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We establish a three-parameter Schur duality between the affine
Hecke algebra of type C and a coideal subalgebra of quantum affine
sln. At the equal parameter specializations, we obtain Schur dual-
ities of types BCD.
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1. Introduction

The classic Schur duality exhibits the fundamental interactions between rep-
resentation theories of general linear Lie algebras and symmetric groups.
A quantized Schur duality was obtained by Jimbo [13] between quantum
groups and Hecke algebras of type A. There has also been various versions
of affine type A Schur duality; cf. [5, 12].

In developing a Kazhdan-Lusztig theory of (super) type BCD, Bao and
Wang [3] were led to a Schur type duality between Hecke algebra of type B
and an ıquantum group which is a coideal subalgebra of a quantum group of
type A. There has been further development of such dualities which involve
Hecke algebra of type B of unequal or two parameters; see [1, 4]. We recall
a coideal subalgebra Uı of a quantum group U together form a quantum
symmetric pair (U,Uı); see [16, 17].
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80 Fan, Lai, Li, Luo, Wang, and Watanabe

The goal of this paper is to formulate and establish a Schur (Uc(ŝln),H)-
duality on V⊗d, for n ≥ 2d+ 2 (and three additional variants). Here V is an
infinite-dimensional vector space with a basis parametrized by Z, H denotes
the Hecke algebra of affine type Cd in three parameters, and Uc(ŝln) is an
affine ıquantum group which is a coideal subalgebra of the affine type A
quantum group U(ŝln). The actions of Uc(ŝln) and H on V⊗d are given by
explicit formulas.

It is well known (cf. [15, 18, 19]) there is a 3-parameter Hecke algebra
H of affine type C over Q(q, q0, q1) which specializes to all kinds of Hecke
algebras of classical affine types. Remarkably, in the general theory of quan-
tum symmetric pairs [16, 17], a coideal subalgebra of the quantum groups
of affine type A allows different parameters. In our setting suitable choices
of the parameters in the coideal subalgebras correspond to the 3 parameters
of Hecke algebras of affine type C.

A geometric approach and a Hecke algebraic approach were systemat-
ically developed in [9, 10] (also see [2]) toward the realizations of coideal
subalgebras of quantum groups of affine type A and constructions of their
canonical bases. A Schur duality involving affine Hecke algebra of type C
(of single parameter) was implicit in these papers and could be developed in
those frameworks naturally. It is conceivable that there will be other type
of Schur dualities (of single parameter) if one starts with different types of
affine flag varieties or affine Hecke algebras, and it would take considerable
work to set this up. Upon single parameter specializations, the 3-parameter
duality here immediately leads to several dualities involving Hecke algebras
of different affine types, which are expected to arise from geometric con-
structions using different types of flag varieties. In this way, the 3-parameter
Schur duality in this paper could serve as a helpful guideline on the geomet-
ric and categorical realizations of various equal parameter Schur dualities of
different types in the future.

In a very interesting work [6], Chen, Guay and Ma considered a duality
which is reminiscent to our but different in several aspects. They considered
2-parameter (instead of 3-parameter here) affine Hecke algebras, and their
formulation uses finite-dimensional tensor representations. The coideal alge-
bra therein used a different definition via reflection equations, and it is not
known (though is expected) if it is isomorphic to some suitable specialization
of the one used in this paper. It is interesting and should be possible to adapt
our work to study finite-dimensional representations of the multi-parameter
coideal algebras as well.
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The paper is organized as follows. In Section 2, we define an infinite-
dimensional tensor module V⊗d for the affine Hecke algebra H. The Schur
(Uc(ŝln),H)-duality is established in Section 3. In Section 4, inspired by the
considerations in [9]–[10], we establish three additional variants of Schur du-
ality: the (Uı(ŝln),H)-duality, the (Uı(ŝln),H)-duality, and the (Uıı(ŝlη),H)-

duality. Here Uı(ŝln), Uı(ŝln), Uıı(ŝlη) denote different coideal subalgebras

in U(ŝln−1),U(ŝln−1),U(ŝln−2), respectively.
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2. Quantum algebras and Hecke algebras

In this section we give a quick review on the quantum group of affine type
A, its coideal subalgebra Uc(ŝln), and the Hecke algebra H of affine type C.
We formulate the actions of Uc(ŝln) and H on the tensor space V⊗d.

2.1. Quantum group of affine type A

Let q, q0, q1 be indeterminates, and denote by F the field

F = Q(q, q0, q1).

The quantum affine gln is the associative algebra U(ĝln) over F generated
by

Ei,Fi (0 ≤ i ≤ n− 1) D±1
a (0 ≤ a ≤ n− 1)

subject to the following relations for 0 ≤ a, b ≤ n− 1 and for 0 ≤ i, j ≤ n−
1:
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1) q-Cartan relations:

DaDb = DbDa, DaD
−1
a = 1 = D−1

a Da,

DaEjD
−1
a = qδaj−δa−1,jEj , DaFjD

−1
a = q−δaj+δa−1,jFj ,

EiFj − FjEi = δij
Ki −K−1

i

q − q−1
.

(Here and below Ki := DiD
−1
i+1 and Dn = D0.)

2) q-Serre relations:

E2
iEj + EjE

2
i = (q + q−1)EiEjEi, if |i− j| ≡ 1,

F2
iFj + FjF

2
i = (q + q−1)FiFjFi, if |i− j| ≡ 1,

EiEj = EjEi, FiFj = FjFi, if i 6≡ j ± 1,

where i ≡ j means i ≡ j (mod n). The quantum affine sln is the F-subalgebra
U(ŝln) of U(ĝln) generated by Ei,Fi,K

±1
i (0 ≤ i ≤ n− 1).

Remark 2.1. The algebra U(ĝln) does not contain a “Heisenberg subalge-
bra” and it differs from U(ŝln) only on the finite Cartan subalgebra; it plays
only an auxiliary role as it allows for simpler formulas. The algebra U(ŝln)
has level 0 and is sometimes called the quantum loop algebra of sln.

The comultiplication ∆ on U(ĝln) is given as follows:

∆(Ei) = Ei ⊗K−1
i + 1⊗Ei,

∆(Fi) = Fi ⊗ 1 + Ki ⊗ Fi, ∆(Da) = Da ⊗Da.

Let V be the F-vector space with basis {vj | j ∈ Z}. It has a natural module

structure over U(ĝln) (and hence over U(ŝln)) as follows:
(2.1.1)

Eivj+1 =

{
vj if j ≡ i;
0 else,

Fivj =

{
vj+1 if j ≡ i;
0 else,

Davj =

{
qvj if j ≡ a;

vj else.

2.2. An ıquantum group

From now on we take an integer r ≥ 1, and let

n = 2r + 2.



i
i

“6-Luo” — 2020/3/30 — 16:01 — page 83 — #5 i
i

i
i

i
i

Schur duality with three parameters 83

Let Uc(ĝln) be the associative algebra over F generated by

ei, fi (0 ≤ i ≤ r), h±1
a (0 ≤ a ≤ r + 1),

subject to the following relations (in which ki := hih
−1
i+1) for 0 ≤ a, b ≤ r +

1, 0 ≤ i, j ≤ r:

1) q-Cartan relations:

hahb = hbha, hah
−1
a = 1 = h−1

a ha,

haejh
−1
a =


q2δ0jej if a = 0;

q−2δrjej if a = r + 1;

qδaj−δa−1,jej otherwise,

hafjh
−1
a =


q−2δ0j fj if a = 0;

q2δrj fj if a = r + 1;

qδa−1,j−δaj fj otherwise,

eifj − fjei = δi,j
ki − k−1

i

q − q−1
(i, j) 6= (0, 0), (r, r).

2) q-Serre relations:

e2
i ej + eje

2
i = (q + q−1)eiejei, f2

i fj + fjf
2
i = (q + q−1)fifjfi, if |i− j| = 1,

eiej = ejei, fifj = fjfi, if i 6= j ± 1,

e2
rfr + fre

2
r = (q + q−1)(erfrer − q2q0q

−1
1 erkr − q−2erk

−1
r ),

f2
r er + erf

2
r = (q + q−1)(frerfr − q2q0q

−1
1 krfr − q−2k−1

r fr),

e2
0f0 + f0e

2
0 = (q + q−1)(e0f0e0 − q1qe0k0 − q−1

0 q−1e0k
−1
0 ),

f2
0 e0 + e0f

2
0 = (q + q−1)(f0e0f0 − q1qk0f0 − q−1

0 q−1k−1
0 f0).

Let Uc(ŝln) be the subalgebra of Uc(ĝln) generated by ei, fi,k
±
i (0 ≤ i ≤ r).

