Math. Res. Lett.
Volume 26, Number 1, 203-[230] 2019

A flop formula for Donaldson-Thomas
invariants

Hua-ZHONG KE

Let X and X’ be nonsingular projective 3-folds related by a flop of
a disjoint union of (—2)-curves. We prove a flop formula relating the
Donaldson-Thomas invariants of X to those of X’, which implies
some simple relations among BPS state counts. As an application,
we show that if X satisfies the GW /DT correspondence for primary
insertions and descendants of the point class, then so does X’. We
also propose a conjectural flop formula for general flops.

1. Introduction

The Donaldson-Thomas theory of a nonsingular projective 3-fold X counts
the number of stable sheaves on X [5, 32]. In particular, when consider-
ing ideal sheaves of curves, the theory gives virtual numbers of embedded
curves in X. Another curve counting theory on X is the much studied
Gromov-Witten theory, which essentially counts stable maps from curves
with marked points to X. In [20, 21], Maulik, Nekrasov, Okounkov, and
Pandharipande proposed a remarkable conjecture that the Gromov-Witten
theory of X is equivalent to the Donaldson-Thomas theory of X in a subtle
way. This suggests that many phenomenon in one theory have counterparts
in the other theory.

The above mentioned curve counting theories are deformation invari-
ant. A fundamental problem in Gromov-Witten theory is to investigate the
transformation of Gromov-Witten invariants under birational surgeries [31].
The first breakthrough is the work of Li and Ruan [18], who showed that,
for 3-folds, the primary Gromov-Witten theories are invariant under gen-
eral flops. It is also important to study the effect of biraional surgeries on
Donaldson-Thomas theory. The first progress in this direction is the work
of Hu and Li [10], who used the degeneration formula to understand the
change of Donaldson-Thomas invariants under blow-ups at points, and flops
of a disjoint union of (—1, —1) curves which are all numerally equivalent.
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In this paper, we use the degeneration formula to prove a flop formula
in Donaldson-Thomas theory for flops of a disjoint union (—2)-curves, and
derive some interesting relations on BPS state counts. As an application, we
give positive evidence for the conjectural GW /DT correspondence. Here an
embedded curve in a 3-fold is a (—2)-curve [30] if it is a nonsingular rational
curve with normal bundle of type (—1,—1) or (0,—2). Our flop formula
generalizes the result of Hu and Li [I0], since a (—1, —1)-curve is a (—2)-
curve, and we do not assume that the curves are numerically equivalent.

Throughout this paper, let X and X’ be nonsingular projective 3-folds
over C, which are related by a flop f: X --» X’ of some contraction [14].
Then f is a birational map, and it is biregular outside of a subvariety of
codimension two in X, called the center of f. The center of f is a disjoint
union of trees of rational curves, and it has a neighborhood with trivial
canonial bundle. We have a natural isomorphism of groups

T : Hy(X,Z) = Ho(X',Z),

defined as follows. For any 3 € Ho(X,Z), we can choose a real 2-dimensional
pseudo-submanifold ¥ representing S in X, which lies in the complement
of the center of f. Now .#f is represented by f(X) in X', which lies in the
complement of the center of f~!. Similarly, by considering Poincaré duals
of classes of degree> 3, we also have an isomorphism

HZ(X,Q) - HZ(X',Q),
which can be extended to an isomorphism of cohomology groups
H*(X,Q) = H*(X',Q),

by requiring this isomorphism to preserve the Poincaré pairing. The isomor-
phism will also be denoted by .# by abuse of notation. Let Cen(f) be the
subgroup of Hs(X,Z) generated by the cycles of irreducible curves in the
center of f. The main result of this paper is the following.

