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Moduli spaces of anti-invariant vector
bundles and twisted conformal blocks

HACEN ZELACI

We prove a canonical identifications between the spaces of general-
ized theta functions on the moduli spaces of anti-invariant vector
bundles in the ramified case and the conformal blocks associated to
twisted Kac-Moody affine algebras. We also show a strange duality
on level one in the unramiffied case, this gives the dimensions of
the spaces of generalized theta functions of level one.

1. Introduction

Consider a smooth projective complex curve X of genus gx > 2 with an
involution o and assume that the fixed locus of ¢ is not empty and contains
2n points. Let 7 : X — Y = X /o the associated double cover and denote R
the ramification locus and B = w(R).

An anti-invariant vector bundle over X is a vector bundle E that has
an isomorphism v : 0*E — E*. If the this isomorphism verifies o*¢ = )
then F is called o—symmetric, and if it verifies 0*¢ = — %) then it is called
o—alternating, in this case the rank has to be even. If F is stable then 1 is
necessarily c—symmetric or o —alternating.

We constructed the moduli spaces of such vector bundles in [20], and in
[19], we showed that the locus SU%T (r) of stable o —symmetric anti-invariant
vector bundles with trivial determinant over X is irreducible. We also proved
that the locus SUY ™ (r) (for even rank r) of stable o—alternating vector
bundles with trivial determinant has 22"~! connected components indexed
by some types 7 = (7,)peg mod = 1, where 7, € {£1} is the Pfaffian of the
o—alternating isomorphism v : ¢*E — E* over p.

The main topic of this paper is the study of generalized theta func-
tions on the moduli stacks S G (r) (resp. SUY (r)) of o—symmetric
(resp. o—alternating of type 7) anti-invariant vector bundles (E, d,1)) over
X, where 0 is a trivialisation of det(E) and v : 0*E = E* is c—symmetric
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(resp. o—alternating of type 7) compatible with 6. When the type is 7 triv-
ial, that’s 7; = +1 for all 4, the corresponding moduli stack is denoted simply
by LU (r).

These moduli stacks correspond to moduli stacks .#y (G) of parahoric
G—torsors over the quotient curve Y, for some twisted parahoric Bruhat-Tits
group schemes G. Parahoric G—torsors have attracted the attention of many
mathematician recently (see [15], [I0], [1], [2]), since they can be considered
as a generalization of parabolic G—bundles. Their moduli spaces has been
constructed in the untwisted case by Balaji and Seshadri [I]. For the twisted
case, we have constructed their moduli spaces in type A,, in [20].

The restriction of the determinant bundle D over the moduli stack of vec-
tor bundles of trivial determinant . % x (r) to the moduli stack /% %" (r)
turns out to have a square root for each o—invariant theta characteristic,
we call them the Pfaffian of cohomology line bundles. However this is not
true for the o—symmetric case.

In the étale case, the two stacks are isomorphic (see [19]). In this case
also, the determinant bundle has a square root. However, in this paper we
stick to the ramified case.

Our main result is the identification of the space of global sections of the
powers of a Pfaffian line bundle P and the determinant line bundle D (called
space of generalized theta functions) with the conformal blocks V, +(k) as-
sociated to the twisted universal central extension of s, (see section [2| for a
precise definition).

Theorem 1.1. Let P be a Pfaffian line bundle over S %% (r) and D
be the determinant line bundle over Y%gﬁ, and let k € N. Then we have
canonical isomorphisms

1%

H(S U (r),P)
HO(S U (r), DY)

)

Vo, (k),
Vo’Hr(k)'

12

Using the results of Heinloth [I0], describe the Picard group of this
moduli stack. In fact it is infinite cyclic group whose generator is the Pfaffian
bundle.

Theorem 1.2. Let P be the Pfaffian bundle over LU (r), then

Pic(FU 5t (r) = ZP.
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2. Preliminaries on twisted Kac-Moody algebras

In this first section, we recall briefly the construction of the twisted affine
Kac-Moody Lie algebras and the attached conformal blocks. We use nota-
tions of [11]. The definition of twisted conformal blocks is adapted from [§],
where a more general definition is given in the framework of vertex algebras.

Consider an outer automorphism 7 of the Lie algebra sl,.(C). It is an
order two automorphism. The involution 7 is extended to an automorphism
of the affine Kac-Moody algebra L(sl,) = sl,.(¢) & CK, where ¢ = C((t))
and K a central element, by sending  ® g(t) to 7(z) ® g(—t) and fixes the
center. Then the fixed subalgebra of this involution, denoted by L(sl,,7), is
an affine Lie algebra of type Al(g) (after adding a scaling element D), where
I =|r/2], and it is called twisted affine Lie algebra. Let g be the finite simple
Lie algebra of L(sl,,7) (see [LI], §6.3] for a precise definition). Then g is of
type Cp if r is odd, and is isomorphic to the fixed subalgebra sl,.(C)™ if r is
even.

Since we will be interested mainly in the following two involutions

o (a(t)) = ~'a(~1), o~ (a(t)) = ~J; a(~t)J; ",

(0 L
= <—Ir/2 0 ) ’

we give an explicit constructions of £(sl,,o™).

Let M; ; be the canonical basis of the vector space of square matrices
of size r. Let h C sl,.(C) be the Cartan subalgebra of diagonal matrices and
let of,...,al_; € h* be the simple roots defined by «a; = ZMZ*Z — Mi*+1,i+1'
Denote by EY,...,E._; and FY{,..., F]_; the Chevalley generators of s[,.(C):
Ez/ = Mi,i+1; Fi/ = — tEZ{. Let a6v :AMLl — Mr,ra E6 = Ml,r and F(/) = —tEé.
Then the Chevalley generators of L(sl,.) are given by

where

60:t®E6, f():til@Fé,
and for i € {1,...,r — 1}
€i:1®EZ{, fl:1®Fz/

Recall the Lie bracket on £(sl,) is given by

90010 = 1] POQUE) + (. s Q) 5.
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where g, h € sl,., P,Q € ¢ and (, ) is the normalized Killing form on sl,.
Moreover, by extending the linear forms «; to h & CK such that ;i (K) =
0, then «; are the simple roots of L(sl,).

