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Drinfeld modules

NATHAN GREEN

We study tensor powers of rank 1 sign-normalized Drinfeld A-
modules, where A is the coordinate ring of an elliptic curve over
a finite field of size ¢. Using the theory of vector valued Anderson
generating functions, we give formulas for the coefficients of the log-
arithm and exponential functions associated to these A-modules.
We then show that for n < g there exists an n-dimensional vector
whose bottom coordinate contains a Goss zeta value evaluated at
n, where the evaluation of this vector under the exponential func-
tion is defined over the Hilbert class field. This allows us to prove
the transcendence of these Goss zeta values and periods of Drin-
feld modules as well as the transcendence of certain ratios of these
quantities.
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1. Introduction

The Carlitz module has been studied extensively since Carlitz introduced it
(see [13]) and we have explicit formulas for many objects related to its arith-
metic. In particular, we have formulas for the coefficients of the exponential
and logarithm functions and many formulas for special values of its zeta
function and L-functions. Many years after Carlitz’s original work, Drinfeld
introduced the notion of Drinfeld modules which serve as important general-
izations of the Carlitz module (see [21] for a thorough account). Since their
introduction, much work has been done to develop an explicit theory for
Drinfeld modules which parallels that for the Carlitz module, notably work
by Anderson in [2] and [3], Thakur in [3§] and [39], Dummit and Hayes in
[17], and Hayes in [25].

Further generalizing the Carlitz module, Anderson introduced nth tensor
powers of Drinfeld modules in [I], which serve as n-dimensional analogues
of (1-dimensional) Drinfeld modules (see [I1] for a thorough introduction to
tensor powers of Drinfeld modules). In their remarkable paper [5], Anderson
and Thakur develop much of the explicit theory for the arithmetic of the
nth tensor power of the Carlitz module, including recursive formulas for the
coefficients of the exponential and logarithm functions. Notably, their tech-
niques allow them to connect special evaluations of the logarithm function
to function field zeta values, which are defined in the case of the Carlitz
module to be

¢(n) = Z ai”’ n €N,

a€F,[0]
a monic

where ¢ is a prime power. They find ([5, Thm. 3.8.3]) for 1 <n <¢—1 (as
a special case) that

0 *
Log%n = * ,
1 ¢(n)

where Log%n is the logarithm function associated to the nth tensor power

of the Carlitz module. In recent years, there has been a surge of work us-
ing Drinfeld modules to study zeta functions, L-functions, and their special
values over functions fields (see [6]-[9], [27], [28], [31]-[34], [37]).

To state the results of the present paper, we give a short review of rank
1 sign-normalized Drinfeld modules over affine coordinate rings of elliptic
curves E/F, with infinite place co. Let A = F,[t,y], where ¢t and y satisfy
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a cubic Weierstrass equation for E. Define an isomorphic copy of A with
variables 6 and 7 satisfying the same cubic Weierstrass equation for £, which
we denote as A =F4[6,7]. Let K be the fraction field of A, let K be the
completion of K at the infinite place, and let C,, be the completion of an
algebraic closure of K,. Denote H as the Hilbert class field of K, which we
can take to be a subfield of K. For an algebraically closed field extension
L/K, if we let L|7] denote the ring of twisted polynomials in the gth power
Frobenius endomorphism 7, then a rank 1 sign-normalized Drinfeld module
is a [F;-algebra homomorphism

p: A — L[7]

which satisfies certain naturally defined conditions (see §3). There is a point
V = (a,f) € E(H) associated to p called the Drinfeld divisor, satisfying
the equation on E

(1) VD V4 ==,

where Z = (6,7) € E(K) and VM) = (a9, 39). Following as in [23, §3], we
require that orde () < 0 and orde(8) < 0 so that V' is uniquely determined.
By ([)), there exists a function f € H(t,y) with divisor

div(f) = (VW) = (V) + (2) — (o),

with suitable normalization, called the shtuka function.

In this paper we continue the study of tensor powers of rank 1 sign-
normalized Drinfeld A-modules which was commenced by the author in [22].
These tensor powers provide a further generalization of the Carlitz module
and are examples of Anderson A-modules. If we define Mat,,(L)[7] to be the
ring of twisted polynomials in the gth power Frobenius endomorphism 7,
which we extend to matrices entry-wise, then an n-dimensional Anderson
A-module is an A-module homomorphism

p: A — Mat,(L)[7]

satisfying certain naturally defined conditions (see . We will denote the
nth tensor power of the Drinfeld module p as p®" and denote the expo-
nential and logarithm functions connected with it as Exp?” and Log%’”
respectively, noting that both functions can be represented as power series
in Mat,,(H)[[z]] for z € CZ,. The construction and basic properties of tensor

powers of rank 1 Drinfeld modules are studied by the author in [22] and we
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will refer frequently to results from it for our present considerations. In an
effort to make the present paper as self-contained as possible, we recall the
necessary facts from [22] in

The main theorems of the present paper give explicit formulas for the
coefficients of the exponential and the logarithm function associated to ten-
sor powers of rank 1 sign-normalized Drinfeld modules, show that evaluating
the exponential function at a special vector with a zeta value in its bottom
coordinate gives a vector in H™. As an application of the main theorems we
use techniques of Yu from [42] to show that these zeta values and the periods
connected to the Drinfeld module are transcendental. This generalizes both
the work of Thakur on Drinfeld modules and zeta values in [39] as well as
that of Anderson and Thakur on tensor powers of the Carlitz module in [5].
The methods which Anderson and Thakur apply to obtain formulas for the
coefficients for the exponential and logarithm functions for tensor powers of
the Carlitz module involve recursive matrix calculations, which allow them
to analyze a particular coordinate of those coefficients. In the case of tensor
powers of Drinfeld modules, however, the matrices involved are much more
complicated and do not give clean formulas as they do in the Carlitz case.
We develop new techniques to analyze the coefficients of the logarithm and
exponential function inspired partially by work of Papanikolas and the au-
thor in [23] and partially by ideas of Sinha in [36]. Further, Anderson and
Thakur use special polynomials (called Anderson-Thakur polynomials) in
[5] to relate evaluations of the logarithm function to zeta values. It is not
yet clear how to generalize these Anderson-Thakur polynomials to tensor
powers of Drinfeld modules, and so instead we use a generalization of tech-
niques developed by Papanikolas and the author in [23] to prove formulas
for zeta values. We comment that this technique allows us to study zeta
values only for 1 < n < g — 1; developing techniques to study zeta values for
all n > 1 is a topic of ongoing study (see Remark .

We begin by setting out the notation and background in then in
§3] we give a brief review of the theory of tensor powers of rank 1 Drin-
feld A-modules and vector-valued Anderson generating functions as laid
out in [22]. In particular, for a fixed dimension n > 1 we recall the func-
tions ¢, h; € H(t,y) for 1 <+i <n which form convenient bases for the A-
motives M and N defined in [22], §3] and recount some of their properties
(see Proposition . In section we move on to analyzing the coeffi-
cients of the exponential function Exp®" associated to tensor powers of

o
rank 1 Drinfeld A-modules. Define the Frobenius twisting automorphism
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for g =3 c;xt?y* € L[t,y] to be
(2) 9(1) = C?,ktjyk,

and let ¢(9 denote the ith iteration of twisting. First, we define functions
forl1</{<nandi>1

Vi = g/ (FFD - fO70)n
and find that there is a unique expression for +; ; of the form
Vi = 19+ copgs) + o A congld) + Z dj kO ks,
Jik
for com,dj . € H, where the functions o, € H(t,y) satisfy naturally defined
conditions given in We denote C; = (c; 1), and we obtain our first main
theorem about the coefficients of the exponential function.

Theorem For dimension n > 2 and z € C, if we write

o

then for i > 0, the exponential coefficients Q; = C; and Q; € Mat,(H).

We prove this theorem by observing a recursive matrix equation which
uniquely identifies the coefficients of the exponential function (see Lemma
, and then proving that the matrices C; satisfy the recursive equation.
After a bit more analysis, we obtain more exact formulas for the first column

of Qz
Corollary For z € C, we have the expression

z z g1

2 @ rra) ... - | - '
: i=0 91 (ffA - f ) : =3)
0 0 9n

Exp?n

Next, we transition to studying the coefficients of the logarithm function
in §51 Our main technique in this section involves proving the commutativity
of diagram (51)), which is inspired by work of Sinha in [36]. We then define a
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single variable function which, using the machinery from the diagram, allows
us to recover the logarithm function. This gives formulas for the logarithm
coefficients in terms of residues of quotients of the functions g;, h; and f.

Theorem For z inside the radius of convegence of Log%’", if we let

Logy™(z) = Y Pz
=0

for n>2 and let \ be the invariant differential on E, then P; € Mat,,(H)

fori>0 and
'fl(i)
P = <ResE (WA>> .
(ffO .. f0) \<jhen

With a little further analysis we obtain cleaner formulas for the bottom
row of the logarithm coefficients.

