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On semipositivity theorems

OsaMU FuJiNO AND TARO FuJjisawa

We generalize the Fujita—Zucker-Kawamata semipositivity theo-
rem from the analytic viewpoint.

1. Introduction

The main purpose of this paper is to generalize the well-known Fujita—
Zucker-Kawamata semipositivity theorem (see [13, §4. Semi-positivity], [14]
Theorem 2], [7, Section 5], [8, Theorem 3|, and [9]) from the analytic view-
point.

Theorem 1.1. Let X be a complex manifold and let Xo C X be a Zariski
open set such that D = X \ X is a normal crossing divisor on X. Let Vi be
a polarizable variation of R-Hodge structure over Xg with unipotent mon-
odromies around D. Let F® be the canonical extension of the lowest piece of
the Hodge filtration. Let F® — £ be a quotient line bundle of F°. Then the
Hodge metric of F® induces a singular hermitian metric h on £ such that
V—=10,(&) > 0 and the Lelong number of h is zero everywhere.

As a direct consequence of Theorem [I.1], we have:

Corollary 1.2 (cf. [15]). Let X be a complex manifold and let Xy C X be
a Zariski open set such that D = X \ X is a normal crossing divisor on X .
Let Vi be a polarizable variation of R-Hodge structure over Xy with unipotent
monodromies around D. Let F® be the canonical extension of the lowest piece
of the Hodge filtration. Then Op, (p»)(1) has a singular hermitian metric h
such that \/jleh(ﬁpx(p'bg(l)) > 0 and that the Lelong number of h is zero
everywhere. Therefore, F° is nef in the usual sense when X 1is projective.

Remark 1.3. There exists a quite short published proof of Corollary
(see the proof of [15, Theorem 1.1]). However, we have been unable to fol-
low it. We also note that the arguments in [13] §4. Semi-positivity] contain
various troubles. For the details, see [8, 4.6. Remarks].
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Remark 1.4. When X is projective and Vj is geometric in Corollary
the nefness of F® has already played important roles in the Iitaka program
and the minimal model program for higher-dimensional complex algebraic
varieties.

More generally, we can prove:

Theorem 1.5. Let X be a complex manifold and let Xo C X be a Zariski
open set such that D = X \ Xy is a normal crossing divisor on X. Let Vj be
a polarizable variation of R-Hodge structure over Xo with unipotent mon-
odromies around D. If A is a holomorphic line subbundle of the associated
system of Hodge bundles Gry, V = @p Grh. ¥ which is contained in the ker-
nel of the Higgs field

0:Gr% 7 — Qk(log D) ®¢g, Cr$% 7,

then the Hodge metric induces a singular hermitian metric h on its dual
MY such that \/—10p(#Y) > 0 and that the Lelong number of h is zero
everywhere.

For the details of the Higgs field 6 : Gr% 7 — Q4 (log D) ® g, Gr% ¥ in
Theorem see Definition [2.7] below.
As a direct easy consequence of Theorem we obtain:

Corollary 1.6 ([23] and [2, Theorem 1.8]). Let X be a complex mani-
fold and let Xo C X be a Zariski open set such that D = X \ Xy is a normal
crossing divisor on X . Let Vi be a polarizable variation of R-Hodge structure
over Xgy with unipotent monodromies around D. If A is a holomorphic sub-
bundle of the associated system of Hodge bundles Gry. ¥ = @p Grh, ¥V which
1s contained in the kernel of the Higgs field

0:GCr% ¥ — Qk(logD) ® Gr% ¥,
then Op (av)(1) has a singular hermitian metric h such that
V—=1604(Op, (avy(1)) 2 0

and that the Lelong number of h is zero everywhere. Therefore, the dual
vector bundle AV is nef in the usual sense when X is projective.

Corollary [1.6]is an analytic version of [2, Theorem 1.8] (see also [9]). For
some generalizations of [2, Theorem 1.8] from the Hodge module theoretic
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viewpoint, see [I7, Theorem 18.1] and [I8, Theorem A]. For a very recent
development on semipositivity theorems from the theory of Higgs bundles,
see [1].

Remark 1.7. Let a be the integer such that Fg“ C F§ = 7. Then, in
Corollary Gr% 7 is a holomorphic subbundle of Grfy # and is con-
tained in the kernel of #. Therefore, we can use Corollary [L.6]for A = Grf. 7.
By considering the dual Hodge structure in Corollary and putting A =
Gr 7, Corollary[1.6]is also a generalization of the Fujita—Zucker-Kawamata
semipositivity theorem (see, for example, [7, Remark 3.15]). Of course, by
considering the dual Hodge structure, Theorem [1.5| contains Theorem [1.1]as
a special case.

