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Critical Kahler toric metrics for the
invariant first eigenvalue

RosA SENA-DIAS

In [LS] it is shown that the first eigenvalue of the Laplacian re-
stricted to the space of invariant functions on a toric Kéhler man-
ifold (i.e. AT, the invariant first eigenvalue) is an unbounded func-
tion of the toric Kahler metric. In this note we show that, seen
as a function on the space of toric Kéhler metrics on a fixed toric
manifold, AT admits no analytic critical points. We also show that
on 5?2, the first eigenvalue of the Laplacian restricted to the space
of S'-equivariant functions of any given integer weight admits no
critical points.

1. Introduction

Let (M, g) be a Riemannian manifold and let A; denote the first eigenvalue
of the Beltrami-Laplace operator on M. If we assume that M is of dimension
2 and has volume 1 it is well known by a theorem of Yang-Yau (see [YY])
that A; is a bounded function of the metric g on M. One can ask if there is
a Riemannian metric which achieves

Sup{A1(g)| gis a Riemannian metric, vol(g) = 1}.

For S2, this metric is known to be the Fubini-Study metric. In [N], Nadi-
rashvili studies the same problem for T?. He defines the notion of \;-critical
metric which is roughly speaking a critical point for the function A;(g). Note
that A; is not a differentiable function of g in general so this definition re-
quires some care. We will say more on this ahead. In higher dimensional
Riemannian manifolds El Soufi-Ilias, generalising a result of Nadirashvili,
prove the following characterisation of A\i-critical metrics

Theorem 1.1 (El Soufi-Ilias, Nadirashvili). A Riemannian metric g on
M is critical for A1 iff g admits a set of eigenfunctions {f,,a=0,...,N}
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for M (g) such that F = (fo,..., fn) embeds M into SN, with g = F*grs
and F(M) minimal in SN.

Therefore Aj-critical metrics yield minimal submanifolds of spheres.

We are interested in the more symmetric case when (M, g) admits an
isometric group action by a group G. In [CDE], Colbois-Dryden-El Soufi in-
troduce the notion of /\1G—critical invariant metrics where /\f is the smallest
positive eigenvalue of the Laplacian restricted to G-invariant eigenfunctions.
Again this notion is subtle as A{’ is not in general a differentiable function
of the invariant metric but it is analogous to the notion introduced by Nadi-
rashvili. They prove the following theorem

Theorem 1.2 (Colbois-Dryden-El Soufi). If G has dimension greater
than 1 then M admits no G-invariant metric which is critical for \§'.

Given a group character x it is easy to generalize the above notions
to the setting of y-equivariant functions. These are functions f: M — C
that satisfy f(h-z) = x(h)f(x), for all z € M, h € G. We have a notion of
equivariant first eigenvalue A and A}-critical metric.

More specifically we are interested in the case of toric manifolds. These
are symplectic manifolds (M?", w) admitting a Hamiltonian T"-action. Sym-
plectic toric manifolds always admit a large family of compatible integrable
T"-invariant complex structures thus they carry several Kéahler structures
(see [G] , [A]). In fact for a fixed w, toric Kahler structures in the class [w]
are very well understood and are parametrised by a subset of the set of con-
tinuous functions on the moment polytope of (M,w, T™) which we denote
by Spot(M,w, T™) and which we will describe carefully in the next section.
We want to think of AT as a function on Spot. That is, we want to consider
only toric Kdhler metrics in the class [w]. Because we are not considering
all T™ invariant functions the results in [CDE] do not apply to our setting
(except in dimension 2).

There has recently been an interest in considering spectral problems
in the realm of Kéahler geometry. In [AJK] the authors define \j-extremal
Kaéahler metric on a Kéhler manifold as being those which are critical for \;
restricted to the space of Kahler metrics in a given class. In [PP] the authors
study metrics which are A\j-extremal among invariant Kahler metrics for
generalized flag manifolds. Because we are considering A\], these results also
do not apply to our problem.

We will define an analogous notion of criticality in our setting. More
specifically given a toric Kéhler manifold we are looking for torus invariant
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Kihler metrics which are critical for AT. In this note our goal is prove the
following theorems

Theorem 1.3. Let (M,w, g, T") be a toric Kdhler manifold. Then, there
are no analytic toric Kahler structures compatible with w and in the class
[w] which are critical for AT.