Corollary For the coefficients P; of the function Logf?”, the bottom
row of P, for 1 > 0, can be written as
E>1§k§n

M
I (FO - f@)

In section we show that evaluating the exponential function at a
special vector with a Goss zeta value in its bottom coordinate is in H™. To
state our results, we recall the extension of a rank 1 sign-normalized Drinfeld
module p to integral ideals a C A due to Hayes [25] (see §6]), which maps
a— pq € H[r]. We define 0(pq) to be the constant term of p, with respect
to 7 and let ¢4 € Gal(H/K) denote the Artin automorphism associated to
a, and let the B be the integral closure of A in H. We define a zeta function

associated to p twisted by the parameter b € B with b # 0 for n € N to be

pPa
Cp(bsm) = VR
g ; 9(pa)
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Theorem|[6.2, Forb € B nonzero and forn < q — 1, there exists a constant
C € H and a vector (x,...,%,CCy(b;n))" € C% such that

*

d:= Exp%@" : e H",
*

C(,(b;n)

where C' € H and d € H" are explicitly computable as outlined in the proof.

In §7] we discuss the transcendence implications of theorem Using
techniques similar to Yu’s [42] we prove the following theorem.

Theorem Let p be a rank 1 sign-normalized Drinfeld module, let 7, be
a fundamental period of the exponential function associated to p and define
Cp(b;n) as above. Then

dimz Spang{(,(b; 1), ..., (p(b;q —1),1,m), ..., 7['272} =2(qg—1).

From Theorem [7.1| we get a corollary which relates to a theorem of Goss
(see [20, Thm. 2.10]).

Corollary For1 < i< q— 1, the quantities (,(b; i) are transcendental.
Further, for 0 <j <gq—1 the ratio {,(b;i)/m) € K if and only if i = j =
q—1.

Finally in §8 we give examples of the constructions in our main theorems.
2. Background and notation

As this paper builds on the foundation laid out in [22], we require much of
the same notation given there. Let ¢ = p” for a prime p and an integer r > 0.
Define the elliptic curve E over Fg, the finite field of size ¢, with Weierstrass
equation

(3) E:y’+aty+cy=1t"+cot’ +eat +c5, ¢ €Fy,
and denote the point at infinity as oo.

Table of Symbols 2.1. We use the following symbols throughout the
paper
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A =TF.lt,y], the affine coordinate ring of E
K=F ( y), the field of fractions of A
A= Syt 1t+63 the invariant differential on E
A= IE‘ ql0,m], an isomorphic copy of A with variables 6, n
K =TF4(0,n) an isomorphic copy of K with variable 6, n
orde, = the valuation of K (and K) at the infinity place
deg = —ordy,, the degree function on K, normalized with
deg(f) =2 and deg(n) =3
| = ¢%°&80) | an absolute value on K
Ko =K the completion of K at the infinite place
Coo = Koo the completion of an algebraic closure of Ko
==(0,n), a pointon E(K)

Define canonical isomorphisms

(4)

1 K=K, x:K—->K

such that ¢(t) = 6 and «(y) =n and similarly for x. For ease of notation,
for x € K we will sometimes refer to x(x) =7, i.e. T denotes the element
x expressed with the variable ¢ and y. We remark that the isomorphisms ¢
and y extend to finite algebraic extensions of K and K, and that ord,,, deg
and |-| extend to Ko and Cy

Define a seminorm on matrices M =
tends |-| as in [29] §2.2] by defining

(mi j) € Matyxm(Cs) which ex-

| M]|

= max(|m;j|).
17;7

Note that the seminorm is not multiplicative in general, but for matrices
M € Matgx¢(Coo) and N € Matyx,,(Coo) we do have

MN]| < |M] - |N].
Also, for ¢ € C, and M, N € Matyy,,(Cs) we have

|eM| =

e[ - [M], |M + N| < |M|+|N|.

Observe that A has a basis {t,#/y}, for i, j > 0 and that each term has
unique degree. Thus, when expressed in this basis, an element a € A has a
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leading term which allows us to define a sign function
sgn: A\ {0} — T,

by setting sgn(a) € F; to be the coefficient of the leading term of a € A\
{0}. We also define sgn on K, A and K in the natural way. We extend sgn
further, for any extension L/IF, using the same notion of leading term for
the field L(t,y), and we denote this extended sign function

sgn: L(t,y)* — L*.

If L/F, is an algebraically closed extension of fields, then we define
7: L — L to be the gth power Frobenius map and L[7] to be the ring of
twisted polynomials in 7, subject to the relation 7¢ = ¢47 for ¢ € L. Define
the Frobenius twisting automorphism for g = Y ¢; 5t/ y* € Lt,y] to be

(5) gV ="ty

and let ¢¥ denote the ith iteration of twisting. We extend twisting to matri-
ces in Matyx,, (L(t,y)) by twisting entry-wise and use this notion of twisting
to define Mat,, (L)[7], the non-commutative ring of polynomials in 7 subject
to the relation M = M7 for M € Mat,(L). In the setting of Anderson
A-modules, we let Mat,(L)[r] act on L™ for n > 1 via twisting, i.e. for
A =" M;7%, with M; € Mat,,(L) and a € L",

(6) Aa) = Z M;a®.

Further, for X = (tg,y0) € E(L), we define X! = (1, y) and extend twist-
ing to divisors in the obvious way, noting that for g € L(t,y)

div(g™M) = div(g)™W.

‘Cibi‘ — 0} s

the set of power series which converge on the closed disk of radius |¢|. For
convenience, we set T := T, and we have natural embeddings A — Ty[y] —

For ¢ € A, define the Tate algebra

(7) T = {i bit' € Coo[[t]]
=0
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T[y]. For a fixed dimension n > 0, define the Gauss norm ||-||. for a vector
of functions h = 3" d;#* € T? with d; € C?, by setting

|hll. = mzaX\CidiL

where | - | is the matrix seminorm described above. Extend ||-||. to T¢[y]™ by
setting ||hy + yha||. = max(||hi||c, [|[7h2||c) for hy, he € T?. Note that T.[y]"”
is complete under the Gauss norm. Using the definition given in [19, Chs. 3—
4], we observe that the rings T[y] and Ty[y] are affinoid algebras correspond-
ing to rigid analytic affinoid subspaces of E/C. If we denote € as the rigid
analytic variety associated to E and U C € as the inverse image under t of
the closed disk in C, of radius |6| centered at 0, then U is the affinoid subva-
riety of € associated to Ty[y]. Note that Frobenius twisting extends to T.[y]"
and its fraction field and that T and T[y] have F,[t] and A, respectively, as
their fixed rings under twisting (see [30, Lem. 3.3.2]). We extend the action
of Mat,(L)[r] on L™ described in () to an action of Mat, (T[y])[r] on T[y]"
in the natural way.

3. Review of tensor powers of Drinfeld modules and
Anderson generating functions

We recall several facts about rank 1 sign-normalized Drinfeld modules as set
out in [23, §3] (see also [21], [26] or [40] for a thorough account of Drinfeld
modules). First note that we can pick a unique point V in E(H) whose
coordinates have positive degree such that V' satisfies the equation on F

(8) 1-F)(V)=V-vW =g
If we set V = (a, ), then deg(a) = 2, deg(B) = 3, sgn(a) = sgn(5) = 1 and

H = K(a, ) (see [23] §3] for details). There is a unique function in H (¢, y),
called the shtuka function, with sgn(f) = 1 and with divisor

(9) div(f) = (V) = (V) + () — (o).

We can write

) y-—n—-m(t—0) y+p+caatcz—m(t—a)
a t—a« N t—a«

)

(10) f= ?;
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where m € H is the slope on E (in the sense of [35, p. 53]) between the
collinear points V), —V and Z, and deg(m) = ¢, and
div(v) = (V) + (=V) + (E) = 3(c0),

() div(0) = (V) + (=V) — 2(c0).

We note that

77—5(1 _77+5+a10¢+a3 _ﬂq+ﬁ+a1a+a3
0—ad 0 —« N ol — o '

Let L/K be an algebraically closed field.

(12) m =

Definition. A Drinfeld A-module of rank 7 over L is an F,-algebra homo-
morphism

p:A— L],
such that for each a € A,

pa=1(a) +bi7 4+ by @) b L

such that p, # ¢(a) for at least one a € A. A rank 1 sign-normalized Drinfeld
A-module means that we require » = 1 and that b, = sgn(a).

For a Drinfeld A-module p, we denote the exponential and logarithm
function as

exp,(z) = Z Z—q, log,(2) = Z Z% € H[[z]], do=1to=1.

Formulas for the coefficients of exp, and log,, are given in [23, Thm. 3.4 and
Cor. 3.5] as

o0

el = Zo (FFO - F )z
5(i+1)

'L+1) ) e
(14) log,( Resz <> 7 = <Z
p\# Z [TORN S ZO S ) ... £ ()

1=

24"

qi

where \ € QE/H( (V) +2(o00)) is the unique differential 1-form such that

Resz(AV/f) = 1.
We now recount the theory of n-dimensional tensor powers of A-motives
and dual A-motives from [22] §3-4]. For n > 1, let U = Spec L|t, y] be the
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affine curve (L xp, E)\ {oo}. Define the underlying space of the A-motive
M and the dual A-motive N as

(15) M =T(U,0p(nV)), N=TU,0p-nV1)),

define an L[t, y, T]-action on M and an L[t,y, o]-action on N by letting L|[t, y]
act by multiplication and defining the action for a € M and b € N as

(16) ra= f"aV) and ob= oY,

We remark that M and N are the nth tensor powers of an A-motive and a
dual A-motive respectively, and we refer the reader to [22] §3] for details on
this construction.

