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Bounded ranks and Diophantine

error terms

Hector Pasten

We show that Lang’s conjecture on error terms in Diophantine ap-
proximation implies Honda’s conjecture on ranks of elliptic curves
over number fields. We also show that even a very weak version of
Lang’s error term conjecture would be enough to deduce bound-
edness of ranks for quadratic twists of elliptic curves over number
fields. This can be seen as evidence for boundedness of ranks not
relying on probabilistic heuristics on elliptic curves.

1. Introduction

In 1960, Honda proposed the following conjecture (cf. p. 98 in [6]):

Conjecture 1.1 (Honda). Let A be an abelian variety over a number field
k. There is c = c(A, k) > 0 such that for every finite extension L/k we have
rankA(L) ≤ c · [L : k].

A direct consequence of Honda’s conjecture is:

Conjecture 1.2 (Uniform boundedness for ranks of quadratic
twists). Let E be an elliptic curve over a number field k. There is a pos-
itive integer R = R(E, k) satisfying that for every elliptic curve E′ over k
which is a quadratic twist of E, we have rankE′(k) ≤ R.

The fact that Conjecture 1.1 implies Conjecture 1.2 has been considered
in the past as evidence against Honda’s conjecture, see for instance the
discussion in p.162 of [22].

Uniform boundedness of ranks of elliptic curves over number fields is a
somewhat controversial topic. Elliptic curves of fairly large rank have been
constructed over Q [4] and it is known that the ranks of elliptic curves
over Fp(t) are unbounded [23, 26]. On the other hand, different probabilistic
heuristics have been put forward in the direction of uniform boundedness
[1, 16, 18–20, 31]. See Section 3 of [16] for a historical account. Nowadays,
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it seems unclear whether Conjecture 1.2 should be expected to be false or
not.

Lang has conjectured improved error terms for Roth’s theorem in Dio-
phantine approximation and more generally, in the context of Vojta’s con-
jectures. We will show that Lang’s error term conjecture in a very particular
setting implies Honda’s conjecture for elliptic curves. This is done in Sec-
tion 3 after recalling Lang’s conjecture in Section 2.

More precisely: Theorem 3.2 shows that Lang’s error term conjecture
for curves (Conjecture 2.2) implies Honda’s conjecture for elliptic curves.
Theorem 3.3 shows that a very weak version of Lang’s error term conjecture
(namely, Conjecture 2.3) is still enough to deduce strong rank bounds for
elliptic curves. In particular, Corollary 3.4 shows that even this weak version
of Lang’s error term conjecture implies boundedness of ranks for quadratic
twists.

Finally, in Section 4, we discuss the function field cases of characteristic
0 and p > 0. In the former case, we prove the analogue of Lang’s error term
conjecture for isotrivial elliptic curves.

Our results can be regarded as evidence towards uniform boundedness of
ranks that does not come from probabilistic heuristics on elliptic curves —
as we will recall in the next section, our main evidence comes from analogies
with complex analysis. See also Theorem 4.1 below.

2. Lang’s conjecture on error terms

Let k be a number field, kalg a fixed algebraic closure of k, and X a smooth
projective variety over k. For each line sheaf L on X it is standard to as-
sociate a (logarithmic, normalized over the ground field k) height function
hL : X(kalg)→ R uniquely defined up to a bounded function. When X = Pnk
for some n and L = O(1), we simply write h = hL . Given an effective divi-
sor D on X and S a finite set of places of k, we also have a proximity func-
tion mS(D,−) : (X r suppD)(kalg)→ R uniquely defined up to a bounded
function. See for instance [2], [10], or [30] for details.

Vojta [27, 30] formulated deep conjectures in the context of Diophantine
approximation and value distribution. We recall here his main conjecture for
algebraic points. The canonical sheaf of X is written KX and the logarith-
mic discriminant of x ∈ X(kalg) is defined by d(x) = [kx : k]−1 log |Disc(kx)|,
where kx ⊆ kalg is the residue field of x.