Given k € Z, k corresponds to an S'-character. We will prove the fol-
lowing

Theorem 1.4. Let k be an integer. There are no )\’f critical S*-invariant
metrics on S2.

When k£ = 1 this is a consequence of the Colbois-Dryden-El Soufi theo-
rem from above.

We would like be able to remove the analyticity assumption. It is know
due to results of Morrey (see [Mo]) that solutions to elliptic systems of
PDE’s whose coefficients are analytic have analytic solution if any. We will
see that critical toric Kéhler metrics and their eigenfunctions for the smallest
eigenvalue are solutions to a system of PDE’s whose coefficients are analytic.
Unfortunately the system is not elliptic.

This paper is organised in the following way: in Section [2| we give some
background on A;-critical metrics and on toric Kahler geometry, in Section
we use the techniques developed to deal with criticality in the Riemannian
case and adapt them to our setting so as to extract a useful characterisation
of AT-critical metrics. We then use this characterisation to derive our main
theorems in Section [4] The last section is somewhat independent of the rest
of the paper. There, we show that there is an obvious system of PDEs that is
satisfied the pair toric Kéhler metric/corresponding eigenfunctions but the
system is nowhere elliptic.

2. Background
2.1. Aj-critical metrics
Let (M,g) be a Riemannian manifold. To fix conventions our Laplacian is

given by A = d*d and has positive eigenvalues. In coordinates x; on M write
g = gijdr; ® dx;. The Laplacian of a function f on M is given by

10 5 Of
. 81 =~ iz, (V55
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where g% denote the entries of the inverse of the matrix {g;;} and dw =
det g;j. The smallest eigenvalue of the Laplacian is called first eigenvalue
and is denoted by A;(M,g). If we fix M, then \; can be seen as a function
on the space of all Riemannian metrics on M. Its is not a differentiable
function of g but it is Lipschitz. In fact given a one-parameter family of
Riemannian metrics on M, g; with gy = g and analytic in ¢, if A\;(g) is a
multiple eigenvalue, then A; may become non-differentiable at g. Despite
this, there is an integer N no larger than the multiplicity of A\;(g), real
valued functions Aoy, ..., Ay and one parameters families of functions on
M fot,..., fn satisfying

Afis=MNyfig, 1=0,...,N

and such that Ai(¢g;) = min{A;;, I =1,..., N} so that the function \(g:)
has a right and left derivative

dA1(ge) (0%) = min { dA.y (0),1=0,... ,N}

dt

dAi(ge) -y _ : _
(lit (0 )—max{ o (0),[-0,...,N}

Definition 2.1. The metric g is Aj-critical if for any 1-parameter family
of metrics g; analytic in ¢

dMi(ge) .~ dAi(ge)
dt (07)- dt

(07) <o.
(see [N] and [Al] for more details).

2.2. Toric Geometry

We will try to be brief and assume some familiarity with the subject. For
more details see |G] and [A].

Definition 2.2. A Ké&hler manifold (M, w, g) where w is a symplectic form
and ¢ is a Riemannian metric is said to be toric if it admits an isometric,
Hamiltonian T"-action.

In this case there is a moment map associated to the action ¢ : M —
(Lie(T™))* ~ R™ and the moment map image P is a convex polytope of a
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special type (a Delzant polytope). In particular it can be written in the form
P={zeR":z-vpy—cp,>0,k=1,...,d}

and at every vertex, there is an SL(n,Z) transformation taking a neigh-
bourhood of that vertex into a neighbourhood of 0 in

{zxeR": 2, >0, k=1,...,n}.

There is an open dense set in M which we denote by M where T™ acts freely
and there is an equivariant symplectomorphism 1 : M? — P x R" whose
first factor is given by the moment map ¢. Here the T"-action on P x R"
is given by the usual T"-action on the second factor. Said differently, there
are T"-equivariant Darboux coordinates (z,6) on M. We refer to these as
action-angle coordinates.

Given a polytope in R"™ of Delzant type one can construct from it a
toric Ké&hler manifold Mp in a canonical manner (see [G]). It was shown by
Delzant that in fact P determines (M, w) up to symplectomorphism. Abreu
showed there is an effective way to parametrize all compatible T"-invariant
Kahler metrics.

Definition 2.3. Let P be a Delzant polytope. A function s € C*°(P) is
called a symplectic potential if

e Hess s is positive definite,
° 5 — Zzzl (7 - vp — c)log(x - v — c) is smooth on P,
e Hess s when restricted to each face of P is positive definite.

