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A strong splitting of the Frobenius
morphism on the algebra of
distributions of SL-

GUSs LONERGAN

Let p be a prime number. Let Dist(SL2) be the algebra of distri-
butions, supported at 1, on the algebraic group SLj over F,,. The
Frobenius map Fr : SLy — SLy induces a map Fr : Dist(SLy) —
Dist(SLs) which is, in particular, a surjective algebra homomor-
phism. In this note, we construct a (unital) section of this map,
whenever p > 3. The main ingredient of this construction is a cer-
tain congruence modulo p3, reminiscent of the congruence (Zp ) =n
mod p3.

1. Introduction

Fix a prime number p, and let F, denote the field with p elements. Let G be
an affine algebraic group defined over IF,,. Following e.g. [3], we consider its
algebra of distributions H = Dist(G). This is an augmented Hopf algebra
analogous to the universal enveloping algebra in characteristic 0. The anal-
ogy is strong when G is simply-connected and semisimple, in the sense that
its category of finite-dimensional representations is equivalent to the cate-
gory Rep(Q) of finite-dimensional (algebraic) representations of G. However,
structurally it is very different from the universal enveloping algebra, being
(for instance) not finitely generated. Indeed, it may in fact be regarded as a
‘divided power’ version of the universal enveloping algebra.

Nonetheless, its structure may with some effort be studied. One main
tool is the Frobenius morphism Fr: H — H (induced by the usual Frobe-
nius endomorphism of G). Fr is a surjective (augmented Hopf algebra) en-
domorphism of H, whose kernel is equal to the augmentation of a certain
finite-dimensional augmented subalgebra Hi of H. In fact, H; is nothing
more than the algebra of distributions of the kernel of the Frobenius mor-
phism on G. Taking distribution algebras of kernels of higher and higher
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powers of Frobenius, we get an exhaustive filtration:

Fp:H()CHlCHQC"‘
of H. Each H; is an augmented subalgebra of H, of dimension p*@™(&); and
the Frobenius endomorphism induces surjections H; — H;_1 (for i > 1), and
the identity map Hy — Hp.

In [1], [2], the authors construct (for G = SLs in [I], and for any G
simply-connected semisimple in [2]) a certain non-unital splitting of F'r :
H — H. This is a non-unital map of algebras (but neither augmented nor
Hopf) ¢ : H — H such that F'r o ¢ = Id. In their splitting, the image of 1 is
equal to a certain idempotent element of Dist(T") (for a choice T' of F)-split
maximal torus of G), whose effect on any finite-dimensional representation V'
of GG is to project to the sum Vj of all T-weight subspaces of weights divisible
by p. Consequently, their splitting amounts to giving V{ the structure of
representation of G. In other words, they construct a functor Rep(G) —
Rep(@G), lying over the functor Rep(T) — Rep(T') given by V' — Vj.

An explicit description of ¢ is glven as follows Recall that H is generated

as an algebra by certain elements e fa h(p for k> 0 (sometimes
k pk
denoted formally as k, ) ];u ) (Zk)) and we have

o(1) = [0 -1

6 (") = R
é (fap’“)) — " p(1)
¢ (hgpk)> h(p ).(;5(1).

It is worth mentioning that the same formulas hold if we replace the expo-
nents p* with arbitrary positive integers n. The reason for the above value
of ¢(1) is as follows. Imagine setting ¢(1) =1 in the formulas above: do
the resulting formulas determine a map of algebras? This amounts to the
vanishing of certain polynomials in the right hand sides of the resulting for-
mulas. However, these polynomials certainly do not vanish. In [I], [2], it is
shown that these polynomials are at least annihilated by the idempotent
[1,(1— AP ~1) (on say the left), and since that idempotent commutes with
everything in sight the result follows.

The aim of this paper is to upgrade ¢ to a wunital splitting 6 in the
case G = SLy. In particular, for any r € [F,,, consider the functor Rep(T") —
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Rep(T') which sends the finite-dimensional representation V' of T to the
sum V. of its T-weight subspaces of weights congruent to r mod p; then we
lift this to a functor Rep(G) — Rep(G). We achieve this by giving explicit
generators and relations for H which make it rather clear. Namely, for a
[F,-split maximal torus T" we choose a standard basis {e, f,h} of Lie(G) =
sly(Fp,) such that h spans the Lie algebra of T', and we have:

Theorem 1. H is generated by the elements e,e® e®) .. and f, f®,
f(pz), ... subject to the relations:

1) [Xg, e®)] = 20", [, f01)] = —2/0"

)

2) [Xp, e = 0 = [X, f@“’”)J

3) [e®), e =0 = [fP ),

4) [e(p'“),f(”'““ J= (=1 (f® )” Tt (PP (X 4 1),
[e@ ) FN] = (=1)"( X, 4 1) (e@))P=L(e@ ) )p=1 . (e )p1

5) (e =0=(fE)y,

6) XP = X

for all k>0 and n > 0. Here X}, := [e®") )],

Remarks.