Conjecture 2.1 (Vojta). Let k be a number field, X a smooth projective
variety over k, S a finite set of places of k, D an effective normal crossings
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divisor on X, A an ample line sheaf on X, r ≥ 1 an integer, and ε > 0.
There is a proper Zariski closed set Z ⊆ X depending on this data, such
that for all but finitely many x ∈ (X r Z)(kalg) with [kx : k] ≤ r we have

(2.1) mS(D,x) + hKX
(x) < d(x) + εhA (x).

Vojta [28] proved large part of this when X is a curve, which is the main
case for us. Conjecture 2.1 generalizes several conjectures and theorems in
Diophantine approximation. For instance, Roth’s theorem can be stated as
follows: Let S be a finite set of places of k, D an effective reduced divisor on
P1
k and ε > 0. For all but finitely many x ∈ P1

k(k) we have

(2.2) mS(D,x) < (2 + ε)h(x).

Note that this is precisely Conjecture 2.1 for X = P1
k and r = 1, i.e. k-

rational points.
Lang conjectured [7, 8, 12] that (2.2) might be replaced by the following

estimate with a better error term (log+ t means log max{1, t}):

mS(D,x) < 2h(x) + (1 + ε) log+ h(x).

This was inspired by inspired by Khintchine’s theorem, which asserts that
an analogous estimate holds for rational approximations of almost all real
numbers (in a measure theoretic sense). See also [11], p.214 in [10], and
paragraph (14.2.8) in [2].

Motivated by analogies between number theory and value distribution,
Lang [9] made a similar conjecture for the error term in the Second Main
Theorem of Nevanlinna theory in complex analysis. This was later proved
by Wong [32], giving valuable evidence for Lang’s error term conjecture. See
[3] for a detailed study of error terms in Nevanlinna theory.

Lang went further and conjectured a similar improvement for the error
term in Conjecture 2.1, namely, that (2.1) should be replaced by

mS(D,x) + hKX
(x) < d(x) + C log+ hA (x)

for any given constant C > 1, cf. p.222 of [10]. This improved error term is
incorporated in Vojta’s formulation of his conjecture in p.198 of [30], possibly
with a larger value of C and restricting to a generic set of algebraic points,
see loc. cit. for details.

However, it turns out that when dimX ≥ 2 the error term conjecture
can fail : There might be no value of C for which the term εhA (x) in (2.1)
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can be replaced by C log+ hA (x). This is shown by an explicit construction
in [14], for rational points in the surface obtained as the blow-up of P2

k at a
point. A key difference between dimX ≥ 2 and dimX = 1 in Conjecture 2.1
is the exceptional set Z: In higher dimensions it can depend on the ε ap-
pearing in (2.1) (cf. [14]), while for curves we may simply take Z = suppD.
The structure of Z when dimX ≥ 2 is also relevant in the analysis of the
parameter r in Conjecture 2.1, cf. [13].

The problem remains open in the case when X is a curve. Here we state
a version weaker than Lang’s formulation in [10], as we allow the number C
to depend on the geometric data.

Conjecture 2.2 (Error term conjecture for curves). Let k be a num-
ber field, X a smooth projective curve over k, D an effective reduced divisor
on X, and A an ample line sheaf on X. There is a number C > 0 depending
on the previous data and satisfying the following:

Let r be a positive integer and let S be a finite set of places of k. For all
but finitely many algebraic points x ∈ X(kalg) with [kx : k] ≤ r we have

(2.3) mS(D,x) + hKX
(x) < d(x) + C log+ hA (x).

Let us formulate a much weaker conjecture where the number C is al-
lowed to depend on all parameters, and the logarithmic discriminant d(x) is
replaced by some function of the residue field kx. We define the set of fields
Ω(k, r) = {L : k ⊆ L ⊆ kalg and [L : k] ≤ r}.