Define functions g; € M for 1 < i <n with divisors

(17) div(g;) = —n(V) + (n —j)(c0) + ( = 1)(E)
+ ([ =W+ In— G - V),

and functions h; € N with divisors

(18) div(h;) = n(VW) = (n+ j)(c0) + (j — 1)(E)
+ (-G -nWVY - —1v),

with sgn(g;) = sgn(h;) = 1. Recall that a divisor on F is principal if and
only if the sum of the divisor is trivial on E [35, Cor. II1.3.5] (we will use
this fact implicitly going forward), and thus the divisors in and
are principal by . When it is convenient, we will extend the definitions
of the functions g; and h; for ¢ > n by writing ¢ = jn + k, where 1 < k < n,
and then denoting,

(19) gi =7 (gr) = (FfO . fG-ynglD apq
hi =09 (h) = (fFCD . pO=DynpT)

Proposition 3.1. The following facts about the functions g; and h; are
proved in [22, §3-4]:

(a) For n > 2, the set of functions {g;}!_, generate M as a free L[T]-
module and the set of functions {h;}!_, generate N as a free L[o]-
module.
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(b) For 1< j<mn—1 we obtain the following identities of functions

ahi™ =t —H([nV),
Gjt1hn—gi—1) = f" - (t = (VY + [n— 4]V)).

(c) For 1 <k <n, the quotient functions (gix+1/9x) have divisors

div(gei1/gx) = (2) = (00) + (KIVY + [n = K]V)
—([k=1vY 4 [n - (k=1D]V).

(d) We can write (gr+1/9x) as a quotient of a linear function of degree 3
and a linear function of degree 2, which we label

vt y) y —n—my(t—0) _ Gkt
ot T t—t[k—1VO +n—(k=D]V) g’

for 1 < k <n, where my, is the slope between the points [k]V() 4 [n —
KV and [—(k — D]V — [n — (k- 1)]V.

(e) For 1 <i<n, there exist constants a;,b;,y;,z € H such that we can
write

tgi = 0gi + aigi+1 + giv2,
Y9i = NGi + Yigi+1 + Zigi+2 + gi+3,
th; = 0h; + bjh;i1 + hito.

(f) For the constants defined in (e) we have aj = b,_; for 1 <j<n-—1
and a, = b}.

(g) The coefficients a; are given by

2n + c10 + c3
0 —t([{JVD +[n—i]V)

a; =

Definition. For n > 2, an n-dimensional Anderson A-module is an F,-
algebra homomorphism p : A — Mat,,(L)[r], such that for each a € A, there
exists an integer m, > 0 with

po =dla] + AiT+ -+ Apm™e,  A; € Mat, (L)

where d[a] = ¢(a)] + N for some nilpotent matrix N € Mat,,(L).
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We will always label the constant coefficient of p, as d[a], and we remark
that d : A — Mat, (L) is a ring homomorphism. The map p describes an
action of A on the underlying space L™ in the sense defined in @, allowing
us to view L™ as an A-module. In what follows, for convenience, we fix the
algebraically closed field L to be C..

To ease notation throughout the paper, for a fixed dimension n, we define
N; € Mat,,(F,) for an integer ¢ > 1 to be the matrix with 1’s along the ith
super-diagonal and 0’s elsewhere and define N; for ¢ < —1 to be the matrix
with 1’s along the ith sub-diagonal and 0’s elsewhere. We also define E; to
be the matrix with a single 1 in the lower left corner and zeros elsewhere
and in general define E; to be N;_,. We also define N;(a1,...,a,—;) to be
the matrix with the entries a1, aa, . .., ay—; along the ¢th super diagonal and
similarly for N;_,(a1,...,an—;) and E;(aq,...,q;).

Given A, an affine coordinate ring of an elliptic curve, [23, §3] describes
how to construct p, the unique sign-normalized rank 1 Drinfeld module
associated to A. Then [22 §4] describes how to construct the nth tensor
power of p by setting

(20) PP = d[0) + Ep7 := (01 + N1(ay,...,an—1) + No)
+ (E1(an) + E2)T,
(21) py" = dln] + Byt = (01 + Ni(y1, .., yn—1)

+ NQ(Zl, - ,Zn,Q) + Ng)
+ (El(yn) + E2(Zn—17 Zn) + E3)7_7

where a;, y; and z; are given in Proposition 3.1
To simplify notation later, we define strictly upper triangular matrices

(22) Ny =d[0] —0I and N, =dn]—nl.
With the definitions of pl?” and p;@”, we define the IFy-linear map
P2 A — Mat,,(H)[7]

for any a € A by writing a = 3" ¢;t' + y > d;t" with ¢;,d; € F,, and extend-
ing using linearity and the composition of maps pa" = (pi°™)®. A priori, the
map p®™ is just an Fy-linear map, but using ideas from [24] the author proves

in [22] that p®" is actually an Anderson A-module.
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We will label the exponential and logarithm function associated to p®"

Exps™(z) = Y Qiz”) € Mat,(Ca0)[[7]]

(23) -
Logi"™(z) = > Piz'") € Maty(Cxo)[[2]],

=0

defined so that Qg = Py = I. We note that Log%’" is defined to be the formal
inverse of the power series Expj?", and that the exponential and logarithm
functions satisfy functional equations for all a € A and z € C7

(24)  Expy"(dla]z) = pg" (Bxp,"(2)), Log,(p;"(2)) = dla] Log,(z).

We also note that Exp%’” is an entire function from C7, to C7, and that
Log, has a finite radius of convergence in Cf, which we denote 7.

We now recall facts about the spaces 2 and €0y and about vector-valued
Anderson generating functions from [22], §5-6]. For n > 1 define the space of
rigid analytic functions

B :=T (U 0p(—n(V) +n(E)))

where U is the inverse image under ¢ of the closed disk in Cy, of radius |6
centered at 0 defined in section §2[ and define A-modules of functions

25) Q={heB|hV —f"h=ge N}, Q={heB|rY - f"h=0},

where we recall the dual A-motive N = I'(U, Og(—nVM)). For a function
h(t,y) € Q, define the map T : Q — T[y]™ by

(26) T(h(t,y)) = (h(t,y)g1,-- -, h(t,y)gn) ",

where the functions g; are the basis elements defined in Proposition [3.1] For
ease of notation later on, we also define

(27) g:= (g1, - 9n)"

Define operators on the space T[y]™ which act in the sense defined in
by setting

(28) Dy:=pP" —t, and D, = p?" -y,
(29) G — Ei7 = (diag(g2/91, - - -, gnt1/9n) — N1) — EnT.
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A quick calculation shows that (G — E17) (T'(h)) =0 for any h € Q, and
thus the operator G — E17 can be viewed as a vector version of the operator
7 — f™. In fact, the relationship is even stronger, as is proved in the following
lemma.

Lemma 3.2 (Lemma 5.3 of [22]). A vector J(t,y) € T[y]™ satisfies (G —
Eqr7)(J) = 0 if and only if there exists some function h(t,y) € Qo such that

J(t,y) = T(h(t,y)).
Define the operator M, := N; 4+ E17, and denote the diagonal matrices

My, :=diag(z1 —ag,22 —as, ..., zn—1 — Qp, 2p — 43

(30)
M(; = diag(él, (52, ceey 571)

where a;, z; and 0; are defined in Proposition[3.1} Then for 1 < i < n denote

pi=n—y—(0—1)(z —air1), ri=yi—(0—1t)—ai(z—ais)
(1)

where we understand a,41 to be aj ’, and define matrices

(31) M| = diag(p1,...,pn) + N1(r1,...7n1), My = Ei(ry).
Also define matrices

(32) M1 = M{ ‘t:O,y:O and MQ = Mé‘t:O,y:O’

where above we formally evaluate M, at ¢ = 0 and y = 0.

Proposition 3.3. We have the following facts from [22, §5] about the above
operators:

(a) (G — Ei7) = M; Y (Dy — (M, + My,)Dy)
(b) Mig+ Mjfrg) =0
(c) My + Mot = (™ — (Mr + My, )pi™)

We now recall the functions w,, EJ" and GZ" defined in [23| §4]. Let

¢r' . omf—n B
FCAN __<m+a>’

(33) |
=0
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where m, a, and § are given at the beginning of this section and recall that
wp € Tly]* and wy € Q. For u = (uy, oy Up) | € CZ define

(34) ES™(t) = i ExpS™ (d[f] ™" "u) ¢,
=0
(35) Gy (ty) = Egn () + (y + et + c3) EZ" (2).

We remark that 1-dimensional Anderson generating functions have proved
useful in studying algebraic relations among logarithm values, periods, quasi-
periods, L-series and motivic Galois groups of Drinfeld modules (e.g., see
[14], [15], [18], [31]-[33], [36]). In this paper we use vector-valued Anderson
generating functions to get formulas for the coefficients of the exponential
and logarithm functions.

Proposition 3.4. We collect the following facts from [22, §5-6] about the
above functions:

(a) The function wy generates Qg as a free A-module.
(b) The function ES™ € T™ and we have the following identity of functions
i T

ESn(t) = i Q; (d[@](j) - u)_l ul,
§=0

where @Q; are the coefficients of Expj?" from .

(¢) The function GZ™ extends to a meromorphic function on U = (Cos X,
E)\ {00} with poles in each coordinate only at the points 2 fori > 0.

(d) The operators Dy and D, acting on GE™ give

Dy(Gy") = Expy" (dlnu) + (y + 1t + c3) Expy™ (u)
Dy(G{"™) = —ec1 Expy™ (d[n]u) + Expy"(d[6%]u) + (t + c2) Exp; ™ (d[f]u)
+ (12 + cat + c4) Exp}™ (u).

