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Completeness on the worm domain and
the Miintz—Szasz problem for the
Bergman space

STEVEN G. KRANTZ, MARCO M. PELOSOT, AND CATERINA STOPPATO!

In this paper we are concerned with the problem of completeness
in the Bergman space of the worm domain W, and its truncated
version WL We determine some orthogonal systems and show that
they are not complete, while showing that the union of two partic-
ular such systems is complete.

In order to prove our completeness result we introduce the

Miintz—Szasz problem for the 1-dimensional Bergman space of the
disk
{¢:]¢ — 1] < 1} and find a sufficient condition for its solution.

Introduction

The Diederich—Fornaess worm domain was introduced in [9] and is defined
for a given p > 0 as

(1) W, = {(21,22) € C*: |21 — e“"g‘z2|2\2 <1—(log|zl*)},

where ¢ : [-A, A] — [0, 1] is a smooth, convex, even function that vanishes
identically in [—p, u], with A > p, ¢(A) =1, and increasing on [u, A]. As a
result, W, is smooth, pseudoconvex and strictly pseudoconvex at all points
(21, 22) € OW,, with 21 # 0. See [6] for a thorough discussion of basic prop-
erties of the worm. The worm turned out to be of fundamental importance
in the theory of geometric analysis in several complex variables, see [15], [1],
[21, [, [8], [16l 17], [I8], [19] 20] and references therein.
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For computational purposes, W, is often truncated to the non-smooth
bounded domain

(2) W, ={(z1,2) € C?: |21 — eil°g|z2|2‘2 <1, |log \22]2| < p},

that is, one replaces the function ¢ with the characteristic function of the
complement of the interval [—p, u].

In the discussion that follows, we let €2 denote either domain W, or WL

In this study we are concerned with the question of finding orthogonal
and complete sets in A%(Q). For details about the notions of orthogonality
and completeness in a Hilbert space, see Section [1 As is well known, when
w > m, € has non-trivial Nebenhiille. Here the Nebenhiille is understood to be
the interior of the connected component that contains Q of the intersection
of all domains of holomorphy containing Q. We first show that this easily
implies that the closure in A%(Q2) of the holomorphic polynomials is a proper
subset of A%(2).

Thus we are led to consider sets of suitable “monomials” in €2 that can
be defined as the holomorphic continuation of non-integral powers z;, when
z = (21, z2) is initially restricted to A x {z3 : |22| = 1}, where we denote by
A thedisk {( e C: |( —1] <1}

We determine some orthogonal sets
{HQk,j ) k?] S Z7 k Z 0}7 and {H2k+1,j 7j € Za k Z 0}

(see Corollary , and show that their union determines a complete set
in A%2(W,,) when p > 0 (Theorem . We also show that each of the two
systems, however, is not complete (Proposition .

In order to prove our completeness result, Theorem (3.1}, we prove a result
of independent interest, Theorem [2.1] We naturally use the name the Miintz—
Szdsz problem for the Bergman space for the question of characterizing the
sequences {);} in the right half-plane for which the sets of powers {¢*~!}
form a complete set in A2(A).

The classical Miintz—Széasz theorem deals with the completeness of sets
of powers {t¥ 72} in L2 ([0,1]), where again ); is in the right half plane. The
solution was provided by C. Miintz [2I] and by O. Szasz [25] in two separate
papers, where they showed that the set {t’\"_é} is complete LQ([O, 1]) if
and only if jzof(l +Aj*) "' Re \j = 0o (see also [22] or [24] for a more
accessible reference).

We find a sufficient condition for the solution of the Miintz—Szasz prob-
lem for the Bergman space A%(A) and use it to prove our completeness
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result for AQ(WL). The Miintz—Szasz problem for the Bergman space has
been further studied in [23].

Finally we show that the complete set {Hy ;, k,j € Z,k > 0}, is not a
Schauder basis (Theorem . The definition of Schauder basis is recalled
in Section [II

1. Orthogonal sets in A*(W))

Let © > 0 and consider the domain WL The problem we address here is to
find a possibly complete orthonormal system for AQ(WL) and consequentely
have a way to obtain an expression for the Bergman kernel.