Sometimes, Uc(ŝln) and Uc(ĝln) are called ıquantum groups.
We adopt the following identification for all i ∈ Z:

Ei = Ei+n, Fi = Fi+n, Di = Di+n, Ki = Ki+n.
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Proposition 2.2. There are injective F-algebra homomorphisms  :
Uc(ĝln)→ U(ĝln) and  : Uc(ŝln)→ U(ŝln) defined by

ha 7→ DaD−a, (0 ≤ a ≤ r + 1)(2.2.1)

ei 7→ Ei + F−i−1K
−1
i , fi 7→ E−i−1 + FiK

−1
−i−1, (1 ≤ i ≤ r − 1)(2.2.2)

e0 7→ E0 + q−1
0 F−1K

−1
0 , f0 7→ E−1 + q1q

−1F0K
−1
−1.(2.2.3)

er 7→ Er + q−1F−r−1K
−1
r , fr 7→ E−r−1 + q0q

−1
1 FrK

−1
−r−1,(2.2.4)

It follows that ka 7→KaK
−1
−a−1, (0≤a≤r). It turns out (U(ĝln),Uc(ĝln))

forms a quantum symmetric pair à la Letzter and Kolb.

Proof. Noting that the subalgebra of U(ĝln) generated by the right-hand
sides of (2.2.1)–(2.2.4) is a quantum symmetric pair coideal subalgebra (in
the sense of [16]) associated with the affine Dynkin diagram and involution
below, the proposition follows from [16, Theorem 7.8]. �

Figure 1: Dynkin diagram of type A
(1)
2r+1 with involution of type  ≡ c.

0 1
· · ·

r − 1 r

2r + 1 2r
· · ·

r + 2 r + 1

Combining (2.1.1) and (2.2.1)–(2.2.4), we obtain an explicit description
of the Uc(ĝln)-action on V as below.

Lemma 2.3. The vector space V admits a Uc(ĝln)-action as below. For
0 ≤ a ≤ r + 1 and for i 6= 0, r,

ha(vj) =


q2vj if a = 0, r + 1; a ≡ j;
qvj if a 6= 0, r + 1;±a ≡ j;
vj otherwise,

ei(vj) =


vj−1 if j ≡ i+ 1;

vj+1 if − j ≡ i+ 1;

0 otherwise,

fi(vj) =


vj+1 if j ≡ i;
vj−1 if − j ≡ i;
0 otherwise;
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e0(vj) =


vj−1 if j ≡ 1;

q−1
0 vj+1 if j ≡ −1;

0 otherwise;

f0(vj) =

{
q1vj+1 + vj−1 if j ≡ 0;

0 otherwise;

er(vj) =

{
vj−1 + vj+1 if j ≡ r + 1;

0 otherwise;
fr(vj) =


q0q
−1
1 vj+1 if j ≡ r;

vj−1 if j ≡ r + 2;

0 otherwise.

2.3. Affine Hecke algebra in 3 parameters

Let W be the Weyl group of affine type Cd generated by S = {s0, s1, . . . , sd}
with the affine Dynkin diagram

0 1
. . .

d− 1 d
=⇒ ⇐=

Recall that V is the natural representation of U(ŝln) with F-basis {vi | i ∈
Z}. The tensor space V⊗d then has an F-basis {Mf | f ∈ Zd}, where

Mf = vf1 ⊗ · · · ⊗ vfd ∈ V⊗d for f = (f1, . . . , fd) ∈ Zd.

The group W admits a natural right action on Zd. Precisely, for

f = (f1, . . . , fd) ∈ Zd,

we have

(2.3.1) f · si =


(f1, . . . , fi−1, fi+1, fi, fi+2, . . . , fd) if i 6= 0, d;

(−f1, f2, . . . , fd) if i = 0;

(f1, f2, . . . , fd−1, n− fd) if i = d.

Let H be the affine Hecke algebra of type Cd with three parameters, that
is, H is an F-algebra generated by

Ti (0 ≤ i ≤ d− 1), X±1
a (1 ≤ a ≤ d),

subject to the following relations, for 1 ≤ a, b ≤ d and for 0 ≤ i, j, k ≤ d− 1,

1) Toric relations:

XaX
−1
a = 1 = X−1

a Xa, XaXb = XbXa.
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2) Hecke relations:

(T0 − q−1
0 )(T0 + q1) = 0, (Ti − q−1)(Ti + q) = 0 (i 6= 0),

TkTk−1Tk = Tk−1TkTk−1 (k 6= 0, 1),

(T0T1)2 = (T1T0)2, TiTj = TjTi (|i− j| > 1).

(2.3.2)

3) Bernstein-Lusztig relations:

T0X
−1
1 T0 = q−1

0 q1X1 + (q−1
0 q1 − 1)T0,(2.3.3)

TiXiTi = Xi+1 (i 6= 0), TiXj = XjTi (j 6= i, i+ 1).(2.3.4)

We remark that the Hecke algebra H of affine type Cd in this paper can be
matched with the version in [19, Appendix A] with the following parameter
correspondence: our q ↔ their p, our q0 ↔ their q1, our q1 ↔ their q0. Also
see [15] in somewhat different notations.

The algebra H contains a subalgebra HA generated by T1, . . . , Td−1,
X±1

1 , . . . , X±1
d , which is an affine Hecke algebra of type A.

We define Td ∈ H by

(2.3.5) Td := q−1
0 XdT

−1
d−1 · · ·T

−1
1 T−1

0 T−1
1 · · ·T−1

d−1.

Lemma 2.4. The element Td ∈ H satisfies the following relations:

1) (Td − q−1
1 )(Td + q−1

0 ) = 0.

2) TdTi = TiTd, for all 0 ≤ i ≤ d− 2.

3) (Td−1Td)
2 = (TdTd−1)2, if d ≥ 2.

Proof. These relations are verified by direct computations. Here we only
present proofs for (1) and (3) while leaving the verification of (2) to the
reader.

Thanks to (2.3.4), we have

XdT
−1
d−1 · · ·T

−1
1 T−1

0 = Td−1 · · ·T1(X1T
−1
0 ).

Hence

(2.3.6) q0Td = Td−1 · · ·T1(X1T
−1
0 )T−1

1 · · ·T−1
d−1.

It follows from (2.3.3) that (X1T
−1
0 − q0q

−1
1 )(X1T

−1
0 + 1) = 0, and thus

(q0Td − q0q
−1
1 )(q0Td + 1) = 0 by (2.3.6). Part (1) follows.
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We compute

(T−1
d−1T

−1
d )2 = q2

0Td−2 · · ·T1T0T1 · · ·Td−1X
−1
d Td−2 · · ·T1T0T1 · · ·Td−1X

−1
d

= q2
0Td−2 · · ·T1T0T1 · · ·Td−1Td−2 · · ·T1T0

× T1 . . . Td−2T
−1
d−1X

−1
d−1X

−1
d ,

(T−1
d T−1

d−1)2 = q2
0Td−1 · · ·T1T0T1 · · ·Td−1X

−1
d

× Td−2 · · ·T1T0T1 · · ·Td−1X
−1
d T−1

d−1

= q2
0Td−1 · · ·T1T0T1 · · ·Td−1Td−2 · · ·T1T0

× T1 · · ·Td−2T
−1
d−1X

−1
d−1X

−1
d T−1

d−1

= q2
0Td−1 · · ·T1T0T1 · · ·Td−1Td−2 · · ·T1T0

× T1 · · ·Td−2T
−2
d−1X

−1
d−1X

−1
d .

Thus, to show the identity in (3) it suffices to show that

(Td−2 · · ·T0 · · ·Td−1 · · ·T0 · · ·Td−2)Td−1(2.3.7)

= Td−1(Td−2 · · ·T0 · · ·Td−1 · · ·T0 · · ·Td−2).

Let α0 = −2ε1, αi = εi − εi+1 for 1 ≤ i ≤ d− 1. The highest root in the finite
type C Weyl group is θ = α0 + 2α1 + ...+ 2αd−2 + αd−1 = −εd−1 − εd and
hence

(2.3.8) sθsd−1 = sd−1sθ.

Therefore, (2.3.7) follows by (2.3.8) and noting that

sd−2 · · · s0 · · · sd−1 · · · s0 · · · sd−2

is a reduced expression of sθ. �

It follows by (2.3.4)–(2.3.5) that the algebra H is generated by T0, T1, . . . ,
Td. For any w ∈W with a reduced form w = si1 · · · sil , set

(2.3.9) Tw := Ti1 · · ·Til

and

(2.3.10) qw := qsi1 · · · qsil where qsi :=


q1 if i = 0;

q if i 6= 0, d;

q−1
0 if i = d.
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It follows by the braid relations in (2.3.2) and Lemma 2.4 that Tw is inde-
pendent of the choice of the reduced form of w. Since the qsi ’s satisfy the
same braid relations, qw is uniquely determined by w, too.

2.4. A tensor module for Hecke algebra

We first recall a well-known action of the Hecke algebra HA of affine type A
on V⊗d; see [14]. We introduce linear operators z1, . . . , zd which act on V⊗d
(from the right) as below:

Mfzi = M(f1,...,fi−1,fi+n,fi+1,...,fd).