We denote the set of all such functions by Spot(P).

One can associate to each s € Spot(P) a Kéhler structure g; whose cor-
responding Kahler metric in action-angle coordinates can be written as

(S)ijdmi ® dxj + (S)ijdei ® db;.

In fact it can be shown that all toric Kéhler structures arise this way. The
Kahler structure constructed in [G] is called the Guillemin Kahler structure.
Its symplectic potential is

d
Z (x-vp —cp)log(x - v —cp) — (- v —c) .
k=1
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We make use of the following very elementary fact:

Fact 1. Smooth T"-invariant functions on a toric Kdihler manifold M are
in 1 to 1 correspondence with smooth functions on the closure of the moment
polytope, P of M.

Proof. We denote the space of smooth T"-invariant functions by C3°(M).
Denote the moment map for the T™-action by ¢. Given an invariant function
Fon M, set f tobe f(x) = F(¢~*(z)). This is well defined because ¢(p) =
¢(q) implies p and ¢ are in the same T™-orbit and F' is invariant. Conversely
given f € C*°(P), we define F' = f o ¢. O

Similarly we have:

Fact 2. Continuous T"-equivariant complex functions on a toric Kdhler
manifold M are in 1 to 1 correspondence with continuous complex functions
on the closure of the moment polytope P of M that vanish on 0P

Proof. Characters in T" can be identified with elements in Z™. Given k € Z"
we denote the space of continuous k-equivariant functions by Ci(M).

We start by noting that if £': M — C is k-equivariant for k # 0 then F'
vanishes on points with non trivial isotropy. Let F' be equivariant. If p is a
point where T" does not act freely i.e. if ¢(p) € OP then for ! non-trivial
in the stabiliser group of p, F(ep) = F(p) = €% F(p) so that F(p) = 0.

Let ¢ : M? — P x R™ denote the action-angle coordinates map. If f
is a function on P, we define a k-equivariant function on M9 by setting
Foy~(x,0) = f(x)el*?. If f vanishes on OP we can extend F by continuity
to M to be zero on M \ M°. Conversely, given F k-equivariant, define f on
P by f(x) = Fo¢~(x,0) and extend by 0 to the boundary. As we have
seen F' vanishes on M \ M? and ¢(M \ M°) = OP so that f is continuous
on OP. 0

2.3. Equivariant spectrum on toric manifolds
Let (M, g) be a Riemannian manifold with an isometric G-action. Let x be

a group character and let CX(M) denote the set of continuous x-equivariant
functions.

CX(M) = {F € C(M,C) : F(h-p) = x(h)F(p), ¥h € G}.
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The Laplacian induced from g commutes with the G-action because G acts
by isometries hence it restricts to CX(M) N C>(M) for any given character
of the group G.

Definition 2.4. Let (M, g) be a Riemannian manifold with an isometric
G-action. The y-equivariant first eigenvalue is the smallest eigenvalue of

A|CX(M)QCOQ(M) i.e.

fM |dF|2dwg

NX(M,g,G :Inf{

F e CX(M) N C=(M), /M Fe o} .

When Y is the trivial character we often write \Y = \{'.

We will be using these notions in the setting of Toric Kahler manifolds
and we will think of )\]f as a function of the symplectic potential inducing the
Kéhler metric i.e. given (M,w, T™) symplectic toric with moment polytope
P and given k € Z", we consider

AF: Spot(P) — RF

and its variations.
Given k € Z", if F is k-equivariant, it can be written in action-angle
coordinates as f(z)el*? so that from equation (1)) we have

- 0 L Of
— _ ik0 ] _ flde.g..
(2) AF e (8% (s (9xj> szk]s”)

Note that because (x, ) are Darboux coordinates dew = 1. The space of k-
equivariant eigenfunctions for A\¥, which we denote by E¥, (or ET if k=0
in the invariant case) can be identified with a subset of C°°(P). Namely, if
k#0

Ef ~ {f €eC®(P): 81 (s”ifj) — fk'Hess (s)k = =V f, f = Oin@P}

and

T 00 .0 zﬁ _ AT
E _{fec () o (S”ax)— Alf}.