For the reader’s convenience, let us recall a few definitions, for which we
refer to [27]. A sequence of vectors {vy, }, in a Banach space V' is

« a Schauder basis if for each w € V there exists a unique scalar sequence
{cn}n such that ) c,v, converges to w with respect to the norm
topology.

Now suppose V' to be a separable Hilbert space. A sequence {v,}, in V is

« an orthogonal system if (v, v,) = 0 whenever m # n;
« an orthonormal system if it is orthogonal and ||v,| = 1 for all n;

« a complete system if 0 is the only vector in V' that is orthogonal to v,
for all n; or, equivalently, if the linear span of {v,}, is dense in V.

A complete orthonormal system is automatically a Schauder basis and it is
called an orthornormal basis. On the other hand, a sequence in V that is
not orthogonal may be complete without being a Schauder basis; in other
words, the aforementioned sequences {cy,}, may exist for all w € V' without
being unique.

In the analysis on the worm domains W,, and WL a special role is played
by the functions

() Fy(z) = )

(4) L(z) = log (zle_ilog‘ZQP) + ilog|z|?,
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and log denotes the principal branch of the logarithm, so that
By (21, 29) = (zeilog ") Tgimlog zl*

The function L is well defined and holomorphic in a domain contain-
ing UMW/’L (see [18], Lemma 1.2 and Proposition 1.3). Moreover, we point
out that the fiber of W), over each z; € D(0,2)\ {0} is not connected and
that L(z) is locally constant in z2, but not constant. The same happens with
E,(2) for n € C\ Z, while Ey(2) = 2} forallk € Z, z € W,,. Hence the func-
tions £, are the analytic continuation to WL of the monomial 2} defined in
)/VT/r /2 using the principal branch of the logarithm.

It is well known that the functions that are holomorphic in a neighbor-
hood of the closure W, are not dense in A?(W,). Since a proof of this fact
does not explicitly appear in the literature, we prove the following result
that applies to both domains W, and Wj,.

Proposition 1.1. Let > 27 and let A2(W,,) denote the closure in A2(W),,)
of the functions that are holomorphic in_a neighborhood of Wy. Then, if
f € A2(W,), then f is holomorphic on W, where

(5) VV:Q U {(z1,22):a<log]z2|2<a—|—27r, |21 — €9 <1}
—pu<a<p—2m

Therefore A2(W,) & A2(W,).
The same conclusions hold true with W), in place of W,.

In particular, the polynomials are not dense in either A*(W,,) or A>(W),).
By contrast, D. Catlin [5] showed that, for every smoothly bounded pseudo-
convex domain €2, the holomorphic functions in C*°(£2) are dense in A%().

Proof. 1t suffices to prove the result in the case of WL, since the same argu-
ment can be repeated verbatim for W,. L
Suppose f is holomorphic in a neighborhood of W), and let

Ea=1{(0,22): a <log|z|* < a+2r}
U {(21,22) : log |z|? = a or a + 27, |z — €| < 1}.

Set

Fu(z1, 2) = i/fc(z_lz?dc
Y
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where «y is the oriented boundary of the annulus {23 € C: a < log|z2|? <
a+ 2m}. Then F, is holomorphic on the set

Ea=1{(21,22) : a<log|z* <a+2m, |z —e“| <1}.

However, F,(0,22) = f(0, 22), since f is holomorphic in a neighborhood of
{(0,22) : |log|22|?| < p} and —p < a < p — 27 implies a + 27 < p. It follows
that Fj, is a holomorphic extension of f to the set &, and thus f extends
holomorphically to an open set W, containing the right-hand side of .

Now suppose that {f,} are holomorphic in a a neighborhood of Wj,
and that f, — f in AQ(WL). Then f, — f uniformly on the compact sets
{log |22% = a, a + 2m; |21 — €] < 1 — 6}, for —pu < a < p — 2. By Cauchy’s
formula, {f,} is Cauchy in uniform norm also on the sets

{a < log\z2]2 <a+2m |z —em] <1 —5}.