Define M to be the submodule of T[y] consisting of all elements in T[y]
which have a meromorphic continuation to all of U. Now define the map
RESs : M — CZ, for a vector of functions (21, ...,2,)" € M" as

(36) RES=((21,...,2n) ") = (Resz(z1\), ..., Resz(z,0)) "

where A is the invariant differential of E from ((2.1)).



1646 Nathan Green

Proposition 3.5. We recall the following facts about the map RES= from
[22, §6/

(a) RES=(G%") = —(uy, ... ,un)—r

(b) If we denote I, = — RESz(T'(w})), then T'(wyy) = G%n and the period
lattice of Exp™ equals AS™ = {d[a]Il,, | a € A}.

(c) If mp is a fundamental period of the exponential function exp, from
(13), and if we denote the last coordinate of 1I,, € C as py, then
pn/m, € H.

4. Coefficients of the exponential function

The coefficients of the exponential function for rank 1 sign-normalized Drin-
feld modules are well understood (see (13)). Further, the coefficients for
the exponential function of the nth tensor power of the Carlitz module are
also well understood. These coefficients were first studied by Anderson and
Thakur in [5 §2.2], and have recently been written down explicitly using hy-
per derivatives by Papanikolas in [29] 4.3.6]. In this section we give explicit
formulas for the coefficients of the exponential function for the nth tensor
power of a rank 1 sign-normalized Drinfeld module.

In order to write down a formula for the coefficients of EXp?” we must
first analyze certain functions which arise when calculating residues of the
vector-valued Anderson generating functions GZ". For a fixed dimension n,
for 1 < ¢ <n and for ¢ > 0, define the functions

ge
ff(l) - f(i—l))n’

where for i = 0 we understand - = g;. Using @D and we see that the
polar part of the divisor of v; , equals

(37) Yie = (

—n (V) — n(20) — n(EED) - — (0 (£~ 1)(E).

We temporarily fix an index ¢. Using the Riemann-Roch theorem, we observe
that we can find unique functions o) with sgn(c; ) =1 in each of the
following 1-dimensional spaces, for 1 < j <iand 1 < k < n,

ajr € Ln(VD) —nED) + k(EUD) 4 n=0-2) 4 ...
+nED) +n(E) = (n(j — 1) + k — 1)(c0)).
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Then, for appropriate constants d;; € H we subtract off the principal part
of the power series expansion of go/(ffM) ... fG=I" at 2 for 1 <m <
j — 1, to find that

Yie = Y djpojp € L (n(V(i))) = Spang (91", 95, ..., g{9).
ik

So for further constants ¢y 1,..., ¢, € H we can write
(38) Vi = corgy? + co295) + - congld + > djkesk,

ak

where we note that each of the functions o ;, vanishes with order n at (2@)
and that the coefficients ¢y are implicitly dependent on ¢. To ease notation,
for each 1 < /¢ <n we will write oy := Zj,k d; poj 1, and denote

(39) 4= (Y1, %20+ %im) s Ci=(cjx), and oy = (a1,02,...,0)",

so that we can write equation for 1 </¢<nas~ =Cig" + a.

Theorem 4.1. With the notation as above, for dimension n > 2 and z €

CL,, if we write

oo
Expy™(z) = Y _ Qi
i=0
then for i > 0, the exponential coefficients Q; = C; and Q; € Mat,(H).

Remark 4.2. We remark that in the case for n = 1, if one interprets the
empty divisors in correctly, then Theorem still holds. However, for
clarity of exposition, we restrict to n > 2.

Before giving the proof of Theorem we require a lemma about the
coefficients of the exponential function.

Lemma 4.3. Given a sequence of matrices Q; € Mat,(H) for i > 0 with
Qo = I, then the Q; are the coefficients of Exp?” if and only if they satisfy
the recurrence relation for i > 1

(40) MoQ'Y, + QM d[6]D) = Qudln] P — (Ny + M,,)Qid[0]?) — My Q;.

where My and Mo are defined in and My, is defined in . Further,
the coefficients Q; € Mat,(H).
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Proof. First note that by

(py" = (M + M) pf™) (Expy™ ()
= Expy"(d[n]z) — (M; + M) Exp;" (d[6]2).

Then, using Proposition c),
(M + M) (Bxp§™(2)) = Bxp (dln]2) — (M + My) Exp” ().

and expanding Expf?” on both sides in terms of its coefficients ); and equat-
ing like terms gives the equality

M0, + EiQMd(6] D = Qidn)®) — (N1 + Myn)Qud[0]?) — M@,

Thus the coefficients of the exponential function satisfy the recurrence re-
lation (40). Next, for j > 0, let {Q}} C Mat,,(H) be a sequence of matrices
satisfying recurrence relation . We will show that {Q;} is uniquely de-
termined by Qq, and thus if we fix Qg = I, the matrices {Q;} will be the
coefficients of Exp;?”. Given a term @Q}_; of the sequence {Q;} for i > 1,
define

Wi = M2(Q§71)(1) + Ey (ngl)(l)d[e](i),
so that by
(41) Wi = Qid[n)® — (My, + N1 )Qd[0]? — My Q..

Then, denote My = My + M,,, where M, is the diagonal part of M; and
M,, is the nilpotent (super-diagonal) part. Then collect the diagonal and
off-diagonal terms of to obtain
(42) Wi = (n71— 07 My, — My)Q} + QN

— 09 N, Q — M, QNS — NN — M, Q)
where we recall the definition of Ny and N, from . Next, we denote the

matrix Mp = nqil — 07 M,, — M, and note that it is diagonal and invert-
ible. Define

Bi : Mat,(H) — Mat,(H)
to be the F,-linear map given for Y € Mat,,(H) by

(43) Y MpHYNY) — 09 NY — My YN — Ny N — M,Y).
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Note that §; is a nilpotent map with order at most 2n — 1, since each matrix
in definition , except Mp, is strictly upper triangular, and thus each term
of ﬁ?”_l will have at least n strictly upper triangular matrices on either the
left or the right of each matrix Y. Then, using the map 3; and rearranging
slightly we can rewrite as

(44) Qi+ Bi(Q)) = Mp'Wi.

Applying 62 to , multiplying by (—1)7, then adding these together for
j > 1 gives a telescoping sum. Since f; is nilpotent with order at most 2n — 1,
we find

2n—1

(45) Q; = Z 17 8] (M5'Wy).

Thus we have determined @)} uniquely in terms of Q;_;, and so each element
in the sequence {Q;} is determined by Qq. If we require that Qg = I, then
the matrices {Q;} are the coefficients of Expf?”. Further, since Mp and each
matrix in the definition of 3; is in Mat,, (H), we see that the exponential
function coefficients (); € Mat,,(H). O

We now return to the proof of Theorem (|4.1J).

Proof of Theorem . We first recall that v, = g, and hence by we
have Cy = I = @, so that the theorem is true trivially for ¢ = 0. We then
show that the sequence of matrices {C;} satisfies the recurrence in Lemma
for i > 1. First observe that by Proposition [3.1f(e)

(46) dflg = tg — ["Esg") and d[nlg =yg — ["Eyg!,
with g defined as in ([27]). Using , we write
(M2O§P1 + B0 d0)D — Cidn]® + (Ny + M,,)Cid[0)D + My oi) g
= (M0, + B O, — yCi+ Uy + M)+ MG ) g
_ ( ECO B — GED + (N, + Mm)CiE(gi)) g

We examine the first term in the right hand side of the above equation,
which we denote

(47) T = (MO, + LB CY) — yCit Ny + M)+ MGy ) g,
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and the second term, which we denote
(48) o= (BiCUEY — CEY + (N + Myp)CE ) fmg

separately. By the discussion immediately following we see that
equals

= (My + tE)YY, + (—yI + t(My, + N1) + M), + oY) + oy
= My + My + o) + e,

with M| and M} as given in (31)). Then, writing out the coordinates of v
using the functions v; , from and finding a common denominator gives

1

(ffD ... fl-1 ))
_ 1 (1)
T (ffO . Dy ( i1 +al) J

T =

(M1g+M’f”g(1) +alV +a)

since Mg+ Mjf"g) =0 by Proposition (b) Thus 7T) vanishes
coordinate-wise with order at least n at (), because the functions ay from
each vanish with order at least n at E(i). Further, the presence of the
factored-out f"g(®) shows that T from also vanishes coordinate-wise
with order at least n at (%), Thus we see that

(302, + B COdlo)) — Cidl) + (Ny + M) Cidl6] ) + My G ) g

consists of a constant matrix in Mat,,(H) multiplied by g(i), and equals a
vector of functions which vanishes coordinate-wise with order at least n at
=), However, recall from that ord= (g§l)) =7 — 1, and thus

(MQC( )+ B1CDdi) D — Cidn) D + (N1 + M) Cid[0]D + M10i> ~0

identically, which proves that {C;} satisfies the recursion equation and
proves the proposition. Il

Corollary 4.4. For z € Co we have the formal expression

z z g1

0 92
Expd™ [ | =1].|+ Z N
: =0 ggl f(Z Q) ) :
0 0 gn
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Proof. This follows from Theorem . by evaluating (38) at (), noticing
that g( )( () vanishes for j > 2, then solving for con- O

Remark 4.5. Theorem [£.1] and Corollary [£.4] should be considered gener-
alizations Proposition 2.2.5 of [5] and of the remark that follow it.