Since each fi ∈ Z has a unique expression fi = f i + cin, for some ci ∈ Z such
that −r ≤ f i ≤ r + 1, each basis element Mf has a unique expression

Mf = MfZf , Zf = zc11 · · · z
cd
d .

Recall the rightW -action on Zd in (2.3.1). Following [14, (32)], the action
of HA is given by, for 1 ≤ i ≤ d− 1 and 1 ≤ a ≤ d,

MfTi =


Mf ·si + (q−1 − q)MfP

(i)
+ (Zf ) if f i+1 > f i;

q−1MfZf ·si + (q−1 − q)MfP
(i)
+ (Zf ) if f i+1 = f i;

Mf ·si + (q−1 − q)MfP
(i)
− (Zf ) if f i+1 < f i,

(2.4.1)

MfXa = Mfz
−1
a .(2.4.2)

Here P
(i)
± are operators given by

(2.4.3) P
(i)
− (Zf ) =

zi+1(Zf ·si)− ziZf
zi+1 − zi

, P
(i)
+ (Zf ) =

zi(Zf ·si − Zf )

zi+1 − zi
.

Now we shall enhance the action of HA on V⊗d to an action of the Hecke
algebra H of affine type C in 3 parameters. For convenience we denote the
basis elements of V by

viz
j := vi+nj , (−r ≤ i ≤ r + 1, j ∈ Z).

Define

(2.4.4) MfT0 = (vf1T0)⊗ vf2 ⊗ · · · ⊗ vfd ,
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where vf1T0 is given by (below we assume f1 = k + nj, for −r ≤ k ≤ r + 1):

q−1
0 q1v−kz

−j + (q1 − q−1
0 )

∑j
l=1 vkz

j−2l + (q−1
0 q1 − 1)

∑j
l=1 vkz

j+1−2l

if k = r + 1, j ≥ 0;

v−kz
−j + (q−1

0 − q1)
∑−j

l=1 vkz
−j−2l + (1− q−1

0 q1)
∑−j

l=2 vkz
−j+1−2l

if k = r + 1, j < 0;

v−kz
−j + (q1 − q−1

0 )
∑j

l=1 vkz
j−2l + (q−1

0 q1 − 1)
∑j

l=1 vkz
j+1−2l

if 0 < k ≤ r, j ≥ 0;

v−kz
−j + (q−1

0 − q1)
∑−j

l=1 vkz
−j−2l + (1− q−1

0 q1)
∑−j

l=1 vkz
−j+1−2l(2.4.5)

if 0 < k ≤ r, j < 0;

q−1
0 v0z

−j + (q1 − q−1
0 )

∑j
l=1 v0z

j−2l + (q−1
0 q1 − 1)

∑j
l=1 v0z

j+1−2l

if k = 0, j ≥ 0;

q1v0z
−j + (q−1

0 − q1)
∑−j

l=0 v0z
−j−2l + (1− q−1

0 q1)
∑−j

l=1 v0z
−j+1−2l

if k = 0, j < 0;

q−1
0 q1v−kz

−j + (q1 − q−1
0 )

∑j−1
l=1 vkz

j−2l + (q−1
0 q1 − 1)

∑j
l=1 vkz

j+1−2l

if − r ≤ k < 0, j > 0;

q−1
0 q1v−kz

−j + (q−1
0 − q1)

∑−j
l=0 vkz

−j−2l + (1− q−1
0 q1)

∑−j
l=1 vkz

−j+1−2l

if − r ≤ k < 0, j ≤ 0.

The formula (2.4.5) above is obtained as follows. We first define the
action of T0 on {vk| − r ≤ k ≤ r + 1} in V, and then extend the action to
all the basis vectors by the relation (2.3.3).

Proposition 2.5. The formulas in (2.4.1)–(2.4.5) define an action of H
on V⊗d.

Proof. It suffices to check the Hecke relation (2.3.2) and the Bernstein-
Lusztig relation (2.3.3) for T0. This follows by a direct computation, and
here we only present the borderline cases in (2.4.5). It is useful to give the
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following formulas for the borderline cases in (2.4.5), for 1 ≤ k ≤ r,

vr+1T0 = q−1
0 q1v−r−1,

v−r−1T0 = vr+1 + (q−1
0 − q1)v−r−1,

vkT0 = v−k,

vk−nT0 = vn−k + (q−1
0 − q1)vk−n + (1− q−1

0 q1)vk,

v0T0 = q−1
0 v0,

v−nT0 = q−1
0 vn + (q−1

0 − q1)v−n + (1− q−1
0 q1)v0,

v−kT0 = q−1
0 q1vk + (q−1

0 − q1)v−k,

vn−kT0 = q−1
0 q1vk−n + (q−1

0 q1 − 1)v−k.

We start with checking (2.3.2) for these cases as follows:

vr+1(T0 − q−1
0 )(T0 + q1) = q−1

0 q1(vr+1 + q−1
0 v−r−1)

− q−1
0 (q−1

0 q1v−r−1 + q1vr+1) = 0,

v−r−1(T0 − q−1
0 )(T0 + q1) = q−1

0 q1v−r−1 + q1vr+1

− q1(vr+1 + q−1
0 v−r−1) = 0,

vk(T0 − q−1
0 )(T0 + q1) = (q−1

0 q1vk + q−1
0 v−k)

− q−1
0 (v−k + q1vk) = 0,

v−k(T0 − q−1
0 )(T0 + q1) = q−1

0 q1(v−k + q1vk)

− q1(q−1
0 q1vk + q−1

0 v−k) = 0,

v0(T0 − q−1
0 )(T0 + q1) = 0,

v−n(T0 − q−1
0 )(T0 + q1) = q−1

0 (q1v−n + (q−1
0 q1 − 1)v0 + q1vn)

+ (1− q−1
0 q1)(q−1

0 + q1)v0

− q1(q−1
0 vn + (1− q−1

0 q1)v0 + q−1
0 v−n) = 0,

vk−n(T0 − q−1
0 )(T0 + q1) = q−1

0 q1vk−n + (q−1
0 q1 − 1)v−k + q1vn−k

− q1(vn−k + q−1
0 vk−n + (1− q−1

0 q1)vk)

+ (1− q−1
0 q1)(v−k + q1vk) = 0,

vn−k(T0 − q−1
0 )(T0 + q1) = q−1

0 q1(vn−k + q−1
0 vk−n + (1− q−1

0 q1)vk)

+ (q−1
0 q1 − 1)(q−1

0 q1vk + q−1
0 v−k)

− q−1
0 (q−1

0 q1vk−n + (q−1
0 q1 − 1)v−k + q1vn−k) = 0.
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The Bernstein-Lusztig relation (2.3.3) for the extremal cases follow from the
following computation:

vr+1T0X
−1
1 T0 = (q−1

0 q1)2v−r−1,

v−r−1T0X
−1
1 T0 = q−1

0 q1v−3(r+1) + (q−1
0 q1 − 1)(vr+1 + (q−1

0 − q1)v−r−1),

vkT0X
−1
1 T0 = q−1

0 q1vk−n + (q−1
0 q1 − 1)v−k,

v−kT0X
−1
1 T0 = q−1

0 q1v−k−n + (q−1
0 q1 − 1)(q−1

0 q1vk − (q−1
0 − q1)v−k),

v0T0X
−1
1 T0 = q−1

0 (q1v−n + (q−1
0 q1 − 1)v0),

v−nT0X
−1
1 T0 = q−1

0 q1v−2n

+ (q−1
0 q1 − 1)(q−1

0 vn + (1− q−1
0 q1)v0 + (q−1

0 − q1)v−n),

vk−nT0X
−1
1 T0 = q−1

0 q1vk−2n

+ (q−1
0 q1 − 1)(vn−k + (q−1

0 − q1)vk−n + (1− q−1
0 q1)vk),

vn−kT0X
−1
1 T0 = q−1

0 q1v−k + (q−1
0 q1 − 1)(q−1

0 q1vk−n + (q−1
0 q1 − 1)v−k).

The proposition is proved. �

The action of Ti (0 ≤ i ≤ d− 1) on the set {Mf | 0 ≤ f1 ≤ f2 ≤ · · · ≤
fd ≤ r + 1} behaves nicely as below:

MfTi =

{
q−1Mf if 0 ≤ fi = fi+1 ≤ r + 1,

Mf ·si if 0 ≤ fi < fi+1 ≤ r + 1,
(i 6= 0)(2.4.6)

MfT0 =


q−1

0 Mf if f1 = 0,

Mf ·s0 if 0 < f1 < r + 1;

q−1
0 q1Mf ·s0 if f1 = r + 1.

(2.4.7)

Combining (2.4.6)–(2.4.7) with (2.4.2), we obtain the following.

Corollary 2.6. The tensor space V⊗d is generated by {Mf | 0 ≤ f1 ≤ f2 ≤
· · · ≤ fd ≤ r + 1} as an H-module.