Therefore f extends holomorphically to the set on the right-hand side of .
Finally, the functions E;, with 1 not an integer cannot be extended holo-
morphically to any of the sets &,, so that A2 (WL) G A? W)
It is immediate to check that the arguments above apply to the case of
W, as well. O

Thus, we are led to consider the set of “monomials” of the form
{E,,(2)2}}jez and ask whether these are orthogonal, and/or complete, for
some choice of values n; € C.

We denote by dA the Lebesgue measure in the complex plane.
Lemma 1.2. Let Rea,Ref > —1. Then

D(a+B+2)
Dla+2)T(B+2)

| cTaac) =x
A

In particular, C* and (P are never orthogonal to each other in A%(A).
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Proof. We have

[eTao=[ [" /Z 0 (re ) d - dr

cos™'(r/2 _
:/ a+5+1/ /) ei@(oc—ﬁ) dodr
0 —cos~1(r/2)

2 2 — _
:ﬂa—ﬂfé7ﬂw+%mh“%%ﬁmxa_ﬂ»dr
::i@y%_ﬁ)jﬁm@(20085)a+6+1shls$nh(isQl——ﬁ))ds
_ m /O " (cos5) P2 cosh is(a — B)) ds
_ Off;i: /0 ™ (03 5)™ P cos (s(a — ) ds.

Now we use [14, (9) p. 391] and, denoting by B the beta function, we
obtain that

CBAA() = —e . L
lACé (©) (a+pB+2)(a+B+3) Bla+2,8+2)
__ T(a+8+2)
T(a+2)T(B+2)
as we wished to prove. O

For a given bounded domain € in C? that is rotationally invariantﬂ in
the second variable 22, such as W, and WL, using the Fourier expansion in
29, the Bergman space A%(Q2) decomposes as an orthogonal sum

6) A2(Q) =P
JEZ
Here
HI = {F c AZ(Q) : F(z1,292) = f(21, ’Z2|)Z%}7

where f is holomorphic in z; and locally constant in |z3|. The orthogonal
projection of A% onto H7 is given by

Qj (Zl,ZQ / le,e Z2) ”tdt

!These are called Hartogs domains.
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Then we set

QjF (21, 22)
%

f(z1,]22]) =
and observe that the right-hand side is holomorphic in €2, but depends only
on the modulus of z5. Hence f is locally constant in |z3|. In general, it will

be constant only if the fiber over a point (z1,292) in © with 2; fixed, is a
connected set in the zo-plane.

Let us go back to the case of W;L and let F,G € HJ,

F(Zl722) = f(Zl7 |ZQ|)Z% and G(ZhZQ) = g(zlv |ZQ|)Z%

We have

(7) (F, G)azowy)

- / / £ (s 22 g (e T2 22l dA(21)dA(z2)
| log |22 2 < J |21 —etos 12212 | <1
—2”/ / f(z1,m)g(z1,7) dA(z1) 7 dr
|log r2|<pu J |z —eileer? | <1
:W/ / e e/ g o) dA () €0+ D ds
|<p J|z1—eis|<1

- /| TG G T U Vs dA).

(8) v=m/2u.

be the reciprocal of the winding number of W, as also defined in [1] and
let i be the entire function

sinh[u(j + 1+ i2)]
j+1+iz ’

h(z) =
Define
(9) Yap = h(a—B).

Proposition 1.3. Let u>0. For a€C and j€Z let Fa7j(21,22):Ea(Z)Zg.
Then F ; € AQ(WL) if and only if Rea > —1. Moreover, if Rea,Re f > —1,
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then -

F(a+B8+2)
T(a+2)T(B+2)
In particular, (Fy j, Fﬁ,j>A2(W;) =0 if and only if

<Fa,j7 Fﬁ,j>A2(WL) = (277)2'7116

(10) a—pB=2kv+i(j+1) with k € Z\ {0} .
Proof. We compute (F, ;, Fj ;) A2(OV)- Starting from (@ we obtain
(11) (Faj> F,j) azonr)
[ ] Balce e By (e, ) U ds dA(C)
A Jls|<p

= 7r/ Cacﬂ/ eis(@=h) gs(i+1) gg dA(Q)
A [s|<p

= 2maﬁ/ C*CPAA(C),
A
where
YaB = %/ eSUt1i(a=P) g
[s|<p
sinh(u(j+1+i(a=PB))) ¢ - (o — B
_ ey if j+14i(a f) #0
@ ifj+14i(a—pB)=0,
as claimed.

