

+O

(
λ∥ε∥H1(R) + ∥ε∥2H1(R) +

1

R

)
+ o(λ2).

This completes the proof of the lemma. □

According to Lemma 9, we have following result.

Lemma 10. Under the assumptions of Lemma 9, we have

I ′(t) = A(u0) +B(λ) +O

(
λ∥ε∥H1(R) + ∥ε∥2H1(R) +

1

R

)
+ o(λ2),
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with A(u0), B(λ) verifying

A(u0) = (2c
√
ω + 4ω)

[
M(u0)−M(ϕω,c)

]
+ (4

√
ω + 2c)

[
P (u0)− P (ϕω,c)

]

− 4
[
Sω,c(u0)− Sω,c(ϕω,c)

]
,

and

B(λ) = b1λ
2,

for some b1 > 0.

Remark 3. The form of I(t) removes the linear term of ε in I ′(t). The key
observation is that the linear terms of ε from I ′1(t) and I

′
2(t) are almost the

same.

Proof of Lemma 10. From the definition of I(t), we have

I ′(t) = −
√
ωI ′1(t) + I ′2(t) + C̃ω,cλ̇.

By Lemma 9, we obtain

I ′(t) =
√
ω
[
2c(M(u0)−M(ϕω,c)) + 4(P (u0)− P (ϕω,c))

]

− 2c
[
P (u0)− P (ϕω,c)

]
− 4

[
E(u0)− E(ϕω,c)

]

+
λ2

2(σ + 1)

d2

dλ2

[
−

√
ω∥ϕω+λµ,c+λν∥2σ+2

L2σ+2 + (σ − 1)J(ϕω+λµ,c+λν)
]∣∣∣

λ=0

+O

(
λ∥ε∥H1(R) + ∥ε∥2H1(R) +

1

R

)
+ o(λ2).

We denote

A(u0) =
√
ω
[
2c(M(u0)−M(ϕω,c)) + 4(P (u0)− P (ϕω,c))

]

− 2c
[
P (u0)− P (ϕω,c)

]
− 4

[
E(u0)− E(ϕω,c)

]
,

and

B(λ) =
λ2

2(σ + 1)

d2

dλ2

[
−
√
ω∥ϕω+λµ,c+λν∥2σ+2

L2σ+2 + (σ − 1)J(ϕω+λµ,c+λν)
]∣∣∣

λ=0
.

Then, we have

I ′(t) = A(u0) +B(λ) +O

(
λ∥ε∥H1(R) + ∥ε∥2H1(R) +

1

R

)
+ o(λ2).
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By the definition of Sω,c, we have

A(u0) = (2c
√
ω + 4ω)

[
M(u0)−M(ϕω,c)

]
+ (4

√
ω + 2c)

[
P (u0)− P (ϕω,c)

]

− 4
[
Sω,c(u0)− Sω,c(ϕω,c)

]
.

Now we consider B(λ). Observe, from (2.11) and (2.14), that

−
√
ω∥ϕω+λµ,c+λν∥2σ+2

L2σ+2 + (σ − 1)J(ϕω+λµ,c+λν)

= −
√
ω · 4(σ + 1)

[
c+ λν

2
M(ϕω+λµ,c+λν) + P (ϕω+λµ,c+λν)

]

+ (σ − 1)[4(ω + λµ)M(ϕω+λµ,c+λν) + 2(c+ λν)P (ϕω+λµ,c+λν)]

= [4ω(σ − 1)− 2c
√
ω(σ + 1)]M(ϕω+λµ,c+λν)

+ [2c(σ − 1)− 4
√
ω(σ + 1)]P (ϕω+λµ,c+λν)

+ [4µ(σ − 1)− 2ν
√
ω(σ + 1)]λM(ϕω+λµ,c+λν)

+ 2(σ − 1)λνP (ϕω+λµ,c+λν).

Next, using (2.17) and (2.18), we calculate the terms above separately:

d2

dλ2
M(ϕω+λµ,c+λν)

∣∣∣
λ=0

= µ2∂ωωM(ϕω,c) + 2µν∂ωcM(ϕω,c) + ν2∂ccM(ϕω,c)

= κ0z0,

d2

dλ2
P (ϕω+λµ,c+λν)

∣∣∣
λ=0

= µ2∂ωωP (ϕω,c) + 2µν∂ωcP (ϕω,c) + ν2∂ccP (ϕω,c)

= −κ0
√
ω.

