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Quantitative weighted estimates for the
Littlewood-Paley square function and
Marcinkiewicz multipliers

ANDREI K. LERNER

Quantitative weighted estimates are obtained for the Littlewood-
Paley square function S associated with a lacunary decomposition
of R and for the Marcinkiewicz multiplier operator. In particular,
we find the sharp dependence on [w]a, for the LP(w) operator
norm of S for 1 < p < 2.

1. Introduction

Given a weight w (i.e., a non-negative locally integrable function on R™), we
say that w € A,,1 <p < oo, if

[w]a, = sup (w)q(w' )5 " < oo,
Q

where the supremum is taken over all cubes @ C R™ and (-)¢ is the integral
mean over (.

In the recent decade, it has been of great interest to obtain the LP(w)
operator norm estimates (possibly optimal) in terms of [w] 4, for the different
operators in harmonic analysis. In particular, it was established that the
LP(w) operator norms of Calderén-Zygmund and a large class of Littlewood-
Paley operators are bounded by a multiple of

[w]zljx (15%) and [w]zljx (%7ﬁ)7
respectively, and these bounds are sharp for all 1 < p < oo (see [6l 12} [17,
21]).

On the other hand, there are still a number of operators for which the

sharp bounds in terms of [w]4, are not known yet. For example, for rough
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homogeneous singular integrals T, with angular part 2 € L the currently
best known result says that || Tol|£2(w)— 12(w) i at most a multiple of [w]? ,
and it is an open question Whether this bound is sharp (see [5l [15] 18])
Several other examples are the main objects of the present paper.

We consider the classical Littlewood-Paley square function associated
with a lacunary decomposition of R and the Marcinkiewicz multiplier opera-
tor. Recall the definitions of these objects. For k € Z set Ay, = (—2F+1, —2F] U
[2F, 2F+1) The Littlewood-Paley square function we shall deal with is defined

by
1/2
= (ZISAJ|2> :

kEZ

where S/A:f = ]?XA,C- We say that T, is the Marcinkiewicz multiplier oper-
ator if Ty, f = mf, where m € L*> and

sup/ |m/(t)|dt < .
kezZ J A,

The fact that S and 7}, are bounded on L”(w) for w € A, is well known
and due to D. Kurtz [16]. Tracking the dependence on [w]4, in the known
proofs yields, for example, that the L?(w) operator norms of S and T}, are
bounded by a multiple of [w]%_ and [w]}_, respectively.

In this paper we give new proofs of the LP(w) boundedness of S and T,
providing better quantitative estimates it terms of [w]4 . Our main results
are the following.

Theorem 1.1. If oy, is the best possible exponent in

||S||LP (w)—=L?(w) < [ ]A )

then

=

Q

o
7 N
-
N W
o]

| |~
[a—
N
INA

11 1
ozpﬁzp_l—l-max<1 pl) (1<p<OO),

in particular, oy, = %% for 1 <p<2.
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Theorem 1.2. If 3, is the best possible exponent in

1T || Lo ()= L2 (w) < Cp,”"bh”]ii?

then

3 1 ! 1
2max<1,p_1)§,8p_];+max<l,p_1> (].<p<OO)

Observe that the lower bounds for «;, and 8, are immediate conse-
quences of several known results. By a general extrapolation argument due
to T. Luque, C. Pérez and E. Rela [20], if an operator T is such that its
unweighted LP norms satisty ||T'|| s —r» = ﬁ asp — land |T||pr—rr =~
p’* as p — 0o, then the best possible exponent &, in ||T'[|1s(w)—rr(w) <

C [w]if’p satisfies {, > max(72, ;27). Therefore, the lower bounds for o), and
Bp follow from the sharp unweighted behavior of the LP norms of S and T5,.

Such a behavior for S was found by J. Bourgain [3]:
1
(1].) HSHL?J*)LP ~ m as p — 1 and ||S||L5”~>Ll" ~pasp— o0,

which implies the lower bound for «;,. These asymptotic relations were ob-
tained in [3] for the circle version of the Littlewood-Paley square function
but the arguments can be transferred to the real line version in a straight-
forward way. An alternative proof of the first asymptotic relation in (|L.1])
has been recently found by O. Bakas [IJ.