5. Coefficients of the logarithm function

The coefficients for the logarithm function associated to a rank 1 sign-
normalized Drinfeld module were first studied by Anderson (see [39, Prop.
0.3.8]) and are described in ([14)). The coefficients for the logarithm associated
to the nth tensor power of the Carlitz module were studied by Anderson and
Thakur, who give formulas for the lower right entry of these matrix coeffi-
cients in [5], §2.1]. Recently, Papanikolas has written down explicit formulas
using hyperderivatives in [29] 4.3.1 and Prop. 4.3.6(a)]. In this section we
develop new techniques to write down explicit formulas for the coefficients
of the logarithm function Logff’” associated to the nth tensor power of rank
1 sign-normalized Drinfeld modules. Our method was inspired by ideas of
Sinha from [36] (see in particular his “main diagram” in section 4.2.3). How-
ever, where Sinha uses homological constructions to prove the commutativity
of his diagram, we take a more direct approach using Anderson generating
functions for ours.

For g € N = T(U, Op(—nVW)) with deg(g) = mn + b with 0 < b < ¢ —
1, define the map

e: N — Cl,

by writing g in the o-basis for N described in Proposition [3.1f(a),

(49) Z Z bl z) f(—l) .. f(l—z )nhil Zj)+1’
:O =1
where we denote b; = (b1, b2, ...,bns) ", and set

(50) e(g) =bo+bi+ -+ by,
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We define the following diagram of maps, where we recall the definition

of M from §3|and of 2 from

T—f" €

Q N —Sscn

(51) T\L /
®n
— RES= Exp,

Mt — C
and where the maps T" and RESz are defined in and respectively.
We remark that using the operator 7 — f™ one quickly sees that 2 C M.
One of the main goals of this section is to prove that the diagram com-
mutes. Before we prove this, however, observe that if u € C? is not a period
of Expff’”, then G£" € M™ is not in the image of T" in diagram We require

a preliminary result which allows us to modify G" to be in the image of T'.
For u € CZ, write the coordinates of G&™ from as

ng(tﬁg) = (kl(tvy)7 kz(t7y)7 R kn(t7y))T7

and then define the vector

k= (k1 ([n]V), ko(VV + [n - 1)V),
ks(2IVWY + [n—2V), ... kn(n — )V 4+ V)T

Next we define the vector valued function

(52) JSZWL = (]1(t7 y)aj?(tay)7 s a]n(tay))—r = ng - k7

and note that jj vanishes at the point [k — 1]V + [n — k + 1]V. Also de-
note

W= <w1<t7y)a w2(t7y)7 R wn(t,y))T = (G - ElT)(JEm) € T(y>n7

where G — E17 is the operator defined in (29)), and let z := Expf?"(u) and

denote its coordinates z := (21, 29,...,2,) .

Proposition 5.1. The vector w is in H[t,y|" and equals

21 (t —t(VD 4 [n—1]V))
2o (t —t(2]VD) 4 [n — 2]V))
tt (= ([ — VO 4 [1]7)
zn - (t—t([n]V(V))
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Proof. By Proposition [3.3{a), Proposition [3.4(d) and we write

(53) W= (wi(ty), w(t,y), ..., wi(t,y) | = (G — Ea)(GE")
= M [ = e1p2n(5) + 2 (3) + (t+ e2)p ()
+ (£ + cat + ca)z — (M + M) (pS™(2) + (y + cut + c3)z)].

In particular, from the last line of the above equation we see that w’ is a
vector of rational functions in the space H(t,y). Further, for each rational
function w, the highest degree term in the numerator is 2t and the highest
degree term in the denominator is ¢ (coming from the matrix M; ). Thus
each w) is a rational function in H(t,y) of degree 2 (recall the deg(t) = 2)
with sgn(w}) = z,. We also observe that

(G —Err)(k) € H(t,y)

and that each coordinate has degree 1. This implies that each wj is in H (¢, y)
and has degree 2 with sgn(w;) = zx. Writing out the action of G — E17 on
the coordinates of JS@” we obtain equations for 1 < m <n

. g 1 .
(54) Jm mel Im+1 = W
Im
From , Proposition (d) and we see that the only points at which
wg, might have poles are the zeros of Ji, namely the points

-1V 4 n—k+1V and [—(k— D)V —[n—k+1]V.

We remark that this shows that the coordinates of w are regular at 2(*)
for i > 0, even though the coordinates of J" themselves have poles at =@,
Recall from Proposition (c) that the only poles of j occur at oo and
20 for i > 0 and from that jj, vanishes at [k — 1)V + [n — k + 1]V,
while from Proposition [3.1](c) we observe that gji1/g is regular away from
infinity except for a simple pole at [k — 1]V 4 [n — k + 1]V. Therefore,
the equations in show that each coordinate wy is regular at the points
k—1V® 4+ [n—k+ 1]V and [-(k — )]V — [n — k + 1]V. Thus, the co-
ordinates wy, being rational functions of degree 2 in H(¢,y), which are regu-
lar away from oo, are actually in H ¢, y]. Further, we see from that each
function wy, vanishes at the point [k]V() 4 [n — k]V. Since we know that
sgn(w;) = z, and since we’ve identified one of the zeros of w;, we find using
the Riemann-Roch theorem that wy, = 2z (t — t([K]VD) + [n — k]V). O
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Theorem 5.2. Diagram commutes. In other words, for h € Q, if we
let

(r=f")(h)=geN

and let — RES=(T(h)) = u, then we have £(g) = Exp" (u).

Proof. First observe that the case for n =1 is proved in Theorem 5.1 of
[23]. For the rest of the proof, assume n > 2. Write deg(g) = mn + b with
0<b<q-—1,and for 0 <i<m let u; be any element in C,, such that

(55) Expgn(ui) = bi,

where b; is defined for g € H in . The main method for the proof of
Theorem is to write T'(h) in terms of Anderson generating functions. To
do this we compare the result of T'(h) under the G — Ey7 operator with the
result of Jfﬂ" under G — Ey7 for 0 <7 <m.

By the definition we see that for any v € C(t,y)

(56) (G = Eir)(T(7)) = (0,..., 0, (fy —7D)T.

Since fh — h() = ¢, using the notation of we can write
(57)

(G — E17)(T(h)) = (0,...,0 g1 ZZb§ n’ i (f (=1 ... f(l—j))nhl(,—j))f

=0 j=1

Next, we analyze (G — E17)(Jy,) for 0 <i < m. For the equations in
, if we set i = 1, then we can solve for jo. We then substitute that into
the equation for i = 2, then solve that for j3, and so on to get equations for
2<m<n

Im+1 W, o Im+1 T+t Im+1 7

gn gn—1 g2

(58) i gﬂgfl 41 = Wi+ Wi

where we understand j,4+1 = ]( ). We note that the functions Jr and wy
depend implicitly on u;. Using these equations we find that
(59)

N
) =T (j1/91) -

T+ (07 wi, Wy w1 2w W T4y T2
g2 92 In—1
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In general we will call I$" := T (j1/g1), noting the implicit dependence on
u;. Then by and by with m = n we find

(60) (G- BiT)(IY")

Wy T

-
ggl)fn ggl)fn ggl)f”
In In—1 g2

= (O,...,O,wn—i—wn_l

Denote the entry in the nth coordinate of the last equation as

(1) ¢n (1) rn (1) £n
I A AN ) U i
In In—1 g2

by, = Wy, + Wp—1

so that we can restate with m =n as

jw%”f"

a1

Observe then by Proposition (b) and by Proposition for 1<k<n
that

(61) =iV 1 p,,.

951)f”

1
= bn—k+1,i9§ )hk,
In—k+2

Wn—k+1

SO becomes

- @ny M p, Bt bih))
(G ElT)(Iui ) 07 v 70791 (bn,zhl + bn—l,th + + bl,zhn)

For the vector u; from (55)), denote

(62) hu, = bpih1 + bp_1iha 4 -+ + b1 i hy,
and notice that fy,, = ggl)hui. Specializing the above discussion to i = 0, we
see that the nth coordinate of (G — E17)(I$™) matches up with the first n
terms of the nth coordinate of (G — E17)(T(h)) from (57).

In general for ¢ > 0 we find that

_ _ —E)\n 3 g In ny(—
(SR f ) diag (g&k)w'v g<-k>> (™
1

=T (w W f<“>>"j1>(_k)
g1 3
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and to ease notation, for £ > 1 let us denote the matrix

T I SRS N 9
k _(f f f ) dlag( (7k)7“" (k))
91 gn

Then we use k times and apply the fact that T is linear to obtain

RUIE™ N — T <<(ff L p )yl><‘k’>
(2=k) ... p(=1)ynpll=k)
on() o)
91
(63) +T< { 5 >
91

Then, if we let the operator (G — E17) act on Rk(Iffl”)(*k), applying
to the last line of we obtain a telescoping sum, and find that

(@~ Br) (B ) = (0,0, (£ f0RyG)

for hy, defined in (62)). Note again that the terms in the last coordinate of
the above vector are exactly the in + 1 through (i + 1)n terms of the last
coordinate of .

Also, note that each term in the last line in is coordinate-wise
regular at = except I$", so

RES=z(Ry(I$™) (™M) = RES=(IS™).

Then, recalling that each function wy and each quotient jgi,,/jx for 1 <
k,m < nisregular at =, using definitions and together with Propo-
sition [3.5{(a) we see that

(64) RESE(ISTL) = RESE(JI%”) = RESE(G%n) = —u;.