Conjecture 2.3 (Weak error term conjecture). Let k be a number
field, X a smooth projective curve over k, D an effective reduced divisor
on X, A an ample line sheaf on X, r a positive integer, and S a finite
set of places of k. There is a number C > 0 and a function ξ : Ω(k, r)→ R,
both possibly depending on all the previous data, such that for all but finitely
many algebraic points x ∈ X(kalg) with [kx : k] ≤ r we have

mS(D,x) + hKX
(x) < ξ(kx) + C log+ hA (x).

There is another version of Vojta’s conjecture involving truncated count-
ing functions (a generalization of the radical of an integer), see [29]. The
refined conjecture includes the abc conjecture as a special case. Using rami-
fied covers, it is shown in [29] that Conjecture 2.1 is equivalent to the seem-
ingly stronger version with truncated counting functions. The equivalence,
however, does not respect error terms. For instance, for the abc conjecture
(formulated in logarithmic form) it is known that the error term cannot be
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O(log+ hA (x)), and in fact, it is at least�ε (hA (x))1/2−ε for infinitely many
examples, cf. [25]. This difference in the expected form of error terms in the
truncated and non-truncated versions of Vojta’s conjecture was known to
Lang (at least in the setting of Roth’s theorem compared to the abc conjec-
ture) and has received some attention, see for instance [11] and [5].

3. Error terms and ranks

Let us write ‖ − ‖2 for the Euclidean norm in Rm.

Lemma 3.1. Let n ≥ 3 be an integer, F : Rn → C an R-linear map, and
H = kerF . Assume H ∩ Zn = {0}. For certain c > 0 depending on this data,
the following holds:

Let δ ∈ (0, 1]. There is b ∈ Zn r {0} satisfying ‖b‖2 ≤ c · δ−2/(n−2) and
0 < |F (b)| ≤ δ.

Proof. For t > 0 and m positive integer, let Bm(t) = {x ∈ Rm : ‖x‖2 ≤ t}
and let ωm = VolBm(1). Since [−m−1/2,m−1/2]m ⊆ Bm(1), we have ωm ≥
(m/4)−m/2.

Let PH : Rn → H be the orthogonal projection. For λ ≥ 1 and ε ∈ (0, 1],
consider the set

X(λ, ε) := {x ∈ Rn : PH(x) ∈ Bn(λ) and ‖x− PH(x)‖2 ≤ ε} ⊆ Rn.

Then X(λ, ε) is compact, convex, and symmetric about 0, and

VolX(λ, ε) =

{
2ε · λn−1ωn−1 if dimR(image(F )) = 1

πε2 · λn−2ωn−2 if dimR(image(F )) = 2.

Hence

VolX(λ, ε) ≥ (n/4)−n/2ε2λn−2,

as n ≥ 3. Consider λε := nn/(2n−4)ε−2/(n−2) ≥ 1 and note that VolX(λε, ε) ≥
2n. By Minkowski’s theorem there is a non-zero bε ∈ X(λε, ε) ∩ Zn and we
observe that ‖bε‖2 ≤ λε + 1 ≤ 2nn/(2n−4)ε−2/(n−2).

We have F (bε) 6= 0 since H ∩ Zn = {0}. Let aF > 0 be the operator norm
of F , then

0 < |F (bε)| = |F (bε − PH(bε))| ≤ aF · ‖bε − PH(bε)‖2 ≤ aF · ε.
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Choosing ε = min{1, a−1F } · δ, we get the result with

c = 2nn/(2n−4) ·max
{

1, a
2/(n−2)
F

}
.

�

We now present our results on Lang’s error term conjecture and ranks
of elliptic curves.

Theorem 3.2. Let k be a number field and E an elliptic curve over k
with neutral point x0. If Conjecture 2.2 holds for X = E and D = x0, then
Conjecture 1.1 holds for E.

Proof. Assume that Conjecture 2.2 holds for X = E and D = x0. Note that
for a suitable ample sheaf A we can replace the height hA in (2.3) by
the Néron-Tate canonical height ĥ : E(kalg)→ R. Let C > 0 be the number
provided by Conjecture 2.2 with these choices.