Case L(sl,,07). Let » = 2[. This is the algebra constructed in [I1], Page

128]. We can assume, after conjugation, that o~ sends E! to E!._,, F/ — F]_,
and o — a/._;. So let’s define
ey =a +a);, (1<i<l—1), af = and af = —2a'y + o'y +
o) .
e E;=FE+FE ,(1<i<l-1),E;=E/ and Ey = El—aé+a’_1_El—a6+ai'

The Chevalley generators of E(s[r, 0~ ) are given by

e; =1 E;, fzzl@Fz fOI‘izl,...,l.
eo=t®E), fo=t"'®K.

Consider the elements & = 2’ /(¢ @) € bh. Since the normalized bilinear
form (; ) is non-degenerate on b it induces an isomorphism f = h*.ASo let &;
be the images of &, under this bijection. Then the simple roots of L(sl,07)
are given by

040:§®640, a=1®a, t1=1,...,1L

The simple coroots are just 1 ® o, for i = 1,...,l. We denote them again
by . For ¢ = 0 the simple coroot is 2K + 1 ® ay. We denote it also by oy .
In particular, the normalized bilinear form on L(sl,,07) is given by

(Pe5:Qey) = SRes(t™ PQ)(w3)

where (, ) is the normalized bilinear form on sl.(C). The 2—cocycle on
L(sl,,07) that defines L(sl,,07) is given by

U(g() h(t)) = Res <Tr (fljh)) |
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Case L(sl,,07). We treat the case r = 2[ (the odd case is again treated
n [11]). We can assume, after conjugation, that o sends E! to —E._,,
F! — —F/_, and o — o/._,. So we define the following elements of sly; :

. BZ.VV: o/lv,l- —i—a’lvﬂ- 1<i<i-1), 8 = o/g/ and By = 20/2/ +o/2/,1 +

o'l
e F=F-F_, (1<i<i-1), F=F ad Fy=-F, .
B of—al_,-

Remark that the affine node 8y of L(sl,,o") is then the node a; with the
notation of Table Aff2 of [11, Page 55]. Thus when deleting this node the
remaining diagram is of type D;.

As before, we define the Chevalley generators of E(B[T, ™) by

e=1FE, fi=1F fori=1,... 1
eo=t®Ey, fo=t"'®F.

The simple coroots of the simple invariant Lie algebra (= soq;) are given by
By =28Y/(8Y,BY), i=0,...,L

As above denote by BZ the corresponding elements of h*. Then the simple
roots of L(sly,o™) are given by

Bo=2K+1®py, Bi=1®pF;, i=1,...,1L

From the construction of £(sl,.,o"), it is clear that the Coxeter coeffi-
cients and their duals in this case are taken in the inverse order. We recall
the dual Coxeter coefficients of the twisted Kac-Moody algebras E(ﬁ[r, oF)
in the following table.

aj |af |ay |- | af, | o)

(1) L(sly,0™T) 21212 1 1
Lsly,oo) | 112 2 |2

£(5[21+1,0'+) 1 2 2 2 2

Dual Coxeter coefficients.
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Now, when we add a scaling elements to the above algebras, i.e. deriva-
tions D4 such that

[Dy,t" @ z] = nt" @z,
then, by [IT, Theorem 8.5, both Kac-Moody algebras £(sl,,c*) & CD4 are

isomorphic to the Kac-Moody algebra g(A), where A is the affine generalized
Cartan matrix of type ATQ_I. In particular, we deduce an isomorphism

L(sl,,ct) & CD, = L(sl,,0) ® CD_.

Moreover, the derivations D4 induces a weight decomposition of the algebras
L(sl,,0F) @ CD<. The main observation is that the above isomorphism does
not respect the decompositions of these algebras in powers of ¢.

We will see in a moment that under the above isomorphism, the fundamental
weight A\d of E(s[r, o) @ CD is sent to twice the fundamental weight \; .

Twisted conformal blocks

Let )\(jf, cee )\li be the fundamental wights of the twisted affine Lie algebras

~

L(sl.,o%), ie. )\fc are linear forms on the Cartan subalgebras such that
N(Bj) = A (ag) =8y, 4,5 =0,...,L

Denote by § C L(sl,,0T) the simple Lie algebra generated by e; and f; for
i=1,...,1. Note that g is of type D; in the case of o+ when r is even, and
it is of type C; otherwise. Moreover, we have the identifications (see [I1,
§12.4])

A= X+al E, i=1,...1,

where A; (i =1,...,1) are the fundamental weights of .

Remark 2.1. Remark that, for an even rank r, the weight )\g has level
equals aj = 2, while A; has level aj =1 (see Table .

Denote by P%* the set of dominant integral weights of E(s[r,ai). By
[11], §12.4], one deduces a bijection between P%* and the set

P = [\ E) A eP, (N o) <K},

where P is the set of dominant weights of g, and p is the highest coroot of
g when r is even, and o is twice the highest coroot of g when r is odd.
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For i € P%%, denote by H,,« (k) the irreducible highest weight module
of level k of L(sl,,oT) of highest weight u*. Let 7+ = (uf,...,us,) be a
vector of elements of P* parameterized by the points of R, and define

Hpe(k) =H,z (k)@ @ H,z (k).
Finally, let /g = H°(X \ R,Ox). By considering the associated Laurent
series at p € R, we get an inclusion sl,(@3)" C 5[T(,%/p)”i. We can then
define an action of sl,(47)’" on H= (k) as product of representations (i.e
diagonal action). More explicitly, for a € sl,.(#/z)° and X = X; ®---®
Xon, we have

7

I)eﬁnition 2.2. The conformal block attached to the data (X, o, ﬁi,
L(sl.,0%),k) is defined by

Vor(k) = [(Hﬁi(k))su(m)”ir’

where for a g—module V', we denote by V; the space of coinvariants of V,
thus the largest quotient of V' on which g acts trivially.