Next, define
I=I5" + RyIS" + - + Ry IS,

and observe by the above discussion that

(G — Byr)(T(h) — 1) = 0.
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Further, for b’ € Q, by Lemma (G — Ey7)(T(R)) =0 if and only if
B € Qp. Since I is the sum of elements in the image of the map T, we
see that T'(h) — I is itself in the image of the map 7. Thus there is some
W € Qg such that (k') = T(h) — I. Then, Proposition [3.4(a) together with
Proposition [3.5(b) implies that for some b € F,[t,y]

T(h) —1=T(h') = bG".
Finally, by , we calculate that

u = —RESz(T'(h)) = —RES=(I+bG[") = ug + - - - + uy, + by,

and thus by and we obtain

Exp;)@"(u) = Expf?"(uo + - 4wy, +0l,) =byg+ -+ by, =<(g).
O

Having proven that diagram commutes, we now apply the maps
from the diagram to write down formulas for the coefficients of Log?”. First,
for d;j € C define the function
(65) c(t,y) =dph1 +---+dih, € N C A,

where h; are from Proposition (a). Then define the formal sum

s (4)
(66) B(t,y;d) = — e
; (FFOF@ . f@)

for the vector d = (dy,...,d,)" € C%. We remark that B(t,y;d) is similar
to the function L, (t) defined by Papanikolas in [30} §6.1].

Lemma 5.3. There exists a constant Co > 0 such that for |d;| < Co, the
function B is a rigid analytic function in I'(U, Og(n(Z))), the space of rigid
analytic functions on W with at most a pole of order n at =.

Proof. Using together with the facts that deg(f) = deg(a) = 2, deg(n) =
3 and deg(m) = ¢, for k > 1 we find that f*) € Ty[y] and

o
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This implies that

= [le(t, y)[|g - g+ =a)/(a=1)
0

(67)

e

Since each h; € A, we see that ||h;||g is finite, and thus we can choose Cy > 0
small enough such that for all d; € Co with |d;| < Cp the norm

c(t, y)®

W...fw |, "

0

as i — 00. This guarantees that for such d;, the function

i

2 (@ oy

€ Toly].

To finish the proof, we simply note that

1 > )

b= _F‘Z (FOf@ . fyn

1=0

g

Theorem 5.4. Forz € C., inside the radius of convegence of Log , if we

write
Log Z P z(

for n > 2, then for X the invariant differential defined in (2.1))

(68) P = <ResE (%/\>>
(ff@) ... f@) 1< jk<n

and P; € Mat,,(H) for i > 0.

Remark 5.5. As for Theorem [£.1] we remark that the above theorem holds
for n = 1, but again for ease of exposition in the proof we restrict to the case
of n > 2.

Proof. One quickly observes from the definition of B, that (7 — f")(B) =
c(t,y), and thus B € Q. Denote u := — RESz(T'(B)), so that by Theorem|[5.2]
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combined with the definition of the map ¢ in and
Exp,?”(u) =e(c(t,y)) = (di1,da,. .. ,dn)T.

We wish to switch our viewpoint to thinking about —RES=(T'(B)) as a
vector-valued function with input (dy,...,d,)", |d;| < Co, where Cy is the
constant defined in Lemma For Dg the hyper-disk in C, of radius Cp,
we define B : Dy — C%,, for d € Dy, as

B(d) = —RESz(T(B(t,y;d)).
From the above discussion, we find that
Expgm oB: Dy — C%,

is the identity function. Writing out the definition for B gives

) n djhn_ 1)@
Resz(Byg1) Res= (32320 2 5= W%A)
(69) B=— : = : ;
—_ o0 n djhnfj 1 ()
Resz(BgnA) Res=(22720 2251 W%A)

which we can express as an F,-linear power series with matrix coefficients

00 gAh(i) dy
B= Z <ResE <]1 ”_Hli n)\) > :
pad (ffD ... f@) \<jhen

dn

(@)

We conclude that Expf?" o Bis an F,-linear power series which as a function
on Dy is the identity. Recall that Log%’” is the functional inverse of Expffm
on the disk with radius rr. Thus, on the disk with radius min(Cp,rr) we
have the functional identity

B= Logfm .

Comparing the coefficients of the above expression, and recalling that f, g;
and h; are defined over H finishes the proof. O
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Corollary 5.6. For the coefficients P; for i > 0 of the function Logf}’”, the
bottom row of P; can be written as
E>1§k§n

h(Z) k+1
(70) hi(f) ... f@)n
Proof. Recall from and that ord=(g;) = ordz(h;) = j — 1 and from
@ that ordz(f) = 1. This implies that, for i = 0, each coordinate of the
bottom row of the matrix is regular at = except the last coordinate,

which equals
gnhl > —_ (gn )
Res A =hi(E) - Resz | ==\ ).
< I 1(E) I

Using various facts from Proposition [3.1} and observing that h; is regular
at = and that ¢ — 0 is a uniformizer at =, a short calculation gives

93 ) _ Rese [ On
Res= <f”)\> = Resz <h2>\>

— Res= <_V”°[_1])\> __w(=E) 1

where [—1]: E — E denotes negation on E. Finally, one calculates from
the definition of v, from Proposition [3.1[d) that v,(—E) = —2n — 16 — c3,
which implies that

(71) Resz (%A) - hlzz)'

Thus, for ¢ = 0, the bottom row of equals (0,...,0,1), which is the
bottom row of Qg = 1.

Then, for ¢ > 1 note that the only functions in the bottom row of
which have zeros or poles at E are g, and f", and that the quotient g, /f"
has a simple pole at =, thus

(4) (@)
=\ @ gyt ) T

which completes the proof using . O

Remark 5.7. Theorem [5.4] and Corollary [5.6|should be compared with the
middle and last equalities in , respectively.
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6. Zeta values

In [5], Anderson and Thakur analyze the lower right coordinate of the coef-
ficient P; of the logarithm function for tensor powers of the Carlitz module
to obtain formulas similar to the ones we have provided in They then
define a polylogarithm function and use their formulas to relate this to zeta
values,

a
a€F,[0]
sgn(a)=1

for all » > 1. In this section, we prove a similar theorem for tensor powers
of Drinfeld A-modules, but at the present it is unclear how to generalize
the special polynomials which Anderson and Thakur used in their proof
(the now eponymous Anderson-Thakur polynomials) to tensor powers of A-
modules, and so we developed new techniques. Presently, we only consider
values of n < ¢ — 1 because these allow us to appeal to formulas from [23].

Remark 6.1. We remark that Pellarin, Angles, Ribeiro and Perkins de-
velope a multivariable version of L-series in [7]-[8], [32], [33] and that it is
possible that such considerations could enable one to obtain formulas for all
zeta values; this is an area of ongoing study.

To define a zeta function for a rank 1 sign-normalized Drinfeld module
p: A — H[r|, we first define the left ideal of H|[r] for an ideal a C A by

Joa = {pa|ac€a) C H[r],

where we recall that @ = x(a) from Since H|[7| is a left principal ideal
domain [21, Cor. 1.6.3], there is a unique monic generator p, € Jg4, and we
define J9(pq) to be the constant term of p, with respect to 7. Let ¢4 €
Gal(H/K) denote the Artin automorphism associated to a, and let the B
be the integral closure of A in H. We define the zeta function associated to
p twisted by the parameter b € B to be

pPa

(72) Golbin) =)

CI.QA a(pa)n ’
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Theorem 6.2. For b € B nonzero and for n < q — 1, there exists a vector
(*,...,%,CCy(b;n)) T € CY such that

d := Exp®" : e H",

P
CCp(b? n)

_ D" (=)
where C' = W € H.
Remark 6.3. We remark that the vector d is explicitly computable as
outlined in the proof of Theorem

Remark 6.4. One would like to be able to express the above theorem in
terms of evaluating Logf}m at a special point and then getting a vector with
(p(n) as its bottom coordinate, as is done in [5]. However, one discovers that
d is not necessarily within the radius of convergence of Log%’”, and in fact
d can be quite large (see Example ! One could use Thakur’s idea from
[38, Thm. VI] to decompose d into small pieces which are each individually
inside the radius of convergence of the logarithm for specific examples and
one could likely develop a general theory of how to do this. We do not pursue
this idea here because of space considerations and because it does not seem
fundamental to the theory.

Before giving the proof of Theorem we require several additional
definitions and preliminary results. First, we denote H as the Hilbert class
field of K (which is the fraction field of A), and denote Gal(H/K) as the
Galois group of H over K. Then we observe that elements ¢ € Gal(H/K)
act on elements in the compositum field HH by applying ¢ to elements of
H and ignoring elements of H. We also define the (isomorphic) Galois group
Gal(H/K) and observe that elements ¢ € Gal(H/K) act on the compositum
field HH by applying ¢ to elements of H and ignoring elements of H. Let
p C A be a degree 1 prime ideal, to which there is an associated point P =
(to,yo) € E(Fy) such that p = (6 —to,n — yo), and let ¢ = ¢, € Gal(H/K)
denote the Artin automorphism associated to p via class field theory. Define
the reciprocal power sums

(73) S =3Y & Sum=3 ~



Drinfeld module zeta values 1663

where A, is the set of monic elements of A, where A;; is the set of monic,
degree i elements of A, where p, is the set of monic elements of the ideal p
and where p;+ is the set of monic, degree i elements of p. Then define the
sums

20y (bim) = b3 Sim) =63
(74) _z'120 - A+ .
Zy(bim) =07 (PP YD

acpy

We next prove a proposition which allows us to connect (,(b;n) to the
sums given above. Much of our analysis follows similarly to that in [23, §7-8],
and we will appeal to it frequently throughout the remainder of the section.