Therefore, v,3 = 0 if and only if
pu(j+1+i(a—pB)) =kmri  for ke Z\ {0},
that is,
(12) a—B=2kv+i(j+1) for k € Z\ {0}.
Notice that, when o = 3, the previous computation gives
B0 mg) = 27 [ 167 A

_ 271_,)/&’&/ 62[Reo¢10g|C—1|—Imo¢arg((—1)} dA(C)
I<]<1

— 277'704,04/ ‘C _ 1’2Reaef2lmaarg(§fl) dA(C) 7
I<I<1
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which is finite if and only if Rea > —1. This proves the first part of the
statement. The second part now follows from Lemma, [1.2 [l
The following corollaries now follow at once.

Corollary 1.4. Then, for Rea > —1, we have that F,; € A*(W)) and

osinh[u(j+1—2Ima)] I'(2+ 2Re )
j+1-2Ima IT(2 + a)|?

1wy = (2)
For ¢g > —1,and £ =0,1,2,... we set

(13) Hyj(21,22) = Eoorviri(r1)/2(2)2 -
Corollary 1.5. For p > 0, each of the two sets

{Ho;,j€Z, k=0,1,2,...}, and

14
( ) {H2k+1,j>j€Z7k:071727"'}1

is an orthogonal system in A*(W),).
2. The Mintz—Szasz problem for the Bergman space

In endeavoring to establish whether the system {H,;} is complete we are
led to consider the Miintz—Szasz problem for the Bergman space.

Recall that we set A = {(¢: |¢ — 1| < 1}. We consider a set of functions
{¢*}, k=1,2,... and would like to find a necessary and sufficient condition

for this set to be a complete setin A%(A), that is, its linear span to be dense
in A2(A).

Theorem 2.1. Let S be the subset of A*(A) whose elements are the func-
tions (M for k=0,1,2,..., where A\, =ak +co+1ib, 0<a <1, cog> —1
and b € R. Then S is a complete set in A%(A).

Proof. Consider the biholomorphic map C' : U — A given by

20
it w

C(w)

of the upper half plane U/ onto A. Then

T:A%(A)3 f (foO)C € A2(U)



240 S. G. Krantz, M. M. Peloso, and C. Stoppato

is a surjective isometry. Next, by the Paley—Wiener theorem, the Fourier
transform F, given by

1 [t :
=— t)e ! dt
Fo© =5 [ s ar,
provides a surjective isometry of A%(U) onto L?((0,400),d¢/¢), see e.g. [3].
Therefore, {¢*} will be complete in A*(A) if and only if {F(T¢(*)} is
complete in L*((0, 4+00), d¢/€).
Now,
22')/\+1
(A = _(7
(€ (w) =R

while

Flasa )@= [T e

Tom o (uti) 2
1

= mf/\H@*gX(o&m) ),
(see also [11], Lemma 1).
Therefore
A @M
f(T(C ))(5) = _mX(O,—Fm)(é)'

Hence the set {¢**} is complete in A?(A) if and only if the set {¢MFle=¢}
is complete in LQ((O, +00), d§/£), that is, the set {5’\”%6*5/2} is complete
in L?((0, 400)).

Next, we consider the transformation £ — &% =t of (0, +00) onto itself
and the induced isometry A of L?((0,+00)) onto itself given by

(A9)() = /Ly (1GD).