3. Loop groups and uniformization theorem
3.1. Bruhat-Tits parahoric G—torsors

Let G be a smooth affine group scheme over X. G is said to be a parahoric
Bruhat-Tits group scheme if there is a finite subset R C X such that if O,
is the completion of the local ring at x € R then Gp_ is a parahoric group
scheme over Spec(Q,) (in the sens of Bruhat-Tits, [6, Définition 5.2.6]) for
each x € R and the fibers G, is semisimple for all y € X \ R.

A class of examples of such group schemes is provided by the invariant Weil
restriction. Given a Galois cover 7 : X — X/T" of curves and a semisimple
algebraic group G over X with an action of I lifted from its action on X, then
G = 7L (@) is a parahoric group scheme over X/I" (provided it is not empty).
Moreover, it is shown in [I] that the stack of I'—equivariant G—torsors over
X is in one to one correspondence with the stack of G—torsors over X/I.
In our case, we have I' = Z/2 = (o) and G = SL,. Consider the actions of o
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on SL, given by
g) =9 , 0 = JTU+JT_17

0 I
J’r _ r/2> ’
<—bm 0

I,/ is the identity matrix of size r/2.
Let G and H be the invariant Weil restrictions of the constant group
scheme SL, = X x SL, defined by

where

G = (mSL,)", H = (mSL,)" .

These two are smooth affine group schemes over Y which are parahoric.
Denote by #y (G) and .#y (H) the stacks of G—torsors and H—torsors over
Y. By [20], Proposition 2.4], we have isomorphisms

U (r) =2 My (G), FUY (r) = My (H).
3.2. Uniformization theorem

For a ramification point p € X, denote by &), the completion of the local ring
at p, J, its fraction field and ¥, a complementary vector subspace of &), in
Hy. Let LU x (r) denote the moduli stack of rank r vector bundles over X
with a trivialization of its determinant. Let’s fix the canonical linearization
on Ox, so we identify 0*Ox and Ox. Moreover, since all the types are iso-
morphic, we assume hereafter that 7 = (+1,...,+1) mod =+ 1 and denote
the corresponding moduli stack by S %5 (r).

In [3], it is proved that

S U x(r) = SLy(0p)\SL,(4}) /SLy (),
where o, = H*(X — p,Ox). Let t be a local parameter at p, then .7, =

C((®)), 0, = C[[1]].
Consider the two involutions o= on SL,(#,) given by

g(t) = 0" (g(t)) = "g(=t) ",
9(t) = o™ (g(t) = Jr - fg(=t) 7" I,

Let 2 = SL,(0,)\SL,(,). In [I6], it is proved that

+

927" = SL,(0,)° \SL,(%,)"".
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Note that SL,(&,)?" is the maximal parahoric subgroup of SL,(.%#;)?" and,
with the notations of loc. cit. this case corresponds to I = {0}. In fact, their
involution is the conjugation of o by the anti-diagonal matrix D, with
all entries equal 1. But this does not change much. Indeed, by taking a
matrix A such that D, = ‘AA (such matrix can be constructed easily),
then conjugation by A realizes an isomorphism between SL, (¢ )"+ and

their invariant locus.
We denote in the sequel by 2% the quotient SLT(@’p)"i\SLT(%)”i, for
some p € R.

Theorem 3.1. We have an isomorphism of stacks
o,x ~ o* o* o*
LUK (r) = SLe(Op)” \SLy ()7 /SLy ()" .

Moreover, the projections 27+ — Y%g(’i (r) are locally trivial for the fppf
topology.

Proof. Recall that we have isomorphisms
FUE(r) = My (G), SU (r) =2y (H).

Now, using the main Theorem of [10], we deduce, for a ramification point
p € X over a branch point y € Y, that

My (G) = G(O\G(A,) /HO(Y N y,G)
> SL,(0,)7 \SL,(4)7 /SLy(,)",
My (H) 2= H(O)\H(HA,) [H(Y \ y, H).

And we have H*(Y \ y, ") = SL, (%) . Thus

My (H) = SL,(0,)7 \SL,(A4)7 /SLy ()7 .

3.3. The Grassmannian viewpoint

Note that 271 is an ind-variety, which is a direct limit of a system of
projective varieties (2% )ns0, the 23" are the quotients (S°)7"\(SV)7",
where SV is the subscheme of SL,(.#") parameterizing matrices A(t) such
that A(t) and A(t)~! have poles of order at most N. As we said above, since
all the stacks % " (r) are isomorphic, so for simplicity we assume that 7 is
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the trivial type. So let’s denote 27~ the quotient SL,(&),)? \SL,(.%,)"
This is again an ind-variety direct limit of (2% )n>0, the 2% are the
quotients (S%)7 \(SN)7"

By [3, Proposition 2.4] , the varieties 2y := S°\ SV are identified with
subvarieties (with the same underlying topological spaces) of the Grass-
mannian Gr’(rN,2rN) of t—stable subspaces of dimension rN of Fj :=
t=No®r tN oo,

Consider the c—Hermitian forms Wy : Z7 x #" — % defined by

Uy (v,w) = tv-o(w) = va(wi%
i=1
U_(v,w) = "v-J, - o(w),

where v = (vy,...,v;) and w = (wy,...,w;) are in #". Then the groups
SL.(#)7" can be defined as the loci of matrices A € SL,(¢) which are
unitary with respect to the forms Wy, ie. Vi(A-v, A -w) = V4(v,w) for
all v,w e Z".

Consider the forms Wy on t—N&" € #7 defined as the composition

Tyt Ngor « N gor 2=, 2N 5 Bes,

— G,
where Res : # — C is the residue map. The forms ¥, vanish on tNo®r ¢
t=N 0% hence they induce two forms, denoted again by ¥, on Fy

Uy : FY x F, — C.