1) Relation 1 says that the Lie subalgebra of H generated by e®) and
f *") is isomorphic to sly. Relations 5 and 6 say that the subalgebra
generated by this Lie subalgebra is in fact the restricted enveloping
algebra. Relations 2, 3 and 4 indicate how these copies of the restricted
enveloping algebra fit together.

2) Notice that the Frobenius-splitting follows directly from these rela-
tions. Indeed there is a map 6 : H — H of algebras given by sending
e®) s @) ")y f M) for all k > 0. This is a right inverse to
Fr, and its image is the required subalgebra. Recall (or see below)
that Dist(T) C H also contains elements h(?"), which are often (un-
necessarily) included with the e®"), f(pk) as generators of H. It is
straightforward to derive formulas for O(h(*")), but they are not very
nice, nor even elements of Dist(T).

3) The choice of basis e, f, h depends not only on 7' but also on a choice
of Borel subgroup B containing 7. However, the map 6 defined above
depends only on 7.
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4) Let G be a simple group not of type A;. Fix simple root vectors e; and
negative simple root vectors f;, corresponding to Borel subgroups B,
B_. Then the elements ef;p g generate Dist(B), the elements fl-(p Y gen-
erate Dist(B_), and together they generate H. Moreover, it is shown
in [4] (Theorem 37.1.8, p.270) that the assignment egpk) — ez(le) de-
termines an algebra endomorphism of Dist(B), and likewise for the
negative root vectors and B_. However, together these assignments do
not extend to an algebra endomorphism of H. Indeed, for two non-
commuting simple root vectors e, es, one may check that egp ) is not
an eigenvector of ad @) f@- In spite of this bad news, we are not quite
ready to rule out the existence of a unital splitting of H in this case.

The proof of Theorem [I]is composed of two parts. First we demonstrate
that, assuming relations 1,2,3,4,5 and 6, H is generated by e,el?) ) .
and f, f®), f*) . subject to those relations. We then prove the relations,
of which all but 6 are very easy. The proof is completely elementary.
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2. Preliminaries

Kostant’s Z-form (see [3], chapters 10, 11). We present an analogue of the
PBW theorem which holds, in particular, for reductive algebraic groups G.
For simplicity we treat the case G = SLs.

Consider the algebraic group (SLg)z, flat over Z. Its base-change to F, is
the algebraic group SLo = (SLg)r, over ). Its base change to Q is the alge-
braic group (SLsz)g over Q. The integral distribution algebra Dist((SL2)z)
is free over Z, and we have the identifications:

DiSt((SLQ)Q) = Dist((SL2)z) ®7Q
H = Dist((SLQ)Z) X7z Fp

We have also similar compatibilities between the Lie algebras, and the chosen
basis e, f, h of (sl,)r, lifts to a standard basis, abusively also denoted e, f, h,
of (sl,)z. Now Dist((SLa)g) is nothing more that the universal enveloping
algebra U((sl2)g) of (sl2)g. Thus in order to give a basis (together with
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structure constants) for H, it suffices to do so for Dist((SL2)z) (then reduce
modulo p); and in order to do so for Dist((SL2)z), it suffices to present it as
a certain integral form of the (rational) universal enveloping algebra. Indeed,
we have:

Dist((SLs)z) = spans {J;' <Z> ‘;} C U((sh,)q).
: *Jab,c€L>o

We will write f(® = f@/al, h(®) = (Z),e(c) = e“/cl, and denote their images
in H the same way. Observe that e? = ple® = 0 in H, and similarly h? = h
and fP =0 in H. We have the following identity (which essentially deter-
mines the structure constants) in Dist((SL2)z) (and hence in H):

Lemma 1. () f(s) =300  f(s=h) (h*S*k?"Jer)e(r—k)'

Here, by definition f(*) =0 = e(® for any a < 0. Also

(e)-206)

remains in Kostant’s Z-form, and thus makes sense as an element of H.