Proposition 1.1. Let f be a flop of a disjoint union of (—2)-curves. Sup-
pose that v1,...,vm € H*(X,Q)(m > 0) have supports away from the center
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of f, and dy,...,dy, € Z>o. Then we have

> vZpr(Xidl 1:_1[1%41.(%))/3

(1) ﬁeHz(X,Z) (2

> VZp(Xial)s

BeCen(f)
> VP2 (X ql T 70, (F ) 78
_ BeEHx(X,Z) i=1
> V25 (X' 4l) s ’
BeCen(f)

(2) Z/DT(X§QDB = Z;DT(X/;QD—ﬁ‘ﬁ, VB € Cen(f).

Remark 1.2. We remark that we can choose the support of v; away from
the center of f if degy; > 2.

We sketch the proof of Proposition [I.1] the detail of which will be given
in Section 3. By a beautiful result of Reid [30], we can decompose the flop
f of (—=2)-curves into a sequence of blow-ups of (—2)-curves followed by a
sequence of blow-downs. Since blow-ups can be described in terms of semi-
stable degenerations, it follows that we can use the degeneration formula
[19] and the absolute/relative correspondence [11) 23] to relate invariants
of X to those of the blow-up of X (see @D) Therefore, in principle, the
Donaldson-Thomas invariants of X can be related to those of X’. Due to
the denominators in , we need to understand the transformation of the
invariants attached to classes in Cen(f) under blow-ups. To this end, we
give a detailed analysis of the change of effectiveness of classes in Cen(f)
under blow-up (see Lemma and .

Proposition relates the Donaldson-Thomas invariants of X to those
of X’ in a nontrivial way. In [9] and [I3], we obtained some blow-up formulae
for Gromov-Witten and stable pair theories which contain some extra fac-
tors, and we discovered that these formulae imply some interesting relation
among BPS state counts. In this paper, we consider the change of BPS state
counts of Donaldson-Thomas theory under flops. Proposition [I.1]implies the
following simple flop formulae for BPS state counts.

Corollary 1.3. Let f be a flop of a disjoint union of (—2)-curves. Suppose
that y1,...,vm € H*(X,Q)(m > 0), and g € Z. Then we have

(3) n;fﬁ(yl, e Ym) = ngilgﬁ(ﬁ’yl, cers Fm), VB € Hy(X,Z)\ Cen(f);
4) nys=ny"z5 VBECen(f)\{0}.
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The Donaldson-Thomas theory of X counts embedded curves on X only
in a virtual sense. A fundamental problem in the Donaldson-Thomas the-
ory is to understand the hidden enumerative meanings of the invariants. It
is conjectured that BPS state counts are enumerative. It is interesting to
understand Corollary from the point of view of enumerative geometry.

As another application, we investigate the conjectural GW/DT corre-
spondence. In the primary case, the correspondence is established for sev-
eral classes of 3-folds, including toric 3-folds [22], and Calabi-Yau 3-folds
which are complete intersections in products of projective spaces [28], 33].
However, in the descendent case, not much is known. The following result
gives further positive evidence to the MNOP conjecture.

Corollary 1.4. Let f be a flop of a disjoint union of (—2)-curves. As-
sume that X satisfies the GW/DT correspondence for primary insertions
and descendants of the point class. Then so does X'.

Remark 1.5. Behrend [1] discovered that Donaldson-Thomas invariants
of Calabi-Yau 3-folds are equal to weighted Fuler characteristics of their
moduli spaces. Based on this crucial observation, for gemeral flops between
Calabi-Yau 3-folds, Toda [3})] used the wall crossing formula [12, [16] to
obtain some flop formulae for Donaldson-Thomas type invarints (i.e. or-
dinary Euler characteristics), and Calabrese [3] used the method of Hall
algebra identities and the integration morphism [16] to prove the flop for-
mula for Donaldson-Thomas invariants. Although we only consider flops
of (—2)-curves in this paper, we do NOT assume that the target 3-folds are
Calabi- Yau.

Based on the established flop formulae of [3], [10] and ours, we propose
the following conjecture.

Conjecture 1.6. The formulae and hold for general flops.

