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The distribution of Selmer ranks of
quadratic twists of Jacobians of
hyperelliptic curves

MYUNGJUN YU

Let C be an odd degree hyperelliptic curve over a number field K
and J be its Jacobian. Let JX be the quadratic twist of J by a
quadratic character x € Hom(Gg,{£1}). For every non-negative
integer r, we show the probability that dimg, (Selz(JX/K)) = r for
a certain family of quadratic twists can be given explicitly condi-
tional on some heuristic hypothesis.
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1. Introduction

Let E be an elliptic curve over a number field K. Let Sely(F/K) denote the
2-Selmer group of E over K. We write EX for the quadratic twist of ¥ by a
quadratic character x € Hom(Gg, {£1}). Define

dy(E/K) := dimp, (Selz(E/K)) — dimp, (E(K)[2]),

where E(K)[2] is the group of K-rational 2-torsion elements of E. Let
Prob(x) denote the probability of an event x. Let E; denote the elliptic
curve y? = 2% — 2. Heath-Brown [5] proved that

(1) Prob(dy(EY/Q)) = d) = % = ; [Ta+27)

7>1 7j=1

Swinnerton-Dyer [I3] and Kane [6] generalized this by obtaining the same
distribution for the family of quadratic twists of any E over Q with E[2] C
E(Q) with no rational cyclic 4-isogeny.

Remark 1.1. There are infinitely many quadratic characters. Therefore,
in order for the notation Prob(dy(EX/Q)) = d) to make sense, we need to
fix an ordering of quadratic characters y. We may order y by the conductor
or by the discriminant. We could also order x by the largest prime at which
x is ramified. In this case, if x1, x2,..., xn have the same largest ramified
prime, we order them arbitrarily. This ordering is first studied by Klagsbrun,
Mazur and Rubin [7]. It seems to be believed that the distribution in
holds for an arbitrary elliptic curve E over Q with “any reasonable ordering”
of quadratic characters.

Poonen and Rains [12] noticed that the 2-Selmer groups (in fact the p-
Selmer groups) can be viewed as an intersection of two mazimal isotropic
subspaces (or Lagrangian subspaces) A and B in a (infinite dimensional)
metabolic space and showed that the probability of two maximal isotropic
subspaces having the intersection of dimension r is equal to f;/2. In other
words, if one believes that A and B appear randomly in the set of maximal
isotropic subspaces, one will get the same distribution as in for the family
of all elliptic curves over a general number field K. In a similar fashion to this,
Bhargava, Kane, Lenstra, Poonen, and Rains [3] found plausible models for
Mordell-Weil groups, Selmer groups, and Shafarevich-Tate groups of elliptic
curves in terms of random maximal isotropic subspaces.
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When we restrict the family of all elliptic curves over K to the family
of quadratic twists however, it requires a little bit more care. For an elliptic
curve F over K, there could be a bias in the parity of Selmer ranks in the
family of quadratic twists. For example, Dokchitser-Dokchitser [4] showed
that do(EX/K) has a constant parity for any quadratic twists EX if and only
if K has no real embedding and E acquires everywhere good reduction over
an abelian extension of K. Klagsbrun, Mazur and Rubin [7] were able to
quantify this bias and called it the disparity. Yu [14] generalized this to the
case of Jacobians of odd degree hyperelliptic curves over K.

Theorem 1.2 (Klagsbrun-Mazur-Rubin, Yu). Let C be an odd degree
hyperelliptic curve and J be its Jacobian. Then we have

1
Prob (dimg, (Sela(JX/K)) is even) = B +0(J/K),
where 6(J/K) is defined in Definition[8.11]

Remark 1.3. In [7] and [14], the disparity constant is defined by 26(J/K);
we follow the definition in [§].

Remark 1.4. Theorem has been recently generalized further to the
case of principally polarised abelian varieties by Morgan [10].

It seems that 2-Selmer groups of Jacobians of (odd degree) hyperelliptic
curves of fixed genus g > 2 behave (statistically) similarly to those of elliptic
curves. For example, Bhargava and Gross [2] showed that when odd degree
hyperelliptic curves of fixed genus g > 1 (elliptic curves if g = 1) over Q are
ordered by height, the average size of the 2-Selmer groups of their Jacobians
is 3. As a corollary, it follows that the average of the 2-Selmer ranks of
Jacobians of odd degree hyperelliptic curves of genus ¢ is bounded above
by 3/2. For the Jacobians of odd degree hyperelliptic curves, there is a
conjecture ([12, Conjecture 1.7]) that predicts the same distribution as in ().
For the Jacobians of even degree hyperelliptic curves, due to the presence of
a nontrivial torsor, which contributes systematically on the 2-Selmer groups,
we have a conjecture with different numbers. See [12, Conjecture 1.8] and
[12, Example 4.20].

For the distribution of 2-Selmer ranks of elliptic curves in the family of
quadratic twists, Klagsbrun-Mazur-Rubin showed the following [§]:
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Theorem 1.5 (Klagsbrun-Mazur-Rubin). Let E be elliptic curve over
a number field K with

Gal(K(E[2])/K) = 53

For every m>0 and X >0 let m — By, (X)=UpBy i, x be the ‘fan-structure’
of collections of quadratic characters of K. Then for every n > 0,

) . Hx € Bn(X) : dimp, Sely(EX/K) = n}|
BLA L 1By (X)]
B (% +0(E/K))fn if nis even,
(= 8(B/K) fu ifn s odd,

where 0(E/K) is given by Definition |8.11].

Remark 1.6. In the statement of [8, Theorem A], there is a misprint. The
words “even” and “odd” should be switched as in the equality of Theo-
rem (L.

They proved Theorem [I.5] by finding a certain Markov model for 2-
Selmer ranks of elliptic curves in the family of quadratic twists and showing
the density of 2-Selmer ranks is given by the equilibrium distribution.

The main goal of this paper is to give an evidence that the distribution
of 2-Selmer ranks of Jacobians of (odd degree) hyperelliptic curves in the
family of quadratic twists should be the same as that of elliptic curves in the
family of quadratic twists. In fact, assuming an “equidistribution” condition
(see Definition on certain families of Lagrangian subspaces, we prove
Theorem holds for Jacobians of odd degree hyperelliptic curves. Namely,
we prove

Theorem 1.7. Let C : y?> = f(x) be an hyperelliptic curve of degree 2g + 1
over a number field K and let J be the Jacobian of C'. Suppose that

Gal(K(J[QD/K) = Sgg+1.

Suppose that C has UDRL (see Definition @) For everym >0 and X >0
let m — By (X) = UpBp i, x be the ‘fan-structure’ of collections of quadratic
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characters of K as in Definition[8.9. Then for every n > 0,
- di X —
im  lim {x € B (X) : dimp, (Sela(JX/K)) = n}|
3o X Fae Bou(X)]

_ (% +0(J/K))fn if n is even,
G =(J/K)) fa if nis odd,

where 0(J/K) is given by Definition|8.11).

Since an elliptic curve satisfying Gal(K (E[2])/K) = Ss has UDRL (see
Remark [5.11)), this theorem can be regarded as a generalization of Theo-
rem As in [§] for elliptic curves, a direct application of Theorem
is

Corollary 1.8. Suppose that all conditions of Theorem[1.7] hold. With no-
tation as in Theorem the average Mordell-Weil rank of the quadratic
twists of J satisfies

b L > oxeB, (x) TK(JX(K))
m—00 X —00 | B (X))

< 1.2646 + 0.1211 - §(J/K) < 1.3252,

where tk(JX(K)) denotes the Mordell-Weil rank of JX over K.