In the invariant case, we often identify f € C(P) with the associated eigen-
function on M i.e. we confuse f with fo¢ and we write Af to mean

N
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3. Critical AT, A¥ metrics

In this section we fix a toric symplectic manifold (M,w,T™) with moment
polytope P. The first goal is to define critical metrics for the invariant/
equivariant first eigenvalue. This is almost exactly a repetition of Subsec-
tion [2.1] To avoid the repetition and give a more unified treatment of the
equivariant extremization problem and the classical extremization problem,
we could have used the framework developed by Macbeth in [Mal. This would
involve showing that the measure described in the main theorem there is of
a special type because the spaces Ef and ET are finite dimensional.

Instead we will go through the argument in Subsection [2.1] again. We
want to define critical values for A\¥ : Spot(P) — RT but as in the Rieman-
nian case discussed in Subsection A2 Spot(P) — RY is not a differen-
tiable function at all points. Given a one parameter family in Spot(P) with
50 = s and analytic in ¢, there are real valued functions Agy,..., Ay, and
one parameters families of functions on P, fo4,..., fn satisfying

Afis + fl,tktHess (s)k=MN+¢fie, k=0,...,N.

and such that A¥(s;) = min{A;;, [ =1,..., N} so that the function \¥ has
a right and left derivative

k dA
W(oﬂ = min{ dé’t (0),1=0,... ,N}

k dA
dA;ff” (07) = max{ dé’t (0),1=0,... ,N}

Definition 3.1. The symplectic potential s is )\’f—critical if for any 1-
parameter family of symplectic potentials s;, analytic in t,

dNf(se) oy AN (se)

o (07) I (0M) <o.

Setting ds to be 9(0), we write dA¥(f,ds) = %(O). In fact, we can
define d\¥(f,ds) for any f € EF as follows. Consider the Riemannian metrics
corresponding to s; = s + tds for ¢ sufficiently small. For each such ¢, E¥(s;)
is the first k-equivariant eigenspace. We extend f to a one parameter family

fi such that f, € E¥(s;) and let A; be the eigenvalue corresponding to f;.

dA
dX;(f,05) =~ (0).



Critical Kahler toric metrics 859

As we will see ahead this does not actually depend on f; but only on f. In fact
the same phenomenon occurs in the non equivariant case of Subsection
and is a manifestation of something more general that is explained and
exploited in [Ma].

We now use the toric framework to calculate dA¥(f, ds).

Lemma 3.2. Let (M,w,T") be toric with moment polytope P. Let s €
Spot(P). Given 0s € C*°(P) such that és and dds vanish on OP and f €
C>(P) corresponding to an eigenfunction of the Laplacian associated to s,

0? (silflsjrf )
T r
A\ (f,ds) = /P D0z, dsdx,

where we write f; for a . f furthermore f =0 on OP then

0 Re (Silflsj’”f )
k _ _ s t 2
dT(f,0s) —/P ( 2,01, + k'Hess |f|°k | 0sd.

Proof. Consider the path s; = s+ tds in Spot(P), the corresponding path
of Riemannian metrics on M which we denote by g; and a path f; in C(P)
corresponding to a path of eigenfunctions in E (g;), the eigenspace for the
smallest invariant eigenfunction for the Laplacian associated with g;, such
that fo = f. We have A, f; = AT, f;. We want to calculate

d

— AT .
dt |t=0 1 (fio90)

We may assume that [, f?dx = 1 for all t and taking derivatives this implies

Ip ffdz =0 where f = ‘3? The quantity %H:O)\}T(ft,gt) is given by

dt|t7 /|ft’gt dt| /(aft)tHGSS_l(st)aftdx
= —/(8f) Hess_l(s)dHLS(st)
P dt

f\t ~1g "
2/P(c")f) Hess ~*(s)0fd

Hess ~'(5)0 fdx
|t=0
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—/(8f)tHess ~1(s)Hess (6s)Hess ~1(5)0 fydx
P

Lo /M<d<fo¢>,d<fo¢>>dx

=— / (0f)Hess ~(s)Hess (0s)Hess ~!(s)dfdx
P

+2/ fodA(fo)dx

M

—/(8f)tHess ~1(s)Hess ((53)Hess_1(s)8ftdx+2)\}r/ ffdx
P P

—/(8f)tHess ~1(s)Hess (6s)Hess ~1(s)0 fydx
P

= _/ ( Zlflsjrfr> (65)ijdx

where we have used ¢ to mean the moment map for the torus action on M.
The conditions that s and ds vanish on 0P ensure that we can integrate the
above by parts without picking up boundary terms and hence

d O (s fis’" f,)
— AT =— | ——————~(ds)d
dt|t:0 1 (ft)gt) /]; a$la$] ( S) Z,
as claimed. The k-equivariant case is similar.