Our proof in this paper heavily depends on [16], which is based on [3],
and Demailly’s approximation result for quasi-plurisubharmonic functions
on complex manifolds (see [4] and [5]).

Remark 1.8 (Singular hermitian metrics on vector bundles). We
note that our results explained above are local analytic. Therefore, we can
easily see that the Hodge metric of F® in Theorem is a semipositively
curved singular hermitian metric in the sense of Paun—Takayama (see [19,
Definition 2.3.1] and [11, Lemma 18.2]). Moreover, in Corollary the
induced metric on A is a seminegatively curved singular hermitian metric
in the sense of Paun—Takayama (see [19, Definition 2.3.1] and [I1, Lemma
18.2]). For the details of singular hermitian metrics on vector bundles and
some related topics, see [19] (see also [11] and []).

2. Preliminaries

In this section, we collect some basic definitions and results.

2.1 (Singular hermitian metrics, multiplier ideal sheaves, and so
on). Let us recall some basic definitions and facts about singular hermitian
metrics and plurisubharmonic functions. For the details, see [5], (1.4), (3.12),
(5.4), and so on].

Definition 2.2 (Singular hermitian metrics and curvatures). Let .Z
be a holomorphic line bundle on a complex manifold X. A singular hermitian
metric h on £ is a metric which is given in every trivialization 0 : £ |y ~
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U x C by
€ln = 10€) e, zeU, ¢ %,

where ¢ € L] _(U) is an arbitrary function, called the weight of the metric

with respect to the trivialization 8. Note that L%OC(U) is the space of locally
integrable functions on U. The curvature ©,(%) of a singular hermitian

metric h on .Z is defined by
O4(L) := 2000,

where ¢ is a weight function and 99y is taken in the sense of currents. It
is easy to see that the right hand side does not depend on the choice of
trivializations. Therefore, we get a global closed (1, 1)-current ©5(.%) on X.
In this paper, v/—160,(£) > 0 means that /—10,(%) is positive in the
sense of currents.

Let . be a holomorphic line bundle on a smooth projective variety X.
Then it is well known that there exists a singular hermitian metric h on
& with /—10,(%) > 0 if and only if . is pseudoeffective (see [5, (6.17)
Theorem (c)]).

Definition 2.3 ((Quasi-)plurisubharmonic functions). A function ¢ :
U — [—00,00) defined on an open set U C C" is called plurisubharmonic if

(i) ¢ is upper semicontinuous, and

(ii) for every complex line L C C", p|ynp, is subharmonic on U N L, that is,
for every a € U and & € C" satisfying |¢] < d(a,U¢) = inf{|a — z| |z €
U¢}, the function ¢ satisfies the mean inequality

1 2 )
o)< 5o [ elarcmom

Let X be an n-dimensional complex manifold. A function ¢ : X —
[—00,00) is said to be plurisubharmonic if there exists an open cover X =
Ui Ui such that ¢|y, is plurisubharmonic on U; (C C") for every i. A quasi-
plurisubharmonic function is a function ¢ which is locally equal to the sum
of a plurisubharmonic function and of a smooth function.

Let ¢ be a quasi-plurisubharmonic function on a complex manifold X.
Then the multiplier ideal sheaf # (p) C Ox is defined by

LU, 7 (9) ={f € Ox(U)||fI?e™* € Lio.(U)}
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for every open set U C X. It is well known that ¢ (¢) is a coherent ideal
sheaf on X.

Definition 2.4 (Lelong numbers). Let ¢ be a quasi-plurisubharmonic
function on U (C C™). The Lelong number v(p, z) of ¢ at x € U is defined
as follows:

i P)
v(p,z) = hgi}a?flog |z — x|

It is well known that v(p, x) > 0.
In this paper, we will implicitly use the following easy lemma repeatedly.

Lemma 2.5. Let £ be a holomorphic line bundle on a complex manifold
X. Let h = ge=2% be a singular hermitian metric on £, where g is a smooth
hermitian metric on £ and ¢ is a locally integrable function on X. We
assume that /=10, (&) > 0. Then there erists a quasi-plurisubharmonic
function ¢ on X such that @ coincides with ¥ almost everywhere. In this
situation, we put ¢ (h) = # (). Moreover, we simply say the Lelong num-
ber of h to denote the Lelong number of 1 if there is no risk of confusion.