Under such a transformation, since A, = ak + c¢g+1ib, we see that
{¢MT2e7/2} is complete in L2((0, +00)) if and only if {tFtee2""} is com-
plete in Lz((O, —i—oo)), where

We know from [26, Thm. 5.7.1] that the system

{tteet? . n=0,1,2,...},
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with ¢ > —1/2, is complete in L?*((0,+00)). Thus, if ¢ € L?((0,+00)) is
orthogonal to thtae=3t"" for all k = 0,1,2,... it follows that

+o0o
/ tk-}—Reae—t/?t—i Imaeé(t_tl/a)w(t) dt =0
0

fork=0,1,2,....Since0 < a < 1, ez=1""") js bounded and also Re o > —%,
we obtain that t‘“mae%(t_tl/a)ﬂ) =0, that is, v» = 0. This concludes the
proof. O

3. Complete sets in A*(W),)

From our Miintz-Szasz Theorem [2.1]for the Bergman space A%(A), we obtain
the following density result in A*(W;,).

Theorem 3.1. Let pu>mw/2. Let Hyj(z1,22) be as in (13). Then
{Hy i} jez, e>0, is a complete set in AQ(WL).

Notice that the set {Hy;}, ¢,j € Z, £ > 0, is the union of the two sets in

().

Proof. We wish to show that if F' € AQ(WL) is orthogonal to Hy j, for £,j €
Z, £ > 0, then F is identically zero. It suffices to show that, for each j € Z
fixed, any function F' € H’ orthogonal to Hy; for all £ >0, is identically
Z€ero.

Writing F'(z1, 22) = f(21, ]22|)z§, from we then have

(15) 0= (F, He;j) a2,

= 7r/ / f(geis, 65/2)E60+V€+i(j+1)/2(Ceis’ 65/2) es(j+1)d8 dA(C)
A Jls|<p

= 7r/ / fce™, e/?) sl D)/ 2Hileotrl)] g ceotvl+i(i+1)/2d A(C)
A Jls|<p
for £=0,1,.... Notice that the function

(16) Tf(C,w) _ / f(Ceis’63/2)68[(j+1)/2+ico] W ds

[s|<p

_ ];-(f(cei37 65/2)63[(j+1)/2+ico}X{lsKM}) (w)
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is analytic in ¢ € A, and by the Paley—Wiener theorem [22], is an entire
function in w of exponential type at most u. Moreover, the function

we / TF(C, w) ot G A(C)
A

is again an entire function of exponential type at most p and by it
vanishes at the points wy = v£. Observe that

17 lim su
( ) rﬁJroop r2m/m

exP{22 e, 1/ (0} = <1>3 lim /" = foo.
v

r—+00

By a classical result of Fuchs [13], we know that an entire function of type
u whose zero set {wy = v} satisfies must vanish identically, that is,

/ T (¢, w)Cor A I2A(C) = 0,
A

for £=10,1,.... Since p > m/2 we have v < 1 and by Theorem it now
follows that T'f(-,w) = 0, hence,

(18) / f(Ceis, e5/2) es[(j+1)/2+ico]eisw ds =0,
lsl<p

for all ( € A and w € C. This implies that f vanishes identically and we are
done. O

Notice that, had we considered either of the orthogonal systems men-
tioned in Corollary we would have ended up with the points {ws} only,
or with {wggy1}. The analog of Condition would not have been satisfied
and we could not have proved completeness using this approach. In fact, we
are going to show in the next proposition that each of the two systems is
incomplete.

It is also worth mentioning that the worm domains WL are increasingly
badly behaved as p becomes large. On the other hand, the proof of our
density result breaks down when p < 7/2. This is somewhat surprising, since
when p < 7/2 the fibers over z; are connected, the geometry of the domain
is much simpler and in principle it should be easier to obtain such results
on W, when y < /2.
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Proposition 3.2. Let {Hy ;}s jez, >0 be as in Theorem . Then, for each
m fized,

+oco 400

19 H2 1,'22 ’
(19) [ Homsrgleon > D ZHH%

j'=—00 k=0

‘<H2m+1,j7
W/

and, analogously, for each k fized,

+oo  +oo

1o ooy > Do D

j'=—0c0m=0

2

‘<H2k,j> Hopmi1,50)

HHZm—i-l,] ‘A2(W’)

Hence, neither system {Hay. ;} nor {Hamy15} is complete in A*(W,,).