4
dt |t=0

d .
_ d ik-6 2 d

= c(lj;tt=0/P (Re ((3ft)tHess—1(5t)aﬁ) + |ft|2ktHess (St)k‘) da

= /P (— Re(s" f1s7" f,) + |f|2kikj) (d5)ijde.

)‘If(ftvgt)

Integrating by parts we get

d 0° Re (s“flsjrf )
— AT = - Y+ KH 2k | dsda.
dt‘t:o 1 (ftagt) /P ( al’zal’] + €sS |f‘ sax

0

We are now ready to prove our main characterisation of A]-critical metrics
in this section.
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Proposition 3.3. In the same setting as above, the symplectic potential s
is \¥-critical iff for all 6s € C*°(P) there are functions on P, {fo,..., fn},
corresponding to k-equivariant eigenfunctions in Ef(s) and ag,...,an €
[0,1] satisfying

N . . —_

82R il . Jr o
Zaa<< e(s Jais" fa, )> ktHess\faFk:) =0.
P a$zal‘j

Again this lemma has an analogous counterpart in the classical critical
first eigenvalue problem and it is a manifestation of a more general phe-
nomenon which is treated in [Mal]. To use Macbeth’s results in our setting,
we would need to prove that the measure described in the main theorem
there is of a special type (the relevant fact being that E¥(s) is finite dimen-
sional). We have chosen to derive the results so as to be self-contained.

Proof. The condition that s is critical can be rewritten as
s is critical <= Vds€C>®(P), 3 f,he€ E¥(s) : d\}(f,0s) < 0 < d\¥(h,ds).

Now fix s € C°°(P) and consider dA\¥(.,ds) as a function on the finite di-
mensional vector space Ef(s). By restriction to the sphere in Ef(s) with
respect to the £2 norm we see that

s is critical = Vds € C*°(P), 3 f € Ef(s),/ |f|2de =1 : dAY(f,0s) = 0.
P

The relevant thing to note is that multiplying f by a fixed constant changes
d\¥(f, 6s) by multiplication by a positive constant. Now assume that §s and
its derivatives vanish along P so that from the previous lemma

il £ Jr F
AN (f,0s) = / (— Re <W> + k'Hess |f|2k‘> dsd.

P 81’18.%'3
We set
P (R
Qs(f) = —Re (81‘183’}] + k HESS|f| k,
so that

dAY(f,0s) = / Qs(f)dsda.
P

If s is critical

Vés € C®(P),ds,d(ds) = 0ondP, 3 f € Ef(s) :/P If)? = 1,/PQs(f)5s = 0.
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We want to prove that 0 is the convex hull generated by {Qs(f), f € E¥(s)}.
Let K be this convex hull. Suppose 0 ¢ K. By the Hahn-Banach separation
theorem applied in £2(M) (the £? completion of the space of k-equivariant
functions on M which we are identifying with a subspace of £2(P)) there
is p1, a linear bounded functional on £3(M) such that yc > 0. By Riesz’s
representation theorem there is 3 € £2(P) such that

wu(h) = / Bhdx > 0, Vh € K.
P

Suppose that 8 and its first order derivatives vanish on 0P. Then because
s is critical there is f € Ef(s) with £2-norm equal to 1 such that

/P Qu(f)8 =0,

but by assumption [, Qs(f)8 = u(Qs(f)) > 0 because Q,(f) € K and we
get a contradiction. But since /3 (or its first order derivatives) may not vanish

on 0P, we need a slight modification of the above argument. Consider the
smooth bump function p, which is identically equal to 1 on P \ V,(OP) where
V.(OP) denotes a tubular neighbourhood of radius e of OP. Let f. denote
pef3. Then because s is critical, there is f. € Ef(s) with £2-norm equal to 1
such that

/P Qu(f)Be =0,

and [p |fe|> = 1. Now {f.} is bounded and contained in a finite dimensional
space so that it admits a convergent subsequence. Let f € E{"(s) be the
limit. Because the subsequence converges in that finite dimensional subspace,
Qs(fe) converges to Qs(f) in the same subsequence. The sequence [, also
converges a.e. to [ so that Qs(fc)B has a subsequence that converges a.e.
to Qs(f)B. On the other hand for that subsequence |Qs(fe)5Be| < Cp for
some constant C. This is because in the subsequence there is bound on the
L>°-norm of Qs(f.). By the bounded convergence theorem

/P Qu(f)8. — /P Qu(f)B =0.