2.6 (Systems of Hodge bundles, Higgs fields, curvatures, and so
on). Let us recall the definition of systems of Hodge bundles.

Definition 2.7 (Systems of Hodge bundles). Let Vj = (Vy, Fy) be a
polarizable variation of R-Hodge structure on a complex manifold X, where
Vo is a local system of finite-dimensional R-vector spaces on X and {F}}
is the Hodge filtration. Then we obtain a Higgs bundle (Ey,0y) on Xy by
setting

Ey = Gy, % = P FY/FH
p
where ) = Vo ® Ox,. Note that 6y is induced by the Griffiths transversality

VY = Ok, ®oy, Y
More precisely, V induces
0 F/FL — Ok, @0y, (F/RD)
for every p. Then

b0 = @65 : By — Ok, @0, Eo.
p
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The pair (Ey, p) is usually called the system of Hodge bundles associated to
Vo = (Vo, Fy) and 6y is called the Higgs field of (Eg,6).

We further assume that X is a Zariski open set of a complex manifold
X such that D = X \ Xy is a normal crossing divisor on X and that the
local monodromy of Vy around D is unipotent. Then, by [20} (4.12)], we can
extend (Fy,0y) to (F,0) on X, where

E=Gr}. 7V = EBFP/FPH
P

and

0:E — Qk(logD) ®g4, E.
Note that ¥ is the canonical extension of ¥) and FP is the canonical exten-
sion of FJ, that is,

FP = FinY,
where j : X¢ < X is the natural open immersion, for every p.
We need the following important calculations of curvatures by Griffiths.

For the basic definitions and properties of the induced metrics and curvatures
for subbundles and quotient bundles of a vector bundle, see [10}, §1 and §2].

Lemma 2.8. We use the same notation as in Definition . Let F(I]) be the
lowest piece of the Hodge filtration. Let qo be the metric of Fy induced by the
Hodge metric. Let O, (FS) be the curvature form of (F{,qo). Then we have

O, (Fy) + (60)" NG =0

where (03)* is the adjoint of 63 with respect to the Hodge metric (see, for
example, [10] and [20, (7.18) Lemma]). Let £ be a quotient line bundle of
Fé’. Then we have the following short exact sequence of locally free sheaves:

0— S — Fo — % — 0.

Let A be the second fundamental form of the subbundle Sy C F{. Let ho be
the induced metric of £y. Then we obtain
V=164, (L) = V=104, (F))| 2, + V1A A*
= V=105 N 0|y, +V—TAN A*.

Note that A* is the adjoint of A with respect to qo. Therefore, the curvature
form of (£, ho) is a semipositive smooth (1,1)-form on Xj.
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In the proof of Theorem [I.1]in Section [ we will investigate asymptotic
behaviors of log hg, 0log hg, O0log hy near the normal crossing divisor D
and see that the largest lower semicontinuous extension h of hg on X has
desired properties.

Lemma 2.9. We use the same notation as in Definition[2.7. Let qo be the
Hodge metric on the system of Hodge bundles (Ey, 6p) induced by the original
Hodge metric. Let ©4 (Ey) be the curvature form of (Eo,qo). Then we have

Oy (Eo) + 600 NOy 4+ 605 Ny =0

where 0 is the adjoint of 0y with respect to qo (see, for example, [10] and
[20, (7.18) Lemma)). Therefore, we have

vV —1@q0 (Eo) = —v—16g A 96 — —196 A bg.

Let Ay be a line subbundle of Ey which is contained in the kernel of 6y and
let hzr) be the induced metric on M#y. Then

V=10, (M) = V=104, (Eo)|.a, + V—1A" N A
= —V—=100 NOy|.p, — V=105 N Oo|.y, + V—1A" N A
=—V—-10AN0|.p, + V-1A"NA
where A is the second fundamental form of the line subbundle .#y C Ey and

A* is the adjoint of A with respect to qo. Therefore, the curvature of (M, hg)
is a seminegative smooth (1,1)-form on Xj.

3. Nefness

Let us start with the definition of nef line bundles on projective varieties.

Definition 3.1 (Nef line bundles). A line bundle .Z on a projective
variety X is nefif £ - C > 0 for every curve C' on X.

In this paper, we need the notion of nef locally free sheaves (or vector
bundles) on projective varieties, which is a generalization of Definition

Definition 3.2 (Nef locally free sheaves). A locally free sheaf (or vector
bundle) & of finite rank on a projective variety X is nef if the following
equivalent conditions are satisfied:
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(i) & =0 or Op, (s (1) is nef on Px(&).