Lemma 3.2. U, is an anti-symmetric non-degenerate bilinear form on
Fy, while V_ is a symmetric non-degenerate bilinear form.

Proof. Consider the canonical basis of the vector space F,. given by the
classes of t* for k= —N,...,N — 1. It induces a canonical basis of F N
Then for v = (v;);, w = (w;); € FY, the forms W are given explicitly in this
basis by

ﬁ
F

Vi(v,w) = (=) talol g,
N
-1

ﬁ
2 I¥

i=1j

—j—14€(7) zbr i
—j=

—N

i=17
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where (i) equals 1 if 4 € {1,...,7r/2}, and 0 otherwise, and v; = (aé), w; =

(b;) are in Fjy. From this the result follows easily. ]

Proposition 3.3. The spaces Qoi are 1somorphic to closed subvarieties
(with the same underlying topologzcal subspaces) of the isotropic Grassman-
nian Gri (rN,2rN) which parameterizes W —isotropic t—stable vector sub-
spaces of Fy; of dimension rN.

Proof. We prove it for the symmetric case, the other one follows similarly.
The image of 0% in F} is \iJJr —isotropic, hence, for every A(t) € (SV)7",
the corresponding point in Gr!(rN,2rN) of the class of A(t) in 23" is
U, —isotropic. Thus it is in GrrJr (rN,2rN).

Conversely, assume that we have a point W of the isotropic Grassman-
nian. Let A(t) € S be a representative of the corresponding class in S\ S™V.
We have for every v,w € 0", U, (A - v, A-w) € O, to see this assume that for
some v,w € O, the coefficient of t =% of U, (A - v, A - w) is nonzero (k > 0),
then one deduces that Res(W, (A - (tFv), A-w)) = U (A - (t*v), A-w) #0
giving a contradiction. Now let (e;); be the canonical basis of the J# —vector
space # " and let B(t) = (V4. (A-e;, A-¢€j)); , we see that B(t) € SL,(0) =
S0 and we have by definition B(t) = A(t)A(—t). In particular we see that
B(t) = 'B(—t), hence B(t) = 'C(-t)-C(t) for some C(t) € SL.(0), and
C(t)A(t) is also a representative of W and it is of course in (S™)?". In other
words the corresponding point of W in S°\S¥ is in Q}'\ﬁ. This proves the
proposition. ]

Consider the variety 2y = S°\S™ which is as a topological space iso-
morphic to the Grassmannian Gr'(r N, 2rN). Fix an identification of 2y as
subspace of the homogeneous space SLo, v (C) /Py, where P is the parabolic
subgroup of SLo,.n of matrices of the form

A B

0o C)’
where A, B and C are square rN x rN matrices. Let Og, (1) be the line
bundle attached to the character x : P — C* which sends a matrix as above
to det(A1). It is well known that the Picard group of 2y is infinite cyclic

generated by Og, (1) (it is actually isomorphic to the character group of the
maximal parabolic subgroup Py ).
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Proposition 3.4. The restriction of Og, (1) to 2% has a square root,
which we denote by (’)Q;fvf (1). It is in fact the generator of the Picard group

of 25 .

Proof. By Proposition the variety 2% is isomorphic to a subvariety
of the classical Grassmannian SOg, v (C)/P’y, where Py = Py N SOg,.n(C).
The restriction of the character x to P’y is denoted again by x. Now, consider
the universal cover of SOg,,(C), which is the Spin group Spin,, ;(C). It is a
double cover of SOg,n(C). Let Py C Spiny, v (C) the inverse image of Py.
Then, by [7, Chapter 5, Theorem 3.3.1], the lifting of x to Py has a square
root which we denote by x_. Since we have

SpinZT‘n(C)/fD = SOQT‘TL/PS\T?

we deduce that the line bundle over 2% attached to x— is the square root
of the restriction of Og, (1).

The Picard group of Spiny, 5/ Py is infinite cyclic isomorphic to the character
group of Py, which is generated by x_. This implies the second claim. O

Proposition 3.5. The ind-varieties 2%F are integral.

Proof. We know already that 2% are connected, hence they are irreducible.
Moreover, by [16, Theorem 0.2], the flag varieties 27°% are reduced. O

3.4. Central extension

Consider the canonical central extension of SL, () defined in [[5], Sec-
tion 4]:
0 — Gy, — SL(#) — SL,(#) — 0.

The actions of o lift to S/I:,(Jif ) giving a central extension of SL, ()%

+

+

0— G, — S/I;(Ji/)"i — SL,.(£)7 — 0.
Indeed, let R be a C—algebra, for v € SL,(R((t))) let
L (a(v) b(v))
c(y) d(v)

be its decomposition with respect to R((t)) = ¥r @ R[[t]]. Recall that ¥ is
a complementary vector subspace of & in JZ .



Anti-invariant bundles and twisted conformal blocks 1861

By [3], an element of SL,.(R((t))) is given, locally on Spec(R), by a pair (v, u)
where v € SL,(R((t))), u € Aut(¥%) such that u = a(y) mod End/ (%),
where End/ (#%) € End(#3) is the set of finite rank endomorphisms of ¥x.
By [3] Proposition 4.3, the map v — @(y) is a group homomorphism from
SL,(R((t))) onto the group Autf(#%) of units of End(¥z)/End/(#%). It
follows that
a(y™h) =a(y)

hence

v =a(yY) mod End/ (#3).
So, define the following actions on S/I:(Ji/ )

ot (y,u) — ("y(=t) 7 Tu(—t) ),
ot (vou) — (S Iy (=) T fu(—) .

Clearly these are involutions which lift o* on SL,(%).

The Lie algebra attached to §ir () is given by the central extension
(2) O—>(C—>§E(<%/)—>slr(<%/)—>0.