The sharp unweighted LP norm behavior of T, is due to T. Tao and
J. Wright [22]:

1Tl Le—1r =~ maux(p,p')g/2 (1<p<o0),

which implies the lower bound for j,.

Bourgain’s proof [3] of the first relation in was based on a dual
restatement in terms of the vector-valued operator ), , Sa, ¥ with its
subsequent handling by means of the Chang-Wilson-Wolff inequality [4].
Our proof of the upper bound for o, follows similar ideas but with some
modifications. As the key tool we use Theorem which is a discrete ana-
logue of the sharp weighted continuous square function estimate proved by
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M. Wilson [23]. Notice that the latter estimate is also based on the Chang-
Wilson-Wolff inequality. We mention that the sharp L?(w) bound in Theo-

rem [I.1]

1Sl a )22y < Lol
by extrapolation yields yet another proof of the unweighted upper bound
1Sl Le—srr < W, 1 < p <2 (see Remark [4.2[ below).

Another important ingredient used both in the proofs of Theorems [I.1
and is Lemma 3.2} This lemma establishes a two-weighted estimate for
the multiplier operator Ty, ,,- The need to consider two-weighted estimates
comes naturally from the method of the proof of Theorem

The paper is organized as follows. Section 2 contains some preliminaries
and, in particular, the proof of Theorem [2.7} In Section 3 we prove two
main technical lemmas. The proof of Theorems [I.1] and [T.2] is contained in
Section 4. In Section 5 we make several conjectures related to the sharp
upper bounds for oy, and f,,.

2. Preliminaries

Although the main objects we deal with are defined on R, the results of
subsections 2.1, 2.2 and 2.3 are valid on R".

2.1. Dyadic lattices

The material of this subsection is taken from [19].

Given a cube @y C R™, let D(Q) denote the set of all dyadic cubes with
respect to (o, that is, the cubes obtained by repeated subdivision of )y and
each of its descendants into 2™ congruent subcubes.

Definition 2.1. A dyadic lattice Z in R" is any collection of cubes such
that

(i) if @ € 2, then each child of @ is in Z as well;

(ii) every 2 cubes @', Q" € 2 have a common ancestor, i.e., there exists
Q € 2 such that @', Q" € D(Q);

(iii) for every compact set K C R™, there exists a cube Q) € Z contain-

ing K.

In order to construct a dyadic lattice 2, it suffices to fix an arbitrary
cube @ and to expand it dyadically (carefully enough in order to cover the
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whole space) by choosing one of 2™ possible parents for the top cube and
including it into 2 together with all its dyadic subcubes during each step.
Therefore, given h > 0, one can choose a dyadic lattice & such that for any
Q € 9 its sidelength ¢ will be of the form 2*h, k € Z.

Theorem 2.2. (The Three Lattice Theorem) For every dyadic lattice 2,
there exist 3" dyadic lattices 2V, ..., 2G") such that

-
(3Q:Qezt=J2Y

j=1
and for every cube Q € & and j =1,...,3", there exists a unique cube R €
20 of sidelength (r = 3lg containing Q.
2.2. Some Littlewood-Paley theory

Denote by .#(R™) the class of Schwartz functions on R"™. The following
statement can be found in [11, Lemma 5.12] (see also [10, p. 783] for some
details).

Lemma 2.3. There exist p,0 € .7 (R") satisfying the following properties:
(i) suppf C {z : |z| <1} and [0 =0;
(if) suppp C {§:1/2 < [¢] < 2};
(i) Yper B2 H)O(2E) = 1 for all € # 0.

Property (iii) implies, by taking the Fourier transform, the discrete ver-
sion of the Calderén reproducing formula:

(2.1) f= Z [ o—i Oy
Kez

Remark 2.4. There are several interpretations of convergence in (2.1). In
particular, we will use the following one. Let 1 < p < oo and suppose w € A,,.
Given f € LP(w) and N € N, set

N
ol = 3 /E (o)) = )

where { En} is an increasing sequence of bounded measurable sets such that
En — R"™. Then fy — f in LP(w) as N — oo. For the continuous version
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of (2.1)) this fact was proved by M. Wilson [24] Th. 7.1] (see also [25]), and
in the discrete case the proof follows the same lines.

The following result is also due to M. Wilson (see [23] Lemma 2.3] and
[24) Th. 4.3)).