Let L/k be a finite extension, put r = [L : k] and let S be the set of
Archimedean places of k. To obtain Conjecture 1.1 for E, it suffices to prove

(3.1) ρ := rankE(L) ≤ 4Cr + 3.

For the sake of contradiction, suppose ρ > 4Cr + 3. Let x1, ..., xρ ∈ E(L)
be Z-linearly independent points and let cL be an upper bound for the quan-
tity [k′ : k]−1 log Disc(k′) for all intermediate fields k ⊆ k′ ⊆ L. In particular,
d(x) ≤ cL for all x ∈ E(L).

Since KE ' OE we can take hKE
as the zero function. Thus, Conjec-

ture 2.2 gives that all but finitely many x ∈ E(L) satisfy

(3.2) mS(x0, x) ≤ cL + C log+ ĥ(x).

Let σ : L→ C be an embedding and let τ = σ|k be its restriction to k.
We have an induced embedding iσ : E(L)→ Eτ where Eτ := (E ⊗τ C)(C).
Fix a complex uniformization π : C→ C/Λ ' Eτ for a fixed choice of lattice
Λ. The usual distance in C induces under π a distance function dτ on Eτ ,
hence a distance dσ on E(L) thanks to iσ. Fix also α1, . . . , αρ ∈ C lifts of the
points xj for 1 ≤ j ≤ ρ in the sense that π(αj) = iσ(xj), and observe that
the numbers α1, . . . , αρ are Q-linearly independent.
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Consider the R-linear map F : Rρ → C given by

F (t1, . . . , tρ) =

ρ∑
j=1

αjtj .

If in the proximity function mS(x0,−) we only keep the contribution of the
place of L corresponding to σ, then we see that there is a number c1 > 0
depending only on the previous choices, such that for each non-zero tuple
b = (bj) ∈ Zρ the corresponding point zb =

∑
j bjxj ∈ E(L) r {x0} satisfies

(3.3) mS(x0, zb) + c1 ≥
1

r
log+

(
1

dσ(x0, zb)

)
≥ 1

r
log+

(
1

|F (b)|

)
.

Let Y ≥ 1 be any real number (which we will later take large) and let
δ = 1/Y . Note that ker(F ) ∩ Zρ = {0} because the complex numbers αj are
Q-linearly independent. As ρ ≥ 3, we can apply Lemma 3.1 to obtain a non-
zero bY ∈ Zρ such that

(3.4) |F (bY )| ≤ δ = Y −1 and ‖bY ‖2 ≤ c2Y 2/(ρ−2)

for certain c2 > 1 independent of Y .
Let us take the point zY := zbY ∈ E(L). Then (3.3) and (3.4) give

mS(x0, zY ) + c1 ≥
1

r
log(Y ).

On the other hand, by (3.4) and the theory of the Néron-Tate canonical
height we have

ĥ(zY ) ≤ c3‖bY ‖22 ≤ c4Y 4/(ρ−2)

for some numbers c3, c4 > 1 independent of Y . Hence, from (3.2) we get

1

r
log(Y )− c1 ≤ mS(x0, zY ) ≤ cL +

4C

ρ− 2
log(Y ) + log c4.

The assumption ρ > 4Cr + 3 gives a contradiction for large Y , thus prov-
ing (3.1). �

After some minor notational modifications, the same argument gives:

Theorem 3.3. Let k be a number field and E an elliptic curve over k with
neutral point x0. If Conjecture 2.3 holds for X = E, D = x0, and a given
r ≥ 1, then the following holds:
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There is a positive integer Br depending only on the previous data (in-
cluding r) such that for all finite extensions L/k with [L : k] ≤ r we have
rankE(L) ≤ Br.

In particular, Conjecture 2.3 for r = 2 implies boundedness of ranks for
quadratic twists.

Corollary 3.4. Let k be a number field and E an elliptic curve over k with
neutral point x0. If Conjecture 2.3 holds for X = E, D = x0, and r = 2,
then Conjecture 1.2 holds for E.