It is in fact isomorphic to the affine Lie algebra L(sl.) = sl,.(¢) & C, with
the Lie algebra structure given by

o, 8,00 = (fos B Res(Te( 5 ) )

where Res stands for the residue. By pulling back the exact sequence via
the inclusions sl,(#)°" < sl.(¢) we get the central extensions

—

0——C—sl(X#)——sl(F)——0

L

—

0—>C——>sl(H#)7 —=sl(H) —0,

where oF act on ﬁ/l\r(% ) by their actions on the first summand (which are
given in Lemma [3.6| below). These are (after adding scaling elements) affine
Kac-Moody Lie algebras of twisted type A$,2_)1. They are in fact the Lie
algebras of the twisted groups SL, ()7
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Lemma 3.6. The Lie algebras associated to ﬁr(%/)”i are the twisted
affine Lie algebras of sl.(£") given by

+

L(st,0%) = sl ()" & C,
where the actions of o on sl.(X) are given by
ot (g(t) = ="g(=t), o (9(t)) = —J'g(~t)J;".
Proof. The proof is straightforward, we just remark that
I, +ea)™t =1, — e ta,
where 2 = 0. O
4. Determinant and Pfaffian line bundles

Let T be a locally noetherian C—scheme. Denote by p; and ps the pro-
jection maps from X x T to X and T respectively. Let & be a vector
bundle over X x T. The derived direct image complex Rpy, (&) is repre-
sented by a complex of vector bundles 0 — Fy — F; — 0. The line bundle
De = det(Fp)~! @ det(Fy) over T is independent of the choice of the rep-
resenting complex and is called the determinant of cohomology of &. The
determinant of the universal family .Z over X x /% x(r) is called the de-
terminant bundle over S U x (r).

4.1. Ramified case

Assume that 7 : X — Y is ramified along a divisor R and let
P~ =Nm '(KyA).

Proposition 4.1. Let (&,1) be a family of o—alternating vector bundles
over X parameterized by T, with a o—alternating non-degenerate form 1 :
o*& — &*. For any L € P~ let &, = & ® piL. Then the determinant of
cohomology line bundle Dg, admits a square root Pg, which we call Pfaffian
of cohomology line bundle.

Proof. Consider the family m,&7 over Y. It is equipped with a non-
degenerated quadratic form with values in Ky . Indeed, by the projection
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formula, 1) induces an isomorphism

T8 = (07 EL)
(61 (a7 ' (R))) ® ¢ Ky
& (ML) ® ¢1 Ky,

12

where the last isomorphism is the relative duality (see [9, Ex. I11.6.10]) and
q1:Y xT —Y is the first projection. In fact the associated bilinear form
is given by the composition

T @ b, — T(p1Kx) = ¢f (Ky @ A) ® ¢i Ky — ¢/ Ky

Since we project on the —1 eigenspace of the linearization on Ky (recall
that 7, Kx = Ky A @ Ky) and because 1 is o—alternating, we deduce that
this bilinear form is symmetric.

We can apply now [13, Proposition 7.9] to get a square root of Dy g, .
To finish the proof we just have to remark that

Dg, = Dy, . 0

In particular, if we consider the universal family over X x %% (r),
we get, for each L € P, a Pfaffian of cohomology line bundle Pr over
LU (r).

On the other hand, consider the character x : S/I;(ﬁ’) — Gy, which is
just the second projection (recall that SL; (&) splits). More precisely, a point
of SL, (&) can be represented locally on Spec(R) by a pair (vy,u), for v €
SL,(R[[t]]) and u an automorphism of ¥ such that a(y) = v mod End/ (#3).
So x sends this point to det(a(y) ). To this character one may associate
a line bundle £, over 2 (see [3, §3]). Moreover L, is isomorphic to the
pullback of the determinant bundle.

Lemma 4.2. The restriction of the character x to @(ﬁ)‘f has a square
root which we denote by x_.

Proof. With the notations of the proof of Proposition [3.4] one can see that
SL,.(0)° is the direct limit of the parabolic subgroups P’y. So just take
the direct limit in Proposition (3.4 U

Let £_ be the line bundle over 27~ defined by the character x_ and denote
by q: 277 — LU (r) the quotient maps (there should be no confusion
about which map is considered).
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Denote by D the determinant of cohomology line bundle over /%% (r)
and by £ its pullback to 2%~

Theorem 4.3. Letr > 3. Then the isomorphism class of the Pfaffian bun-
dles Py, is independent of L, so we just denote it by P, and its pullback ¢*P
is isomorphic to L, . Moreover we have

PiC(Y%gf(r)) = 7D, Pic(&”%géz)(r)) =7ZP.

Proof. Since P~ is connected and the group Pic(/% % (r)) is discrete, we
deduce that the map L — Py, is constant. Hence all P, are isomorphic.
Now, by [20, Proposition 2.3], we have

0 — Sym%(C) % G, — SO,(C) — 0.

Even though that this extension does not split, SO, can be embedded in
Gp via the map g — g +¢ x 0. Let X*(G,) is the character group of G, and
X € X*(Gp). Since SO, (C) is semi-simple, the restriction of X to SO, (C) is
trivial. Moreover, the restriction of x to i(Sym?(C)) is trivial too because
Sym?(C) is a unipotent.

Now, by [10, Theorem 3], we have

0 — ,epX*(Gp) — Pic( Ay (G)) = Z — 0,

it follows that Pic(.#% %" (r)) = Z. 1t is well known that the pullback of
the determinant line bundle over 7% x(r) to 2 is L, (see for example
[13]). Furthermore, D has no square root. Indeed, by [19, Theorem 4.16],
the stack S % ’+( ) is dominated by the intersection of two Prym varieties
P N Q which is not principally polarized. Hence if D has a square root, it
follows that the polarization of P N Q has also a square root, which is not
true. Thus D is a generator of Pic(Z % % (r)).