We expect that the degeneration formula will play a role in the proof of
the conjecture. Note that an embedded nonsingular rational curve in a 3-fold
is locally floppable only if it has normal bundle of type (—1,—1), (0, —2) or
(1, —=3) [17]. However, unlike the case of (—2)-curves, it is difficult to describe
a general flop of (1,—3)-curves in terms of blow-ups and blow-downs (see
[27] for some explicit examples).

Most of the results obtained in this paper also hold in the stable pair
theory [29], since the behavior of stable pair invariants under degeneration
is similar to that of Donaldson-Thomas theory. We also have corresponding
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corollaries on BPS state counts and GW /P correspondence, and conjectural
flop formulae for general flops in the stable pair theory.

An outline of this paper is as follows. In Section 2, we review some basic
materials on Donaldson-Thomas invariants. In Section 3, we recall Reid’s
result to decompose the flop under consideration into a sequence of blow-
ups followed by a sequence of blow-downs, and use the degeneration formula
to prove Proposition [I.1} In Section 4, we give a working definition of the
BPS state counts for Donaldson-Thomas theory and prove Corollary
In Section 5, we review the conjectural GW /DT corespondence and prove

Corollary
2. Preliminaries on Donaldson-Thomas invariants

In this section, we briefly review some basic materials on Donaldson-Thomas
invariants and fix notations. We refer readers to [5, 19-21], 32] for details.

Donaldson-Thomas theory is defined via integration over the moduli
space of ideal sheaves of X. Here an ideal sheaf is a torsion-free sheaf of
rank 1 with trivial determinant. Each ideal sheaf J determines a subscheme
Y C X via the exact sequence

07— 0x — Oy — 0.

In this note, we will consider only the case dimY < 1. The one dimensional
components of Y (weighted by their intrinsic multiplicities) determine an
element,

[Y] € Hy(X,Z).

For n € Z and € Hy(X,Z), let I,(X,B) be the moduli space of ideal
sheaves J satisfying

X(ﬁY) =n, [Y] =B,

where x is the holomorphic Euler characteristic. From the deformation the-
ory, In(X, 8) carries a virtual fundamental class of degree | 51 (X).

Ford € Z>p and v € H*(X,Q), the descendant insertion 74(7y) is defined
as follows. Let

mx: X x I,(X,8) — X,
mr: X x I,(X,8) — L(X,B)
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be tautological projections. Let .# be the universal sheaf over X x I,(X, 3).
The operation

(—1)* . (@zm g a(.) w7<->> HL(1(X. 8),Q) = Hy(In(X. ), Q)

is the action of 74(vy). The Donaldson-Thomas invariants with descendant
insertions are defined as the virtual integration

m

%di(%')> :/ 7a.(vi),
<E n’B [I7L(X76)]vir ZI;I

1

where di,...,dm € Z>o,and 71, ...,vm € H*(X, Q). Here the integral is the
push-forward to a point of the class

7a,(73) 0 - T, (ym) (In (X, B)]7).
The partition function of the Donaldson-Thomas invariants is defined by

Zpr <X; ql Hﬂii%)) = (][ 7a.(v)npa",

i=1 B nez i=1

and the reduced partition function is obtained by formally removing the
degree zero contributions,

1=

Zpr (X; ql ﬁ 74, (vi)> i <X; ' ﬁl " (%)> 5.

i=1 B ZpT (X;Q|>
0

Let S C X be a nonsingular divisor. For n € Z and nonzero 5 € Hy(X,Z)
with fﬂ[S] >0, let I,,(X/S, B) be the moduli space of relative ideal sheaves,
which carries a virtual fundamental class of degree |, 5C1 (X). We have the
following natural morphism

¢ : I,(X/S, B) — Hilb (s, /5 [5]>

The pull-back of cohomology classes of Hilb(S, |, B[S]) gives relative inser-
tions.

Let us briefly recall Nakajima basis for the cohomology of Hilbert schemes
of points of S. Let {;} be a basis of H*(S,Q) with dual basis {6*}. For any
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cohomology weighted partition 7 with respect to the basis {¢;}, Nakajima
constructed a cohomology class C,, € H*(Hilb(S, |n]), Q). The Nakajima ba-
sis of H*(Hilb(S, d), Q) is the set {Cy}|;j=q- We refer readers to [24] for more
details.