Theorem 2.5. Let & be a dyadic lattice and let G C 2 be a finite family
of cubes. Assume that f =73 ncy Agaq, where suppag C Q, |agllr= <
Q72 | Vag] L= < €é1|Q|_1/2 and [ag =0. Then for all1 < p < oo and
for every w € A,

1/2

2
(2.9) 1Fllzrwy < Conll¥? || | 3 %\'
Qe

Lr(w)
Remark 2.6. Notice that actually (2.2) was proved in [23] with a smaller
[w] 4., constant defined by

[w]a, = Sup Tow / M(wxq),

where M f(z) = supgs, ﬁ fQ |f| is the Hardy-Littlewood maximal opera-
tor. See also [14] for various estimates in terms of [w]a_

Theorem along with the continuous version of was applied
in [23] in order to obtain the LP(w)-norm relation between f and the con-
tinuous square function. In a similar way, using , we obtain the LP(w)-
norm relation between f and the discrete square function defined (for a given
dyadic lattice 2) by

1/2

SeoNE@ =X 3 (@ /Q \f*902k|2>><@(z)

kE€Z QED:bq=2-

Theorem 2.7. There exists a function ¢ € % (R™) withsuppp C {£ :1/2 <
€| < 2} and there are 3" dyadic lattices 219) such that for every w € A, and
for any f € LP(w),1 < p < o0,

1/2
1£ 1| 2o (w) < Cpnlw /Zuswm )l w)-
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Proof. Let ¢,0 be functions from Lemma [2.3] Let 2 be a dyadlc lattice

such that for every Q) € Z its sidelength is of the form /g = %,k € Z. Let

2, j=1,...,3", be dyadic lattices obtained by applying Theorem n to

2. Then for every Q € 2U) its sidelength is of the form lg = 2k k€ Z.
For Q € 2 with £g =27%/3 set

Yo(x) = /Q (f % 920) ()8 (2 — y)dy.

It is easy to check that suppyg C 3Q, [vo =0 and

1/2
@23)  max(hole fo Vrol) < (‘Q, / Fron k|) ,

where ¢ depends only on n and 6.
Take an increasing sequence of cubes Qn € Z such that {g, =
N. Set

2N
2 Ne

Iy ={Q€ 2:Q CQn,lg=2"/3,kc[-N,N]}.

By Theorem one can write
3n
(3Q:Qegnt =9y,
j=1

where gjg) c 9U). Then

N
-¥ /Q () o= )y

N 3™ ) )
Y Y ey X

k=—N Qe2:QCQnLo=2"%/3 =1 peg)

where, for P =3Q,Q € Z,{g = 27+ /3, we set

1/2
Y = ¢ (/ If*sowl2>
3Q

and o)) = e
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By 1) we have that the functions ag) satisfy all conditions from
2.5

Theorem Therefore, by ([2.2)),
1/2
e e\
1N Loy < Comlwl D D2 TR
7=1 Pe{g(j)
N Lr(w)

371
< Cp,n[w]i{p2 > 18,260 ()l ouw)-
j=1

Applying the convergence argument as described in Remark completes
the proof. O

2.3. The sharp extrapolation
The following result was proved in [9].

Theorem 2.8. Assume that for some f,g and for all weights w € Ap,,

[ £l zeo () < ON([w]a, )9l Lro (w)»

where N is an increasing function and the constant C does not depend on
w. Then for all 1 < p < oo and all w € Ap,

£l e (w) < CK(w)|gll Lo (w)

) N ([w]a, 1M || Lr () e ()P F), if p < po;
K(w) = Po-1 p—pg .
N ([wu UM 1 a2y ) ) it p > po.

—1
P

-1
max (l,po

In particular, K(w) < C1N (C’g[w]AP Pt )> forw € A,.

2.4. Some two-weighted estimates

Let

Hf(m):p.v.l/ 1) dy and H*f(gv):supl
R

™ r—y e>0 T

/ fy) dy
lz—y|>e T — Y
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be the Hilbert and the maximal Hilbert transforms, respectively.
Given two weights u and v, set

[, v]a, = Sup (v -
Then the following two-weighted estimates hold:

(2.4) max (|| M| 12 (v)— 2 w)> 1H || L2 ()= L2(w))
< Clu o {7 ([l + [014)).