But [, Qs(f)B = 1(Qs(f)) > 0 because Q,(f) € K and we get a contradic-
tion. We conclude that 0 € K and the proposition follows. O
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4. Proof the of main Theorems

The idea is to exploit the characterisation given in Proposition [3.3]for critical
toric Kahler metrics to conclude that such metrics do not exist.

4.1. The proof of theorem
Proof. Let k € Z be fixed. Under the right normalisation, (S, wrg, S1) is a
toric symplectic manifold with moment polytope | — 1, 1[. Any S'-invariant
metric on S? is described by a symplectic potencial s € Spot(] — 1, 1[). From

Proposition if it is critical for )\If then there are function {fo,..., fn}
and ag,...,ay € [0, 1] satisfying

(3) (fé>/ = (-2 + k:2s”) fa

S
2 "
Zaa ( - k2|fa|2> =0.

As the a, are all posmve (and smaller than 1) they can be absorbed into
the fo’s at the cost of loosing the normalisation for [}, |f,*dz’s. We write

N 2 "
Z( —k2|fa12> =0.

a=0

N 2 !
2| £12 _ f(; fa 2
;( — K| f] ) _2Re<<8//> —k fafa>

and replacing in Equality we see that
2 / N JE/ B
Z ( - k2|fy2> — ZRe ((—)\ + k%) fas—z — kagfa>
a=0
/

a=0

N 2 ! N =
> (4] - ) 3 R
a=0 a=0

This then implies that

and

!
a

"

/!
a

3”

Now

7

S”

/
a

i

i Re faf’

a=0
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is constant. Because % vanishes at 1 and —1, this is actually zero and

Z(ZZV:O Re(fafl) =0 so that Zivzo |fa|? is constant. We look at two cases
separately:

e In the case where k # 0, the f, all vanish at 1 and —1 and so ZZIV:O | fal?
= 0 so that f, = 0 for all a; a contradiction.

e In the case when k£ = 0 we may assume that the f, are real. We have

S((5)) =2 (8 2 ((5)) -

and replacing Equality for k = 0 again we find that

8 0_22( k(%))

22 )\ +/\22

and SN 0 o) /\Za 0f2 and hence it is constant. But, because

s’ -

81,, vanishes at 0, Za 0 8,,) = 0 and each f vanishes which is also a

contradiction. O

4.2. Proof of theorem [1.3|

We start with a useful calculation.

Lemma 4.1. In the same context as above, let f be an invariant eigen-
function for the eigenvalue A of the Laplacian on toric Kdhler manifold with
symplectic potential s then

0 (5" 57" 1)

— )\2f2 9 tH -1
(5) di0z,; A f2 4200 (Hesss) " 0f

+ Tr (D((Hess s) 10 f))?
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Proof.
0?2 (Silflsj”fr) 0 (Silfl) 9 (Sjrfr) 52 (s”fl) )
T T TR T
8(silfl) 0 (Sjrfr)
8«773’ 8:1:Z

), D) 2

Bl Oz;  Om

il ir
= X2f2-200 ft(Hesss)_la r4 2 (;%fl) 0 (2; ifr) |

Where we have used the fact that

a(s" fy)
= -\
6:1:]- f
Now
a (s" 1) 1
oz, = [D ((Hesss) 8f)]z.j
and the result follows. O

As a result of this calculation and of Proposition [3.3]it follows that the sym-
plectic potential s is AT -critical iff for all §s € C°°(P) there are functions on
P {fo,..., fn} corresponding to invariant eigenfunctions in E7 (s) satisfying

N
Z ()\fo—QA@fa(Hess s)"Ldf, + Tr (D(Hess s)_18fa)2)) =0.
a=1

We are now ready to prove our main theorem.