With the same method we deduce that P has no root, this implies that
that Pic(S %% (r)) = ZP. O

Remark 4.4. The case r =2 is special. In this case, the moduli stack
U (2) is connected and % %~ (2) has 227! connected component. Tt
is pointed out in [I9] that these moduli stacks can be identified with some
moduli of parabolic rank 2 bundles on Y. Hence one can deduce their Picard
groups using [13].
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4.2. Unramified case

Assume here that 7 : X — Y is étale. Let PT = P<” UP% = Nm~!(Ky) and
P~ = P*UP? = Nm ! (KyA). Note the subscript in the 4 case is canonical
and it corresponds to the parity of h? of the line bundles. Then we have the
following

Proposition 4.5. Let (§%,¢) be a family of o—symmetric (resp. o—
alternating) vector bundles over X parameterized by T, with a o—symmetric
(resp. o—alternating) non-degenerated form 1) : 0* & — . For any L €
P (resp. L € P™) let & = &* @ piL. Then the determinant of cohomol-
ogy line bundle D@@Li admits a square root Péiai which we call Pfaffian of
cohomology line bundle. "

Proof. The proof is similar to that of Proposition We note just that
when L € P, the norm map induces a quadratic form on 7, L, and when it
is in P7, the induced form is alternating. O

Let % be universal families on /% ¢ (r) and .S %%~ (2r), then for
any L € P*, we have a Pfaffian of cohomology line bundle P}E = Pf(%Li).
Moreover, since Pic(S% g(i(r)) are discrete groups (this can be deduced
from the uniformization theorem for example), we deduce that there is at

most two isomorphism classes of 732: parametrized by the connected compo-
nents of P¥. So we denote them by PE and 77;3.

5. Generalized theta functions and conformal blocks

Assume in this section that the cover 7 : X — Y is ramified. We have formu-
lated the uniformization theorem over a single ramification point. However
we can use a bunch of points to uniformize our moduli stack. If we consider
all the ramification points R, then we get the following

SUE(r) 2 || 25%/SLi(r)”,
PER

where 25% =SL,(6,)° \SL,(%,)°", and «/r = H*(X \ R, Ox). Of course
all Qg’i are isomorphic, but we emphasise on the fixed points.

Roughly speaking, this isomorphism can be seen as follows: choose a formal
neighborhood D), of each p € R. Then giving a o—symmetric vector bundle
(E, 1) of trivial determinant, we choose a o—invariant local trivializations
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¢p near each p and a o—invariant trivialization ¢ on X ~\ R. Then the cor-
responding point of the right hand side is just the class of (¢, 0 ¢y 1)p€ R-
Conversely, giving a class of functions (f,)per of the RHS, we can construct
a o —symmetric vector bundle by gluing the trivial bundles on D, and X \ R
using the functions f,.

We have seen that the line bundle £_ over 2, is isomorphic to ¢*P
and that the line bundle £ over Qg’+ is isomorphic to ¢*D. For = € R,
let ¢z : [ cr 25% 5 29 be the canonical projection. We define the line
bundles

L = ®q;£_ and ¥ = ®q;£
pER pER
over [[,cr 2y~ and [[cx 297 respectively. One can see that .2 and .
are in fact the pullback via the projections [ cp 5= — SUTE(r) of the
line bundles P and D respectively. In particular, both of these line bundles
have canonical SL(4/z)" —linearizations. In fact these are the only ones due
to the following

Proposition 5.1. LS'L,n(fngR)"i are integral and they have only the trivial
character.

Proof. The proof is inspired from [13].

Using the local triviality of the projection [],.r Zp E o U (r) and
Proposition [3.5| we deduce that SL,(«7z)7" are reduced.

Now, since connected ind-groups are irreducible, it is sufficient to prove
that SLT(;sz)O'i is connected. For a points p1, ..., pr € X \\ R we denote by
Ri=RU{p1,0(p1),...,pi,0(pi)}. We claim the following

Claim. We have an isomorphism

+

SL ()" | SLi(p )7 = (Zp X Lop)”
where the action of o* on the right hand side is given by

0*(f,9) = (65(9), ().
Proof. We have a canonical map SL,(#7z,)7" — (2, x Qg(pi))"i which is
clearly trivial on SL, (&g, ) . Hence we deduce a map

+

SL,(er,)”" /SLy (e, )7 = (2p, X Loipn)’
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which is actually injective. Now, by considering the uniformization over the
two points {p;, o(pi)}, we get

+

FSUTr) 2 (2o, X Lop)” /SLe( A, 0(p))) -

Hence, for an C—algebra S, giving a point of (2, x o@a(pi))"i (S) is the
same as giving an anti-invariant (o —symmetric or o—alternating following
+) vector bundle E over Xg and a oF —invariant trivialization ¢ : E \ Xz —
X% x C", where X§ = Xg \ {pi,o(p;)}. For an S—algebra S, let T'(S") be
the space of o —invariant trivializations of Eg over Xsi—1=Xg~\ Ri_1.
Then SLT(;Z{RH)C’i acts on T, and in fact it is a torsor under that group.
Moreover § induces a map 6 : T — SL, (efszi)‘Ti by sending a trivialization

¢ to ¢ o 51, Associating to (F, &) the map & gives an inverse to the above
inclusion. Il

It is clear to see that (2, x Qo(pi))(’i =9, = SL,(0),)\SL(%,,) which

7

is simply connected. So using the homotopy exact sequence, we deduce that
70(SLy (#R,)) = mo(SLy (R, _,))-

Now let g € SL,(«7z)°" and consider g as an element of SL,(K)?", where
K is the function field of X. By [18] (see also [15] Section 4), we know that
the special unitary groups are simply connected and quasi-split. Steinberg
([I7]) has showed the Kneser-Tits property for quasi-split simply connected
groups over any field (Recall that this property means that these groups are
generated by the unipotent radicals of their standard parabolic subgroups).
So applying that to SLT(IC)"i, we can assume that g = [, exp(N;), where
N; are nilpotent elements of 5[r(IC)"i. Let {p1,...,pr} be the set of poles
of the N;’s. For t € Al, we let g; = [[; exp(tN;). Then for any t € Al we
see that g, € SL,(#/z, )" and t — g, is a path in SL,(/g,)°" that relates
g to the identity. Hence SL, (a7, )?" is connected. So the same is true for
SL,(«7)°" by what we have shown above.