Proof. By orthogonality, it suffices to consider the case j' = j and, dropping
the index j, we write Fj, = Hyy j and G, = Hopmq1,5. By Proposition we
have that

osin [p(2k — (2m + 1))v]

(2k — (2m+1))v

['(2c0 4+ 2+ (2(k +m) + 1)v)
L (co+ 2+ 2kv + ZJH)F(CO +24+©2m+ 1) — ZJH) ’

) ) [ (2c0 + 2 + 4kv)
il ow,) = () 0 (eo + 2+ 2hw + i231) 7

['(2c0 + 2+ 2(2m + 1)v)
IT(co+2+ (2m+1)v — +)\

(Gms Fi) a2y = (27)

X

1Goml3ny) = (2m)20

Therefore, is equivalent to

(200 pl'(2c0 424 2(2m +1)v)

+o0 2 2
sin [p(2k — (2m +1))v]1°T(2c0 + 2+ (2(k +m) + 1)v)
” kzo { (2k — (

- (2m+1))v ul (2c0 + 2 4 4kv) ’
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which in turn is implied by

(21)
1>+§ 1 T(2¢0 +2 + (2(k +m) + 1)v)?
[ (Qk' (2m + 1))1/]2 11(200 +2+202m+ 1)V)F(260 + 2+ 41{:1/)
+oo

1 T(2c0 +2 4 (2(k +m) +1)v)°
P 7r2(k _ #)2 F(QCO +2+2(2m + 1)1/)I‘(200 +2 —|—4k:1/) ’

Now, on the one hand the right-hand side in is less than or equal to
+0o0 1
Z 2 2m+1)2 ’
2

k=0T (k -

since for all x,y > 0, ¢ > 0,

2
T(c+x+y)> t$+y+c_1e_tdt>

+o0
( t2x+c—1€—tdt> </ t2y+c_1€_tdt)
0
=T

(c+2x)'(c+2y).

IA

On the other hand, we claim that

7T = Z 2m+1)

Indeed, setting h(w) = 7 cot(rw) and Q(w) = (w — 2”‘2“)2, we have

h 1 1
Res (,k) = = 5
Q Q(k) (k- mtl)
for all £ € Z and

h 2 1
Res< m+

) T cos(Tw) 9
, = lim - T
Q 2 w—y Zmt sin(rw) w — ”"‘TJF

= —T.
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The fact that

0= lim W) 1y
n—+ Jopon+t) @w)
2 1
= 27rinli>rfoo Res (g mt ) kz_: Res( >]
implies that
00 1 00 1
- o L Gy
7%= > —
k=—o0 (k -2 2+1) k=0 (k -2 2+1)

as claimed. This concludes the proof. O

Finally, we show that the complete system of Theorem is not a
Schauder basis for A? (W,,), for all > 7 /2. For the definition of Schauder
basis, see Section

Theorem 3.3. Let u > /2, and let Hy j(21, 22) = Egypiti(j+1)/2(21, 22)25,
l,j€Z,L>0. For each j € Z fized, the function Hy; is in the AQ(WL)—
closure of span{Hy j, £ = 1,2,...}. In particular, this violates the uniqueness
requirement in the definition of Schauder basis.

Proof. We first assume that p > /2.
Let Q = @, be a polynomial of degree n of one complex variable, without
constant term, Q(w) = >, cow’. Then, arguing as in we have

n

(22) 1Hog =Y ceHe il 3z

— / / o+ 2gis(eoil1)/2)
[s|l<p J A

. ZCKCCO—I—VZ—H(]'—}-I)/Z is(co+i(j+1)/2+l/€)‘2 dA(C) S0+ gg

_7r/ /} C0+Zj+1/2
[s|<p

2
dA(C) ds

n

Z CECVZ isvl
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2
n
SC/ / 1_ZCZ(CV€1'SV>€
[s|<p JA /=1
1 - ’
=C— / / 1= et
V2 Jist<n Ja, ;

where we have set w = (Ve®". Since u > 7/2, v < 1 — 2§ for some § > 0, so
that —§ <vs < § and 0 < v < (1 — 26). Hence,

dA(C) ds

w%_l}z dA(w) ds,

Qs C{w=pe": 0<p<2/v(s—3)<t<v(s+3)}
{w=pe": 0<p<2” |t| <m(l-6)}
=:5.