The partition function of the relative Donaldson-Thomas invariants is
defined by

m

an/ [ 7. () - ecy,

nez (1 (X/S.B)]vi ;-

Zpr (X/S; ql ﬁ%di (%)m)ﬂ -

=1

and the reduced partition function is obtained by formally removing the
degree zero contributions

Zpr <X/S; ql ﬁ Td, (%)\n)ﬂ

Ziy (X/s; 7 (%)In)ﬁ -

i=1

Zor (X/s; qH)O

Let A C C be the unit disc, and let 7 : x — A be a nonsingular 4-fold
over D, such that y; = 7~ 1(t) = X for ¢t # 0, and g is a union of two irre-
ducible nonsingular projective 3-folds X; and X5 intersecting transversally
along a nonsingular projective surface S. (We can also consider the general
case where the central fiber has several irreducible components, but we re-
strict ourselves to this simple case for simplicity of presentation.) Consider
the natural inclusion maps

i X =Xt =X, 0 Xo X,
and the gluing map
9= (nd): X1 [ X2 — xo.
We have
Hy(X,Z) “ Hy(x, 2) <" Ha(x0,Z) <~ Ha(X1,Z) © Hy( X, Z),
where ig, is an isomorphism since there exists a deformation retract from
X to xo(see [4]). Also, in the next section, the family x — A comes from

a trivial family, and each v € H*(X,Q) has global liftings such that the
restriction y(¢) on x; is defined for all ¢.
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The degeneration formula for the Donaldson-Thomas theory expresses
the absolute invariants of X via the relative invariants of (X7, S) and (X2, 5):

Zpr <X;q ﬁ%di(%)k

i=1

=2 Zpr (Xl/S? al I 7a. (ﬁ%(@)!’ﬂ)ﬁ

iePy
—1\Inl—€(n)
WY ""’“7)-Z;JT<X2/S;q|H%dio;%(o»w) ,

Il
q ieP; P2

£(n)
where 3(n) = [Aut(n)| - [] 7, n¥ is defined by taking the Poincaré duals

of the cohomology Weigi;cé of 1, and the sum is over cohomology weighted
partitions 7, degree splittings 44,8 = 10« (j1+51 + j2+2), and marking parti-
tions P; [[ P» = {1,...,m}. In particular, if (7, 51, B2) has nontrivial contri-
bution in the degeneration formula, then we have the following dimension
constraint:

vdime P, (X1/S, 1) + vdime P, (X2/S, f2) = vdime Py (X, 8) + 2|n].
3. Proof of main result

In this section, we give a detailed proof o Proposition We first recall
Reid’s result to decompose a flop of a disjoint union of (—2)-curves into a
sequence of blow-ups followed by a sequence of blow-downs, and then use
the degeneration formula to prove our flop formula. We refer readers to [30]
for explicit local description of the flop of a single (—2)-curve, and to [14], [15]
for general materials on birational geometry of 3-folds.

Let Cy, ..., C) be the irreducible components of the center of f. We can
contract these curves to obtain a contraction 9 : X — X, and then these
curves generate an extremal face in NE(X). The width of C; in X is defined
by Reid as follows [30]:

w; = width(C; C X) := sup{k | there exists a scheme
S =2 C; x Spec(Cle]/€*) such that C;c Sc X}.

Since C; is isolated, it follows that 1 < w; < oo. Note that ¥(C;) € X is a
hypersurface singularity given by
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22+ + 222 =0,

In particular, C; is a (—1, —1)-curve if and only if w; = 1.
Without loss of generality, assume that

wy =z zw =1
Let w =wy, and ford =1, ..., w, set
kq := sup{ijw; > d}.
Then
1<ky < <k =1L

Write X = X and C; = Cp;. Then proceeding inductively, we obtain a
sequence of blow-ups:

¢w—1 ¢w—2

X 2o7h Xy 2o 0 X 2 X,

Here for d = 0,1,...,w — 2, ¢4 is the blow-up of X, along the (—2)-curves
Cd71, ce Cd’de. Let

IFZa i:]-a"'akd-‘rQa

Ed 1= (b_l Cd,' =~ .
+1 a (Cai) Fo, i=kay1 +1,...,ka41.