The proofs of these estimates can be found in [13| [I4] (notice that stronger
versions of (2.4 in terms of the [w]4_ constants are proved there).

2.5. The partial sum operator

Given an interval [a, b], the partial sum operator S,y is defined by S/[QE =
fX(a,p)- We will use two standard facts about Si, 5 (see, e.g., [§]). First,

(2.5) Sjas) = 5(MaH Moo = MyHM ),

where M, f(z) = ™% f(z). Second, if (T, f) = mx[ayb}f, then

b
(2.6) Loy f = m(a)Spap f +/ (Spep f)m’ ()dt.
3. Two key lemmas

Given a dyadic lattice Z in R, a weight w and k € Z, denote

Wk, = Z (w)rxr.

1€2:|I|=2-*
Lemma 3.1. Let w € Ay. Then wy,9 € Az and
(3.1) (W o] 4, < 9w]a,.
Also, for two arbitrary dyadic lattices 9 and 9,

(3.2) [wr,2, (W k,27) A, < 9w,
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Proof. Denote u = wg o and Py = {I € 2 : |I| = 27*}. Take an arbitrary
interval J C R. Notice that

(33) )y = = S

IePy: mJ;A(Z)

Next, by Holder’s inequality,

= () ()

which implies

_ 1 ||
1
= — InJ
Wi 3 il
1€P:INJT#D
1 Iﬂ J
(3.4) < = | ’
‘J| IePy mJyé(Z)
Denote

J* = U I.

1P INJT#D
If | J| > 27% then |J*| < 3|J|, and hence, by (3.3) and .,

1
(35) <U>J < |J|/ w <3 (’LU>J* and <’LL_1>J <3 (w_1>J*.
J*
Assume that |J| < 27, Then |J*| < 271 Hence in this case,
1 -1 -1
U>J§m w<2(w); and (u )y < 2(w ),
Jx

which along with (3.5)) implies (3.1)).
The proof of (3.2) is identically the same. Denote v = ((w™1)y, o)7L, If
7] > 27, then by (3.3),
<U>J <3 <w>J* and <U71>] <3 <w71>‘]*.
Similarly, if |.J| < 27%, then
(wyy <2{(w)y- and (v 1y <2(w™ ),

which along with the previous estimate proves (3.2)). O
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Define the operator Ty, ,; bY (Trnynf) = mX[a,b}f. In the lemma be-
low we use the same notation uk’ 2 as in Lemma

Lemma 3.2. Assume that m is a bounded and differentiable function on
[a,b]. Then for all u,v € Ag,

1Tt f 122 (s o) < K (M)N (u,0) (2750 = @) + )| f ]l 22(0)
where K(m) = |mll~ + [ |m'(t)]dt,
N(u,v) = min (fu,vla,, w2, v]a) 2 (] + 1)
and ¢ > 0 is an absolute constant.
Proof. Let t € [a,b). Take an arbitrary I € 2 with |I| = 2. Notice that

1Sl < (b= a)[[ fllz-

Therefore, for all z,y € I,

(36)  |Seyf@) < (b—a) /3 1+ 1S (Fxman )
< 3(b— a)2 M F() + S (fxwar) ().
Applying yields

(3.7) ‘S[t,b] (fXR\:SI)(y)’ <|HM —t(fXR\S»I)(y)’
+ [HM _p(fxr\31)(¥)]-

For every t € [a,b],

(3.8) |HM fX]R\:H)() HM—t(fXR\?;I)(x”
<ol / ) gl < M f(a).

Further,

|[HM_(fxr\30)(@)| < [HM_t(fXR\[z—|11/2,0+1]/2) (T)]
+ [HM i (fX31\[o—|1]/2,2+]11/2)) ()]
< H M_if(x) + cM f(x),
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which, combined with , and , implies
S f ()] < H My f(z) + H* M f(2) + (3(b — a)27" + c) M f ().

From this and from ({2.6)), for all z,y € I we have

b
T f )| < K (m)T(f)(z) + / H* M _y f () |m/ (t)|dt,
where
T(f)(x) = H*M_pf(x) + H*M_of (z) + (275(b — a) + 1) M f(x).