Now let A be a character of SLT(@?R)"i; seeing A as a function, we con-
sider its derivative at the identity which turns out to be a Lie algebras
morphism from s, (42%3)"'i to the trivial algebra C. However, the affine alge-
bra 5[7n(5271q)"i equals the direct sum of two commutator subalgebras. Indeed,
the algebra sl.(2/Rr) equals to its commutator, and we have eigenspace de-
composition with respect to o

sl.(AR) = g-1 @ 91,
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it follows

0 1®g1,0- 1D =[9-1,0-1] D [9-1,01] © [g1,9-1] © [91,01].

Hence 5[70(@73)“i =g1 =[g-1,9-1] ® [g91,01]. So the derivative of A at the
identity is zero. Since A is a group homomorphism, its derivative is identically
zero everywhere. Since SL,(&7x)?" is integral, we can write it as limit of
integral varieties V,, and for n large 1 € V,,, so A|ly;, =1, hence A = 1. Il

Fix an integer k > 0. For any dominant weight A* € P%* there is a line
bundle .Z(AE) over 29% associated to the principal SL,(€)°" —bundle:

SL,(#)7" — 2°%,

defined using the character e=** on SL,(€)?". Further, it is shown in [12]
that the space of global sections of powers of Z(\) is isomorphic to the dual
of the irreducible highest integrable representation of /3(5[“ oF) associated
to AT,

We are mainly interested in the case where AT = /\3:. Denote by H (k) the
highest weight representation of level k£ of E(ﬁ [, 0T) associated to the weight
Ai It is called the basic representation of level k. So the above result of [12]
(see also [14]) can be formulated as follows

Theorem 5.2 (Kumar, Mathieu).

1) The space H°(2%~, ¢*P¥) is canonically isomorphic, as E(s[r,a_)—
module, to the dual of the basic representation H_ (k).

2) The space H°(2°%, ¢*D¥) is canonically isomorphic, as Z(s[r,aﬂ—
module, to the dual of the basic representation H (k).

Note that by Remark when r is even, the weight )\g has level 2
while \j is of level 1. This explains why we have to take the determinant
line bundle in o™ case and the Pfaffian line bundle in o~ case.

The point that should be stressed here is that in [12], Kumar has defined
the ind-group SL,(€)\SL, (%) using representation theory of Kac-Moody
algebras. It is shown in [3] that this construction coincides with the usual
functorial definition. Moreover, Pappas and Rapoport have claimed in [15]
(page 3) that the constructions of Kumar coincide with their definitions of
the Schubert varieties. In particular, we deduce in our special case that the
ind-variety structure on the twisted flag varieties 27 are the same as those
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defined by Kumar.

Conjecture 3.7 of Pappas and Rapoport ([I5]) relates the space of sec-
tions of a line bundle on the moduli stack of parahoric Bruhat-Tits torsors
with the space of invariants sections of the pullback of that line bundle to the
flag variety. The following proposition is a special case of this conjecture.
The key point in its proof is the integrality of the ind-group SLT(;MR)‘Ti

(Proposition [5.1).
Proposition 5.3. We have isomorphisms

sl.(Rr)7
I 22y~ c*) :

pPER

I

HY (% (r),PF)

sl (p)°"
HY(S U (r), DY)

12

[T 225+, £

PER

Proof. Since SL, (,ssz)"i and 27" are integral, the result follows, using the
Kiinneth formula, from [5, Proposition 7.4]. O

Now, Proposition [5.3] and Theorem [5.2] imply our main result
Theorem 5.4. Let k € N, we have

1) The space of global sections HO(S U5 (r), P*) is canonically isomor-
phic to the conformal block space V, (k).

2) The space of global sections H(#% %" (r), DF) is canonically isomor-
phic to the conformal block space Vy (k).

6. Strange duality at level one

In this section, we show a strange duality at level one for the moduli spaces
SU}'(’JF(T) of o—symmetric vector bundles in the unramiffied case. Since
Uy (r) = U (r), similar results hold for the o—alternating case.

So assume that 7 : X — Y is étale. Let A € Jy[2] the line bundle associ-
ated to this cover. We use notation from subsection In particular, since
we will deal just with the c—symmetric case, we shall denote simply by P
the space P and by P, the isomorphism class of the Pfaffian bundles P,
for L € P*".



1870 Hacen Zelaci

The moduli stack %)?’Jr(r) of o—symmetric bundles has two connected
components distinguished by the parity of h°(E ® L), for fixed L € P®.
The even connected component is denoted %;ar (r). The moduli /% g(’+(r)
are connected. The associated moduli spaces has been constructed in [20].
Here we consider the moduli spaces U5 (r) (vesp. SUST(r)) of stable o—
symmetric vector bundles (resp. with trivial determinant).

Lemma 6.1. The Pfaffian line bundle Pe, over %;3—(7") descends to the
moduli space Z/lgfg (r).

Proof. The moduli space Uy " (r) is constructed using GIT as a SL(H)—
quotient of a parameter scheme Quot?(C), where H = C™ for some m (see
[20]). Let L € P® and a = (F, q,v) be a point of Quot? (C). Since E is stable,
the stabilizer of @ under the action of SL(H) is just {£1}. The action of this
stabilizer on (Pr)4 is by definition multiplication by ¢" (F®L) for g € {£1}.

Since Z/{ggg(r) is connected, we have

1 ifr=1 mod?2and L € P

M(E®L)= '
0 otherwise.