We rely heavily on the theory built in [8], so we keep notation consistent
with [§] for the convenience of the reader.

2. Metabolic spaces and Lagrangian subspaces

For this section, fix a finite dimensional F,-vector space V.

Definition 2.1. A quadratic formon V is a function @ : V' — F,, such that
e Q(av) = a’Q(v) for every a € Fp and v € V,
e the map (v, w)qg := Qv+ w) — Q(v) — Q(w) is a bilinear form.

We say that X is a Lagrangian subspace or maximal isotropic subspace of V'
if Q(X) =0 and X = X+, where X+ denotes the orthogonal complement
of X in the bilinear form (, )q.

A metabolic space (V,Q) is a vector space such that (,)q is nondegen-
erate and V contains a Lagrangian subspace. When (@ is understood or not
important, we just call V' a metabolic space. Note that if X is a Lagrangian
subspace of a metabolic space V, then dimg, (V) = 2dimp, (X).
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Lemma 2.2. Suppose that (V,Q) is a metabolic space, and let X,Y,Z are
Lagrangian subspaces of V.. Then the following statements are true.

(i) Suppose that W is contained in a Lagrangian subspace of V. Then W +
WL NX is a Lagrangian subspace of V. In particular, (W + W+ N
X)/W is a Lagrangian subspace of the metabolic space W /W with
the quadratic form induced by Q).

(ii) dimg, (X +Y)NZ) =dimp (X NZ+Y NZ) (mod 2),
(iii) dimp, (X/(XNY)) = dimg, (Y/(YNZ))+dimg, (Z/(ZNX)) (mod 2).

Proof. (i) already appeared in [12, Remark 2.4(b)] and is not difficult to
prove. See [7, Lemma 2.3] and [7, Corollary 2.5] for (ii) and (iii), respectively.
O

Fix a finite dimensional Fj-vector space T" with a continuous action of
Gk such that there exists a bilinear, alternating, nondegenerate and G-
equivariant pairing

T XT — iy,

where p1,, is the multiplicative group of p-th roots of unity. For every place
v of K, the cup product induces a pairing

HY(K,,T) x H\(K,,T) — H*K,,T®T) — H*(K,, ).

For every v, there is a canonical inclusion H?(K,, 1,) — F, that is an iso-
morphism if v is nonarchimedean. The local Tate pairing is the
composition

(2) () HY(K,,T) x HY(K,,T) — F,,.

Definition 2.3. Suppose v is a place of K. We say that @) is a Tate
quadratic form on H'(K,,T) if the bilinear form induced by @ (see Def-

inition 2.1) is { , ), in (2).

For the rest of the paper, we fix a hyperelliptic curve C : 4% = f(z) with
deg(f) =2g + 1 and Gal(f) = Sag41. Let J be the Jacobian of C. Our main
interest is when T' = J[2|, the group of 2-torsion elements of J. In such a
case, there is a canonical way to construct a Tate quadratic form ¢, on
HY(K,, J[2]) for every place v of K. This quadratic form g, is induced by
the Heisenberg group (see [14, Definition 5.5]).
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We recall for every abelian variety A/K, and ¢ € Hom(Gg,,{£1}),
there is a canonical isomorphism A¥[2] = A[2] and the Kummer map

A(K)[2A(K,) — H' Ky, A[2]).
Lemma 2.4. For every place v and ¢ € C(K,), the space
m(JY(Ky)/2J (Ky) = H'(Ky, JY[2]) = H (K, J[2]))
is a Lagrangian subspace of (H'(K,, J[2]),q)-

Proof. The lemma follows from [12], Proposition 4.11] and [14, Theorem 5.10].
[l

3. Counting Lagrangian subspaces

In this section, we count the number of Lagrangian subspaces of a metabolic
space under various conditions, which will turn out to be crucial in our
heuristic model. For this section, we fix a metabolic space V of dimension
2n over F,.

Definition 3.1. Define
Ly := {Lagrangian subspaces of V'}.

Definition 3.2. Let A and B be Lagrangian subspaces of V' such that
dimp (AN B) =i. Let

bn,i(j) == #{C € Ly : dimg (CN B) =0 and dimp,(CNA) = j}.
Remark 3.3. By Definition if i + j > n, then b, ;(j) = 0.

Remark 3.4. Suppose Y is contained in a Lagrangian subspace of V. Then
Y1 /Y is a metabolic space (with quadratic form induced by that attached
to V). Note that there is a map (Lemma [2.2[i))

Py : Ly — Lyj./y

by sending W to (W NY+ +Y)/Y. The following lemma compute by, ;(5)
by investigating the map ®y.

Lemma 3.5. We have
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(i) If i > 1, byi(j) = p" tbn—1,i-1(j)-
(i) Ifi > 1, bui(j) = "% buio(j)-

. prRl i on—k4l_
(Hl Ifj > 1 bn,O(]) = bn—j,O( Hk 1 pF—1 L n ]0( )Hk je PE1 1-

(v) If n #i+j (mod 2), then by, ;(j) = 0.
(vi) bon0(0) = pEIEH=D/2 — 570 (byy 510(0) TT2E, ey,

)
)
)
(iv) Ypogbno(k) = prn=1/2,
)
)
(vii) ban,0(0) = [Ty (™' — 1p** 2.

Proof. Choose two Lagrangian subspaces A and B of V' so that dimp, (AN
B) =i. Suppose that

A has a basis {a1,a2, - ,a;, 041, ,an},

B has a basis {a1,a2, " ,a;, any1, * ,Q2p—i}.
Let (a1) denote the subspace generated by a;. Consider the map (Remark
Play) + Ly — Liay)* (ar)-
Put A" = A/(a1) and B’ = B/(a1). Note that dimp, (A'NB") =i — 1. If
D e {C € Ly |dimp, (CNB) =0 and dimg, (CNA) = j},
then ®,,)(D) is a Lagrangian subspace of (a1)*/(ay), dimp, (@ (4,) (D) N

B/) =0, and dimpp ((I)(al)(D) N Al) = j. Conversely, for C' € L(al)L/(al) such
that

dimp (C'NB)=0 and dimp, (C'NA") =
there are p"~! + 1 elements in the fiber of C’ in the map
P Ly = Liay /(an)

by [12, Proposition 2.6(a)]. Every Lagrangian subspace F' in the fiber satisfies
dimp, (F'N B) = 0 and dimg, (F N A) = j except only one that contains a.
In other words, there is a p™~!-to-one correspondence between the following
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two sets:

{C € Ly :dimp,(CNB)=0and dimp, (CNA)=j}, and
{C, € L(al)L/(al) : diIan(C, N B,) =0 and dime(C, N A/) =j}
Therefore, (i) follows. (ii) follows easily from (i).