Fori=1,...,kiy2, Cat1,; C Egp1, is the unique nonsingular rational curve
with negative self intersection number, which is also a (—2)-curve in Xy
with

width(cd_,_u CXgr1)=w;—d—-1, d=1,...,w—2.

Moreover, ¢y, is the blow-up of X,,_; along the (—1, —1)-curves Cyy_11, . . -
Cw-1,,, and

I

Ew,i = z_ul—l(CU/—l,i) gFo, 1= 1,...,k'w.
Ford=1,...,w—1landi=1,... k441, the strict trans;form of E4; un-
der ¢4, denoted by Ey;, is isomorphic to Eg;. Moreover, Eg; N Eqi1,; is a
nonsingular rational curve, which has negative self intersection number on
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E‘d,i, and self intersection number 2 on Ed-tLi' In particular, Ew,l’,; N By
is a (1,1)-curve on E,; = Fy. Note that E4; is not affected by blow-ups

Od+1,- -, Ow—1, and can be viewed as an embedded surface in X,. For
d=1,...,w—1and i=kg1+1,..., kg, Eg; is not affected by blow-ups
dd, - - -, dw—1, and can be viewed as an embedded surface in X,,.

Write Ey,; = Ej, ;. Since each E;, ; =g has a ruling not contracted by
¢w—1, it follows that we can blow down X,, along these rulings for all ¢ si-
multaneously to obtain ¢!, _; : X,, — X|,_;. Proceeding inductively, we also
have a sequence of blow-downs:

PR N NN 7S

Ford=0,1,...,w— 2, let

/ / / .
w—1—di *= (Z)wflfd(wad,i)? i=1,...,ky—d
and

¢;U_1_do O¢w 1( w—1— dz) F27
, o= ke,
_1_d7 - ~
e wo1-q© " © Py (Bw-1-a:) = Fo

t=ky_qgt+1,...,ky_1_q-
Then C;,_ 4, is a (=2)-curve in X, , with
width(Cy,_y_q; C Xy 1_g) = wi —w +1+d,

and C/ _,_ di C E/ dyi 18 the unique nonsingular rational curve with neg-
ative self intersection number. Since for i = 1,...,ky_q, each E Ci—di = =
Per (0@ 0(-2)) has a fiber ruling, and for i=ky-a+1,... kw_1-d,
each E,,_1_q; has a ruling not contracted by ¢,,_1_g4, it follows that we can
blow down X , , along these rulings simultaneously to obtain ¢ , ,:
Xoy1-q— X;uf -

Now for d =0, 1, ...,w — 1, the birational map

far=¢go-odl, 1odylioodytt Xg--2 X

is a flop of (—2)-curves Cq1,...,Cq,,,, where Cy; is flopped to Cl’iﬂ-. In
particular, we have X’ = X/, and f = fj.
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Degenerate X along (', ..., C; simultaneously, and we have

Zpr (X; q| ﬁ Ta, (%)) ,

i=1

m
=> Zpr (Xl/El;Q| | RGO -,mv> )
i=1 B

l

-1 |77i|*e(77i)5 i
xH( ) o () 71 (o) Dis almi) s,

!
where we have assumed that the support of ; is away from |J C;, and
i=1

l
Ey = U Eyg,
i=1
P; :=Pc,(N¢, © Oc,), (N¢, is the normal bundle of C; in X)
D; :==Pc,(N¢c, & {0}).