3. Schur duality in three parameters

In this section, we establish the Schur (Uc(ŝln),H)-duality on V⊗d. To that
end, we study the structures of the affine Schur algebra.
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3.1. Affine Schur algebras

From now on, we fix

r, d ∈ Z such that r ≥ d ≥ 1.

Recall n = 2r + 2. Let N = {0, 1, 2, . . .}. Denote the set of (weak) composi-
tions of d into r + 2 parts by

(3.1.1) Λn,d :=

{
λ = (λ0, λ1, . . . , λr+1) ∈ Nr+2

∣∣ r+1∑
i=0

λi = d

}
.

For λ ∈ Λn,d, let Wλ be the parabolic (finite) subgroup of W generated by
S\{sλ0

, sλ0,1
, . . . , sλ0,r

}, where λ0,i = λ0 + λ1 + · · ·+ λi for 1 ≤ i ≤ r; note
λ0,r = d− λr+1.

We note that the element

ω := (0, 1, . . . , 1︸ ︷︷ ︸
d

, 0, . . . , 0︸ ︷︷ ︸
r−d

, 0) ∈ Λn,d

makes sense under the assumption r ≥ d.
Recall Tw in (2.3.9) and qw in (2.3.10). For any finite subset X ⊂W and

for λ ∈ Λn,d, set

TX :=
∑
w∈X

q−1
w Tw and xλ := TWλ

.

Lemma 3.1. For λ ∈ Λn,d and for i ∈ {0, 1, . . . , d} \ {λ0, λ0,1, . . . , λ0,r}, we
have

xλTi =


q−1

0 xλ if i = 0;

q−1xλ if i 6= 0, d;

q−1
1 xλ if i = d.

Proof. Let us write xλ =
∑

w∈Wλ
wsi<w

q−1
w (Tw + qsiTwsi). Then

(Tw + qsiTwsi)Ti = Twsi(Ti + qsi)Ti = psiTwsi(Ti + qsi) = psi(Tw + qsiTwsi),

where

psi :=


q−1

0 if i = 0;

q−1 if i 6= 0, d;

q−1
1 if i = d.
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The lemma follows. �

The affine Schur algebra Scn,d of 3-parameter is defined as the following
F-algebra

Scn,d := EndH(⊕λ∈Λn,dxλH) =
⊕

λ,µ∈Λn,d

HomH(xµH, xλH).

Denote by `(g) the length of g ∈W . Let

Dλ :=
{
g ∈W | `(wg) = `(w) + `(g), ∀w ∈Wλ

}
.

Then Dλ (respectively, D−1
λ ) is the set of minimal length right (respectively,

left) coset representatives of Wλ in W . Denote by

Dλµ = Dλ ∩D−1
µ

the set of minimal length double coset representatives for Wλ\W/Wµ.
For λ, µ ∈ Λn,d and g ∈ Dλµ, define φgλ,µ ∈ Scn,d by

φgλ,µ(xν) = δµ,νTWλgWµ
, ∀ν ∈ Λn,d.

It is straightforward to show that {φgλ,µ | λ, µ ∈ Λn,d, g ∈ Dλ,µ} form an F-
basis of Scn,d (cf., e.g., [7, 8, 10]).

Define the right H-module

Tc
n,d :=

⊕
λ∈Λn,d

xλH.

Thanks to Corollary 2.6 and Lemma 3.1, we have the following.

Lemma 3.2. There exists a unique H-module isomorphism κ : Tc
n,d −→

V⊗d which sends

xλ 7→Mλ := M(0λ0 ,...,r+1λr+1 )

= v⊗λ0

0 ⊗ · · · ⊗ v⊗λr+1

r+1 ∈ V⊗d, ∀λ ∈ Λn,d.

This induces an algebra isomorphism Scn,d ' EndH(V⊗d).

3.2. The -Schur duality

Proposition 3.3. The actions of Uc(ŝln) and H on V⊗d commute.
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Proof. It is known that the actions of U(ŝln) and HA on V⊗d commute. It
remains to check that the T0-action commutes with the Uc(ŝln)-action, and
it suffices to check the special case d = 1.

It follows from a direct computation (using Lemma 2.3 and (2.4.5))
that the T0-action commutes with the actions of all generators of Uc(ŝln).
The calculation is simple except for e0, er and f0, fr, which are complicated
but similar – here we only provide a verification for (e0v)T0 = e0(vT0) and
(erv)T0 = er(vT0) for v = vkz

j ∈ V.
(1) We claim that (e0v)T0 = e0(vT0).
Indeed, if k 6= ±1, then (e0vkz

j)T0 = 0 = e0(vkz
jT0). There are four

cases remaining. If k = 1 and j ≥ 0, we have

(e0v1z
j)T0 = q−1

0 v0z
−j + (q1 − q−1

0 )

j∑
l=1

v0z
j−2l + (q−1

0 q1 − 1)

j∑
l=1

v0z
j+1−2l

= e0

(
v−1z

−j+(q1−q−1
0 )

j∑
l=1

v1z
j−2l+(q−1

0 q1−1)

j∑
l=1

v1z
j+1−2l

)
= e0(v1z

jT0).

If k = 1 and j < 0, we obtain

(e0v1z
j)T0 = q1v0z

−j + (q−1
0 − q1)

−j∑
l=0

v0z
−j−2l + (1− q−1

0 q1)

−j∑
l=1

v0z
−j+1−2l

= e0

(
v−1z

−j+(q−1
0 −q1)

−j∑
l=1

v1z
−j−2l+(1−q−1

0 q1)

−j∑
l=1

v1z
−j+1−2l

)
= e0(v1z

jT0).

For k = −1 and j > 0, we have

(e0v−1z
j)T0

= q−2
0 v0z

−j + q−1
0 (q1 − q−1

0 )

j∑
l=1

v0z
j−2l + q−1

0 (q−1
0 q1 − 1)

j∑
l=1

v0z
j+1−2l

= e0

(
q−1

0 q1v1z
−j + (q1 − q−1

0 )

j−1∑
l=1

v−1z
j−2l + (q−1

0 q1 − 1)

j∑
l=1

v−1z
j+1−2l

)
= e0(v−1z

jT0).
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Finally for k = −1 and j ≤ 0, we have

(e0v−1z
j)T0

= q−1
0

(
q1v0z

−j + (q−1
0 − q1)

−j∑
l=0

v0z
−j−2l + (1− q−1

0 q1)

−j∑
l=1

v0z
−j+1−2l

)

= e0

(
q−1

0 q1v1z
−j+(q−1

0 −q1)

−j∑
l=0

v−1z
−j−2l+(1−q−1

0 q1)

−j∑
l=1

v−1z
−j+1−2l

)
= e0(v−1z

jT0).

(2) We claim that (erv)T0 = er(vT0).
Indeed, if k 6= r + 1, then (ervkz

j)T0 = 0 = er(vkz
jT0). There are two

cases remaining. If k = r + 1 and j ≥ 0, we have

(ervr+1z
j)T0 = (vrz

j + v−rz
j+1)T0

= v−rz
−j + (q1 − q−1

0 )

j∑
l=1

vrz
j−2l + (q−1

0 q1 − 1)

j∑
l=1

vrz
j+1−2l

+ q−1
0 q1vrz

−j−1 + (q1 − q−1
0 )

j∑
l=1

v−rz
j+1−2l

+ (q−1
0 q1 − 1)

j+1∑
l=1

v−rz
j+2−2l

= q−1
0 q1v−rz

−j + (q1 − q−1
0 )

j∑
l=1

vrz
j−2l

+ (q−1
0 q1 − 1)

j∑
l=1

vrz
j+1−2l + q−1

0 q1v−r−2z
−j

+ (q1 − q−1
0 )

j∑
l=1

vr+2z
j−2l + (q−1

0 q1 − 1)

j∑
l=1

vr+2z
j+1−2l

= er

(
q−1

0 q1v−r−1z
−j + (q1 − q−1

0 )

j∑
l=1

vr+1z
j−2l

+ (q−1
0 q1 − 1)

j∑
l=1

vr+1z
j+1−2l

)
= er(vr+1z

jT0).
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If k = r + 1 and j < 0, we have

(ervr+1z
j)T0 = (vrz

j + v−rz
j+1)T0

= v−rz
−j + (q−1

0 − q1)

−j∑
l=1

vrz
−j−2l + (1− q−1

0 q1)

−j∑
l=1

vrz
−j+1−2l

+ q−1
0 q1vrz

−j−1 + (q−1
0 − q1)

−j−1∑
l=0

v−rz
−j−1−2l

+ (1− q−1
0 q1)

−j−1∑
l=1

v−rz
−j−2l

= v−rz
−j + (q−1

0 − q1)

−j∑
l=1

vrz
−j−2l + (1− q−1

0 q1)

−j∑
l=2

vrz
−j+1−2l

+ v−r−2z
−j + (q−1

0 − q1)

−j∑
l=1

vr+2z
−j−2l + (1− q−1

0 q1)

−j∑
l=2

vr+2z
−j+1−2l

= er

(
v−r−1z

−j + (q−1
0 − q1)

−j∑
l=1

vr+1z
−j−2l

+ (1− q−1
0 q1)

−j∑
l=2

vr+1z
−j+1−2l

)
= er(vr+1z

jT0).