Now we show (iii). We suppose A and B are Lagrangian subspaces of V
such that AN B = {0}. Note that

p
pF—1

I on—k+1 _ 4
{M CFy:dimg, (M) =j}| = || —5——
k=1
Fix a dimension j subspace D of A. Put A” = A/D and B” = (BN D+ +
D)/D. The map

dp: Ly — LDL/D
takes a Lagrangian subspace C' (of V) such that CN B = {0} andC N A= D
to a Lagrangian subspace ®p(C) of D*/D such that ®p(C) N B” = {0} and
®p(C)N A” = {0}. Conversely, it is easy to see that a Lagrangian space W
of D+/D such that W N A” = {0} and W N B” = {0} has a unique element
Cw in the fiber of W satisfying Cyy N B = {0} and Cyy N'A = D. In other
words, there is an one-to-one correspondence between the following two sets:

{CeLly:CNA=Dand CNB={0}}, and
{C" € Lp./p:C"NA"={0} and C" N B" = {0}}.

Therefore (iii) follows. To see (iv), combine Proposition 2.6 (b) and (e) in
[12]. (v) follows from Lemma [2.2{ii). We obtain (vi) by combining (iii), (iv),
and (v). Finally Lemma [3.8] implies (vii). O

To prove Lemma [3.8] we recall some equalities from ¢-binomial coefficients.

Definition 3.6. Define (a), := (a;q), := (1 —a)(1 —aq) --- (1 — ag" 1),

m _ {<q>n<q>;3<q>n1m f0<m<n

0 otherwise.

Lemma 3.7. We have
(i)
i(_l)j [m] _J@d®n ifm=2n
— J 0 if m is odd.

J]=
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@) 10 = P50
(iii) (1)y =0 if N >0 and (1) = 1.
(iv) (2)n =200 [F](=1)7 2070 =D/,

J
Proof. (ii) and (iii) are easy to prove by the definition. (i) follows from [,
Theorem 2.3.4] and (iv) follows from [I, Theorem 2.3.3]. O

Lemma 3.8. Let dy =0. Then doy, = 1_[2:1(102"’_1 — 1)p?k=2 for alln > 1
if and only if

mn-1/2 o 2 ptit
don = p*" @2 =3 | don-ar [ [ Sy | foralln =1,
k=1 i=1

Proof. This proof was suggested by Dennis Eichhorn. In the proof, we take
q = 1/p. Assuming da, = [[7_;(p?*~! — 1)p**~2, we show that

2n __ 1)(p2n—1 _ 1) . (an—2k+1 _ 1)
G- NPT 1)

n

2n(2n—1) p

dop =p = — g d2n72k(
k=1

and the converse follows by induction. If we put ey, = day,/ p2”(2"_1)/ 2 it is

equivalent to proving

- 2n _
can = 1= Y canan [0 (/272
k=1

Note that es, = (1/p;1/p?). Letting eop_1 = 0, it is equivalent to proving

e

2n
2n e

j=0 7=0 k=0

Let the last summation be [D]. The second equality comes from (i)
of Lemma The third equlity follows from (ii) of Lemma Putting
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m = j + k, we re-index the double sum so that

[D] = 5:0 (—1)™ [iﬂ g}(_l)j [ﬂ (1/p)ii-/2,

Thus, by (iii) and (iv) of Lemma the inner sum of [D] vanishes unless
m = 0, in which case the inner sum = 1. Therefore [D] = 1. O

4. Local conditions induced by local characters and
Selmer groups

Let C : y? = f(x) be a hyperelliptic curve over a number field K of degree
2g + 1 and let J be its Jacobian. We write co for the point at infinity of the
affine model y? = f(z). Let a1, az, ..., azs11 be the roots of f(z). Then the
2-torsion group J[2] has a basis {(a1,0) — 00, (a2,0) — 00, ..., (qag,0) — 00},
and (agg41,0) — oo = Z?il((ai,O) —00) in J. The action of Gal(K/K) on
the roots of f induces that on J[2]. Then we can identify Gal(K (J[2])/K)
with Gal(f).

We fix a finite set X of places of K containing all primes where J has
bad reduction, all primes above 2, and all archimedean places. For the rest
of the paper, we assume that Gal(K (J[2])/K) =2 Sag41, where Spg41 denotes
the symmetric group with 2¢g 4 1 letters. By Hilbert’s irreducibility theorem,
most hyperelliptic curves of degree 2g 4+ 1 satisfy this assumption.

Definition 4.1. Let L be either a local field or a global field. Define
C(L) := Hom(Gp, {£1}),

where GG, denotes the absolute Galois group of L. If L is a local field, we
often identify C(L) with Hom(L*,{£1}) via the local reciprocity map. We
let Cram (L) denote the set of ramified quadratic characters.

Definition 4.2. Let q denote a prime of K. We write N(q) for the norm
of q. Define

Prn = {q:q ¢ ¥ and dimg,(J(K,)[2]) =n} for 0 <n <2g,

P o= PQHP1HP2H“'HP2g:{q:q géz}v
Po(X) = {q:q € Py and N(g) < X},

Define the width function w: P — {0,1,2,---,2¢g} by w(q) :=n if q € Pp.
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Remark 4.3. In the definition of P, the condition dimg,(J(K4)[2]) =n
is equivalent to dimg, (J(Kq)/2J(K4)) = n by [14, Lemma 2.11(i)].

Let v be a place of K. Recall that we attach a canonical Tate quadratic
form q, to H*(K,, J[2]). See the paragraph after Definition .

Definition 4.4. Let v be a place of K. Let K" denote the maximal un-
ramified extension of K. Define

H(q,) := {Lagrangian subspaces of (H'(K,, J[2]),q,)},
and if v ¢ ¥, let
Hy, (Ky, J[2]) := ker(H' (K, J[2]) — H' (K}, J[2))),
and
Hram(q0) := {X € H(qy) : X N Hy,(Ky, J[2]) = {0}}.
Definition 4.5. For every place v of K, define
oy 1 C(Ky) — Hqu)
sending ¢ € C(K,) to
m(JY(K,)/2JY (K,) — HY(K,, J*[2]) = HY(K,, J[2])),

~

where the last isomorphism is induced by the canonical isomorphism J¥[2]
J[2]. The map «, is well-defined by Lemma

Lemma 4.6. Suppose J has good reduction at v and ¢ € C(K,). If 1 €
C(K,) is unramified, then o,(y) = HL (K, J[2]). If ¥ € Cram(Ky), then
av(w) € Hram(Qv)-

Proof. 1t is well known that if J has good reduction at v, then we have
ay(1,) = HL.(K,, J[2]). The first assertion follows from [14) Lemma 2.15].
The second assertion follows from [14] Lemma 2.16]. O

Remark 4.7. If v € Py, then |Ham(qv)| = 1 by Lemma [3.5|(iv). Therefore
if v € Py, the map «, sends every element in Cpam (K,) to the single element
in Hyam(qy). If C is an elliptic curve and v € Ps, then the map «, gives a
bijection Cram (Ky) — Hram(qv) by [T, Proposition 5.8].
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Definition 4.8. Let
D := {squarefree products of primes q € P UPoU---UPag},

and if 0 € D let 0; be the product of all primes dividing 9 that lie in P;, so
0 = 0102 02y. For every 0 € D, define

o w(0) =Yg w(@) = >0y nl{a: q|on}|, the width of d,

e X(0):=XU{q:q |0} CEXUPLU---UPyy,

[ ] QD = H’UGZ C(KU) X Hq|0 Cram(Kq),

e 05 :=8 x [ 140 Cram (Kq) for every subset S C Q1 =[], 5 C(Ky),

® MNoyg: ng — Qg the projection map, if 0q € D.