The Casimir element. Recall that the center of U((sl2)g) is the poly-
nomial subalgebra generated by § =4fe + (h+1)? = 4ef + (h — 1)%. For
technical reasons we may prefer to replace the base Z in the above consider-
ations by Z, (its localization at p). Since p # 2, we may thus consider /4
as an element of the ‘integral’ form Dist((SL2)z,,) of H.

We are now ready to begin the proof. The real meat is in Section [4} the
reader may wish to skip there directly.

3. Sufficiency of the relations

Proposition 1. Assume that relations 1,2,3,4,5 and 6 hold. Then H is
generated by e,e® e®) and f, f®, fO) . subject to (only) those re-
lations.

Proof. Let H' denote the algebra generated by the symbols e, e(®), e®)
and f, f®, f(pg), ..., subject to relations 1,2,3,4,5 and 6. This is not intended
as a subalgebra of H, but rather an abstract algebra. By assumption there
is an obvious map H' — H; we have to show that this is an isomorphism.
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Lemma 2. FEvery element of H' is a linear combination of elements of the
form

()70 (PG o X () o).

Proof. Since H' is generated by e,e® e®) . and f,f(p),f(pQ), ..., it suf-
fices to show that every monomial in these generators may be expressed as
above. Let & = & -+ &, with each & = e®) or f®) for some k, be such a
monomial. We define the weight of such a monomial to be the sum of the
formal exponents of its factors, and the disorder of such a monomial to be
the number of pairs of factors which are out of order, i.e. the number of
pairs ¢ < j with & = e®) and & = f(pl) for some k,l. Weight and disorder
are both non-negative integers.

If € has zero weight or zero disorder, then it is already of the required
form. So assume both these quantities are positive; we proceed by induction
on (weight, disorder) in Z>q x Z>o, ordered lexicographically. Since ¢ has
positive disorder, the set {i < j:& = e(pk),fj = f(pl) for somek, [} is non-
empty. Choose an element i < j which minimizes min(k,[). Assume that
k < I; the other case is similar. Then for any factor & = e®") with r < k,
we may use relation 3 to move &; to the right-hand side of &; likewise for
any factor & = f®") with r < k, we may use relation 3 to move & to the
left-hand side of . Hence & = a&’f3 where « is a monomial in f, ..., f®*"),
[ is a monomial ine, . .., e®™") and ¢’ is a monomial in e(pk), e(pkﬂ), ... and
f @"), f@") . with some factor e®") appearing to the left of some factor
f (), for some 1 > k. &’ has lower weight than &, and hence is less than £ in
the lexicographic order, unless & = £. So assume &' = ¢ (else done).

Recall we have i < j with & = e") and &= f®). Let m > i be minimal
such that &, = f®") for some r. Then we can reorder the factors of & so that
Em—1= e®*). In other words, we reduce to the case

=t o f0E, g,

k+1)

with each &; being one of e®) @) or f(pk),f(pk+1),..., and [ > k.
Then:

E=¢& - .gm_Qf(pl)e(pk)gmH 4 & .gm_g[e(pk)7 f(p")}gmﬂ &

The first summand of the RHS has the same weight as &, but lower disorder,
so is less than £ in the lexicographic ordering and may be ignored (by induc-
tion). The second summand is calculated using relation 1 or relation 4, de-
pending on the value of [. If | = k, then it isequal to &; - - - &2 Xi&my1 - - - &4
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By relations 1 and 2, this is equal to &; - - - &m—2&m+1 - - - &(Xk + 2¢q), where ¢
is the difference between the number of factors equal to e®"), and the num-
ber of factors equal to f(pk), amongst &mt1, - - -, &. Otherwise, I =k +1r > k
and the second summand is equal to

(—1)7& - Gna(FEPL (P
..(f(p’“+ ))p 1€m+1"'§t(Xk+1+2(J)-

In either case, we see that the second summand is equal to if’ (Xk + ¢) for
some monomial & in the elements e®"), e®""") @) @) of lower
weight than £, and some constant c.