Proposition 6.5. Let pi for 2 <k < h be the degree 1 prime ideals as
described above which represent the non-trivial ideal classes of A where h is
the class number of A and set p1 = (1). Then, for n € N we can write the
zeta function

Cp(b;n) = Zp, (b3n) + - -+ + Zy, (b5 7).

Proof. Define the sum

where the sum is over integral ideals a equivalent to py in the class group of
A, and observe

h
Cp = Z Zpy-
k=1

Then, for 1 < k < h, the fact that ipk (b;n) = Zyp, (b;n) follows from slight
modifications to equations (98)-(100) and Lemma 7.10 from [23]. O

Now, we let {w;}2°, (the reader should not confuse these with the coor-
dinates w; of w from §5)) be the sequence of linear functions with sgn(w;) =1
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and divisor

(75) div(w) = (VU7 = V) + (=VID) + (V) = 3(0)

and let {wy ;}3°, be the sequence of functions with sgn(wy ;) = 1 and divisor
(76)  div(wp;) = (VI =V = P) + (=VU2)) + (V) + (P) — 4(c0).

We now extend Theorem 6.5 from [23] to values 1 < n < ¢ — 1, where we
recall the definition of v(t,y) from (1I)).

Proposition 6.6. Forl <n <gq—1 we find

Si(n) < s ) Spi(n) ( i )
,L- n = - s p,’i n = -
wlgl) . f(1) . f(z) - w;(Jli) ] f(l) . f(z—l) =

Proof. The proof of this proposition involves a minor alteration to the proof
given for Proposition 6.5 in [23]. Namely, for the deformation R; s(¢,y) one
sets s = ¢ — n (rather than s = ¢ — 1 as is done in [23]) then one solves for
Si(n) as is done in the original proof. The proof for Sy ;(n) is similar. O

Using equations (82) and (117) from [23] we see that

f FV@)

=0,  —00(=)

51

" o7

which inspires the definition

_ B+Btcadtce B +Bt+adtcs
B a—a al — @ '

(78) g:
Recall that V = (o, 3) from , that ¢; € F, are from and for x € H

that = x(z) as in (4). Observe by and that 0 (2) = f(V®)
and combining this with that

(79) 0

Finally, we define

G = Z 5¢(9¢)n-

$eGal(H/K)
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Proposition 6.7. We have f”é}, € NN HIt,y|, where N is the dual A-
motive from .

Proof. Our function § equals the function J from [23, (125)] (there they
set ¢ =@ and ¥ = ), and so our function G, differs from the function g,
from [23, (126)] only by the nth power in our definition. The proof of this
theorem follows as in the proof of Theorem 8.7 from [23], replacing F by §"
and multiplying the divisors by a factor of n where appropriate. We arrive at
the statement that the polar divisor of G, equals —n(Z) — (ng — deg(b))(o0),
and that G, vanishes with degree at least n at V so that f*-G &€ N as
desired. Finally, since the coefficients of f and § are all in H, we conclude
that f"G, € HI[t,y]. O

We are now equipped to give the proof of Theorem

Proof of Theorem[6.4 Our starting point is Proposition [6.5
(80) Co(bin) = Zp, (b;n) + -+ + Zyp, (b;n)

where we recall that for a degree 1 prime ideal p and its associated Galois
automorphism ¢

(81) Zp(bsn) =0 (—f(P)? )" Y = APy > Spiln).
1=0

an
agp+

If we let [—1] denote the negation isogeny on E, by comparing divisors and
leading terms of the functions in and we find

n_ (D" (ha) (R o [-1])
(82) (O = t —t([n]V D)

We will denote C' = % € H. Note that we also have C =

(5(}2)”'”_ So by we find that (Z) is not contained in the support of

the divisor of (6()™, Further, by setting j = 1 in we see that (Z) is not
contained in the support of the divisor of hy (if £ = —[n]V() this quickly
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leads to a contradiction) and so consequently C' # 0. Combining , Propo-

sition and we find

(83) Zay(bin) =) -

Next, we temporarily fix a prime p = pi for 2 < k < h. The combination
of equations (86) and (118) and Lemma 7.12 from [23] gives

1
(84) ! _ S 1¢_1
_ o 1 1
v 0N(E)60(E) F(P)P

since t — (V) = —5()(Z). Then, and Proposition . together with
and the fact that S, o = 0 gives

V)

. o0 f(z) n
(85)  Zp(bn) = (—1)"b? <>
P ; S ) f (D)

)

We observe by and that f¢71(V(i)) = (9571)(1') (2) and so by
this gives

-1 —1 (7,)
$ b ((-r7 )
2a"Chy (FO - fO)T

(86) Zp(bsn) =

Therefore, returning to we see by and that

(57 5( = )(i)
b ((=£9°)"
Z 2 Chy (FO - )|~

i=0 $eGal(H/K)

~\ (@)
= ((-1""%)
— Chy (fO - f@)

From the proof of Propositionwe see that deg(f”éb) =n(q+ 1) + deg(b)
and from that deg(o?(hy)) =n(j+1)+k. Let us write deg(b) =
en 4+ where 0 <V <n—1 so that deg(f"Gy) =n(q¢+e+1)+b. Since
(=1)™(f9s)" € N by Proposition we can express it in terms of the basis
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from Proposition [3.1{a) with coefficients dj,_; € K,
7]

qgte n

(88) ( fngb szk,j n k—l—l)
7=0 k=1
gt+e n

= Z de(ff(—l) . f(l—j))nhg;jk)ﬂ’

§=0 k=1

where we comment that dj, g1 = 0 for k > b'. Since (—1)”f"§b € Hit,y| by
Proposition a short calculation involving evaluatmg at 2% for
0 <k < g+ e shows that dé] bem. Substituting formula into and
recalling that f(Z) = 0 gives

00 min( z ,q+e) (%) 5 (i—3)
E P 1dk_7 n—k+1

Cplbin) = ; C-hl (.. pla=n)"

We observe that the terms of the above sum are the bottom row of the
coefﬁ01ents P; for i >0 of Log from Corollary up to the factor of

d, ]/ C'. Then, since Log®” is the inverse power series of Exp , if we label
d; = (dij,...,dnj)T € K" for 0<j<q+e and sum over z>0 then we

ﬁnd that there exists some vector (#,...,% CCy(b;n)) ") such that
*
(do +d -t dé‘fj’)) — Exp" * € H"
CCp(bsn)

7. Transcendence implications

In this section we examine some of the transcendence applications of The-
orem This is in line with Yu’s results on transcendence in [41] for the
Carlitz module, where he proves that the ratio (,(n)/7" is transcenden-
tal if ¢ — 117 and rational otherwise. Yu’s work builds on Anderson’s and
Thakur’s theorem in [5], where they express Carlitz zeta values as the last
coordinate of the logarithm of a special vector in A™ similarly to how we
have done in Theorem [6.2} In the last couple decades, there has been a surge
of research answering transcendence questions about arithmetic quantities
in function fields, notably [4], [10], [14]-[16], [30] and [42].
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Theorem 7.1. Let p be a rank 1 sign-normalized Drinfeld A-module, let
7, be a fundamental period of exp,, and define (,(b; n) asin for nonzero
b € B, the integral closure of A in the Hilbert class field of K. Then

dimy Spanﬁ{gp(b; 1),...,¢(b;q—1),1,m,,... ,Wg_Q} =2(qg—1).

Our main strategy for proving Theorem is to appeal to techniques
Yu develops in [42], where he proves an analogue of Wiistholz’s analytic sub-
group theorem for function fields. Yu’s theorem applies to Anderson F[t]-
modules (called t-modules), whereas up till now in this paper we have dealt
only with A-modules. Thus, we switch our perspective slightly by forgetting
the y-action of p®" in order to view p®" as an Fy[t]-module with extra en-
domorphisms provided by the y-action. We will denote this [, [t]-module by
p®". Under the construction given in the F,[t]-module p®™ corresponds
to the dual t-motive N when viewed as a C[t, o]-module (we have forgot-
ten the y-action on N), which we denote by N’. Before giving the proof of
Theorem we require a couple of lemmas which ensure that p®" satisfies
the necessary properties as a t-module to apply Yu’s theorem.