Definition 4.9. For every 0 € D and w = (wy )y € (o, we define the Selmer
group Sels(J,w) as follows. Let «, is as in Definition Define

Sely(J,w) := {z € HYK, J[2]) : res,(x) € ay(w,) if v € X(d), and
res,(z) € H. (K,, J[2]) otherwise},

where res, : H'(K, J[2]) = H'(K,, J[2]) is the restriction map. We also de-
fine

rk(w) := dimp, (Sela(J, w)).

Definition 4.10. Define

Sely(J,w) W ==ker [ H'(K,J[2]) == @ H (K, J[2])/aw(wy) | .
v#£q
Sela(J, w)(q) = ker (Selg(J,w) 2, Hl(Kq,J[Q])>.

Lemma 4.11. Let q € P,. Then we have
dimp, (Sely(J,w)™) — dimp, (Sela(J,w)(q)) = n.

Proof. The assertion follows from the Poitou-Tate duality. For example, see
[9, Theorem 2.3.4]. O
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It follows from Lemma that if W' € 77;,;(“’) for q € P, and w € Qy,
then |rk(w) — rk(w’)| < n. If we let 11 : Q5 — Q1 be the projection, we have

rk(w) < rk(m(w)) + w(d)
by induction. Therefore we have
Proposition 4.12. Letd € D and w € y. Then

rk(w) < w(d) + max{rk(w) : w € N }.

5. The heuristic assumption

We continue to assume that Gal(K(J[2])/K) = Sag41. The goal of this sec-
tion is to explain our heuristic assumption stated in Definition

Definition 5.1. Fix ? € D and w € €. For every prime q ¢ %(), define
o Vy(w) := Im(Sely(J,w) ) — HY (K, J[2])),
o Vour i= Hy, (Kq, J[2)),
® Prni={q € P : dimp, (Vg(w) N Vour) = i},
o Ppi(X) :="PpniNPp(X).

Then it follows that Vg . and Vg(w) are Lagrangian subspaces of the
metabolic space H!(Kj, J[2]) from Definition Lemma and the

following lemma.

Lemma 5.2. For every prime q and w €Yy, the space Vy(w) is a Lagrangian
subspace of H' (K4, J[2]).

Proof. Let z € Sely(J,w)@. Recall that for every place v, ¢, is a Tate
quadratic form on H'(K,, J[2]). We have q,(z) =0 for v # q by Lemma
and the definition of Lagrangian spaces. Together with this fact, [14]
Lemma 5.8] implies resq(z) = 0. Lemma shows V4 (w) is of dimension
dimp, (H' (K, J[2]))/2, so the lemma follows from Definition O

Remark 5.3. Let V be a metabolic space of dimension 2n over Fo. Let A
and B be Lagrangian subspaces of V' (so dimp,(A) = dimg,(B) = n) such
that dim(A N B) =i. Now suppose a Lagrangian subspace X is randomly
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chosen in the set
{XeLy:XnNnB={0}}.

Then the probability that dimg,(X N A) = j is given by

2 m—0 bni(m)

where the integers b, ;(j) are defined by taking p = 2 in Definition Here
we explain our heuristic model. Suppose w € ) is fixed. If g € P, ;, we have
dimp, (Vg(w) N Vyur) = i. For ¢ € Cram(Ky), we have aq(¢)) N Vg e = {0} by
Lemma Now suppose that q € P,; and ¢ € Cram(Kq) are chosen at
random. Our heuristic model for aq(), since there is no other systematic
restriction on oy (¢), is then a random Lagrangian subspace in the set

dn,i(j) =

{X € L,z : X N Vgur = {0}}.
An easy consequence of this is that
Prob(dimg, (aq(¢) N V(W) = j) = dni(j)-
Although this is just a heuristic assumption, we give a name for C' satisfying
this assumption (Definition[5.8)) to ease the statement of our results. We also

remark here that the randomness of Lagrangian subspaces was used to model
Selmer groups in [12] and [3].

Remark 5.4. Let w € Qp and q10. Let q € P, ;. For ' € n;é(w), noting
that dimp, (Vq(w) N Vq.ur) = i since q € Py, we have by Lemma [5.5(i) that

(3) rk(w') = rk(w) + dimg, (aq(wg) N Vg(w)) — 4,

where wél € Cram (k) is the g-component of w’. Therefore, knowing the dis-
tribution of dimg, (aq(wy) N Vg(w)) is equivalent to knowing that of rk(w’).

Lemma 5.5. Let w € Qy and q190. Let q € Py, and w' € na_é(w) Then
(i) rk(w’) = rk(w) + dimFZ(aq(wa) N Vy(w)) — dimp, (Vg (w) N Vg ur)s
(ii) if n is odd, rk(w') # rk(w) (mod 2).
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Proof. Note that the following restriction (at q) maps are surjective by def-
inition.

SGIQ(J, w) — Vq (w) N Vq,ur;

Sely(J,w') — Vg(w) Nag(wy)-
Both maps have the same kernel Sely(J, w)(q)- Therefore (i) follows from com-
paring the dimensions over Fy. For (ii), recall that Vg(w), V4 ur and (wa)

are Lagrangian subspaces of H'(Kj, J[2]) by Definition Lemma [4.6{ and
Lemma It follows from (i) and Lemma [2.2(iii) that

rk(w') — rk(w) = n — dimp, (Vg u N ag(wy))  (mod 2).

Now (ii) follows from Lemma O
We record here some properties of dy, ;(j), which will be used in the proof

of Theorem [6.91

Lemma 5.6. We have
(i) If n#i+j (mod 2), then dy;(j) = 0.
(ii) dn,i(j) = dn—i0(j)-

2i  9k+i—h+l_q

(iil) dgsio(k —1) = illh=1 oneT where co; = ba;i o(0) for p =2
" @k+i0 IR [ sy R 2i = 02i0 p=2

02 }211/ 2k+i7h71
. . _ Cillp=1 "2r—1
(IV) dk+i71,0(k -t 1) - 2(k+i—1)(k+i—2)/2' '
. (2k71 o 1)2k+171

) . (2k+i+1 _ 1)(2k71 _ 1)
(V) dk+i+1,0(k -t 1) = dk-i—i,O(k - Z) 2k—i(22i+2 — 1)

Proof. (i) follows from Lemma[3.5{v). (ii) follows from Lemma[3.5{(ii). Lemma
3.5|(iii) and Lemma [3.5(iv) imply (iii) and the first equality of (iv), so the
second equality of (iv) follows. (v) is a consequence of (iii) and Lemma

[3.5{(vii). O
Definition 5.7. We fix w = (wy)y € Q5. For every q € £(9), let

#(q) := dimp, (Im (Selg(J,w) e, er(Kq,J[z])» :

In particular, q € P, ; if and only if q € P,, and ¢(q) = i.
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Definition 5.8. We say that a hyperelliptic curve C' has UDR[E if there
exists a function £ : [1,00) — [1,00) such that if X > £(Y), then

> | {¢ € Cram(Kq) | dimp, (aq(¢) N Ve (w)) = 5} |

q€PL(X),af0,t(q)=1

S [ Can(Ky) | )

q€P,qf0,t(q)=1
1

<7
9gY
foreach w € 95, 0<n<2gand 0 < j <n—i.

Remark 5.9. When j < 0 or j > n — i, the inequality in Definition [5.8]is
clearly true since both terms between the absolute value bars become zero.

Remark 5.10. The constant % in Definition is not very crucial, which
could have been chosen to be any other constant less than % (see the proof

of Theorem and Lemma .