(ii) For every map from a smooth projective curve f : C' — X, every quo-
tient line bundle of f*& has nonnegative degree.

A nef locally free sheaf in Definition was originally called a (numer-
ically) semipositive sheaf in the literature.

Let us recall the definition of nef line bundles in the sense of Demailly
(see [5l, (6.11) Definition]).

Definition 3.3 (Nef line bundles in the sense of Demailly). A holo-
morphic line bundle .Z on a compact complex manifold X is said to be nef
if for every € > 0 there is a smooth hermitian metric h. on .Z such that
V=10, (&) > —ew, where w is a fixed hermitian metric on X.

We can easily check:

Lemma 3.4. If X is projective in Definition then £ is nef in the
sense of Demailly if and only if £ is nef in the usual sense.

Proof. 1t is an easy exercise. For the details, see [0, (6.10) Proposition]. O

The following proposition is more or less well-known to the experts. We
write the proof for the reader’s convenience.

Proposition 3.5. Let X be a compact complex manifold and let £ be a
holomorphic line bundle equipped with a singular hermitian metric h. As-
sume that /—10,(%) > 0 and the Lelong number of h is zero everywhere.
Then £ is a nef line bundle in the sense of Definition [3.5

First, we give a quick proof of Proposition when X is projective. It
is an easy application of the Nadel vanishing theorem and the Castelnuovo—
Mumford regularity.

Proof of Proposition when X is projective. Let o7 be an ample line bun-
dle on X such that |<7| is basepoint-free. By Skoda’s theorem (see [5] (5.6)
Lemmal), we have ¢ (h™) = Ox for every positive integer m, where ¢ (h")
is the multiplier ideal sheaf of A™. Here, we used the fact that the Lelong
number of A is zero everywhere. By the Nadel vanishing theorem,

Hi(X’ wx ® g@m ® d®n+17i) =0

for every 0<i<n=dimX and every positive integer m. By the
Castelnuovo-Mumford regularity, wyx ® Z®" ® /"1 is generated by
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global sections for every positive integer m. We take a curve C' on X. Then
C - (wxy ® L ® 1) > 0 for every positive integer m. This means that
C - > 0. Therefore, .Z is nef in the usual sense. O

Next, we prove Proposition [3.5| when X is not necessarily projective.
The proof depends on Demailly’s approximation theorem for quasi-plurisub-
harmonic functions on complex manifolds (see [4]).

Proof of Proposition[3.5: general case. Let w be a hermitian metric on X
and let € be any positive real number. We fix a smooth hermitian metric g
on .Z. Then we can write h = ge~2?, where ¢ is an integrable function on
X. Since /—10p(Z) > 0, we see that

— 1
V—100¢p > —5\/—189(3) =:7.

By Lemma [2.5] we may assume that ¢ is quasi-plurisubharmonic. Note that
« is a smooth (1,1)-form on X. By [4, Proposition 3.7] (see also 5 (13.12)
Theorem]| and [6l, Theorem 56]), we can construct a quasi-plurisubharmonic
function ¥, on X with only analytic singularities (see below) such that

_ 1
V=100, > v — §5w

(see [4, Proposition 3.7 (iii)], [5, (13.12) Theorem (c)], and [6, Theorem 56
(c)]). Since the Lelong number of h is zero everywhere by assumption, we
obtain

0 <v(Wex) <vip,z)=0
for every x € X by [4, Proposition 3.7 (ii)] (see also [5, (13.12) Theorem (b)]
and [6, Theorem 56 (b)]). Therefore, the Lelong number of 1. is zero ev-
erywhere. By construction, we can easily see that . is smooth outside

{z € X |¢:(x) = —oc0}. As mentioned above, 1. has only analytic singu-
larities, that is, it can be written locally near every point zg € X as

(3.1) bez) =clog 3 lg()P +O(1)
1<j<N
with a family of holomorphic functions {gi,...,gn} defined near zy and a

positive real number ¢ (see [0, Definition 52]). Since v (¢, z) = 0 for every
x € X, we obtain that . # —oo everywhere. Therefore, . is a smooth
function on X. We put h. = ge~2¥-. Then h. is a smooth hermitian metric
on .Z such that /=10, (.£) > —ew. This means that .Z is a nef line bundle
in the sense of Definition [3.3l O
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4. Proof of Theorem [1.1]

In this section, we will prove Theorem and Corollary The arguments
below heavily depend on [16, Section 5|. Therefore, we strongly recommend
the reader to see [16] Section 5], especially [16, Definition 5.3], before reading
this section.