Proof. Suppose that there exists a Al-critical metric on a toric Kéihler man-
ifold. We are going to derive a contradiction from this assumption. Let P
denote the moment polytope of our toric Kéahler manifold. Assume without
loss of generality that 0 is a vertex of P and that P is standard at 0. We can
alway achieve this applying an SL(n,Z) transformation which will lift to
an equivariant diffeomorphism taking critical symplectic potentials for AT
to taking critical symplectic potentials for AT.
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We start by showing that

N
(6) Y (\f2-2)0fa(Hesss) ' fo + Tr (D((Hess s) ' 0fa)%)) =0

a=1

implies that f,(0) =0, Ya=0,...,N. The above relation holds at = = 0.
Now (Hess s)~1(0) = 0 and we are going to show that

N

Tr (D(Hess 5) ' 0fa)*)(0) = Y 10fal*(0).

a=1

It will then follows that f,(0),0f,(0)=0,Va=0,...,N. Because s €&
Spot(P), there is v € C>°(P) such that

s=sqg+v and
d
s = (x-vg —cp)log(x vk —cp) — (- v — cx)
k=1
where

P={zeR":z-yy—¢>0,1=1,...,d}.

It is not hard to see that

d t
vy,
Hess sg = g -

TV —c
=1 l 1

Because P is standard at zero {vi,...,v,} is the canonical basis of R" so
that
1
L0 - 0
Hess sg = + A
o --- 0 L

Tm

where A is smooth on a neighbourhood of 0. Hence, on a neighbourhood of
0, there is a smooth B such that

Hess s = + B.
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So

(7) (Hess s)~! = Diag(z1, ..., x,)
— Diag(zx1,...,x,)BDiag(z1,...,xy) + - -

and therefore writing O, f = fi,l=1,...,n

z1f1
(Hess s)~lof = : +0(2)
Tn fn
where for any positive integer I, O(l) denotes a function which vanishes to

order at least [ at zero i.e. a function which is bounded by c||z||' on some
neighbourhood of zero for some constant C'. Hence

o(zifi) - x1fin
D((Hesss)~tof) = +0(1)
_ _of -
where f;; = 9207, forall ¢,j =1,...,n and
Tr (D((Hess s) " 10f))% = Z(fl + a1 fu)? + Z z1z, f + O(1).
=1 lr=1,l#r

In particular Tr (D((Hess s)710f))%(0) = S/, (£1)%(0) = |0f[?(0) as claimed.

Next we want to prove that if we assume that f, = O(l) for all a =
0,...,N and some integer [ > 1 then in fact f, = O(l + 1). Consider the
equality

N
Z ()\2f3—2)\8fa(Hess $) 10 f, + Tr (D(Hess s)_lﬁfa)Q)) =0.
a=0
e Because f, = O(l) it follows that \? Zivzo f2=0(2.
e It follows from Equation that (Hesss)™! = O(1) and since 0f, =
O —1), AN 0 fa(Hess )10 fs = O(20 — 1).

e As for Z(JLV:O Tr (D(Hess s)~10f,)?), to study its asymptotic behaviour
near 0 we essentially need to retrace the steps in the above analysis
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taking into account that f, = O(l). If f = O(l) then

71 f1
(Hesss)lof = : +O0(l+1)
ZTnfn
o(zifi) -+ z1fin
D((Hesss)"'of) = +0(1),
and
Oi(zif1) -+ w1fin
so that
Tr (D((Hesss)'0f))> =Y (fi+afu)’+ >, mafi+ 02— 1).
=1 lLr=1,l#r
hence

l,r=1

N
> ( fai + @1 fan)? + Z vz, f} lr)
=0

N
Z ((Hesss)'af.))* + 021 — 1),

It follows from Equation @ that

N N
ZT (D((Hess s) 10 f,))? Z 221200 f,(Hess s) 10 f,
a=0 a=
O( 1)+ 020 —1)
=02 -1),
SO

N
Z ((fal +$lfau + Z wliﬂrfazr) =0(20-1),

l,r=1
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when in fact, a priori, this expression only needs to be O(2[ — 2). Con-
sider the analytic expansion of f, around 0. We have f, = P, + O(l +
1) where P, is a homogeneous polynomial of order [. Therefore

N

Z (Or( JZlPal 2y Z xx,. P al,,

a=0 lr=1
must be a polynomial of order 2l — 1. Let v = (1, ..., x,) be a generic
vector in {z = (z1,...,2,) € R" : 21,..., 2, > 0} then

20-2
t Z 6[ l'lPal Z xle alr

l,r=1

must be of order at least 2] — 1 in ¢ so that

N

Z (8[(37113(” U lexr alr =0

a=0 I,r=1

and so because all terms in the sum are non negative they must van-
ish. We conclude that 0;(z;P,;) = 0 and P, = 0 so that P, must be
constant for all a =0,..., N. Because P, is of degree greater than 1
then it actually must vanish so that f, = O(l 4+ 1) as claimed.