Remark 5.11. One can check that elliptic curves E with Gal(K (E[2])/K)
=~ G2 have UDRL. This follows from Remark Lemma and Lemma
5.6{(1). However, in the hyperelliptic curve of g > 2 case, if v € P,, for n > 3,
it follows from Lemma (iv) that there are 2("~1/2 (> 2) Lagrangian
subspaces in Hram(qy), whereas Cram (K,) has only two elements. Because of
this, it seems not easy to check whether or not C' has UDRL.

We nevertheless expect the following statement is true.

Conjecture 5.12. Let C be a hyperellipitc curve over a number field K of
genus g > 2. Suppose that Gal(K (J[2])/K) = Sgg+1. Then C has UDRL.

6. Selmer ranks controlled by primes in P,

The main goal of this section is to prove Theorem [6.9} Roughly speaking,
Theorem [6.9 means the 2-Selmer ranks in the family of local quadratic twists
are controlled by the primes in P; (see Remark . We start this section
by recalling the effective version of Chebotarev density theorem.

Theorem 6.1. There is a nondecreasing function L : [1,00) — [1,00) such
that for

'UDRL stands for uniformly distributed ramified Lagrangians.
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e cveryY > 1,
e cvery 0 € D with N(d) <Y,

o cvery Galois extension F of K that is abelian of exponent 2 over
K(J[2]), and unramified outside ¥(0),

e cvery pair of subsets S, S’ C Gal(F/K) stable under conjugation, with
S nonempty, and

o cvery X > L(Y),

we have

[{a ¢ £(0) : N(q)
{a ¢ %(0) : N(q)

X, Frobg (F/K) € S} _|S'l| _ 1

X, Frobg(F/K) e S} |S|| ~ 9gY

<
<

In particular, {q ¢ X() : N(q) < X,Froby(F/K) € S} is nonempty.

Proof. Let ¢ : [1,00) — [1,00) be the function sending Y to 9gY. Let £ be
as in [8, Theorem 8.1]. Letting £ be the composition of £ and ¢, the theorem
follows from [8, Theorem 8.1]. O

Definition 6.2. Supppse that ? € D and w € (%, Let Resg () denote the
restriction map

HY (K, J[2]) — Hom(G (), J[2]) S ETED/F),

Let Fy . be the fixed field of Neegel,(sw) ker(Resg(sp2))(c)). Then Fyy, is a
Galois extension over K.

The following proposition is proved for elliptic curves E with
Gal(K (B[2))/K) = Sy
in [8, Proposition 9.3]. Recall that we assume Gal(K (J[2])/K) = Sag41.

Proposition 6.3. For every 9 € D and w € y, we have

(i) there is a Gal(K(J[2])/K)-module isomorphism Gal(Fy /K (J[2])) =
J[2]rk(w)_
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(ii) the map
ReSK(J[Q]) : Selg(J, w) — HOIH(GK(J[QD, J[Q])
induces isomorphisms

Sely(J, w) = Hom(Gal(Fy /K (J[2])), J[2]) Gl ETRD/K)
Gal(Fy /K (J[2])) = Hom(Sely(J,w), J[2]).

(iii) Fow/K is unramified outside 3(0).
Proof. Note that the following statements are true:
(1) J[2] is a simple Gal(K (J[2])/K)-module.

(2) dimp, (Homgay(x (sp2))/10)(J[2], J[2])) = 1.
(3) H'(Gal(K(J[2])/K),J[2]) = 0.

(1) and (2) are easy to check and left to the reader. For (3), see [14]
Lemma 3.2]. Now the proposition follows exactly as in the proof of [8, Propo-
sition 9.3]. O

Proposition 6.4. Fiz 0 € D and w € . Let tk(w) = 7 and define

i—1 n—i gitm _

Enip =@y [0 -2 I] g

h=0 m=1

If L is a function as in Theorem then for every Y > N(0) and every
X > L(Y), we have

[{aePu(X) atotlq) =it |
| {a € Pu(X) s a0} | n’”

Proof. Let loc, denote the evaluation map at 7 € Gal(K /K):

< —=.
9gY

loc, : Sely(J,w) € HY(K, J[2]) — J[2]/(T — 1)J[2].
Define

S :={r € Gal(F,,/K) | dimp, (J[2]/(T — 1)J[2]) = n},
S":={r € S| dimp, (Im(loc; : Sely(J,w) — J[2]/(T — 1)J[2]) = i},
S" = {0 € Gal(K(J[2))/K) | dimp,(J[2]/(c — 1)J[2]) = n}.
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By Theorem [6.1] it is enough to show that

s’
“S“ = En,z',r-

Clearly |S| = |Gal(Fy.,/K(J[2]))|[S"| = 2%7|S"| by Proposition [6.3]i). For
T € Gal(F, ,/K), if £ € Gal(F, ,/K(J[2])), then

J[2]/(r = 1)J[2] = J[2]/ (7€ — 1)J[2].
We define

Ar i Selo(Jyw) — J[2]/(7 =1
Are : Sela(J,w) — J[2]/ (7€ —

J[2,

)
DJ2] = J[2l/(r = 1)J[2],

given by evaluations at 7 and 7&, respectively. For ¢ € Sely(J,w), we have
Arg(c) = (7€) = ¢(T) + 7e(§) = Ar(c) + ¢(§).
By Proposition [6.3{ii), We also have

Gal(Fy /K (J[2])) = Hom(Selz(J, w), J[2])
— Hom(Sela(J,w), J[2]/(T — 1)J[2]).
£ (e ()

Therefore, for any 7| (2 € S”, there are
229=7|{ ¢ Homp, (F, — F3)| dimp, (Im(¢)) = i}|
embeddings £ € Gal(F, /K (J[2])) such that dimg, (Im(A;¢)) = 4. Therefore
|5 = 239777(5"||{¢ € Homp, (Fy — F3)| dim, (Im(¢)) = i}|.
It is easy to prove that
i—1 " givm

{6 € Hom, (F; — F3)| dimp, (Im(6)) = i}l = [ =2 [ S
h=0 m=1

which completes the proof. O

and w € Qy. Suppose that q € Py, q19, and

Remark 6.5. Let rk(w) =7
= s. Recall that

W' e n;é(w). Let rk(w’)
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(i) b1,0(0) + bro(1) =1,
(i) aq(wé) N Vau = {0},
(iil) dimp, (aq(wg) N Vg(w)) # dimp, (Vg(w) N Vg ur) (mod 2),

which follow from Lemmas [3.5{iv)[4.6] and [3.5{(v), respectively. Then by
in Remark [5.4] one can check that

{r— 1 ift(q) =

L,
Cr+1 ift(q)=0.

In virtue of Proposition [6.4] this means (as g is chosen randomly in P;)
Prob(s=r—1)=1-2"" and Prob(s=r+1)=2"".
Definition 6.6. For r,s > 0, we define a matrix My, = [m, ] by

1-277" ifs=r—1,
Mps =< 277 ifs=r+1,

0 otherwise.

Define m,(]? > 0 so that M} = [m%] In other words, msffs) is the entry of

M7 at its r-th row and j-th column.

Definition 6.7. Suppose C' has UDRL. Define the function £ from [1, co)
to itself

L(Y) :=max(L(Y),L(Y)).
Lemma 6.8. For 0<n<2g, 0<e<n, and 0 <e<1, let 0 < ae, b,
Ce, de <1 be such that |ac — ce| < € and |be — de| < €. Then > _;_ |acbe —
Cede| < 9eg.