4.1. Weput A, = {2 € C||z| <a}, Ay ={2z€C||z] <a},and A} = A, \
{0}. On A7, we fix coordinates z1, ..., zp.

Let us quickly recall the definition of mearly boundedness and almost
boundedness due to Kollar for the reader’s convenience.

Definition 4.2 (see [16, Definition 5.3 (vi) and (vii)]). On (AX)"
with 0 < a < e~ !, we define the Poincaré metric by declaring the coframe

dz; dz;
zilog |z Z; log |z

to be unitary. This defines a frame of every Q¥ which we will refer to as the
Poincaré frame.

A function f defined on a dense Zariski open set of A is called nearly
bounded on Al if f is smooth on (A¥)™ and there are C' > 0,k > 0and e > 0
such that for every ordering of the coordinate functions zi,...,z, at least
one of the following conditions is satisfied for every z € {z € (A})"||z1] <

(a): [f]<C,
(b): |21] < exp(—|zm| %) and | f| < C(—log|zm|)* for some 2 < m < n.

A form 7 defined on a dense Zariski open set of Al is called nearly
bounded on A} if the coefficient functions are nearly bounded on A7 when
we write 7 in terms of the Poincaré frame. If 71 and 72 are nearly bounded
on the same A}, then n; A 12 is nearly bounded on A7.

A form 7 defined on a dense Zariski open set of A7 is called almost
bounded on A} if there is a proper bimeromorphic map p: W — A7 such
that W is smooth and every w € W has a neighborhood where p*n is nearly
bounded.

Remark 4.3. The definition of nearly boundedness and almost bounded-
ness in Definition is slightly different from Kollar’s original one (see [16},
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Definition 5.3 (vii)]). We think that it is a kind of clarification. Of course,
everything in [I6, Section 5] works well for our definition.

4.4 (Proof of Theorem [1.1)). We fix a smooth hermitian metric g on .Z.
The Hodge metric induces a smooth hermitian metric hy on -£|x,. Then we
can write

ho = ge™ 2%

for some smooth function ¢y on Xy. We use the same notation as in Lemma
Let 7 be the canonical extension of 75 = Vg ® Ox,. Let qo be the Hodge
metric on 7. For simplicity, we use the same notation go to denote (qo)| e,
that is, the metric on Fé’ induced by the metric gy on 7. Let P be an arbi-
trary point of X. We take a suitable local coordinate (z1,...,z,) centered
at P and a small positive real number a with a < e~!. Then, by [3, Theorem
5.21] (see also [12] and [21], Claim 7.8]), we can write

V|an ~ ED Oanei(z),

i=1
where e;(z) € I'(A7}, ), such that
(4.1) qo(€i(2), €i(2)) < C1(—log|z1)* -+ - (= log |z )"
for z € (A¥)", where ay,...,a, are some positive integers and C is a large

positive real number. By making a smaller, we may further assume that
ZLN|an ~ Oare(z),

where e(z) € I'(A7, %) is a nowhere vanishing section of . on Al'. We take
a lift f(z) € T(A?, F®) of e(z), that is, p(f(z)) = e(z), where p: F® — Z.
Then we can write

(4.2) f(z) = fiz)ea(2) + - - + [r(2)er(2),

where f;(z) is a holomorphic function on Ay for every i. By making a smaller
again, we may assume that f;(z) is holomorphic in a neighborhood of (A,)™.

Of course, we may further assume that e(z) # 0 in a neighborhood of (A,)".
By (4.1) and (4.2), we obtain that there exists some large positive real
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number Cy such that

q0(f(2), f(2)) < Ca(—log|z1])* - -+ (—log [zn])*"
holds for z € (A})™. Therefore,

036_2%00 (2) <

for z € (A})", where

Cs = min g(e(z),e(z)) > 0.
z€(AL)™

Thus,
—¢po(z) < log (C (= log |z1])* - - (= log |zn])*")

holds for z € (A%)™, where C' is some large positive real number. By applying
similar arguments to the dual line bundle .2V, we may further assume that

po(2) <log (C(=loglz1])" - -- (= log |zn])™)

holds for z € (A})". Let ¢ be the smallest upper semicontinuous function
that extends ¢g to X. More explicitly,

¢(z) =lim  sup  o(w),
=0 weArnX,

where AZ is a polydisc on X centered at z € X. Then, by Lemma [4.6, we
obtain:

Lemma 4.5. ¢ is locally integrable on X.