If in Conjecture 2.2 one moreover assumes that C is uniform for all
elliptic curves over k, then one would deduce uniform boundedness for ranks
of all elliptic curves over k.

4. Function fields

Let us first consider the complex function field case. For elliptic curves with
constant j invariant (the isotrivial case), we can prove a strong form of the
analogue of the part of Conjecture 2.2 that is relevant for our discussion,
with an error term which is bounded instead of logarithmic. For the notation
regarding Diophantine approximation for function fields, we refer to sections
16 and 28 of [30]; in particular, note that the normalized genus term in the
following result is a geometric analogue of the logarithmic discriminant.

Theorem 4.1. Let K be the function field of a smooth complex projective
curve B of genus gB and let Kalg be an algebraic closure of K. Let X be
an elliptic curve over K with constant j-invariant and let x0 be the neutral
point of X. Let S be a finite set of places of K. For all x ∈ X(Kalg) r {x0}
we have that

mS(x0, x) ≤ max

{
0,

2gx − 2

[Kx : K]
+ #S

}
where Kx is the residue field of x and gx is the genus of the function field
Kx.

Proof. The idea is similar to [24]. See also the proof of Theorem 28.1 in [30].
After finite base change, one can reduce to the case when X admits an

integral model of the form B ×X0 with X0 an elliptic curve over C, and
that x0 ∈ X0(C) is a constant section. The set S can be identified with a
finite set of points of B.
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There is a smooth projective curve Y with a finite map π : Y → B of
degree r = [Kx : K] such that Kx is the function field of Y and the extension
Kx/K is induced by π under pull-back. Note that gY = gx. The point x ∈
X(Kx) = Mor(Y,X0) then corresponds to a morphism φ : Y → X0 which
we may assume to be non-constant, for otherwise the result is clear — it is
only here that max{0,−} is needed in the claimed estimate; the rest of the
argument works with (2gx − 2)/[Kx : K] + #S.

Let Rφ be the ramification divisor of φ on Y and for each p ∈ Y we
let ep(φ) be the local ramification index. As X0 has genus 1, the Riemann-
Hurwitz formula gives

2gY − 2 = degRφ =
∑
p∈Y

(ep(φ)− 1) ≥

 ∑
p∈π−1(S)

ep(φ)

− r ·#S.
The result follows since

mS(x0, x) =
1

r

∑
p∈π−1(S)∩φ−1(x0)

ep(φ).

�

It seems that the question of boundedness of ranks for non-constant
quadratic twists of elliptic curves over Q(t) with constant j-invariant is an
open problem, see [21]. Along these lines, one can ask: Let E be an elliptic
curve over C. Is there an integer n0 = n0(E) ≥ 1 such that for each hyper-
elliptic curve X over C we have that En0 is not an isogenous factor of the
Jacobian of X? Relevant examples are constructed in [17]. Unfortunately,
despite Theorem 4.1, our arguments regarding ranks do not seem to apply
in this setting as we heavily use an Archimedean place in the number field
case.

If instead K is a global function field over a finite field, then the analogue
of Roth’s theorem is false [15], thus, the obvious analogue of Conjecture 2.2
fails. This failure is due to constructions involving the Frobenius map. In
addition, there is the problem that K does not have Archimedean places. It
is appropriate to recall at this point that the ranks of elliptic curves over such
a field K are unbounded, even for quadratic twist families in the isotrivial
case [23, 26].

Let us formulate a final conclusion. From the point of view discussed
here, it is conceivable that (un)boundedness of ranks of elliptic curves over
number fields and global function fields of positive characteristic are non-
analogous phenomena. In fact, our work suggests that boundedness of ranks
is closely related to delicate aspects of Diophantine approximation (namely,
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error terms), while it has long been known that height inequalities in Dio-
phantine approximation such as Roth’s theorem behave differently in both
settings.
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Dept. de Matemáticas, Pontificia Universidad Católica de Chile
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