Proof. 1t is easy to prove and left to the reader. O

Theorem 6.9. Fizw € Q. If C has UDRL and Gal(K (J[2])/K) = Sag11,
then for X > L(Y') with Y > N(9), we have

EqEPn(X),qJ[D | {w/ € 77;,;(“’) : dlmF2 (8612(']7 wl) = S)} ’ (n) 1
ZqE’Pn(X),qJ(D ’ 770_,;(‘*‘)) ‘
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Proof. Recall from Lemma (1) that for o’ € 7, é(w), we have
rk(w’) = rk(w) + dimg, (V4(w) N aq(wa)) — dimg, (V4(w) N Vg ur)-
Let e = dimp, (Vg (w) N Vgur), 7 = rk(w), and s = rk(w’). Then we have

0< e<n,
0< s+e—r<n,
0< s+2e—r<n.

Define
o = I EPu(X) 1 af0,t(q) = e} |
‘ [{g € Pu(X) gt} | 7
> | {¥ € Cram(Kq) | dimp, (aq(¥) N Vg(w)) =s+e—r} |

b — qe'Pﬂ(X)WH'D?t(q):e

Z | Cram(Kq) |

q€P,af0,t(q)=e
Ce = En,e,ra

de =dpe(s+e—r).

Then by we have

ia b Y qeP.(X)ato | &' € M5 g(w) : dim, (Sela(J,w') = 8)} |
=0 Y qep, (X)afo | Mo.q(@) |

It follows from Proposition that lae — ce| < ggiy. Since C' has UDRL, we
have |be — d.| < 99%, that is Definition Therefore, by Lemma . we
only need to show that

n
(4) Frp(s) = dne(s+e—1)Eper=ml).
e=0
If r+s+n is odd then mq(nns) =0, and F),,(s) is also equal to zero by
Lemma (ii). Moreover, if |r — s| > n, both me? =0, and F,,(s) =0.
Hence it remains to show (4)) when n + 7 + s is even and |r — s| < n. We will
show by induction on n. When n = 1, it is clear (see Remark . For
0 <k <mn, it follows from Lemma (ii) (and the fact that E, i, =0
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if n —k—1i <0) that
Fop(r—n+2k) = Z di+i,0(k — 1) Epp—k—ir-
We want to show that

k
n .
mf‘,r)—n—i—Qk = Z dk+i70(k - Z)En,n—k—i,r-
=0

By induction hypothesis for n — 1, we have

(n) _ - (n—1) —r,(n—1)
My 2k = (1 —2 r)mr—l,(rfl)f(nfl)+2k +2 Tmr+1,(r+1)7(n71)+2(k71)
k
=(1-27") Z diyio(k = 1) Ep_1n—p—im1,r—1
i=0

k
+27" Z diti—2,0(k — 1) En—1 n—k—it1,4+1-

i=1

Let

o S1 =30 g dtiolk = i) Enpn kir,

o Sy =(1-27") 20 g diriolk — ) Bn 1 h—i-1r1,

o S3=27" Zle diti—2,0(k — 1) En—1 n—k—it1,r41-
We want to show that S; = Sy + S3. We have

k
5= Z dk"‘ivo(k - Z) (En,n—k—i,r - (1 - 2_T)En—1,n—k—i—1,r—1)

k n—k—i—1 k+i—1 2n—k—i+m 1
o dirio(k — k+l T+h B
- k+7,,0( Z m )
5 2m — 1
1=0 h=0 m=1
k
Sz =2"" Z diti—2,0(k — 1) En—1 n—k—it1,+1
=1

k
:Z Tdisioao(k — )27 T2

k+i— 2n—k—7,+1+m -1

—k—
% H Z 27r71+h) H ST
h=0

m=1
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Let
o diyio(k —1)U; := i-th summand of S; — S,
e V, := i-th summand of S3,
o g :=dpiolk — z)%, and
o hi=djrio(k — i) — gi = dyyio(k — i) Xgerr.

Now it is enough to show that

(5) 9iUi + hit1Uip1 = Vigr.

One can show hjt1 = diyio(k — i)Qk;_l by Lemma (v) Using this and
Lemma [5.6{iv) for Vi1, it is straightforward to check and left to the
reader. O

Remark 6.10. Let 0 € D and w € ;. Let S = Sela(J,w) for convenience.
By Remark mill()(w)7s = Myk(w),s (an entry of My, in Definition m’ denotes
the probabilify that s is the Selmer rank of a “local twist” of S by a ramified
character at a random prime in P;. Therefore mgzgwm means the probability
that s is the Selmer rank of a “local twist” of S by n ramified characters
at randomly chosen n primes in P;. In the statement of Theorem the

fraction

Y qeP.(X).ato | {0 € Mo g(w) : dimp, (Sela(J, ') = 8)} |
> aepn (Xt | Mo.g(@) |

(as X — 00) is the probability that s is the Selmer rank of a “local twist” of
S by a ramified character at a random prime in P,,. Hence Theorem [6.9] can
be phrased as “the Selmer ranks of local quadratic twists are (statistically)
controlled by the twisting data at primes in P;.”

7. Local and global twists

Many results in this section and the next section are already done in the
elliptic curve case in Section 10 and Section 11 of [§]. We will explain how
their results can be applied to the hyperelliptic curve case as well when it is
necessary. We continue to assume Gal(K(J[2])/K) = Sog11. For the rest of
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this paper we assume that the set ¥ satisfies (enlarge ¥ if necessary)
(6) PiC(OK’Z) = 0,
where O x; is the ring of Y-integers of K. By [14, Lemma 4.9], we have

(7) Ok s/(0k s — [ KJ/(KS)? s injective.
UEPO

Recall that C is given by an affine model y? = f(x) of degree 2g + 1. Let
A := Ay := the discriminant of f.
Lemma 7.1. Define the subgroup A C K*/(K*)? by
A= ex(K* J(K*)? — K (J[2) /(K (T12)°)?).
Then A= 7Z/2Z, generated by A € OIX<,2'

Proof. If b € A, then there exists x € K(J[2])* such that 22 = b. Note that
K (v/A) is the only nontrivial quadratic subextension of K (.J[2]) over K since
S2g+1 has only one normal subgroup of index 2, so the lemma follows. ]

Lemma 7.2. Let q € P,.

(i) If n is even and x € C(Ky), then x(A) = 1.

(ii) Ifnis odd and x € C(Ky), then x(A) = 1 if and only if x is unramified.
Proof. This is [14, Lemma 6.1]. O

Definition 7.3. If x € C(K) and v is a place of K, we let x, € C(K,)
denote the restriction of x to G,. For 0 € D, define

C(d) :={x € C(K) : x is ramified at all q dividing 0
and unramified outside X(9) U Py}.
For X > 0 define
o C(X)={x €C(K): x is unramified outside ¥ U {q : N(q) < X}},
e C(0,X):=C(d)NC(X).

Let 175 : C(0) — Qo be the natural map x — (..., Xu, - - - Jvex (o), Where X, €
C(K,) is the restriction of x to G, .



1242 Myungjun Yu

Recall the definition of £ in Theorem |5T_‘Ll

Lemma 7.4. Suppose 0 € D, a € (’)IX(Z(D)/(O[X{ 2(a))Q, and o # 1. If a #
A, then there exists a prime q € Py with N(q) < L(N(?)) such that « ¢
(05)%.
Proof. Note that

K(vVa)NK(J]2]) =K.