This can be shown using Hitchin system (cf. [19, Theorem 4.12]). Since L

is even, it follows that —1 acts trivially on (Pr,),, for any a. Using Kempf’s

Lemma we deduce the result. 0

Now we show the existence of the Pfaffian divisor. Let Ux(r,0) be the
moduli space of rank r and degree 0 stable vector bundles over X, and let ©p,
be the divisor in Ux (r,0) supported on vector bundles E such that £ ® L
has a non-zero global section, where L € P’ is fixed.

Let us recall from [19] some basic results about the Hitchin system in
this case. The Hitchin morphism on Ux (r,0) induces a fibration

A TUTT(r) — WO,

where W+ = @ H(K% ). For general s € W™ the associated spectral
curve ¢ : X, — X is smooth and it has a fixed point free involution & that
lifts o. Moreover, the quotient curve Y, = X, /& is a smooth spectral curve
over Y with spectral data in Ky ® A. Let S be the ramification divisor

of Y; = Y. Then the fiber Nm}(l/? (O(S)) has two connected components

P U 150d, distinguished by the parity of h°(— ® ¢*L) (+ for even), where L
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is in P’. Now by [19, Theorem 4.17] the push-forward map
¢ :PNQ--» SUL(r)

. . ~ . -1 o 5 —1
is dominant, where Q = NmXS/X(é), 0= det(q*(’)XS) i

Lemma 6.2. Let L € P®. The restrictions of the divisor ©p C Ux(r,0) to
Z/{;’B(r) and SUGT (r) are again divisors. The associated reduced divisors are
denoted Zp,.

Proof. It is enough to produce a semistable o —symmetric vector bundle with
trivial determinant that does not belong to ©r. Let Z1, be the (principal)
polarization on P := Prym(X — Y'). Then the linear system |rZy| is base
point free for any r > 2 and the group P[r] acts irreducibly on it. Hence
let o« € P[r] such that Ox & TiZ[ = Z4er. In other words h’(a ® L) = 0.
Define E := o®". It is obviously a semistable c—symmetric vector bundle
with trivial determinant, hence it belongs to the closures of Sugéi(r) and
Z/{;’(’B(r) and it is not in the restriction of the divisor Op. O

Note that the other connected component U5 (r) is entirely included in
Oy, for any L € P®’. For the moduli of o—alternating bundles, the same hap-
pens, i.e. the restriction of O, to U, (r) is again a divisor and U | (1) C Op.

Lemma 6.3. We have dim(HO(Z/lg(’ng(r),Pev)) =1

Proof. Let q: Xs — X be a smooth spectral curve over X attached to a
general s € W™ (see [19] for more details and notations). First, for some
positive integer m, the pullback of the determinant bundle via g : J;’g —
Ux (r,0) is the line bundle O(©,-,) attached to the Riemann theta divisor
Ogr over JT (modulo a translation). Let S C P be the locus of line
bundles L such that g« L is stable. The codimension of the complement of S
is at least 2. Indeed, it is clear that this codimension is at least 1. Now let
S be the locus of line bundle such that q+L is semi-stable. Then using the
same argument as in [4, Proposition 5.1], we get that codimension of the
complement of S is at least 2. Since the codimension of S C § is at least 1,
one get that the codimension of the complement of S is at least 2.



1872 Hacen Zelaci

Since g« : § — Uggg (r) is dominant, we get an injection

HOUSS (r), Pr) — HO (P, L),

g,

where £ is the principle polarization on P™. So h° (UXE(T), Pr) is at most
1.

Now by Lemma there is an effective divisor =, such that 2= =
C] L|u§gg(r)' In particular, Py, has a non trivial global section. O

Denote by £ and L line bundles defining principal polarizations on P
and P respectively. The restriction of P., to SZ/{;'(’Jr(r) is denoted again
by Pey.

Theorem 6.4. We have an isomorphism
HO(PY, L7 2 HY(SUET(7), Pew).-
In particular we deduce
dim(H(SUST (1), Pev)) = r9 1
Proof. Consider the following commutative diagram

~ €V

P NQ x P P

|

SUTT (r) x P

U;(’,J(; (7”, KX)7

where UT( (r, Kx) = {F® L | E € UT(r)}, it has a canonical Pfaffian line
bundle P. Using [4, Theorem 3], we deduce that the pullback of the line
bundle P to SZ/lf;(’Jr (r) x P is isomorphic to piPe, @ p5L".

Now the rational map P NQ — SU%T(r) is dominant ([I9, Theorem
4.16]). It follows, by the same argument used in the proof above, that the
map

HYSUGH(r), Pew) — HY(PT N Q, L)
is injective, where here we denote abusively by L the restriction of £ to P N

Q c P, Since the two subvarieties P and P N Q are (torsors under)
complementary pair inside P”, we obtain, using [4, Proposition 2.4], an
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isomorphism
H' P NnQ,L) = H (P, L)

Hence we deduce an injective map
HO(SUGT (1), Pey) — HO(P, L7)*.

Moreover the group P[r] acts on PH? (P, £7)* as well as on SUY " (r), hence
it acts also on the linear system PHC(SUST (r), Pey). Since the projective
representation PHO(P’, £7)* is irreducible, the map HO(SUYT (1), Pey) <
HO(P®, L")*, which is equivariant for these actions, is necessarily an iso-
morphism. O

Note that we have a map
p: Sugé+(T) -2 |[’T’ = PHO(PeUVCT)v

given by

where . is the normalized Poincaré bundle over P®Y such that o*. % ~
H '@ p3Kx. Note that the family m.(p3E ® 2#) has a non-degenerated
quadratic form with values in Ky. Note that p*O(1) = P,. So this map
and the duality of complimentary pairs induce the following commutative

diagram
HO(P®, L) HY(SUSF(r), Pey)

T

H(P” nQ,L),

where all maps in the above diagram are isomorphisms. In other words, the
isomorphism of Theorem [6.4]is exactly p*.
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