N

Plugging this into we obtain that

| Ho, - ZceHmAz(W <c / ) [ 1= @utw) PP dagw)ds
|s|<p

_c/ 11— Qulw) Pl dA(w)
S

Setting dw(w) = |w|2v"YdA(w), the conclusion will follow if we show
that there exist polynomials P, =1— @, such that P,(0)=1 and
||Pn||A2(57dw) — 0 as n — +o0.

In order to prove that such polynomials exist let A be the half disk {z €
C: |z| <1, Rez >0} and p(z) = (2 — 1)? 4+ 3. Then p(0) = 1, and [p(z)| <
1 for z € A4, as it is elementary to check. Therefore,

F(w) = p((27w) /A=)

is a function holomorphic on S such that
. F is continuous on S;
. F(0) =
e |[F(w)]<1onS.

Observe that w(S) < +oo. Given € > 0, let K be a compact subset of S
such that w(S \ K) < ¢ and let n be a positive integer such that |[F™(w)| < e
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for w € K. Then
/|F”(w)|2dw(w) <ce.
S

By Mergelyan’s approximation theorem (see [24] e.g.), we can find polynomi-
als p,, such that |F™(w) — p,(w)| < ¢ for w € S. Finally, we set P, = %(mp"
and the conclusion follows easily.

Finally, let 1 = m/2, so that v = 1. Set D = Ujgjcr/o{21 : |21 — €| < 1}.
We have,

2

(23) HHOj —ZC@HZJ
A2(W))

_71'/ / 2co+1(]+1)‘
[sl<p J|z1— e“|<1

<C/ 1—2042{

(=1
We observe that D is a Jordan domain, having the origin as a boundary
point. By [I2] we know that the polynomials are dense in A%(D) and by
[4] it follows that there exists no bounded boundary evaluation point on
the space of polynomials. Hence, the right hand side of can by made
arbitrarily small and the conclusion now follows. We leave the simple details
to the reader. |

n

2
1- Z ngf

(=1

dA(z1) e Ut ds

ClA(Zl)

Remark 3.4. It follows from Theorems [3.1] and B.3] that the set

{Hejtejez, e0

is complete, but not a Schauder basis. It would be of interest to show that
the set {Hy ;}ejez, o0 is however a frame for A%(W'), that is, there exist
constants ¢, co > 0 such that

2
Cl||f||,242(w/)§ Z |(f, Hej) azom)

0,jEL, £>0

< eall F1% o -

Indeed, the theory of frames in Hilbert function spaces constitute a funda-
mental tool, especially in sampling and reconstruction of functions — see
[10] where frames were introduced in the context of nonharmonic Fourier se-
ries, and [27] for applications of the theory of frames to the present setting.
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We also recall that, in a separable Hilbert space, a frame that is also a basis
is called a Riesz basis. Hence, in particular, the complete set {Hy ;}¢ jez, >0
of Theorem [3.1]is not a Riesz basis either.

Concluding remarks

Thanks to work of several authors, the worm domain has become an im-
portant object of study. In particular, we are beginning to understand the
Bergman kernel and projection on some versions of the worm. But the orig-
inal smooth worm W, is particularly resistive to analysis. It does not have
the built-in symmetries of some of the non-smooth worms. In particular, we
do not have a useful complete orthogonal basis for the Bergman space on
W,,. In addition to the alternative approach mentioned in [I8] §5], this paper
has offered some first steps towards addressing that problem.

As an additional remark, we point out that the results obtained in this
work can be generalized to the case of worm domains in C" defined and
studied in [2].
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