The proposition is proved. �

By Proposition 3.3 and the above identification Scn,d ' EndH(V⊗d), there
exists an F-algebra homomorphism

Ψ : Uc(ŝln) −→ Scn,d.

The next lemma follows by a standard Vandermonde determinant type ar-
gument.

Lemma 3.4. For each λ ∈ Λn,d, the element φeλ,λ ∈ Scn,d belongs to the sub-

algebra of Scn,d generated by Ψ(h±1
a ), 0 ≤ a ≤ r + 1.



i
i

“6-Luo” — 2020/3/30 — 16:01 — page 97 — #19 i
i

i
i

i
i

Schur duality with three parameters 97

Here, we define two families of maps ẽi, f̃i : Λn,d → Λn,d t {0} (0 is a
formal symbol) by

ẽi(λ) :=

{
(λ0, . . . , λi−1, λi + 1, λi+1 − 1, λi+2, . . . , λr+1) if λi+1 > 0;

0 if λi+1 = 0,

f̃i(λ) :=

{
(λ0, . . . , λi−1, λi − 1, λi+1 + 1, λi+2, . . . , λr+1) if λi > 0;

0 if λi = 0.

By convention, it is understood that M0 = 0 and φg0,µ = 0 = φgλ,0.

Recall the comultiplication ∆ of U(ŝln) from Section 2.1. Then, we have

∆(d−1)(Ei) =

d−1∑
k=0

1⊗k ⊗Ei ⊗ (K−1
i )⊗d−k−1,

∆(d−1)(Fi) =

d−1∑
k=0

K⊗ki ⊗ Fi ⊗ 1⊗d−k−1.

Lemma 3.5. For 0 ≤ i ≤ r, we have

Ψ(ei) =

{∑
λ∈Λ q

λi+1−1φeẽi(λ),λ if i 6= r;∑
λ∈Λ q

3(λr+1−1)q0q
−1
1 φeẽr(λ),λ if i = r,

Ψ(fi) =


∑

λ∈Λ q
λi−1φe

f̃i(λ),λ
if i 6= 0, r;∑

λ∈Λ q1q
2(λ0−1)φe

f̃0(λ),λ
if i = 0;∑

λ∈Λ q0q
−1
1 qλr−λr+1−1φe

f̃r(λ),λ
if i = r.

Proof. The proof is by a direct computation. Below we present the details
only for verifying the most complicated equation

Ψ(er) =
∑

λ∈Λn,d

q3(λr+1−1)q0q
−1
1 φeẽr(λ),λ.
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First, we compute Ψ(er). It suffices to compute Ψ(er)(Mλ) for all λ ∈
Λn,d. Since er = Er + q−1F−r−1K

−1
r , we have

Ψ(er)(Mλ) = ∆(d−1)(Er)Mλ + q−1−λr+λr+1∆(d−1)(F−r−1)Mλ

=

λr+1∑
k=1

qλr+1−kM(0λ0 ,...,rλr ,r+1k−1,r,r+1λr+1−k)

+ q−1−λr+λr+1

λr+1∑
k=1

qk−1M(0λ0 ,...,rλr ,r+1k−1,r+2,r+1λr+1−k).

Next, we calculate φeẽr(λ),λ. It suffices to compute φeẽr(λ),λ(Mλ). By the
definition of φeẽr(λ),λ, it follows that

φeẽr(λ),λ(Mλ) =
∑

w∈Wλ∩Dẽr(λ)

q−1
w Mẽr(λ)Tw.

Note that

Wλ ∩Dẽr(λ) = {sλ0,r+1 · · · sλ0,r+k−1}λr+1

k=1

t {sλ0,r+1 · · · sd−1sdsd−1 · · · sλ0,r+k}
λr+1

k=1 .

Moreover, sλ0,r+1 · · · sλ0,r+k−1 and sλ0,r+1 · · · sd−1sdsd−1 · · · sλ0,r+k are
reduced expressions for 1 ≤ k ≤ λr+1. Hence, we have

∑
w∈Wλ∩Dẽr(λ)

q−1
w Mẽr(λ)Tw =

λr+1∑
k=1

q−k+1Mẽr(λ)Tλ0,r+1 · · ·Tλ0,r+k−1

+

λr+1∑
k=1

q−(2λr+1−k−1)q0Mẽr(λ)Tλ0,r+1 · · ·Td−1TdTd−1 · · ·Tλ0,r+k.

It is easily verified that

Mẽr(λ)Tλ0,r+1 · · ·Tλ0,r+k−1 = M(0λ0 ,...,rλr ,r+1k−1,r,r+1λr+1−k).

In order to compute the other terms, we first note that, from (2.3.6),

Tλ0,r+1 · · ·Td−1TdTd−1 · · ·Tλ0,r+k

= q−1
0 Tλ0,r+1 · · ·Td−1(Td−1 · · ·T1X1T

−1
0 T−1

1 · · ·T−1
d−1)Td−1 · · ·Tλ0,r+k

= q−1
0 Tλ0,r+1 · · ·Td−1Td−1 · · ·T1X1T

−1
0 T−1

1 · · ·T−1
λ0,r+k−1.
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It then follows from (2.3.3) that

Tλ0,r+1 · · ·Td−1TdTd−1 · · ·Tλ0,r+k

= q−1
0 Tλ0,r+1 · · ·Td−1Td−1 · · ·T1q0q

−1
1 (T0X

−1
1 −(q−1

0 q1−1))T−1
1 · · ·T−1

λ0,r+k−1

= q−1
1 Tλ0,r+1 · · ·Td−1Td−1 · · ·T1T0X

−1
1 T−1

1 · · ·T−1
λ0,r+k−1

+ (q−1
1 − q

−1
0 )Tλ0,r+1 · · ·Td−1Td−1 · · ·Tλ0,r+k.

Since for a ≤ b we have Ta · · ·TbTb · · ·Ta = 1 + (q−1 − q)
∑b

l=a Ta · · ·Tl · · ·Ta,
we obtain

Tλ0,r+1 · · ·Td−1TdTd−1 · · ·Tλ0,r+k

= q−1
1

(
1 + (q−1 − q)

λr+1−1∑
l=1

Tλ0,r+1 · · ·Tλ0,r+l · · ·Tλ0,r+1

)
× Tλ0,r

· · ·T1T0X
−1
1 T−1

1 · · ·T−1
λ0,r+k−1

+ (q−1
1 − q

−1
0 )Tλ0,r+1 · · ·Tλ0,r+k−1

×
(

1 + (q−1 − q)
λr+1−1∑
l=k

Tλ0,r+k · · ·Tλ0,r+l · · ·Tλ0,r+k

)
= q−1

1 Tλ0,r
· · ·T1T0X

−1
1 T−1

1 · · ·T−1
λ0,r+k−1

+ q−1
1 (q−1 − q)

λr+1−1∑
l=1

Tλ0,r+1 · · ·Tλ0,r+l−1Tλ0,r+l

× Tλ0,r+l−1 · · ·T1T0X
−1
1 T−1

1 · · ·T−1
λ0,r+k−1

+ (q−1
1 − q

−1
0 )Tλ0,r+1 · · ·Tλ0,r+k−1

+ (q−1
1 − q

−1
0 )(q−1 − q)

×
λr+1−1∑
l=k

Tλ0,r+1 · · ·Tλ0,r+l−1Tλ0,r+lTλ0,r+l−1 · · ·Tλ0,r+k.

Therefore, we need to compute

Mẽr(λ)Tλ0,r
· · ·T1T0X

−1
1 T−1

1 · · ·T−1
λ0,r+k−1,(3.2.1)

Mẽr(λ)Tλ0,r+1 · · ·Tλ0,r+l−1Tλ0,r+lTλ0,r+l−1 · · ·Tλ0,r+k,(3.2.2)

Mẽr(λ)Tλ0,r+1 · · ·Tλ0,r+l−1Tλ0,r+l(3.2.3)

× Tλ0,r+l−1 · · ·T1T0X
−1
1 T−1

1 · · ·T−1
λ0,r+k−1,
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which are given as below:

(3.2.1) = Mẽr(λ)Tλ0,r
· · ·T1T0T1 · · ·Tλ0,r+k−1X

−1
λ0,r+k

= q−λrM0λ0 ,...,rλr ,r+1k−1,−r+n,r+1λr+1−k ,

(3.2.2) = M(0λ0 ,...,rλr ,r+1l,r,r+1λr+1−l−1)Tλ0,r+l−1 · · ·Tλ0,r+k

= q−(l−k)M(0λ0 ,...,rλr ,r+1l,r,r+1λr+1−l−1),

(3.2.3) = M(0λ0 ,...,rλr ,r+1l,r,r+1λr+1−l−1)Tλ0,r+l−1 · · ·T0X
−1
1 T−1

1 · · ·Tλ0,r+k−1

= q−(l−1)M(r+1,0λ0 ,...,rλr ,r+1l−1,r,r+1λr+1−l−1)T0X
−1
1 T−1

1 · · ·Tλ0,r+k−1

= q−(l−1)q−1
0 q1M(r+1−n,0λ0 ,...,rλr ,r+1l−1,r,r+1λr+1−l−1)X

−1
1 T−1

1 · · ·Tλ0,r+k−1

=

{
qk−l−1q−1

0 q1M(0λ0 ,...,rλr ,r+1l−1,r,r+1λr+1−l) if 1 ≤ l ≤ k − 1;

qk−lq−1
0 q1M(0λ0 ,...,rλr ,r+1l,r,r+1λr+1−l−1) if k ≤ l ≤ λr+1 − 1.