Therefore,

2

1 b
39 i [ P <int (KT + [ 1M Sl 0

a

Hence, applying Minkowski’s inequality and using (2.4)), we obtain

b
T Fllz2en o) < K m)T(f) + / HA M f ' (8)]dt

a

L2(u)
b
< K (m)|T()ll gy + / | Mo | oo | ()
< K (m)(27%(b — a) + Du, o] () + 011l w)-

On the other hand, (3.9)) also implies

b
T Pl un o) < | K (m)T(F) + / Mo f (1)t

L2(uk,@)

Therefore, by the previous arguments and Lemma (3.1

||TmX[a,b]f||L2(uk,@)
< cK (m) (27 (b — a) + Dug.o, 0] L2 (W)Y + 1)1l 2w),

which completes the proof. U
4. Proof of Theorems [1.1] and [1.2]

The lower bounds for oy, and 3, are explained in the Introduction. Therefore,
we are left with establishing the upper bounds.
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Proof of Theorem[1.1] By duality, the estimate

—_4tmax (l,ﬁ) |

(4.1) 1SFll o)y < Clw ]2;’ ' [Nl o )

is equivalent to

> Stk

kEZ

1/2
sc[o];ma“p Y <Zwk|2> :

kez L7 (o)

L' (o)

where o = w!™P’. Changing here p’ by p and o by w, we see that it suffices
to prove that

1/2
+max
(4.2) > Sa v < Clwl}, (Z |¢k|2)
keZ p(w) kezZ LT’(w)
Applying Theorem [2.7] yields
1 3

ZSA,JM@ < Clwlj, Z ) (Z SA,J/%)

keZ Lr(w) j=1 kez Lr(w)
Therefore, by Theorem (4.2) will follow from

1/2
(4.3) Se.9 <Z SAMk) (Z |¢k|2)
kez L2(w) kez L2(w)

Using that supp ¢+ C {€:2F 1 < |¢] < 281} we have

D St | * ok = (Sa,_ k-1 + Sa, k) * Pa-r,

JEZ
which implies
Se | D_9a,%5 | (2)?
JEZ

= Z Z <|}| /I |(Sar_ 1 Vr—1+ Sa, V) * <P2k|2> x1(x).

keZ I€Dl;=2""F
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Hence, in order to prove (4.3)), it suffices to establish that for every k € Z,

(4.4) [(Sar_ f) * w2kl L2(wy.0) < Clwla, | f] 2 (w)

and

(4.5) 1(Sacf) * w2+l L2 (w o) < Clw]a, || fllL2(w)-
Since

((Sa,_, f) *p2-x)(§) = @(2_k§)x{2k_1§|§|§2k}f(§),

(4.4) is an immediate corollary of Lemma (applied in the case of equal
weights). Estimate (4.5]) follows in the same way. Notice that the constants C

in (4.4) and (4.5)) can be taken as

C=c (H@HLW + / s |<@>’<f>rds>

with some absolute ¢ > 0. O

Remark 4.1. There is a minor inaccuracy in the proof, namely, applying
Theorem we have used that ) ., Sa,¢x € LP(w) as an a priori as-
sumption. This point can be fixed in several ways. First, by [16], f € LP(w)
implies Sf € LP(w) for w € A, for all 1 < p < co. By duality, this means

1/2
that (zkez yw) € IP(w) implies Y,y Sa, v € LP(w).
However, one can avoid the use of [I6] as follows. Defining

N 1/2
Snf= ( 3 mm?) ,
k=—N

we have that with Sy f instead of Sf is equivalent to with
SN v Sa, ¥k on the left-hand side. But the fact that S Sa, ¢k €
LP(w) follows immediately from . The rest of the proof is exactly the
same, and we obtain with Sy f instead of Sf with the corresponding
constant independent of N. Letting N — oo yields the desired bound for S.
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Remark 4.2. Theorem [1.1]in the case p = 2 says that
181 22y 12() < Clli,.
From this, by Theorem
8llr2e < CIMIZL L (1<p<2).

Since | M||zr—rr = ﬁ for 1 < p < 2, we obtain the sharp upper bound

ISl € == (1<p<2)
found by J. Bourgain [3].
Proof of Theorem[1.2 Using the fact that
1Tl £ (w)— L2 () = 1Tl 10" (o) 1 (o)
and [o]a, = [w]il, it suffices to prove that
(4.6) 1Tl 20y o) < Coamlly 277 (1< p < 2).