Lemma 7.2. The Anderson F[t|-module p®™

18 simple.
Proof. We recall the explicit functor between t-modules and dual t-motives
as given in [24], §5.2]. For a t-module ¢’ with underlying algebraic group J C
C7, define the dual t-motive N(¢') (note that this is denoted as M (E) in [24,
§5.2]) as Homp, (Gg, J), the C[t, 0]-module of all F4-linear homomorphisms
of algebraic groups over Co. One defines the C[t, o]-module structure on
N(¢") by having C, act by pre-composition with scalar multiplication, o act
as pre-composition with the gth-power Frobenius and ¢ acting by ¢t - m = ¢jm
for m € N(¢'). Note that N(p®") = Homg, (G,,G}) is naturally isomorphic
to Coo[7]™ where o acts for p(7) € Coo[7]" by - p(7) = p(7) - 7 and Cy
acts by scalar multiplication on the right. To maintain clarity, when we
mean Co, with the action described above we will denote it as a C._. Also
note that N (p®™) is isomorphic to N’ = T'(U, Og(nV)) as Cuo[t, o]-modules.
Now suppose that J C CJ is a non-trivial algebraic subgroup of CZ
invariant under p®"(F,[t]) defined by non-zero F,-linear polynomials
pi(®1,...,2n) € K[z1,...,2y] for 1 <j < m. We may assume that one of
the polynomials, which we will denote as p(x1,...,z,) has a non-zero term
in z1. Then note that we have the injection of C._[t,s]-modules given by
inclusion

HOHIFQ (Ga, J) — HOHIFQ (Ga, Gg),
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which allows us to view Homg, (Gg, J) as a C[t, o]-submodule of C_ [7]",
where the o-action is given by right multiplication by 7 as descrived above.
Then observe that the map given by

p« : Homp, (G4, Gy) — Homp, (G4, Gy)

is a Cl,-vector space map, that Homg (G,,G,) = C, [r] and that
Homp, (Gg, J) C ker(p.). By considering degrees in 7, we see that the C/ -
vector subspace (C.[7],0,...,0) C C._[7]" maps to an infinite dimensional
C.-vector subspace of C/_[r] under p,. This implies that

Homp, (Gq,Gy)/ Homp, (Gg, J)

also has infinite dimension over C...

On the other hand, recall that N’ = I'(U, Og(—nV()) is isomorphic to
N(p®") as Cx|t, o]-modules and that N’ is an ideal of the ring C|t,y].
Given a Cu[t,o]-submodule J" C N’ we may choose a non-zero element
h € J', and we claim that o(h) is linearly independent from h over F[t]. If
not, then we would have

(89) Bh = frh=

for some 3 € T, (t). However, this implies that the rational function f*h(~1 /h
is fixed under the negation isogeny [—1] on E, and in particular, for i # 0
we have

(90) OI'dE(i-H) (h) — OI‘d,E(H-l) (h) =+ OI‘d,E(i) (h) — OI'dE(z:) (h) = 0.

Since h is a polynomial in ¢ and y, we see that ordgw (h) — ord_=u(h) =0
for |7| > 0, thus shows that ord=zu (h) — ord_gw (h) = 0 for all 7. But
from we see that

ord=(f") + ordzw (h) — ord_zw (h) + ord_z(h) — ord=(h) = 0,

which is a contradiction, since ord=(f") = n. So J' contains a rank 2 C[t]-
submodule and thus .J’ has finite index in N’ as a Cs-vector space. We
conclude that all the C[t, o]-submodules of N’ have finite index over Cy
which contradicts our observation in the preceding paragraph, thus p®" must
be simple as a t-module. ]

Lemma 7.3. The Anderson Fy[t]-module p®™ has endomorphism algebra
equal to A.
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Proof. Recall that endomorphisms of p®" are F,-linear endomorphisms «
of C% such that ap®™ = p&"« for all a € Fy[t]. Thus A is certainly con-
tained in End(p®™). On the other hand, the -module p®™ and the A-module
p®™ both have the same exponential function Exp?” and same period lat-
tice AS" (given in Proposition (b)) associated to them. We note, how-
ever, that whereas AS" is a rank 1 A-module, when viewed as an F[t]-
module it is rank 2. If we let End®(p®") = End(p®") ®g [ Fq(t) as an Fy(t)-
vector space, then [12, Prop. 2.4.3] implies that [Endo(“gm) (Fq(t)] < 2.
Since A C End(p®") is a rank 2 F,[t]-module, we see that [End®(p®"):
F,(t)] = 2, and thus End(p®") is a rank 2 F,[t]-module containing A. Fur-
ther, A ®p, ) Fq(t) = K, and thus End’(p®") = K as an F,(t)-vector space.
Since End( ®”) is finitely generated over A, it is also integrally closed over
A and thus End(p®") = A. O

Proof of Theorem [7.1. This proof follows nearly identically to the proof of
[42, Thm. 4.1]. First, assume by way of contradiction that

dimz Spang{Cp(b; 1), ..., Cp(b5q — 1), 1, mp, ooy ] 2} < 2(q - 1),

so that there is a K-linear relation among the (,(b; 7) and 7Tp for1<i<g-—1
and 0 < j < g — 2. Then, let G;, be the 1-dimensional trivial t-module and

set

q—1

G:GLX (Hﬁ(@z) H &I

i=1
For 1 <i<g—1setz=(,...,%C((bi)) € C. to be the vector from
Theorem W such that Expf?i(zi) eH ¢, where H is the Hilbert class field of
K. For1l<j<gqg—2,letII; € CL be a fundamental periqd of Expf?j such
that the bottom coordinate of II; is an H multiple of 7} as described in
Proposition [3.5(c). Define the vector

q—1 q—2
X <H z,) X Hﬂj € G(Cy),
i=1 Jj=1

and note Exp,(u) € G(H), where Expg is the exponential function on G.
Our assumption that there is a K-linear relation among the (,(b;i) and
77, implies that u is contained in a d [F,[t]]-invariant hyperplane of G(C)
defined over K. This allows us to apply [42, Thm. 3.3], which says that
u lies in the tangent space to the origin of a proper t-submodule H C G.
Then, Lemmas and together with [42, Thm 1.3] imply that there
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exists a linear relation of the form a(,(b;j) + br) = 0 for some a,b € H and
1 <j<q—2.Since (,(b; j) € Ko and since H C K, this implies that 772 €
K. However, we see from the product expansion for 7, in [23, Thm. 4.6
and Rmk. 4.7] that 7) € K if and only if ¢ — 1|j, which cannot happen
because j < g — 2. This provides a contradiction, and proves the theorem.
O

Corollary 7.4. For 1<i<q—1, the quantities (,(b;i) are transcenden-
tal. Further, the ratio (,(b;i)/m) € K for 0 <j<q—1 if and only if i =
J=q-1

Proof. The transcendence of (,(b; i), as well as the statement that
Colbsi)/m) ¢ K fori,j#q—1

follows directly from Theorem On the other had, if i = j = ¢ — 1, then
[20, Thm. 2.10] guarantees that ¢,(b;7)/m) € K. O

Remark 7.5. We comment that the statement in Corollary [7.4]that (,(b; i)
for 4 =1 is transcendental can be recovered from Anderson’s theorem on
log-algebraicity from [2, Thm. 5.1.1] together with Yu’s analytic subspace
theorem [42].

8. Examples

Example 8.1. In the case of tensor powers of the Carlitz module (see [29]
for a detailed account on tensor powers of the Carlitz module), the formulas
in Theorems and for the coefficients of Exp%” and Log?i” can be
worked out completely explicitly using hyper-derivatives. For instance, we
find that g; = (t — 6)*~! and that the shtuka function is f = (¢ — 6), so the
left hand side of is

1
T =gy — gy (- 67 )

We can expand 7;,; in terms of powers of (t — @) by using hyper-derivatives,
as described in [29, §2.3], namely

(t— ).
t=0

o
Yei =Y 0] ()
=0
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Using this we recover the coefficients of Exp&™ as given in formula (4.3.2) and
Proposition 4.3.6(b) from [29]. The formulas for coefficients of the logarithm
given in (4.3.4) and Proposition 4.3.6(a) from [29] can be derived similarly
using Theorem

Example 8.2. Let E:y?> =13 —t —1 be defined over F3, and note that
A =T,[t,y] has class number 1. Then from [39] we find that

_y—n—n(t—0)
f= t—0—1

The Drinfeld module p associated to the coordinate ring of F is detailed in
Example 9.1 in [23]. Further, the 2-dimensional Anderson A-module p®? is
discussed in Example 7.1 of [22], where formulas are given for the functions g;
and h; from Proposition [3.1(a). We calculate that the function G from is
G=(n+y)/(@—t)—yand that for b = 1 we can express (—1)2f2G;, = (fG)?
in the form given in as

) 5/3 - -
(£9) = by + by —— BV 2 4 BT 2
n?+1 n2/3 +1
—pl9 4 gl/3

+ W R (),

n2/9+ 1

This allows us to write the formulas in Theorem as

YL LY (] (0) Ea®n *
_m3 5 D 3 = = Xp 3 .
=) P\t ) T ) o) TR )

Thus the special vector z = (x, —n/(n% + 1)¢(2)) " is in the period lattice
for Exp?" which by [22, Thm. 6.7] implies that the bottom coordinate of
z is a K-multiple of 772, the fundamental period associated to p. Hence

C(Q)/wﬁ € K as implied by Goss’s [20, Thm. 2.10].

Example 8.3. Now let ¢ = 4 and let E/F, be defined by y*> +y =3 + ¢,
where ¢ € Fy is a root of the polynomial ¢? + ¢ + 1 = 0. Then we know from
[39, §2.3] that A = F,[0, 7] has class number 1, that V' = (6,7 + 1) and that

_y+n+0Ht+9)

/ t+0
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Setting the dimension n = 2 and the parameter b = 1, from we find that

9_n+y+1 yr4y+1
0+t th ¢

and that §1 = G2. Then we compute the expansion from as

F2G1 = (0" +0) " hy + ho + (0 + 0)V4RUV 2 4 (0% + 0) 2RV f2
+ (0" + 0BT (FFT) 4 (00 +0)ng P (f Y
(01 4+ 0) ORI (O T (Y

whereupon Theorem [6.2] gives

((04 +1 9)-1> * <((9;4++?)2> + <Ezi 1 333) + ((94 +1 e)-l)
(0P +0)2 + (01 +0)?

— n *
- <(94+9) + (04+9)3> = ) <(04+6>—1<<2>) |
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