Note that the subalgebra of H’ generated by e(pk),e(pk+l),..., f(pk),
F@ ) is isomorphic to H, via e®) s @) f07) 1y p07) | Let ¢”
be the preimage of £ under this map; its weight is at most that of £, and
so by induction we may write it as a linear combination of elements of the
form

(f)ee--. (f(p"))anxgo c X (P L (),
Thus ¢’ is written as a linear combination of elements of the form

(FP))a0 o (FOyan b D (T yen L (o)),

We conclude by observing that

k+n

)ye (D CURRE an (e ENen (e N (X + ¢)
(e@ T Nen L (eP)yeo

(fymo ... (f@
=(f p ))ao .. (f(p ) )a”Xlgle Xll;Jrn

+ (e = 2e0) (F) o (PTG e X () (0
has the required form (note that relation 2 implies that all X; commute). O

Note that relations 5 and 6 allow us to take the exponents a;, b;,c; < p
in the statement of Lemma, [2l
Now we show that the elements

Sube = (F)* - (T XG0 X () (o)
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with a;, b;, ¢; < p of H form a basis; then we will be done. We know that H
has a basis consisting of

bo bn
Tape:=(f)®-- (f(p”))an <h> <h> (e(p"))cn o (e)

p° p"

with a;, b;, ¢; < p. Define the weight of such a monomial to be by + bip +
-+ =+ byp™. This basis is therefore well partially ordered, where one monomial
T . is less than another if it has lower weight. Note that

Sap.c = Tap,c + linear combination of lower weight monomials
from which it follows that the linear map H — H given by mapping

Tape = Sape

is an isomorphism. O

4. Checking the relations

It remains to prove that relations 1,2,3,4,5 and 6 hold in H. Relations 3 and
5 are trivial. Relations 1,2 and 4 are short calculations:

Lemma 3. Relation 1 holds in H.
Proof. We have Xj, = [e®"), f(#")] = Zfil (];)f(pk*i)e(pk*i), so that

pk‘,
X )] = 37 [(’;) FO—D =), e(pk>]
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as required. Similarly, [X}, f ] —of@"* O

Lemma 4. Relation 2 holds in H.

Proof. We have
[ (h
(X}, e(p’““)] - Z K )f(p"‘—z‘)e(p"'—z‘)’ e(p"”)}
: i
<h> () PR

pF—1 pk—i . .
_ h S i) ht i 427\ prer—j) 4 =)
=1 ¢ j=1 J

as required. Similarly [Xp, f®"")] = 0. O

Lemma 5. Relation 4 holds in H.

Proof. We have

f(p =)™ 4 (P —p")

p Fod-r N —1
_ Z <h> FOF =) (0 =) ("7 —p") (p : - Z) 1 eF T =p")
- (3

pr—1
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as required. Similarly,

), £ = (1) (PO (T (),
O

Now set t .= X — (p’fc) € H. Then relation 6 is equivalent to the state-
ment that ¢} = t;. In fact, we prove the following

Theorem 2. ti = 1.

Proof. We first prove the case k = 1 (case k = 0 is trivial). To that end, let H’
denote Dist((SLz2)z) and H” denote H' ®z Z,), so that H = H" ®z,,, ).
We will construct a certain lift of X; to H'. Denote the central (Casimir)
element 4fe+ (h+1)2 =4ef + (h—1)2 € H” by §. Then in H” we have
the following equalities:

p—1
P (p—1)Pe® ) = T[ (5= (h—1 - 2)%)/p’
j=0

p
P(p— )PP = [0 = (h+1+25)%)/p?
J

|
—

Il
=)

The difference between the above expressions is a degree p — 1 polynomial in
0 with coefficients in 1QZ[h] callit Q = Qp_16P"1 + Qp—20P 2+ -+ + Q16 +
Qo € H". Notice that for any m, 6™ = 4™ fme™ + xpp_1 fMlem T 4 4
Xo for some x; € Z[h]. Now is the crux: it follows (by descending induction
on i) that, for each i, Q; € H”. So the image of @ in H is equal to Q =
Qp-10P"1 + Qp—20P72 + - + Q10 + Qo. Here Q; stands for the image of Q;
in H; it is an element of the distribution algebra of maximal torus 7. By an
abuse of notation J stands for its image in H. Of course, Q = 4X;.
Observe that 67 — 20" +§ = [Tjer, (6 — §2) =0 in H; this is the min-
imal polynomial of §. Likewise h? — h is the minimal polynomial of h in H.
Thus, in particular, the subalgebra of H generated by h, ¢ is isomorphic to

Fy[h]/(h? — h) @ F,[8]/(6P — 26"% + )
= {Hz‘e]Fp Fp} ® {Hj?:o Fp x [L2em Fp[ﬁ]/<€2)} :
Here the map from Fy[h, 6] to the i, j2 factor F,[e]/(€*) sends h to i and

§ to j2 + ¢ (for j2 € ), while the map to the i, 0 factor sends h to i and §
to 0.
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We know that

= h
t =X — (p) = frRerh) (k) € Fylh, 8] = F,y[h] @ F,lé],
k=1

from which it follows that Qq,... ,@p_l € Fp[h], while Qo — 4(2) € Fy[h].
Thus we have

— — — — h
4t = Qp a8+ Qp ot P4+ Qi+ <Qo - 4<p>> € Fylh, 4],

and to check that t% = t1, it suffices to check that, for each i, j2, the image
of 4t1 in the i, j2 factor above is equal to 0 or 4.