Since we have proved that f, = O(1) and f, = O(k) = fo,=0(k+1) it
follows that all derivatives of f, vanish at zero for all ¢ = 0,..., N. At this
point we use the analyticity hypothesis. Because our Riemannian metric is
analytic, the eigenfunctions for its Laplace operator are analytic as well.
This follows from elliptic regularity. We may then conclude that all f, =0
which is impossible. No critical metric exists. U

5. Concluding remarks

We would like to be able to use the equations that we derived from the AT-
criticality on the metric and the corresponding eigenfunctions to conclude
that both metric and eigenfunctions are analytic. The symplectic potential
of a A]-critical metric and its eigenfunction satisfy the following system of
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PDE’s for function on P

2 (98) = T o Ya=0,... N

ZN 0?(s" fau8" " far) _ 0
a=0 Bwlax] -

(8)

This can be written in the form F(x,s, f,0s,0f,...) =0 for an analytic
function F' (here we write f = (fo,..., fn)). It would follow from a result of
Morrey (see [Mo]) that if this system is elliptic in some suitable sense then
its solutions are analytic. In fact the system is not elliptic. We will prove
this here for the sake of completeness.

Lemma 5.1. The system (@ 1s nowhere elliptic.

Proof. This is essentially a matter of chasing through the definition of ellip-
ticity. See [Mo| for more details. Writing F' = (Fp, ..., Fy, Fy4+1) with

Zi

N (s fai s fu )
Fni = Za:O - Owidz;

we essentially want to calculate det DF. We start by calculating each partial
derivative. We set fyy1 = s and below we will omit the dependence of F' on
variables that are fixed.

1) Givena =0,...,N
d 0 ( ;; Ov
— F t) = — (s =—) = A
dt [t=0 alfaF 1) T <S &L‘j) LY
so that
Loa(z,D) = D;sYD; = D'(Hess s) ' D,
where we have used the notation in [Mo].

2) Also given a,b < N + 1 distinct

& Ry t0) =0, a b,
o (fo +tv) a#

so that
Loy(z,D) =0, a #b.
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3) Now given a < N + 1 the derivative of F, with respect to s is given by

d o (. .Of
- Fa = - i T " “ ’
dt|t:0 (8 * tv) ox; <8 virs 69@)

and

A 9
Lon+i1(x,D) = —Dis”DlDrsWa—fa = —D'(Hess s) "' DD!(Hess s) 10 f,.
Lj

4) As for the derivative of F;1 with respect to f, fora < N 4+ 1

d 0* (5" fausvr)
— F a t =2 . )
dt |t=0 N1lfa+ i) O0x;0x;

and

Lyi1a(z, D) = 2DiDjSilfaylszDr
= 2D"(Hess s) "' DD'(Hess 5) "0 f,.

5) Last, we calculate the derivative of Fiy11 with respect to s

zq pl gJr
i FN+1 S"‘tv — _22 T)qu fa,ls faar)
dt|t 333181’] ’
and
N
l
Lyyinsi(z, D) = —QZD D;s" 1Dy Dps? fo18"" far
a=0
N
= —2D%(Hesss)"'D Z(Dt(Hess $)Laf.)%
a=0
To sum up
| | o Falfs + tv) | Lap(z, D)
a=b<N+1 IQ (s”é%’) -2y D!(Hess s)™'D
a,b< N+1,a#b 0 0
a<N+1,b=N+1| 22N, % —2D!(Hess s) "L DD!(Hess s) 19 f,
a=b=N+1 -2 Z(Il\;l W —2D!(Hess s)™'D Z o(D'(Hess s)710f,)?
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The system is elliptic iff

det DF := det(Ly;(z, D))}2 #0, VD #0

2,

Now DF is given by D?(Hesss)™'D times

1 0 —D*(Hess s) 10 fo

0 1 —D'(Hess s) "0 fy

2D'(Hesss) '0fy --- 2DYHesss) '9fy —23.N (D' (Hesss) 19 f,)>?

The matrix above is clearly singular at all points as its last line is a linear
combination of the previous N lines. O
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