Finally, together with (2.19), and the three estimates above, we get

1

2(σ + 1)

d2

dλ2

[
−
√
ω∥ϕω+λµ,c+λν∥2σ+2

L2σ+2 + (σ − 1)J(ϕω+λµ,c+λν)
]∣∣∣

λ=0

=
1

σ + 1
[2ω(σ − 1)−

√
ωc(σ + 1)]

d2

dλ2
M(ϕω+λµ,c+λν)

∣∣∣
λ=0

+
1

σ + 1
[c(σ − 1)− 2

√
ω(σ + 1)]

d2

dλ2
P (ϕω+λµ,c+λν)

∣∣∣
λ=0

=
1

σ + 1
[2ω(σ − 1)−

√
ωc(σ + 1)] · κ0z0

+
1

σ + 1
[c(σ − 1)− 2

√
ω(σ + 1)] · −κ0

√
ω

= 2κ0ω(1− z20).
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Let b1 = 2κ0ω(1− z20), then b1 > 0. Hence, we obtain that

B(λ) = b1λ
2.

This concludes the proof of Lemma 10. □

4.2. Proof of Theorem 1

Now we give the proof of Theorem 1. Suppose that eiωtϕω,c(x− ct) of (1.1)
is stable. Choose

u0 = ϕω,c + δ1(−a0ϕω,c + i∂xϕω,c), δ1 > 0.

Here δ1 is small enough such that u0 ∈ Uδ(ϕω,c) which is given by Proposi-
tion 1.

Let u be the corresponding solution of (1.1) with the initial data u0.
Then, we can write

u = eiθ
(
ϕω+λµ,c+λν + ε

)
(x− y),

with (θ, y, λ) obtained in Proposition 1, and |λ| ≪ 1.

Lemma 11. There exists b2 > 0, such that

A(u0) ≥ b2δ1.

Proof. Recalling that c = 2z0
√
ω, a0 = (σ − 1)

√
ω and the choose of u0, we

have

M(u0)−M(ϕω,c) = δ1⟨M ′(ϕω,c),−a0ϕω,c + i∂xϕω,c⟩+ o(δ1)(4.42)

= δ1[−2a0M(ϕω,c) + 2P (ϕω,c)] + o(δ1)

= o(δ1),

and

P (u0)− P (ϕω,c) = δ1⟨P ′(ϕω,c),−a0ϕω,c + i∂xϕω,c⟩+ o(δ1)(4.43)

= 2(ω − a20)M(ϕω,c)δ1 + o(δ1)

= 2ωσ(2− σ)M(ϕω,c)δ1 + o(δ1).
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Moreover, using S′
ω,c(ϕω,c) = 0, we get

Sω,c(u0)− Sω,c(ϕω,c) = δ1⟨S′
ω,c(ϕω,c),−a0ϕω,c + i∂xϕω,c⟩+ o(δ1)(4.44)

= o(δ1).

Now, we collect the above computations and obtain

A(u0) = (2c
√
ω + 4ω) · o(δ1) + (4

√
ω − 2c) · 2ωσ(2− σ)M(ϕω,c)δ1

+ o(δ1)− 4 · o(δ1)
= 8ω

√
ω(1 + z0)σ(2− σ)M(ϕω,c)δ1 + o(δ1)

≥ b2δ1,

where b2 = 4ω
√
ω(1 + z0)σ(2− σ)M(ϕω,c) > 0. This proves the lemma. □

We further give the estimate on ∥ε∥2H1(R).

Lemma 12. Let ε be defined in (3.21), there exists b3 > 0, then

∥ε∥2H1(R) ≤ b3λδ1 + o(δ1).

Proof. Without loss of generality, we may assume that ν > 0. From the
conservation laws, we have

Sω+λµ,c+λν(u0) = Sω+λµ,c+λν(u)

= Sω+λµ,c+λν(ϕω+λµ,c+λν) +
1

2

〈
S′′
ω+λµ,c+λν(ϕω+λµ,c+λν)ε, ε

〉
+ o(∥ε∥2H1(R)).

Combining (2.6) and Lemma 5 yields

Sω+λµ,c+λν(ϕω+λµ,c+λν)

= Sω+λµ,c+λν(ϕω,c) + λ
〈
S′
ω+λµ,c+λν(ϕω,c), ψ

〉

+
1

2
λ2

〈
S′′
ω+λµ,c+λν(ϕω,c)ψ,ψ

〉
+ o(λ2)

= Sω+λµ,c+λν(ϕω,c) + λ⟨S′
ω,c(ϕω,c), ψ⟩+ λµ⟨M ′(ϕω,c), ψ⟩

+ λν⟨P ′(ϕω,c), ψ⟩+
1

2
λ2

〈
S′′
ω,c(ϕω,c)ψ, ψ

〉
+ o(λ2)

= Sω+λµ,c+λν(ϕω,c) + o(λ2).
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Then, we have

Sω+λµ,c+λν(u0) = Sω+λµ,c+λν(ϕω,c) +
1

2

〈
S′′
ω+λµ,c+λν(ϕω+λµ,c+λν)ε, ε

〉

+ o(λ2 + ∥ε∥2H1(R)).