Proof of Lemmal[{.5 Let P be an arbitrary point of X. In a small open
neighborhood of P, we have

0 < pi(z) <log (C(=log|z1])* -~ (—log |zn[)*")

where ¢ = max{y,0} and ¢_ = ¢ — . By Lemma below, we obtain
that ¢ is locally integrable on X. O

We have already used:
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Lemma 4.6. We have
a
/ rlog(—logr)dr < oo
0
for0<a<el.

Proof of Lemmal[{.6. We put t = —logr. Then we can easily check

/ rlog(logr)dr:/ e ! (logt)dt
0

—loga
o oo
< / te 2tdt < / e ldt =a < o0
—loga —loga
by direct calculations. Il
We put
h = ge 2%,

Then h is a singular hermitian metric on . in the sense of Definition[2.2] The
following lemma is essentially contained in [16, Propositions 5.7 and 5.15].

Lemma 4.7. Let P be an arbitrary point of X. Then Opy and 00y are
almost bounded in a neighborhood of P € X. More precisely, there exists A7
on X centered at P for some 0 < a < e~! such that @, Opo, and 0y are
smooth on (AX)" and that gy and dpq are almost bounded on AT.

Proof of Lemmal[{.7. We consider the following short exact sequence:
0= = F'—.2—0.

We fix smooth hermitian metrics g1, go and g on ., F®, and .Z, respectively.
We assume that g; = g2|» and that g is the orthogonal complement of g;
in go. Let h; and hy be the induced Hodge metrics on . = .%|x, and
F}, respectively. By applying the calculations in [I6, Section 5] to det.”,
we obtain det hy = det g1 - e7%* on Xy such that dyp; and 56@1 are almost
bounded in a neighborhood of P. More precisely, we can take a polydisc A}
centered at P for some 0 < a < e~! and a composite of permissible blow-ups
p: W — A7 (see [16, 5.9] and [22, Theorem 3.5.1]) such that ¢; is smooth
on (A7)" and that every w € W has a neighborhood Ay, centered at w € W
for some 0 < a!, < e~! where p* (1) and p*(00yp1) are nearly bounded on
Ay, . For the details, see [16, Propositions 5.7 and 5.15]. On the other hand,
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we have det hg = det g2 - e7%> on X such that ¢y is smooth on (A})"™ and
that the coefficient functions of p*(9¢s) and p*(0dp2) with respect to the
Poincaré frame are bounded on AY, by [3] (5.22) Proposition] if we make al,
sufficiently small. By construction,wgoo = —p1 + 2. Therefore, g is smooth
on (AX)", and p*(9pg) and p* (D) are nearly bounded on Af, . This means
that ¢g, Opo, and ddpg are smooth on (A¥)" and that dpg and ddypq are
almost bounded on A]. O

We prepare an easy lemma.

Lemma 4.8. We assume 0 < a < e~ L. We have

“log(—1
/ 7og( o8 r)dr < 00.
0 —logr

Proof of Lemma[f.8 We put t = —logr. Then r = e~*. We have

a o —loga
/ log(— log ) dr — / IOgt(—eft)dt
0

—logr o t

= /OO logte_tdt
—loga t

00
< / e ldt = a < oo.
—loga

This is what we wanted. O

The following lemma is missing in [I6, Section 5]. This is because it
is sufficient to consider the asymptotic behaviors of d¢y and 09y for the
purpose of [16l, Section 5].

Lemma 4.9. Letn be a smooth (2n — 1)-form on A with compact support.
We put

Se={z € A" ||zi| > € for every i and |z,| = € for some ig}

where &= (g',...,e") with € > 0 for every i. Then there is a sequence {&}}
with €, \( 0 such that

lim en = 0.

k—oo S
&
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Proof of Lemmal[{.9 We put
Sen={z€ A} ||z1| =¢}.