First we should check that for j2 € F > and any 4, the image of 41 in the
i,j2 factor is constant (its coefficient of € is 0). So assume 52 is a non-zero
quadratic residue in [F,. Choose any lift jJ of j to Z. Write

Q:=Qp 10" +Qp a0+ + Q15+ Qo
=Ry 10— P+ Ry 26— )P+ + R0 - J*) + Ro

for some R; € I%Z[h] N H”. We need to show that Ry = 0. It is equivalent
to showing that Ri/p € H”, or equivalently that p?R; € Z[h] maps every
integer value of h to an element of p3Z(p).

So fix any value of h € Z. Then p?R; € Z[h] is the coefficient of § — ;2
in the § — j2-adic expansion of

G—(h=1)*)(E = (h=3)%) (6= (h—2p+3)*)(6 — (h—2p+1)?)
—(6=(h+1D)0 = (h+3)3) - 0—(h+2p—3))( — (h+2p—1)?).

So it is the difference between the coefficients of § — j2 in the § — j2-adic
expansions of

~(h=1")(0 = (h=3)*)-- (6 — (h—2p+3)*)(6 — (h — 2p +1)?)

=72+ G+h-204+1)F—-h+2-1))

—
II: @ol
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and

6= (h+D)E0 = (h+3)%) - (6 = (h+2p—3)*)(0 — (h+2p—1)*)
=[[6-7P+G+nr+20-1)G—h-20+1)).
=1

Let us denote the former coefficient by x(h); then the latter coefficient is
equal to x(h + 2p). We have

p
=Y H (G+h—20+1)(—h+2-1)
=11t

[u—

P
—~23+h—2i+1+3—h+2i—1)
2j =

X H (G+h=20+1)(—h+2-1)

1<I<p
i
1 - -
:ZZ(j+h—2z‘+1+j—h+2z‘—1)
=1
x [ G+h—20+1)(G—h+20-1)
1<I<p
T4
p
ST G+r—20+1). [ G-h+2-1)
2] =11gicy 1<I<p

+Zp: [IG+r—20+1). J[ G-h+21-1)

i=11<i<p 1<I<p
143

For each 1 <i < p, there exists a unique 1 < 7(i) < p such that j—
i+7(i) =0mod p; 7 is a bijection. Note that (j +h —2i+ 1)+ (j —h +
27(i) — 1) = 2(j — i + 7(i)). So we have
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p
W) = =3 2G—i+7() [[ Grh-2+1). [[ G-h+2-1)
2j 3 1<I<p 1<I<p
1#i 1#7(1)
1 - - -
==Y G—i+7@) J[ G+h—2+1)0G—n+2r()-1).
J iz 1%;;;

There is a unique Iy, 1 < Iy < p, such that j + h — 2]y + 1 = 0mod p. Then
7(lp) is the unique integer between 1 and p such that j — h + 27(lp) — 1 =
Omod p. Since j is not divisible by p, it follows that for every i # Iy with
1 < i < p, the corresponding summand above is divisible by p3. So set

o(h) = | | (G+h—204+1)G—h+27(1)—1);
1<I<p
£,

we need to show that ¢(h) — ¢(h + 2p) is divisible by p?, or equivalently,
that ¢/(h) is divisible by p. But we have

gh)y=> JlG+r-20+1. [] G-h+270)—1)

1<i<p 1<I<p 1<I<p

i#ly  1#ilo I#lo

-S> I G+r—20+1). T] G-h+2r@) - ).
1<i<p 1<I<p 1<I<p
i#ly 12l I#i,lo

As i ranges from 1 to p, excluding [y, the expressions j + h — 2l +1, j — h+
27(1) — 1 both take each non-zero residue modulo p precisely once. Therefore

p—1 p—1
s =5 P -3 - P — omoa p,
=1 i=1

as required.