Summarizing the calculations above, we have

φeẽr(λ),λ(Mλ) =

λr+1∑
k=1

q−k+1M(0λ0 ,...,rλr ,r+1k−1,r,r+1λr+1−k)

+

λr+1∑
k=1

q−2λr+1−λr+k+1q0q
−1
1 M(0λ0 ,...,rλr ,r+1k−1,−r+n,r+1λr+1−k)

+

λr+1∑
k=1

q−2λr+1+k+1(q−1 − q)

(
k−1∑
l=1

qk−l−1M(0λ0 ,...,rλr ,r+1l−1,r,r+1λr+1−l)

+

λr+1−1∑
l=k

qk−lM(0λ0 ,...,rλr ,r+1l,r,r+1λr+1−l−1)

)

+

λr+1∑
k=1

q−2λr+1+k+1(q0q
−1
1 − 1)M(0λ0 ,...,rλr ,r+1k−1,r,r+1λr+1−k)

+

λr+1∑
k=1

q−2λr+1+k+1(q0q
−1
1 − 1)(q−1 − q)

×
λr+1−1∑
l=k

q−l+kM(0λ0 ,...,rλr ,r+1l,r,r+1λr+1−l−1).

The coefficient for M(0λ0 ,...,rλr ,r+1k−1,−r+n,r+1λr+1−k) is

q−3(λr+1−1)q0q
−1
1 q−1−λr+λr+1+k−1,
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while that for M(0λ0 ,...,rλr ,r+1k−1,r,r+1λr+1−k) is

q−k+1 + q−2λr+1+k+1(q0q
−1
1 − 1) +

λr+1∑
m=k+1

q−2λr+1−k+2m(q−1 − q)

+

k−1∑
m=1

q−2λr+1−k+2+2m(q−1 − q) +

k−1∑
m=1

q−2λr+1−k+2+2m(q−1 − q)(q0q
−1
1 − 1).

One checks that the latter coincides with

q−2λr+1−k+3q0q
−1
1 = q−3(λr+1−1)q0q

−1
1 qλr+1−k.

Thus, we obtain

φeẽr(λ),λ(Mλ) = q−3(λr+1−1)q0q
−1
1 Ψ(er)(Mλ),

which proves the assertion. �

Proposition 3.6. Assume r ≥ d. Then the Schur algebra Scn,d is generated

by Ψ(ei), Ψ(fi), Ψ(h±1
a ) for 0 ≤ i ≤ r and 0 ≤ a ≤ r + 1.

Proof. Let S denote the subalgebra of Scn,d generated by Ψ(ei),Ψ(fi),Ψ(h±1
a ),

for 0 ≤ i ≤ r, and for 0 ≤ a ≤ r + 1. By Lemma 3.4 and 3.5, for each λ ∈ Λn,d
and 0 ≤ i ≤ r, we have φeẽi(λ),λ ∈ S and φe

f̃i(λ),λ
∈ S.

Take λ ∈ Λn,d arbitrarily. It is easy to check that there exists a se-

quence (x1, . . . , xl) of ẽi, f̃i’s such that λ = x1 · · ·xl(ω) and {e} = Wλ0
⊂

· · · ⊂Wλl = Wλ, where λ0 = ω and λi = xi(λi−1). Then, we have

φeλ,ω = φeλr,λr−1
· · ·φeλ1,λ0

∈ S.

By the same way, we obtain φeω,λ ∈ S.
Next, for 0 ≤ i ≤ d− 1, we have

φeω,ẽi(ω) · φ
e
ẽi(ω),ω = φeω,ω + q−1

si φ
si
ω,ω.

We also have

φe
ω,f̃r(ω)

· φe
f̃r(ω),ω

= φeω,ω + φsdω,ω.

These show that φsiω,ω ∈ S for 0 ≤ i ≤ d. Since φeω,ωScn,dφeω,ω is generated by
φsiω,ω ∈ S, 0 ≤ i ≤ r, we have φeω,ωScn,dφeω,ω ⊂ S.
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Finally, for each λ, µ ∈ Λn,d, we have

φeλ,ωScn,dφeω,µ = φeλ,ωφ
e
ω,ωScn,dφeω,ωφeω,µ ⊂ S.

Since Scn,d is the direct sum of φeλ,ωScn,dφeω,µ, we conclude that S = Scn,d. �

Theorem 3.7. Suppose r≥d≥1. We have the following Schur (Uc(ŝln),H)-
duality:

Ψ(Uc(ŝln)) ' EndH(V⊗d),
EndUc(ŝln)(V

⊗d) ' Hop.

(To be consistent with the variants in next section, we can refer to this as
-Schur duality.)

Proof. It follows by Proposition 3.6 that Ψ(Uc(ŝln)) = Scn,d. Hence the first
isomorphism follows by Lemma 3.2.

Since Ψ(Uc(ŝln)) = Scn,d induces an isomorphism

EndUc(ŝln)(V
⊗d) ' EndκScn,dκ−1(V⊗d),

we have

EndUc(ŝln)(V
⊗d) ' EndκScn,dκ−1(V⊗d)
' EndScn,d(T

c
n,d) ' (φeω,ωScn,dφeω,ω)op ' Hop.

The second isomorphism follows. �

3.3. Specializations

When specializing H to the single parameter case by letting q0 = 1 and
q1 = q2, we obtain the affine Hecke algebra of type C over Q(q), denoted
here by HCd . This is the Hecke algebra appearing in [9]-[10].

When specializing H to q0 = q1, we obtain the extended affine Hecke
algebra of type B over Q(q, q1) in 2 parameters q, q1. When specializing H
to the single parameter case by letting q0 = q1 = q, we obtain the extended
affine Hecke algebra of type B over Q(q), denoted here by HBd .

When specializing H to q0 = q1 = 1, we obtain the extended affine Hecke
algebra of type D over Q(q), denoted here by HDd .

Specializing our main Theorem 3.7 on the 3-parameter Schur duality to
2-parameter or 1-parameter cases, we obtain several versions of dualities,
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each of which is meaningful in its own way. In this sense, the duality in
Theorem 3.7 is a master duality which unifies dualities of different types
(among which the 1-parameter dualities should admit geometric interpreta-
tions using different types of flags).

The framework in [9] provides a geometric setting for the
(Uc(ŝln)|q0=1,q1=q2 , HCd)-duality on V|⊗dq0=1,q1=q2 . Both Uc(ŝln)|q0=1,q1=q2

and HCd are geometrically realized; while not discussed explicitly therein,
V|⊗dq0=1,q1=q2 can also be geometrically realized in terms of varieties of pairs
of an “n-step” partial flag and a complete flag.

Remark 3.8. Our work can lead to several interesting future projects,
which are highly nontrivial to carry out. One bonus of carrying out these
geometric constructions will be the positivity of the resulting ıcanonical
bases.

1) A geometric setting in flag variety of affine type B similar to [9] for
the (Uc(ŝln)|q0=q1=q,HBd)-duality on V|⊗dq0=q1=q is expected.

2) A geometric setting in flag variety of affine type D similar to [9] for
the (Uc(ŝln)|q0=q1=1,HDd)-duality on V|⊗dq0=q1=1 is expected. The finite
type version of this duality would be a modification of the construction
in [11].

3) The algebraic construction in [10] is expected to generalize to the 3-
parameter case or various 2-parameter or equal parameter specializa-
tions.

4) Classify the finite-dimensional irreducible Uc(ŝln)-modules.

5) All remarks in §3.3 here are valid for the variants of Schur (Uc(ŝln),H)-
duality considered in Section 4 below.

4. Variants of Schur dualities

Motivated by [9]–[10], we formulate in this section several variants of the
Schur (Uc(ŝln),H)-duality in Theorem 3.7. We continue to assume r ≥ d ≥ 1.
Furthermore we set

n = n− 1 = 2r + 1, η = n− 2 = 2r.
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4.1. The ı-Schur duality

Let ′Vn be the F-subspace of V spanned by vi, for i ∈ Z such that i 6≡ r + 1
(mod n). Note that ′Vn is naturally an H-submodule of V, and moreover, it
is a direct sum of permutation modules.