Then it is sufficient to prove that

lim pn =20

k—00 ka

for some sequence {ex} with e \, 0. Without loss of generality, we may

assume that 7 is a real (2n — 1)-form by considering @ and 2:7_%. Let us

consider the real 1-form

1 dz1 dzy
w = 2\ o +— .
e 1ol s ¢

This form is orthogonal to the foliation Sc ; and has length one everywhere
by the Poincaré metric. We consider the vector field

= ! 2 0 2 0
v= 2 log ) <21(10g|21|) 5o + z1(log | 21]) 821> ,

which is dual to w. We fix ¢ with 0 < ¢ < a < e~!. We consider the flow f;
on A¥ x A"~ corresponding to —v. We can explicitly write

fe:0,00) x Seq — A x AGT
by
(4.3) (t, (w, 22, .., 2n))

— (wex ( ex < ! t +log(—1lo 5))) )
— — — - R TR I

Therefore, by using the flow f;, we can parametrize {z € C|0 < |z| <&} x
A1 by [0,00) x Sc1. If we write

w A = f(z)dV,
where dV is the standard volume form of C™, then we put

(w A o)™ = max{f(2),0}dV
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and
(WAen)™ =(wAen)™ —wAen.

We can easily see that
/ (w A en)* < oo
Ay

by Lemmas and Therefore, we obtain
(4.4) / (w A on)E < oco.
[O,OO)XSE)l

The image of {t} x S¢1 in A} is Sey)1 with 0 < e(t) <e. By (4.3), we have

£(t) = exp <—exp <\2t + log(— log£)>> |

We note that w is orthogonal to S, ;)1 and unitary. More explicitly, we can
directly check

Therefore, the above integral (4.4) transforms to

/ (/ ((pn)i> dt < oo.
[0,00) \/Se()1

Note that (¢n)* is defined by
i (w A on)™ = —dt A (en)*.
This can happen only if

/ (pn)= =0
Sa(tk),l

for some sequence {tx} with ¢;  co. This implies that we can take a se-
quence {e} with e N\, 0 such that

lim n = 0.

k—o0 SEk,1
Therefore, we have a desired sequence {}}. O

Remark 4.10. The real 1-form w and the corresponding flow f; in the
proof of Lemma are different from the 1-form w and the flow v; in the
proof of [16, Proposition 5.16], respectively.
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By combining the proof of [16, Proposition 5.16] and the proof of Lemma
[4.9, we have:

Lemma 4.11. Letn be a nearly bounded (2n — 1)-form on A with compact
support. Then there exists a sequence {e'y} with &', \, 0 such that

lim n=0.
€1k \0 Sa,

We leave the details of Lemma to the reader (see the proof of [16],
Proposition 5.16] and the proof of Lemma [£.9).
By Lemmas [4.7] and we have the following lemma.

Lemma 4.12. Let 1 be a smooth (2n — 2)-form on Ay with compact sup-
port. We further assume that 0o and 00y are nearly bounded on Al.

Then
/ 0O = / 00 A .
An An

Note that the right hand side is an improper integral. Therefore, we obtain

/ 3590/\n=/ 9o A1,
Ar Ar

where we take 00 of v as a current.

Proof of Lemma[{.13 We put
Ve = {2z € A" ||z]| > €l for every i}

where & = (g}, ...,e}) with el > 0 for every i. Then

/ @d0n = lim | oddn
A

Ek\‘o ‘/gk
= lim d(podn) — lim oo A On
AN Ve 1\0 Vs X
= lim ©o0n + lim d(Opo Am) — lim 000y A
&0 /s, N0 IV N0 IV
= lim 00po A1
€'k \0 Va,

= / 65900 A M.
Ay
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The first equality holds since ¢ is locally integrable. The second one follows
from integration by parts. Note that ¢y is smooth in a neighborhood of Vg, .
We also note that

lim dpo A On = lim Do A On
€ \0 Ve € \0 V;/k

holds. The third one follows from Stokes’ theorem and integration by parts.
We obtain the fourth one by Lemmas [4.9) and Note that

/ d(&Po/\"?):/ dpo A1)
V- S

ek ;/k

by Stokes’ theorem. The final one follows from [16, Proposition 5.16 (i)]. O

Lemma 4.13. Let n be a smooth (2n — 2)-form on Ay with compact sup-
port. We assume that Oy and 00¢q are almost bounded on A7. Then

/ 000N :/ 00 A .
An An

Proof of Lemma[{.13 By assumption, dpo and 9dypg are almost bounded on
A?. Therefore, after taking some suitable blow-ups and a suitable partition
of unity, we can apply Lemma Then we obtain the desired equality. [

Lemma 4.14. Letn andnz be a smooth (2n — 2)-form and a smooth (2n —
3)-form on X with compact support, respectively. Then

(4.5) /X \/jl@ho(f‘xo) Amp < o0
and
(4.6) /X \/jl@h[) (.,%’XO) A dng = 0.