Now we need to check that for any i, j2, the image of 4¢1 in Fy[h, d]/(h —
i,0 — j%) is 0 or 4. This is proved similarly. Indeed, choose any lift j of 7,
and let 7 be the unique lift of i such that 0 <7 < p (so that (;) =0); we
should check that Q,—1(i)j7 " 4+ Qp—2(i)j? 2+ --- + Q1(i)j + Qo(4), which

is an integer, is congruent to 0 or 4 modulo p. Equivalently we should show
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that

(= (=)= (=3 (P = (= 2+ 3 = (- 20+ 1)*)/p?
~ (P G DG G437 = (203G~ (20— 1))/

is congruent to 0 or 4 modulo p. Let a, b be the unique integers between 1 and
p such that j —i+2a —1, j + ¢ — 2b+ 1 are both divisible by p, and write
them respectively as rp, sp. Then we need only show that rs — (r — 2)(s +
2) = —2(r — s) 4+ 4 is congruent to 0 or 4 modulo p, or equivalently that r — s
is congruent to 0 or 2 modulo p. But (r — s)p = (2a — 1) + (2b — 1) — 21 is
an even multiple of p satisfying —2p +4 < (r — s)p < 4p — 2, so is equal to
0 or 2p.
This proves that t7 = ¢;. We show inductively that ti = t;. We have

=X (o

k

'E

P pk 1
— Z ( 1) )f(p (p=3)+p" ' =) (" (=) +p" ' )
; p ] -
j=1 =1
p p*l-1 h
= Z ( )> <.>f( FHE=9)) p 0" 1) (0 =) o (07 ()
i
Jj=1 =1
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so that

p—1
+ Z <tk_1<X’“‘j1__fk—1> + <X’€—1j_ tk—1)> FE =0 0" (p=))

o
e <X’“—; - t’H) n <X’;—1> FO =) (" (r-3))

J=1

since tk | = tg—1. Moreover since X,il1 = Xj_1, it follows that the subal-

gebra generated by e ), f (**™") is the restricted enveloping algebra. We
have already proved that
p—1 h —1
_ f(p—j)e(p 7) ( )fp JeP—i
5 () = (et

J=1

is idempotent, since it is equal to t;. Thus also

p—1
3 <X'~{—1> FO =) - (p-3))

=1~ 7
p—1
Xk,1 k—1\\,_ ph—1
=3 () -y
=1\ 7
is idempotent. Since Xj,_; — t;_; is fixed under raising to the pt* power, we
have
Xp_1—t_ Xp_q1 —tp_
(Xp1 —to1) k=1~ =1\ _ _[Ak-1 kl’
p—1 p—1
SO

X1 = ti-1)® B e BN O o e e I W L 5 R
p—1 p—1 p—1 p—1
is idempotent. Therefore t;_; (Xk*pl_*ltk*l)

with X;_1. Finally,

Xp_1 —ti_ Xp_1 —ti_
tk—l( pl 1>Xk—1=tk—1< pl e - 1)

Xp—1—tr—1
= (2 | —tp_ =0
- nn (VT <o

is idempotent since t;_1 commutes
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amiZﬁj(X%ﬁf@“Wwﬂk@““Vﬂ)mdNEmb(mrmeb&)MLXb4so

that the idemjpotents
<Xk1 - tk1>
le—1
p—1
p—1
T <)(k1>tfuﬁwp—j»euﬁwp—j»

are orthogonal. O

and

References

[1] M. Gros, A Splitting of the Frobenius morphism on the whole algebra
of distributions of SLy, Algebras and representation theory 15 (2012),
no. 1, 109-118.

[2] M. Gros and M. Kaneda, Contraction par Frobenius de G-modules, Ann.
Inst. Fourier (Grenoble) 61 (2011), no. 6, 2507-2542 (2012).

[3] J. C. Jantzen, Cartan matrices for restricted Lie algebras, Math. Z. 275
(2013), no. 1-2, 569-594.

[4] G. Lusztig, Introduction to Quantum Groups, Modern Birkhauser Clas-
sics, Birkhauser/Springer, New York (2010), ISBN 978-0-8176-4716-2.
Reprint of the 1994 edition.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF CHICAGO
5734 SouTH UNIVERSITY AVENUE, CHICAGO, IL 60637, USA
E-mail address: guslonergan@uchicago.edu

RECEIVED FEBRUARY 3, 2018



	Introduction
	Preliminaries
	Sufficiency of the relations
	Checking the relations
	References