By dimension constraint, we find that n; = --- =, = (. So
BBy =pi D;=0.
For 3, note that ¢o induces a natural injection via 'pull-back’ of 2-cycles
¢} = PDx, o ¢fy o PDx : Ho(X,Z) — Ha(X1,7Z),

where the image of ¢}, is the subset of Ho(X1,7Z) consisting of 2-cycles having
intersection number zero with 4, and so we have § € I m¢!0. For ;, note
that

Hy(P;,Z) = Z[Ci] & L f;,

where we have used the identification C; = P¢, ({0} @ O¢,), and f; is the
class of a line in the fiber of ;. So §; - D; = 0 implies that §; € Z>o[Ci],
since f; is effective. Therefore
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ZbT<X;(I!ﬁfdi(%))B

i=1

m
- Y (s )
B'€Hy(X,Z) ;€L i=1 0B
B/+7’L1 [Cl]"l‘"'nl [Cl]:B

l
x 11 Zbr(®i/Dizall)n e

i=1

In particular, since the irreducible curves in the center of f generate an
extremal face in NE(X), it follows that for 8 € Cen(f), we have

l

ZbT<X;QI> = > Z'DT<X1/E1;QII> 11 Zor(®i/ Dis al ), -
5 !

) 0B =1
B+ ‘21 n;[C;]=p
B'€Cen(f)

Therefore we have obtained the following:

> V' Zpr (X; ql ﬁ%di(%))ﬂ

BGHZ(X’Z) =1
SR CA) | sl
l
X H Zvd[cl]ZbT(]P’i/Di; allaic,s
i=1d>0
(5) > W Zhr(X5dl)s
BeCen(f)
l
- ¥ vﬁsz(Xl/El;qH) 1D v 20 (Bi/ Dis ll)aic
0B i=1d>0

BeCen(f)
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which implies that

m
S (X;qr I m)
BEHL(X,Z) =1

> VZpp(Xiql)s
peCen(f)

S 2 (X/Busal 1 7 60
e

| BEHy(X.2) i=1

(6) &

S vz, (Xl/El;qH)

BeCen(f) #,0

Now degenerate Xy along F1 1,..., Eq; simultaneously, and we obtain

Zpr (Xl; a7 (¢3%’)>
¢\ 6

=1
~Y" Zby (Xl/El; A [T 7G5l mv> ~
i=1 B
! (_1)|7h|—f(771)3(771)

- Hl g Zpr(Pyi/ D dllmi)s,,
1=

where

Pi;:=Pg, ,(NE,, ® Og,,), (NE,, is the normal bundle of E;; in X;)
Dl,i = ]PELi(NEl,i D {0})

By dimension constraint, we find that 71 = --- =17, = (). So we have

m
Zpr (Xl; ql H?di(fﬁé%‘))
el

i=1
m
= Z Z/DT<X1/EIZQ|H%di(¢SVi)|>
B'€Hy(X,Z),5;€H(P1,:,Z) i=1 el
¢Bﬁ/+(7r1"l)*Eﬁltm—i_(ﬂl;lg*ﬁl:qﬁéﬁ

l
x [ [ Zbr(Pri/Dusiall)s.,

=1
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where we have used the identification E;; = Pg, ({0} ® O, ,), and m; is
the composition

Pl,i — El,i — Xl.
In particular, since
B' 4 (¢0)«(m1,1)81 + - + (d0)«(m1,0) 81 = 5,

it follows that for 8 € Cen(f), we have

Z,DT<X1;Q|>l = > Z/DT<X1/E1;Q||)
P08 B (o) (1) wBrt+(0)u (M) Bi=P

B'€Cen(f)
Bi'El,iZﬁi'Dl,iZO

6o’

l

< [T Zbr(Pri/Disial)s.,
i=1

So we have obtained

m
> vﬁleT<X1§Q|H7:di(¢8%)>
#08

BEH:(X,7) i=1

= > e (xmsa ][t
08

BEH(X,7) i=1

l
< [T > Zhr(Pri/Digsall)s.