Therefore, \/—10p,(ZL|x,) can be extended to a closed positive current T
on X by improper integrals. We note that /—10,(Z|x,) is a semipositive
smooth (1,1)-form on Xy (see Lemma[2.8).
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Proof of Lemmal[{.1] We note that
\ _1®h0($|Xo) =V _1@9($)|X0 + 2v _165900

by definition and that /—10,(Z) is a d-closed smooth (1,1)-form on X.
Therefore, it is sufficient to prove that

(4.7) V—190¢g A < o0
Ap
and
(4.8) / 85@0 ANdne =0
An

by taking some suitable partition of unity. We see that and follow
from |16, Corollary 5.17] since 90y is almost bounded on A (see Lemma
. More precisely, by taking some suitable blow-ups and a suitable parti-
tion of unity, we can reduce the problems to the case where 0d¢y is nearly
bounded on some polydisc A. Then follows from [I16], Proposition 5.16
(1)]. By [16, Proposition 5.16 (i)], integration by parts, Stokes’ theorem, and
Lemma [£.11] we can directly check that

85(,00 Adng =0
An
as in the proof of Lemma [£.12] O

By Lemma [£.T3] we can see that
(4.9) V—=10,(L) = V—104(L) + 2/—100¢

coincides with T'. Note that we took 00 of ¢ as a current in (4.9)). In partic-
ular,

V=164(Z) 2 0,

that is, v/—10,(%) is a closed positive current on X. By Lemma @ is
a quasi-plurisubharmonic function since ¢ is the smallest upper semicontin-
uous function that extends g to X.

Finally, we prove:
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Lemma 4.15. Let ¢ be a quasi-plurisubharmonic function on A7 for some
0 <a<e . Assume that there exist some positive integers ai,...,a, and
a positive real number C such that

—¢(2) < log (C (—log|z1])* -+ (—log|zn[)*")
holds for all z € (A})™. Then the Lelong number of ¢ at 0 is zero.

Proof. We denote the Lelong number of ¢ at = by v(p, z). We can easily see
that

e o(2)
< =
05 v(p,0) hrznjgf log | 7|
< g 198 (C (2 1og 1™ -+ (< loga)™) _
20 —log |7|
holds. Therefore, the Lelong number v (¢, 0) of ¢ at 0 is zero. g

Thus we obtain Theorem [I.1] by Lemma [£.15]

Now Corollary [1.2]is almost obvious by Theorem

Proof of Corollary[1.3. Weputm:Y =Px(F®) — X and Yy = 7 1(X;). We
consider the variation of Hodge structure 7*Vy on Y. Then 7*F? is the
canonical extension of the lowest piece of the Hodge filtration. By apply-
ing Theorem to the natural map m*F® — Op, (+)(1) = 0, we obtain a
singular hermitian metric on Op Fb)(l) with the desired properties. O

5. Proof of Theorem [1.5]

In this section, we will prove Theorem and Corollary We will only
explain how to modify the arguments in Section [4}

5.1 (Proof of Theorem [1.5). Let {F}} be the Hodge filtration of the
polarizable variation of R-Hodge structure Vi = (Vq, Fp) on Xo. We put

0=FM"CFC---CFM CF =% :=Vy® Ox,.

By assumption, .# is a holomorphic line subbundle of @p Gr% V. There-

fore, .# is naturally a holomorphic line subbundle of 2 := @;’;}l n V/FP.
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Then we have the following big commutative diagram of holomorphic vector
bundles on X.

We note that .&" = @f}i}lﬂ FP and 2' = 2/.#4 and that .¥ is the kernel

of the naturally induced surjection @g, ;o ¥ — 2'. By taking the dual of
the above commutative diagram, .#"V is a quotient bundle of 2V and 2V
is a subbundle of @ #V. Therefore, we can apply the same arguments as

finite
in Section [ to .#" by considering the polarizable variation of R-Hodge
structure @@ V. Then we see that the Hodge metric of @ V;’ induces the

finite finite
desired singular hermitian metric h on .#" by Lemma ﬂ
Finally, we give a proof of Corollary

Proof of Corollary[1.6. We put 7:Y =Px(A4Y) = X and Yy =7 1(Xp).
We consider 7V, on Y. Then 7% A is contained in the kernel of the Higgs
field

™0 : Gy " — O (logn* D) @ Gry " Y.

By applying Theorem to the line subbundle Op (4v)(—1) of 7*A, we
obtain the desired result. Il
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