Choose 7 € Gal(K (J[2],+/a)/K) such that
Tk € Gal(K(J[2])/K) & Syg11

is a single orbit of length 2g 4+ 1, and 7'|K(\/5) # 1. By Theorem ap-
plied with F' = K(J[2], /&) and S equal to the conjugacy class of 7, we see
that there exists q ¢ $(d) with N(q) < £L(N(d)) whose Frobenius in
Gal(K(J[2],+/a)/K) is in the conjugacy class of 7. We have o ¢ ((’);)2 and
it follows from [14, Lemma 2.12] that q € P. O

Definition 7.5. Define signa : Q1 — {£1} by

Signa (..., wy,...) 1= H wy(A).
vEY

Define
Sti={we ) signa(w) =1}, S :={w e O :signy(w) = —1}.
We will often write Q) := QF := Q5" and Q' := Q7 := Q5.

Proposition 7.6. Suppose that d € D and X > L(N(2)).

QF  if w(d) is even
Qy  if w(d) is odd.
(ii) For every w € ny(C(d, X)) we have

(i) 7 (C(0, X)) = {

Hx € C(0,X) : mo(x) = w} . (=1)=®
IC(0, X)| =1/1% |
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Proof. The proof is analogous to that of [8, Proposition 10.7]. By @, we
have Pic(Ok x(y)) = 0. Therefore by global class field theory, we have

C(K) = Hom(A /K™, +1)
= HOHI((HUGE(D) K x Hq%E(D) O;>/O;ﬂz(°)7 :I:l)

Let

Q1:={q:9 € Py,N(q) < X},
Q2:={q:9€PLUP,U---UPa,qfd}U{q:q€Po,N(q) > X}.
Let

G = Hq€Q1 (’)qx, H = Hvez(a) K} x quQ2 (’)qx, J = OIX(,E(D)'

Lemma shows that ker(J/J? — G/G?) is generated by A, so by [8,
Lemma 10.4(i)], the image of the restriction map

C(K) — Hom(Hvez(a) K5< X Hq€Q2 0;7 j:].)

is exactly

Hom(( H K % H O )/(A), {£1}).
UEE ) qEeQ->
Note also that for x € C(K), we have

X €C(0,X) <= xq(07) =1for g€ Q2 and x4(O;) # 1if q 0.
By Lemma 7.2} for q € P,, we have

A e (K X)2 <= n is even,
A generates O /(O )2 =7Z/2Z <= nis odd.

Then it follows that for w € €, (noting wq is ramified for q|d by definition),
we have

weM(CO,X)) < (1)@ J[w(d) =1 < signp(w) = (-1)*®),
vEY

which proves (i). For the second assertion, note that for x1, x2 € C(0, X), we
have

Ma(x1) = mlx2) <= x1xa' € ker(m) (€ C(1, X)).
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It follows that all nonempty fibers of 7, : C(9, X)) — € have the same order
| ker(n1)]. Now (ii) follows from (i). O

8. The distribution of 2-Selmer ranks

A large part of this section follows the exposition of [§] as mentioned before.
We include proofs of many results already in [§] here for the convenience of
the reader.

Let D denote the set of probability distributions on Z>q.

D= {h:ZZQ—)RZO‘ ih(n):l}

n=0

Definition 8.1. A matrix M = [m; ;|; jez., is called a Markov operator on
D if the following conditions hold.

(i) mi; >0 for all 4,5 € Z>o,
(i) >2j50mi; =1 for every i.
A Markov operator M acts on D so that for h € D,
M(h)(j) = mijh(i).
i>0
Define

D" :={h € D : h(n) =0 if n is odd},
DY —{h e D:h(n) =0if n is even}.

Example 8.2. Recall that My = [m; ;)i jez., given by

1—-270 ifj=1i—1,
mi; =14 27" if j=di+1,
0 otherwise.

Then My, is a Markov operator on D.

Definition 8.3. Let h be a probability distribution on Z>y. We define the
parity p(h) of h by

p(h):= > h(n).

n odd
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Recall

[e.e]
fo=T10+27)"
7j=1

J=1

Definition 8.4. Define E* € D" and E~ € D°4d by

E*(n) = fn ?f n ?s even E-(n) = 0 ?f n ?s even
0 ifnis odd, fn if nis odd.

It follows from [12], Proposition 2.6(f)] for p = 2 that ET and E™ are indeed
elements of D.

Proposition 8.5. For every h € D,

lim MP(h) = (1 - p(h))E* + p(h)E",

k—o0

lim M2 (h) = p(h)ET 4 (1 — p(h))E".

k—o00

Proof. For terminology, we refer the reader to [I1]. Since M?(D®") € DeVen,
we may regard Mz as a Markov process on Zi>( even- It is not difficult to check
ML(EY)=E~ and M (E7) =E*,so M?(E*) =E* (and M?(E") =E").
Hence ET is an equilibrium state for the Markov process Mz on D®ven,
By [11, Theorem 1.8.3], the equilibrium state for M7 on D" is unique.
Therefore for every h € D" we have

lim M3 (h) =ET.

k—o0

Similarly, E~ is the unique equilibrium state for M? on Dedd 5o for every
h € D° we have

lim M?*(h) =E".
k—o0
For every h € D, there exist ht € D" and h~ € D° such that
h=(1—p(h)h" + p(h)h~,

from which the proposition follows. U
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For w € Qy, recall that
rk(w) = dimp, (Sely(J, w)).
If x € C(K) then x € C(9) for a (unique) d € D, and we define

Sela(J, x) := Sela(J,ma(x))  and  rk(x) := rk(n2(x)),

where 1, : C(0) — Qp is as in Definition Then Sela(J, x) is the classical
2-Selmer group of JX/K, so rk(x) = dimp, (Sela(JX/K)).

Definition 8.6. Suppose d € D. Let Qf and Qj be the sets given by Def-
inition Let ESE be the probability distribution corresponding to Qgt SO
that

_ Hw € Qf : tk(w) = n}|

B () e =nl
() e Hw € Qy : rk(w) = n}
R ol

We generalize here several lemmas in [§] due to Klagsbrun, Mazur, and
Rubin.

Lemma 8.7. Suppose 0 € D and X > L(N(D)). Then
(1) ‘{X € C(D’X) : I‘k(X) = n}| _ E;(n) Zf U}(D) 1S even
C(0, X)) Ey(n) if w(d) is odd.
(i) [C(0, X) = [C(1, X)].

Proof. For (i), suppose that w(?) is even as it follows similarly when w(?)
is odd. By Proposition we have 7, : C(0,X) — QF is surjective, and
all fibers have the same size. Note also that if 7,(x) = w, we have rk(x) =
rk(w) by definition. Therefore (i) follows. For (ii), note first that C(d, X) is
nonempty by Proposition so one can choose ¢ € C(9, X). Then the map
C(1,X) — C(0,X) defined by multiplication by ¢ is a bijection (its inverse
is also multiplication by ¢), so (ii) follows. O

For the rest of the paper, we assume that C' has UDRL. Recall the
definition of £ in Definition [6.71
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Definition 8.8. Define a sequence of real valued functions {L,,(Y)},>1 by

Li(Y) = L(Y),
Lny1(Y) == max{L(]];<, L;(Y)),YLn(Y)} for n>1.