1=1d>0 ﬁiGHz(Pl,i,Z)
5i‘E1,i:,8i'D1,i=O
(00)«(m1,:)« Bi=d[C}]

(7) > PZprXuags = ) UBZ/DT<X1/E1§Q|>
BeCen(f) BeCen(f)

l
% szd[a‘} Z Zpr(P1i/ D1 qll) s,
i=1d>0 BEH(Py,:,Z)
6-E1 i:B'Dl.i:

($0)«(m1.:)-B=d[C3]

e
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which implies that

S 2 (Xl 7o) )
(8) BEHL(X,Z) i=1 L8
> VI Z5p(X159])gs
BeCen(f)
S 92 (X0/Bial [ 7o

_ BEH(XZ)

b0

S iz, (xl/El;qH)

BeCen(f) #,0

Then from @ and , we have

> vﬁsz(X;qm%di(m)
(9) ,BEHQ(X,Z) =1
> VZh(X54l)s
BeCen(f)
S Py (Xl;q\ i %diwzsw)
_ BEHy(X.Z) i=1

BGCZ o VP Zpp(X154)) g8
en

B

el

Using the identification .# : Ha(X,Z) = Hy(X',7Z), we also have

Sz (x5l [t
ZB

BEH,(X,Z) i=1

5 cz(f) U’BZ/DT(XIQQDEB
cCen

s o2 (Xl [l a6ty 7))

 BeH,(X,7)
> VPZhp(XTial) )7
BeCen(f)

(10)

((¢0)' 78

Now we use induction on w = 1,2,3,... to prove in Proposition
For w = 1, we have the following observation.

Lemma 3.1. For any nonzero 3 € Cen(f), ¢hB is not effective.
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Proof. Argue by contradiction, and then 8 = (¢¢).®,[3 is also effective. We
!

can write 5 = Y a;[C;] with a; € Z>. Note that .#[C;] = —[C!], and then
i=1

l
(60«08 = FB=—> ai[C]].
=1

l
Since Y a;[C!] is effective, it follows that (¢})«d,3 is not effective, which

i=1
implies that <Z>65 is not effective. O
Therefore,
> P Zpp(Xiiq)gs =1 and > WV Zhr(Xasal) g =1
BeCen(f) B'eCen(f~)

Note that in @D and , we have

by = (04)* F i and @8 = (¢)) F .

So in the case w = 1, follows from @D and .
Assume that the case for w =W > 1 is proved. Then for w =W + 1,
we have

m
BrEH2(X1,Z) i=1

, C’Z(f)vﬁIZ/DT(Xl;QDﬂl
1€Cen(f1

m
V7 2 (X34l TT 70, (F196570)) 725
1=

, CZ(f)vﬁleT(Xi;q!)%ﬁl ’
1€Cen(f1

. B1€H(X1,Z)

where %] is the correspondence on (co)homology groups induced by f;. We
have the following key observation.

Lemma 3.2. Let S =Spanz{[C1],...,[Ck,]}. For any B € Cen(f)\ S, 6,0
is not effective.
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Proof. Without loss of generality, assume that
SN {[Ckz-l-l]a IR [Cl]} = {[Cl/]a cees [Cl]}

n
Argue by contradiction, and we can write 53 = > m;[V;], where m; € Zxq,

j=1
and V1, ..., V, are mutually distinct irreducible curves in X;. Since
B = (¢0)« 0y € Cen(f)\ S,
and [C1],...,[C]] generate an extremal face in NE(X), it follows that, for

each j, V; is mapped onto a point or some C;. In the former case, V; is a fiber
of one irreducible component of Fy and then V; - Eq < 0. In the latter case,
Vj; is contained in E; and then V; - Ey ; < 0. Moreover, we can find some V;
which is contained in some E;; = Fy for I’ <i <, and then V; - E;; <0.
In sum, we have gbbﬂ - F1 < 0, which is absurd. O

Since Cen(f1) = {¢p3 : B € S}, it follows that
Yoo P Zhr(Xuas = Y v Zpr(Xasdl) g
B1€Cen(f1) BeCen(f)
Now we have

Yo Pz (X ss =Y. O Zhn(Xal)
BrECen(f1) BieCen(fi )