Together with (4.42), (4.43) and (4.44), we have

Sω+λµ,c+λν(u0)− Sω+λµ,c+λν(ϕω,c)(4.45)

= Sω,c(u0)− Sω,c(ϕω,c) + λµ(M(u0)−M(ϕω,c))

+ λν(P (u0)− P (ϕω,c))

= 2νωσ(2− σ)M(ϕω,c)λδ1 + o(δ1).

Therefore, by (3.22) and (4.45), there exists C > 0, such that

∥ε∥2H1(R) ≤ C
〈
S′′
ω+λµ,c+λν(ϕω+λµ,c+λν)ε, ε

〉

= C
[
Sω+λµ,c+λν(u0)− Sω+λµ,c+λν(ϕω,c)

]
+ o(λ2 + ∥ε∥2H1(R))

= 2Cνωσ(2− σ)M(ϕω,c)λδ1 + o(δ1) + o(λ2 + ∥ε∥2H1(R))

≤ 2b3λδ1 + o(δ1 + ∥ε∥2H1(R)),

where b3 = 2Cνωσ(2− σ)M(ϕω,c) > 0. Then we obtain

∥ε∥2H1(R) ≤ b3λδ1 + o(δ1).

This completes the proof. □

Proof of Theorem 1. On one hand, we note that from the definition of I(t),
we have the time uniform boundedness of I(t). That is, if |λ| ≲ 1, then

sup
t∈R

I(t) ≲ R(∥ϕω,c∥2H1(R) + 1).(4.46)

On the other hand, using (3.28) and Lemmas 10, 11, we get

I ′(t) = A(u0) +B(λ) +O

(
λ∥ε∥H1(R) + ∥ε∥2H1(R) +

1

R

)
+ o(λ2)

≥ b2δ1 + b1λ
2 +O

(
∥ε∥2H1(R) +

1

R

)
+ o(λ2)

≥ 1

2
b2δ1 +

1

2
b1λ

2 +O(∥ε∥2H1(R)),

by choosing R ≥ 10(b2δ1)
−1.
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Moreover, combining Lemma 12 yields

I ′(t) ≥ 1

4
b2δ1 +

1

2
b1λ

2 > 0,

when |λ| ≪ 1.
This implies that I(t) → +∞ when t→ +∞, which contradicts to (4.46).

Hence we prove the instability of the solitary wave solutions eiωtϕω,c(x− ct)
of (1.1). This completes the proof of Theorem 1. □

Appendix: Proof of Lemma 3 and Lemma 4

Throughout this appendix, let 1 < σ < 2 and z0 = z0(σ) ∈ (−1, 1) satisfy
Fσ(z0) = 0.

Now we adopt some notations from [29]. More precisely, for any (ω, c) ∈
R2 satisfying c2 < 4ω, we denote

κ =
√

4ω − c2 > 0, κ̃ = 2
1

σ
−2σ−1(1 + σ)

1

σκ
2

σ
−2ω− 1

2σ
− 1

2 ,

f(ω, c) =
(σ + 1)κ2

2
√
ω

, h(x;σ;ω, c) = cosh(σκx)− c

2
√
ω
,

αn =

∫ ∞

0
h−

1

σ
−ndx, n ∈ Z

+.

Proof of Lemma 3. For any (ω, c) ∈ R2 satisfying c2 < 4ω, by (1.3), we have

∂xϕω,c(x) =

[(
i
c

2
− i

2σ + 2
φ2σ
ω,c

)
φω,c + ∂xφω,c

]

× exp

{
c

2
ix− i

2σ + 2

∫ x

−∞
φ2σ
ω,c(y)dy

}
.

Therefore, we have

P (ϕω,c) =
1

2
Im

∫

R

ϕω,c∂xϕω,cdx

=
1

2
Im

∫

R

−
[
i
c

2
− i

2σ + 2
φ2σ
ω,c

]
φ2
ω,cdx

= − c
4
∥φω,c∥2L2 +

1

4(σ + 1)
∥φω,c∥2σ+2

L2σ+2 .

Finally, we obtain

∥ϕω,c∥2σ+2
L2σ+2 = 4(σ + 1)

[ c
2
M(ϕω,c) + P (ϕω,c)

]
.
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According to [29] Appendix Lemma A.3, we have that

∂cM(ϕω,c) = ∂ωP (ϕω,c), ∂cP (ϕω,c) = ω∂ωM(ϕω,c).

This completes the proof. □

Now, we focus on the critical case c = 2z0
√
ω.

Proof of Lemma 4. From [29] Lemma 4.2, det[d′′(ω, c)] = 0 is equivalent to

[
(σ − 1)

√
ωM(ϕω,c)

]2
= P (ϕω,c)

2.