By Theorems and (4.6) will follow from

(4.7) 1S0.2 (T ) 22 (w) < Conlw) 211 £ 1| 2y

Notice that

1/2
”Ssaj( mf HL2 (Z/| mf *SOQ k| 'LUk_jde) .

keZ

Therefore, by duality, (4.7) is equivalent to

1/2
wl’y? <Z/|¢k’ Wy, 5) 1d9€> :

kEZ

> (Tthr) = oo

kEZ

L2 (w—1)
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Applying Theorem again, we see that the question is reduced to the
estimate

9 1/2
(4.8) S Do (@) x o |+ g
ezl \Ier L2((w e, 00)
1/2
< Cplw]a, <Z ’Wk\\%z((wk,@)l))
keZ

for some dyadic lattices 2 and 2’.
Since

k+1
Z(mej) * Y2-i * Yo-k = Z (me]) k Yo-i * Yok,
JEZ j=k—1

in order to prove (4.8]), it suffices to show that for every k € Z and every
j=k—1kk+1,

(4.9) [(Ton ) * p2-5 % 2l L2((w1) o) < Omlwla, | FllL2 ((wr.0)-1)-
By Lemma [3.1]
(w9, (wi,o) "2 ([0 o] N2+ [(wrg) ) < elw]a,.

From this and from Lemma we obtain (4.9)) with

= (il s [ im0y
Ay

kEZ

which completes the proof. O

Remark 4.3. As in Remark it is not difficult to justify the use of
Theorem 2.71 We omit the details.
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5. Concluding remarks
5.1. On the sharpness of o), and 3,

The extrapolation principle explained in the Introduction says that if &, is
the best possible exponent in || 7| 1o (w)— 1 (w) < Clw ] , then

fp Z max (727 p’)j 1) )

where 1 and 79 are the constants appearing in the endpoint asymptotic
relations for ||T'||z»—r». In fact, for many particular operators we have that
fp = max(fyg, p’y_ll)'

Therefore, it is plausible that the upper bounds for «), and §, from
Theorems and are not sharp for p > 2 and 1 < p < oo, respectively,
and it is natural to make the following.

Conjecture 5.1. The best possible exponent «;, in

11 Lo ()= Lo () < Cplw]y

P
is

3 1

Conjecture 5.2. The best possible exponent (3, in

Tl 2o ) s 27 ) < Copmlw]y,

is
3 1
5p:2max<l,p_1> (1 <p<OO)

Observe that by Theorem in order to establish Conjectures
and it suffices to show that

1S L5/2() s 1572wy < Clwlase and | Tonll 2wy 220wy < Crlw]’2

respectively.
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5.2. Sparse bounds for S and T,,7?

A family of cubes S is called sparse if there exist 0 < 1 < 1 and a family of
pairwise disjoint sets {Eqg}qges such that Eg C @ and |Eg| > n|Q)| for all
@ € S. By a sparse bound for a given operator 1" we mean an estimate of
the form

(TF.9)l <C Y (Hro9)selQl,

QeS

with suitable 1 <, s < oo, where (f), o = <|f|p>(19/p, and S is a sparse family.

Sparse bounds have become a powerful tool for obtaining sharp quanti-
tative weighted estimates in recent years (see, e.g., [2, [, [18]). Therefore it
would be natural to try to attack Conjectures and by means of the
corresponding sparse bounds for S and T,.

At this point, we mention that it is not clear to us what is the sparse
bound for S leading to Conjecture [5.1] For example, it is plausible that S
satisfies

(5£.0) € 57 S (Prelahaldl (1<r<2)
QeS

but one can show that this estimate leads to the same upper bound for o,
as obtained in Theorem [L.1]
Contrary to this, the sparse bound

B (Tufo) € = 2o Dralohnall (1<r<2)

(r— Qes

would imply Conjecture The technique developed in [22] probably may
play an important role in establishing (5.1]).

Added in proof. In a recent paper [7], the authors consider similar ques-
tions in the Walsh-Fourier setting. In particular they establish Conjecture[5.1
for all 1 < p < oo and Conjecture for max{p,p'} > 5/2 in this setting.
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