If m,k € Z>p and X € R, define the “fan”

Dpiex :={0€D:w(®) =k and
0 =qiq2- - gqm with N(q;) < L;(X) for all j}.

Definition 8.9. For m,k > 0, define

Buix = J[ €O L(ILn1(X))) CC(K).

0€D, i, x

We call By, 1, x a fan structure on C(K).

Lemma 8.10. Suppose that C' has UDRL and Gal(K(J[2])/K) =2 Sog41.
Suppose that m,k,n >0 and UxD,, 1 x is nonempty, then

—1 k —1 k
’Dm X‘ ZDGD"LkX ( : = M’LC(Ei ) )

{X € Bng,x :tk(x) =n}| | MF(ES)(n) if k is even
1Bk, x| | MEED)(n) if ks odd.

(ii) limy—_e

Proof. (i) follows from [8, Theorem 4.3]. Note that the assumption of [8|
Theorem 4.3] holds by Proposition Note also that the “convergence
rates” ([8, Section 3.7]) condition is assumed implicitly in the theorem. This
condition is satisfied by Theorem [6.9] which assumes that C' has UDRL and
Gal(K(J[2])/K) = Sag+1. This is why the UDRL condition (and also the
Galois condition) is necessary in our case. For (ii), we first note that

H{X € B k,x : tk(x) = n}|
| B ke, x|
_ 2 0eD, 5 x X € C, L(Lin11(X))) : tk(x) = ”}"

ZaeDm,k,X C(D, E(Lm—s-l(X)))

Assume that X is large enough (e.g. X > N(9)). Then C(0, L(Ly,+1(X))) is
the same for all @ € D,, 1, x by Lemma (ii), and the right hand side of
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this equality is equal to

Z E( 1)k

ka|oeD

by Lemma [8.7)(i). Now (ii) is an immediate consequence of (i). O
Definition 8.11. If ¢,y € C(K,), let
h(,¢') = dimp, (aw () / (e (1) N aw (¥)))
where a, : C(K,) — H(qy) is given in Definition and define
W) = (1) Pg(A) € {+1},
(_1)rk(1)
> (@), and §(J/K)=——]] -

ZZ)GC(Kv) vEXD

Lemma 8.12. Suppose that Gal(K(J[2])/K) = Sag+1. We enlarge ¥ if
necessary to contains a prime q12 for which J has good reduction and

dimp, (J(Kq)[2]) is odd. Then
p(Ef) =3 —0(J/K) and p(Ey) =3+ 3(J/K).
Proof. Let ¢ € €1 so that

()DCI € Cram<Kq)a
wp=1, if v#qgandwv e X.

In particular, ¢q(A) = —1 by Lemma [7.2[(ii). Let w € Q1. Combining Re-
mark Lemma and Lemma [7.2{(ii), we get

(—)Pleea) = wo(A),  (—1)MEeeae) = oo (A) = —wg(A).
We also have

tk(w’) # rk(w) (mod 2)

by Lemma ii). Then the lemma follows as in the proof of [8, Lemma
11.10]. O

Theorem 8.13. Suppose C over K has UDRL and Gal(K(J[2])/K) =
Sag+1. We enlarge ¥ if necessary to contain a prime q 12 where J has good
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reduction and dimg,(J(Kq)[2]) is odd. Let By(X) := UpBpm k,x. Then for
every n > 0 we have

€ Bu(X) | tkx) = )]
m—00 X—00 | B (X))

_ @ + 6(J/K)> E*(n) + @ - 6(J/K)> E-(n).

Proof. The theorem follows from Lemma [8.10(ii), Lemma and Propo-
sition O

If we assume Conjecture we obtain the following.

Conjecture 8.14. Theorem [8.13 holds without the UDRL condition.

Acknowledgements

The author is grateful to Karl Rubin for sharing his idea into the subject.
He thanks Dennis Eichhorn for providing the proof of Lemma [3.8] He also
would like to thank the referee for many comments to vastly improve the
readability of the paper.

References

[1] G. E. Andrews, The Theory of Partitions, Cambridge Mathematical
Library, Cambridge University Press, Cambridge (1998), ISBN 0-521-
63766-X. Reprint of the 1976 original.

[2] M. Bhargava and B. H. Gross, The average size of the 2-Selmer group
of Jacobians of hyperelliptic curves having a rational Weierstrass point,
in: Automorphic Representations and L-Functions, Vol. 22 of Tata Inst.
Fundam. Res. Stud. Math., pp. 23-91, Tata Inst. Fund. Res., Mumbai
(2013).

[3] M. Bhargava, D. M. Kane, H. W. Lenstra, Jr., B. Poonen, and E. Rains,
Modeling the distribution of ranks, Selmer groups, and Shafarevich-Tate
groups of elliptic curves, Camb. J. Math. 3 (2015), no. 3, 275-321.

[4] T. Dokchitser and V. Dokchitser, Root numbers and parity of ranks of
elliptic curves, J. Reine Angew. Math. 658 (2011), 39-64.



1250

[5]

[6]

[7]

[12]
[13]

[14]

Myungjun Yu

D. R. Heath-Brown, The size of Selmer groups for the congruent number
problem. II, Invent. Math. 118 (1994), no. 2, 331-370. With an appendix
by P. Monsky.

D. Kane, On the ranks of the 2-Selmer groups of twists of a given elliptic
curve, Algebra Number Theory 7 (2013), no. 5, 1253-1279.

Z. Klagsbrun, B. Mazur, and K. Rubin, Disparity in Selmer ranks of
quadratic twists of elliptic curves, Ann. of Math. (2) 178 (2013), no. 1,
287-320.

Z. Klagsbrun, B. Magzur, and K. Rubin, A Markov model for Selmer
ranks in families of twists, Compos. Math. 150 (2014), no. 7, 1077
1106.

B. Mazur and K. Rubin, Kolyvagin systems, Mem. Amer. Math. Soc.
168 (2004), no. 799, viii+96.

A. Morgan, Quadratic twists of abelian varieties and disparity in Selmer
ranks, Algebra Number Theory 13 (2019), no. 4, 839-899.

J. R. Norris, Markov chains, Vol. 2 of Cambridge Series in Statisti-
cal and Probabilistic Mathematics, Cambridge University Press, Cam-
bridge (1998), ISBN 0-521-48181-3. Reprint of 1997 original.

B. Poonen and E. Rains, Random maximal isotropic subspaces and
Selmer groups, J. Amer. Math. Soc. 25 (2012), no. 1, 245-269.

P. Swinnerton-Dyer, The effect of twisting on the 2-Selmer group, Math.
Proc. Cambridge Philos. Soc. 145 (2008), no. 3, 513-526.

M. Yu, Selmer ranks of twists of hyperelliptic curves and superelliptic
curves, J. Number Theory 160 (2016), 148-185.

CENTER FOR MATHEMATICAL CHALLENGES

KOREA INSTITUTE FOR ADVANCED STUDY

85 HOEGIRO, DONGDAEMUN-GU, SEOUL, REPUBLIC OF KOREA
E-mail address: mjyu.math@gmail. com

RECEIVED OCTOBER 31, 2017



	Introduction
	Metabolic spaces and Lagrangian subspaces
	Counting Lagrangian subspaces
	Local conditions induced by local characters and Selmer groups
	The heuristic assumption
	Selmer ranks controlled by primes in P1
	Local and global twists
	The distribution of 2-Selmer ranks
	References