When c = 2z0
√
ω, we have P (ϕω,c) > 0. Indeed, if P (ϕω,c) < 0, since

P (φω,c)
M(φω,c)

→+∞, when c→−2
√
ω. Then there exist two solutions c1=c1(

√
ω),

c2 = c2(
√
ω), such that

∣∣∣∣
P (ϕω,c)

M(ϕω,c)

∣∣∣∣ = (σ − 1)
√
ω.

This contradicts to the fact that c = 2z0
√
ω is the unique solution of

det[d′′(ω, c)] = 0. Hence,

P (ϕω,c) > 0, P (ϕω,c) = (σ − 1)
√
ωM(ϕω,c).

From [29] Appendix (A.2) Lemmas A.1 and A.2, we know thatM(ϕω,c) =

f
1

σα0 and P (ϕω,c) =
1

4
√
ω
f

1

σ (−2ω
1

2 cα0 + κ2α1). Since P (ϕω,c) > 0, then we

have

κ2α1 > 2ω
1

2 cα0.

Together with [29] Appendix Lemma A.3, we obtain

∂ωM(ϕω,c) = κ̃ω−1[−8(σ − 1)ω
3

2α0 + c(2ω
1

2 cα0 − κ2α1)] < 0,

∂ωP (ϕω,c) = 2κ̃[2c ω
1

2α0(σ − 1)− 2c ω
1

2α0 + κ2α1] > 0.

On one hand, by ∂cP (ϕω,c) = ω∂ωM(ϕω,c) and ∂ωP (ϕω,c) = ∂cM(ϕω,c), we
have

µ

ν
= − ∂cM(ϕω,c)

∂ωM(ϕω,c)
= − ∂ωP (ϕω,c)

∂ωM(ϕω,c)
> 0.

On the other hand,

µ

ν
= − ∂cP (ϕω,c)

∂ωP (ϕω,c)
= −ω∂ωM(ϕω,c)

∂ωP (ϕω,c)
.
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Hence, combining with the two equations above, we get

(µ
ν

)2
= − ∂ωP (ϕω,c)

∂ωM(ϕω,c)
· −ω∂ωM(ϕω,c)

∂ωP (ϕω,c)
= ω.

Then we obtain
µ

ν
=

√
ω.

Differentiating M(ϕω,c) and P (ϕω,c) with respect to ω and c, we have
the following relations:

∂ωωM(ϕω,c) =
1

ω

(
∂ωcP (ϕω,c)− ∂ωM(ϕω,c)

)
, ∂ωcM(ϕω,c) = ∂ωωP (ϕω,c),

∂ccM(ϕω,c) =∂ωcP (ϕω,c), ∂ccP (ϕω,c) = ω∂ωωP (ϕω,c).

Since ∂ωP (ϕω,c) =
√
ω∂ωM(ϕω,c), we obtain (z20 − 1)α1 = (1− z0 − σ)α0.

From [7] Appendix Lemma 10, we have

∂ωM(ϕω,c) = 8
√
ωκ̃α0(z

2
0 − σ + 1) + 8

√
ωκ̃α1z0(z

2
0 − 1)

= 8
√
ωκ̃α0(1− σ)(1 + z0),

2
√
ω∂ωωP (ϕω,c) + 2∂ωcP (ϕω,c)−

1

2
∂ωM(ϕω,c)

= −4
√
ωκ̃α0(σ − 1)(1− z0),

and

µ2∂ωωP (ϕω,c) + 2µν∂ωcP (ϕω,c) + ν2∂ccP (ϕω,c) = −8ν2ωκ̃α0(σ − 1).

Moreover, we have

µ2∂ωωM(ϕω,c) + 2µν∂ωcM(ϕω,c) + ν2∂ccM(ϕω,c)

= ν2
[
ω∂ωωM(ϕω,c) + 2

√
ω∂ωcM(ϕω,c) + ∂ccM(ϕω,c)

]

= ν2
[
− ∂ωM(ϕω,c) + 2∂ωcP (ϕω,c) + 2

√
ω∂ωωP (ϕω,c)

]

= ν2
[
2
√
ω∂ωωP (ϕω,c) + 2∂ωcP (ϕω,c)−

1

2
∂ωM(ϕω,c)−

1

2
∂ωM(ϕω,c)

]

= ν2[−4
√
ωκ̃α0(σ − 1)(1− z0) + 4

√
ωκ̃α0(σ − 1)(z0 + 1)]

= 8ν2
√
ωκ̃α0(σ − 1)z0.

Take κ0 = 8ν2
√
ωκ̃α0(σ − 1), then κ0 > 0. This completes the proof. □
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