We consider an isomorphic copy of U(ĝln) (with a different indexing
set for generators), denoted by U(′ĝln). The algebra U(′ĝln) is generated
by Ei,Fi (i ∈ [0, n− 1]\{r + 1}),D±1

a (a ∈ [0, n− 1]\{r + 1}); here we re-
gard indices r, r + 2 adjacent. Denote by U(′ŝln) the subalgebra of U(′ĝln)
generated by Ei,Fi,Ki (i ∈ [0, n− 1]\{r + 1}), where Kr = DrD

−1
r+2,Ki =

DiD
−1
i+1 (i 6= r). Then ′Vn is a natural representation of U(′ĝln), with the

action given by: for i ∈ [0, n− 1]\{r + 1}, a ∈ [0, n]\{r + 1},

Eivj+1 =


vj if j ≡ i 6= r;

vj−1 if j − 1 ≡ i = r;

0 else,

Fivj =


vj+1 if j ≡ i 6= r;

vj+2 if j ≡ i = r;

0 else,

Davj =

{
qvj if j ≡ a;

vj else.

(4.1.1)

Then U(′ĝln) and U(′ŝln) act on ′V⊗dn via iterated comultiplication.
For i, j ∈ [0, r], we denote the Cartan integers by

cij = 2δij − δi,j+1 − δi,j−1.

Define Uı(ŝln) (cf. [9, Chapter 7]) to be the F-algebra generated by
ei, fi, and k±1

i (0 ≤ i ≤ r − 1) and tr, subject to the following relations: for
all 0 ≤ i, j ≤ r − 1,

k0(k2
1 · · ·k2

r−1) = q−1, kik
−1
i = 1, kikj = kjki, kitr = trki,

kiejk
−1
i = qcij+δi,0δj,0ej , kifjk

−1
i = q−cij−δi,0δj,0fj ,

eiej = ejei, fifj = fjfi, ∀|i− j| > 1,

eifj − fjei = δij
ki − k−1

i

q − q−1
, ∀(i, j) 6= (0, 0),

eitr = trei, fitr = trfi, ∀i ≤ r − 2,
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e2
r−1tr + tre

2
r−1 = (q + q−1)er−1trer−1,

f2
r−1tr + trf

2
r−1 = (q + q−1)fr−1trfr−1,

t2
rer−1 + er−1t

2
r = (q + q−1)trer−1tr + q0q

−1
1 er−1,

t2
rfr−1 + fr−1t

2
r = (q + q−1)trfr−1tr + q0q

−1
1 fr−1,

e2
i ej + eje

2
i = (q + q−1)eiejei, f2

i fj + fjf
2
i = (q + q−1)fifjfi, ∀|i− j| = 1,

e2
0f0 + f0e

2
0 = (q + q−1)

(
e0f0e0 − q1qe0k0 − q−1

0 q−1e0k
−1
0

)
,

f2
0 e0 + e0f

2
0 = (q + q−1)

(
f0e0f0 − qq1k0f0 − q−1

0 q−1k−1
0 f0

)
.

Proposition 4.1. There is an injective F-algebra homomorphism ı :
Uı(ŝln)→ U(′ŝln) such that

ka 7→ KaK
−1
−a−1, (0 ≤ a ≤ r − 1)

ei 7→ Ei + F−i−1K
−1
i , fi 7→ E−i−1 + FiK

−1
−i−1, (1 ≤ i ≤ r − 1)

e0 7→ E0 + q−1
0 F−1K

−1
0 , f0 7→ E−1 + q1q

−1F0K
−1
−1,

tr 7→ Er + qq0q
−1
1 FrK

−1
r + (1− q0q

−1
1 )/(q − q−1)K−1

r .(4.1.2)

Proof. The proof is similar to the proof for Proposition 2.2. The subalgebra
here is a quantum symmetric pair coideal subalgebra associated with the
Dynkin diagram and involution below, and the proposition follows from [16,
Theorem 7.8]. �

Figure 2: Dynkin diagram of type A
(1)
2r with involution of type ı.

0 1
· · ·

r − 1

r

2r 2r − 1
· · ·

r + 1

Recalling Λn,d from (3.1.1), we define

Λın,d = {λ = (λ0, λ1, . . . , λr+1) ∈ Λn,d | λr+1 = 0}.

Note that ω ∈ Λın,d. Define the right H-module

Tın,d =
⊕
λ∈Λın,d

xλH.
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Following [10], we define the ı-variant of the Schur algebra Scn,d as follows:

Sın,d = EndH(⊕λ∈Λın,d
xλH) =

⊕
λ,µ∈Λın,d

HomH(xµH, xλH).

It is routine to show that {φgλ,µ | λ, µ ∈ Λın,d, g ∈ Dλ,µ} form an F-basis of

Sın,d.
The following is a variant of Lemma 3.2.

Lemma 4.2. We have an isomorphism of H-modules: Tın,d ∼=
′V⊗dn .

Note Uı(ŝln) acts on ′V⊗dn via the embedding ı : Uı(ŝln)→ U(′ŝln); we
denote this action by Ψı.

Theorem 4.3. We have the following Schur (Uı(ŝln),H)-duality:

Ψı(Uı(ŝln)) ' EndH(′V⊗dn ),

EndUı(ŝln)(
′V⊗dn ) ' Hop.

Proof. We first check that the actions of Uı(ŝln) and H on ′V⊗dn commute.
As seen in Proposition 3.3, it remains to verify that the T0-action commutes
with the tr-action on ′Vn. For the unique expression f = k + jn such that
−r ≤ k ≤ r, we combine (4.1.2) and (4.1.1) and then obtain

trvf =
1− q0q

−1
1

q − q−1
vf (f 6≡ r, r + 2),

trvrz
j = q0q

−1
1 v−rz

j+1 +
1− q0q

−1
1

q − q−1
q−1vrz

j ,

trv−rz
j = vrz

j−1 +
1− q0q

−1
1

q − q−1
qv−rz

j .

Note that the tr-action is a scalar multiplication for f 6≡ r, r + 2 and hence
it commutes with the T0-action (2.4.5). For k = r, j ≥ 0 we have
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(trvrz
j)T0 = q0q

−1
1

(
q−1

0 q1vrz
−j−1 + (q1 − q−1

0 )

j∑
l=1

v−rz
j−2l+1

+ (q−1
0 q1 − 1)

j+1∑
l=1

v−rz
j−2l+2

)

+
1− q0q

−1
1

q − q−1
q−1

(
v−rz

−j + (q1 − q−1
0 )

j∑
l=1

vrz
j−2l

+ (q−1
0 q1 − 1)

j∑
l=1

vrz
j−2l+1

)
,

tr(vrz
jT0) = vrz

−j−1 +
1− q0q

−1
1

q − q−1
qv−rz

−j

+ (q1 − q−1
0 )

j∑
l=1

(
q0q
−1
1 v−rz

j−2l+1 +
1− q0q

−1
1

q − q−1
q−1vrz

j−2l

)

+ (q−1
0 q1 − 1)

j∑
l=1

(
q0q
−1
1 v−rz

j−2l+2 +
1− q0q

−1
1

q − q−1
q−1vrz

j−2l+1

)
.

They are indeed equal. The rest can be checked similarly and the commu-
tivity follows.

For the first isomorphism, it suffices to show that

(4.1.3) Ψı(Uı(ŝln)) ' Sın,d,

which follows from a variant of Proposition 3.6 as below. Let ′S be the
subalgebra of Sın,d generated by Ψı(ei),Ψ

ı(fi),Ψ
ı(ki) and Ψı(tr) for 0 ≤

i ≤ r − 1. Similar to the proof of Proposition 3.6, one can show that ′S
contains the elements φeω,λ, φ

e
λ,ω for all λ ∈ Λın,d and the elements φsiω,ω for

0 ≤ i ≤ d− 1. The only difference here is that φsdω,ω ∈ ′S follows from

Ψı(tr) ∈
∑

λ∈Λın,d

Fφsdλ,λ.

For the second isomorphism, note that (4.1.3) together with Lemma 4.2
induce an isomorphism EndUı(ŝln)(

′V⊗dn ) ' EndSın,d(T
ı
n,d). The theorem now

follows since

EndSın,d(T
ı
n,d) ' (φeω,ωS

ı
n,dφ

e
ω,ω)op ' Hop.

�
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4.2. The ı-Schur duality

Let Vn be the F-subspace of V spanned by vi, for i ∈ Z such that i 6≡ 0
(mod n). Note that Vn is naturally an H-submodule of V, and moreover, it
is a direct sum of permutation modules.

Recall U(ĝln) is generated by Ei,Fi(0 ≤ i ≤ n− 1),D±1
a (1 ≤ a ≤ n). De-

note by U(ŝln) the subalgebra of U(ĝln) generated by Ei,Fi,Ki (i ∈ [0, n−
1]), where K0 = Dn−1D

−1
1 ,Ki = DiD

−1
i+1 (i 6= 0). Then Vn is a natural rep-

resentation of U(ĝln), with the action given by

Eivj+1 =


vj if j ≡ i 6= 0;

vj−1 if j ≡ i = 0;

0 else,

Fivj =


vj+1 if j ≡ i 6= 0;

vj+2 if j + 1 ≡ i = 0;

0 else,

Davj =

{
qvj if j ≡ a;

vj else.

Then U(ĝln) and U(ŝln) act on V⊗dn via iterated comultiplication.
Define Uı(ŝln) to be an F-algebra generated by t0, ei, fi, and k±1

i (1 ≤
i ≤ r). We will not write down all its relations explicitly, as there is a Q(q)-
algebra isomorphism Uı(ŝln)→ Uı(ŝln), which sends q0 7→ q1, q1 7→ q0, t0 7→
tr, ei 7→ er−i, fi 7→ fr−i,ki 7→ kr−i, for 1 ≤ i ≤ r. In particular, the Serre re-
lations for t0 are as follows:

t2
0e1 + e1t

2
0 = (q + q−1)t0e1t0 + q−1

0 q1e1,

t2
0f1 + f1t

2
0 = (q + q−1)t0f1t0 + q−1

0 q1f1.

We refer to §4.1 for the rest of relations of Uı(ŝln).
The following proposition is a variant of Proposition 4.1 associated to

the Dynkin diagram below in Figure 3.

Figure 3: Dynkin diagram of type A
(1)
2r with involution of type ı.

1
· · ·

r − 1 r

0

2r
· · ·

r + 2 r + 1
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Proposition 4.4. There is an injective F-algebra homomorphism ı :
Uı(ŝln)→ U(ŝln) such that

ka 7→ KaK
−1
−a−1, (1 ≤ a ≤ r)

ei 7→ Ei + F−i−1K
−1
i , fi 7→ E−i−1 + FiK

−1
−i−1, (1 ≤ i ≤ r − 1)

er 7→ Er + q−1F−r−1K
−1
r , fr 7→ E−r−1 + q0q

−1
1 FrK

−1
−r−1,

t0 7→ E0 + qq−1
0 q1F0K

−1
0 + (q1 − q−1

0 )/(q − q−1)K−1
0 .

Recalling Λn,d from (3.1.1), we define

Λın,d = {λ = (λ0, λ1, . . . , λr+1) ∈ Λn,d | λ0 = 0},

and define the right H-module

Tın,d =
⊕
λ∈Λın,d

xλH.

Following [10], we define the ı variant of the Schur algebra Scn,d as follows:

Sın,d = EndH(⊕λ∈Λın,d
xλH) =

⊕
λ,µ∈Λın,d

HomH(xµH, xλH).

The following is a variant of Lemma 3.2.

Lemma 4.5. We have an isomorphism of H-modules: Tın,d ∼= V⊗dn .

Note Uı(ŝln) acts on V⊗dn via the embedding ı : Uı(ŝln)→ U(ŝln); we
denote this action by Ψı. In particular, we give the t0-action on Vn for
record in the following: for f 6≡ 0, we have

t0vf =


vf−2 + q1−q−1

0

q−q−1 qvf if f ≡ 1;

q−1
0 q1vf+2 + q1−q−1

0

q−q−1 q−1vf if f ≡ −1;
q1−q−1

0

q−q−1 vf otherwise.

The following is a variant of Theorem 4.3, and can be proved similarly.

Theorem 4.6. We have the following Schur (Uı(ŝln),H)-duality:

Ψı(Uı(ŝln)) ' EndH(V⊗dn ),

EndUı(ŝln)(V
⊗d
n ) ' Hop.
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Remark 4.7. Starting with a natural U(ŝln)-module Vn, 1
2

with a basis

parametrized by 1
2 + Z of periodicity n, we can reformulate the Schur

(Uı(ŝln),H)-duality in Theorem 4.3 on V⊗d
n, 1

2

accordingly. Similarly, starting

with a natural U(ŝln)-module Vn,0 with a basis parametrized by Z of peri-

odicity n, we can reformulate the Schur (Uı(ŝln),H)-duality in Theorem 4.6
on V⊗dn,0 accordingly.

4.3. The ıı-Schur duality

We shall assume r ≥ 2 in this subsection. Let Vη be the F-subspace of V
spanned by vi, for i ∈ Z such that i 6≡ 0 (mod n) and i 6≡ r + 1 (mod n).
Note Vη = Vn ∩ ′Vn is naturally an H-submodule of V, and moreover, it is
a direct sum of permutation modules.

We consider the F-algebra U(ĝlη) (with an unusual indexing set of gener-

ators). The algebra U(ĝlη) is generated by Ei,Fi (i ∈ [0, n− 1]\{r + 1}),D±1
a

(a ∈ [1, n]\{r + 1}); here we regard indices r, r + 2 adjacent. Denote by U(ŝlη)

the subalgebra of U(ĝlη) generated by Ei,Fi,Ki (i ∈ [0, n− 1]\{r + 1}),
where K0 = D−1D

−1
1 ,Kr = DrD

−1
r+2,Ki = DiD

−1
i+1 (i 6= 0, r). Then Vη is

a natural representation of U(ĝlη), with the action given by: for i ∈ [0, n−
1]\{r + 1}, a ∈ [0, n]\{r + 1},

Eivj+1 =


vj if j ≡ i 6= 0, r;

vj−1 if j ≡ i = 0;

vj−1 if j − 1 ≡ i = r;

0 else,

Fivj =


vj+1 if j ≡ i 6= 0, r;

vj+2 if j + 1 ≡ i = 0;

vj+2 if j ≡ i = r;

0 else,

Davj =

{
qvj if j ≡ a;

vj else.

Then U(ĝlη) acts on V⊗dη via iterated comultiplication.

Define Uıı(ŝlη) to be the F-algebra generated by t0, tr, ei, fi,k
±1
i (1 ≤ i ≤

r − 1), subject to the relation t0tr = trt0, and other defining relations which
can be found in the algebras Uı(ŝln) and Uı(ŝln). (The relations would be
different in case r = 1 as t0 and tr no longer commute.)
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Proposition 4.8. There is an injective F-algebra homomorphism ıı :
Uıı(ŝlη)→ U(ŝlη) defined by

ki 7→ KiK
−1
−i−1,

ei 7→ Ei + F−i−1K
−1
i , fi 7→ E−i−1 + FiK

−1
−i−1, (1 ≤ i ≤ r − 1)

t0 7→ E0 + qq−1
0 q1F0K

−1
0 + (q1 − q−1

0 )/(q − q−1)K−1
0 ,

tr 7→ Er + qq0q
−1
1 FrK

−1
r + (1− q0q

−1
1 )/(q − q−1)K−1

r .

Proof. The proof is similar to the proof for Proposition 2.2. The subalgebra
here is a quantum symmetric pair coideal subalgebra associated with the
Dynkin diagram and involution below, and the proposition follows from [16,
Theorem 7.8]. �

Figure 4: Dynkin diagram of type A
(1)
2r−1 with involution of type ıı.

1
· · ·

r − 1

0 r

2r − 1
· · ·

r + 1

Recalling Λn,d from (3.1.1), we define

Λııη,d = {λ = (λ0, λ1, . . . , λr+1) ∈ Λn,d | λ0 = λr+1 = 0} (= Λın,d ∩ Λın,d).

Define the right H-module

Tııη,d =
⊕
λ∈Λııη,d

xλH.

Following [10], we define the ıı-variant of the Schur algebra Scn,d as follows:

Sııη,d = EndH(⊕λ∈Λııη,dxλH) =
⊕

λ,µ∈Λııη,d

HomH(xµH, xλH).

The following is a variant of Lemma 3.2.

Lemma 4.9. We have an isomorphism of H-modules: Tııη,d ∼= V⊗dη .
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Note Uıı(ŝlη) acts on V⊗dη via the embedding ıı : Uıı(ŝlη)→ U(ŝlη); we
denote this action by Ψıı. The following theorem can be established similarly
as for Theorem 4.3.

Theorem 4.10. Let r ≥ d ≥ 2. We have the following Schur (Uıı(ŝlη),H)-
duality:

Ψıı(Uıı(ŝlη)) ' EndH(V⊗dη ),

EndUıı(ŝlη)(V
⊗d
η ) ' Hop.

Proof. The proof is similar to the previous counterparts except that we need
the following formulas for the images of t0, tr which follow from a direct
computation:

Ψıı(t0) ∈
∑
λ∈Λııη,d

Fφs0λ,λ, Ψıı(tr) ∈
∑
λ∈Λııη,d

Fφsdλ,λ.

The theorem is proved. �
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