= Y T2 (X d) gy
peCen(f-1)
= > oI Z (XY al) gy s
BECen(f)
= ) P20 (XT5dl) gy 7
BeCen(f)

which implies that

m
o Zpe(Xasql T1 7, (6500))5,

Br€Hy(X1,Z) i=1
BeCZ " 098 Z (X15 ql) g 5
en

m
VI Z (XLl TT 70, (F10570)) 2.8
 BiEH(X,1,2) i=1
> v 2 (X ) gy s
BeCen(f)
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Observe that we have the following decomposition
Hy(X1,Z) = ¢y H2(X,Z) © Lf11 ® - S L1y,

where fi; is the class of a fiber in Ej ;. So we obtain

m
> P2 (Xl Hl%di(%%))qbgﬁ
1=

(1) BeHy(X,Z)
BEoZ " VP Zhr(X134l) g5
en
m
> VP ZLp(XTiql TT 7a,(F1067)) 7,08
_ BEH:(X,Z) =1
BGCZ " VP 2 (X154)) () 78
en
Note that

F1oivi = (#0) Fvi and F1¢,8 = () F B,

and we see that in the case w =W + 1, follows from @D, and .
To prove , we have the following observation. Using the identification

-7 : Hy(X,Z) = Hy(X',Z), from (f]), we have

1@ Y vtz (Xd)ss= Y v-BZ'DT(Xi/Ea;qH)

BeCen(f) BGCen(f) (60)' - FB
x HZv 120}/ Dl all)acy:
i=1d>0

where

P, (Nc: @ Ocr), (Nc is the normal bundle of C!in X')
D’ (NC/ @ {0}),
Ci = Po;({0} @ Ocy).

l
Ei U Ei,ia
i=1
Pc
=Pc

So from and , is equivalent to the following:

1) Y zpr(ud) = Y oz (Xl

BeCen(f) B geCen(f) (¢0) 7B
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Now we use induction on w = 1,2, 3, ... to prove (2) (or ) Forw =1,
Lemma implies that both LHS and RHS of are equal to 1. Assume
that the case for w = W > 1 is proved. Then for w = W + 1, we have

Y P ZprXude = ) v Zpr(Xisd)ss,,
Br€Cen(f1) Bi1€Cen(f1)

and by Lemma this gives

(14) S VP ZprXiags = > v Zhr(Xiial) zese
BeCen(f) BeCen(f)

Note that using the identification —.% : Hy(X,Z) = Hy(X',7), gives

(15) Y v Zpr(XTial) ey
BeCen(f)
= Y v—ﬁsz(X{/Ei;qH)
BeCen(f) (¢6)' 7B
l
X HZvd[Ci] Z Zpr( ll,i/Dll,iéquv
i=1d>0 BeH (P} ;,Z)

B-B; ,=B-D} ;=0
(65)- (1. .). B=d[C]

where

1::=Pg (Ng;, ® Og;,), (Ng, is the normal bundle of £} ; in X7)
Li = Pg (Ng;, @{0}),
Ey; =P ({0} © Og, ),

and 7y ; is the composition P} ; — E7 ; < X7. Note that
F1608 = (60)' 7 B,

and we see that in the case w = W + 1, follows from , and .
4. BPS state counts

BPS state counts were first introduced in the Gromov-Witten theory. In a
study of Type ITA string theory via M-theory, Gopakumar and Vafa defined
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BPS state counts on Calabi-Yau 3-folds [7, 8]. Motivated by the Calabi-Yau
case together with the degenerate contribution computation, Pandharipande
defined BPS state counts for arbitrary 3-folds [25]. We refer interested read-
ers to [26] for a precise description of the working definition of BPS state
counts of Gromov-Witten theory of X.

Now we give a working definition of BPS state counts of Donaldson-
Thomas theory. Let {T;}o<i<n be a basis of H*(X,Q), and we define the
BPS state counts of Donaldson-Thomas theory by the following identity:

N e,

v t;
Z v Zhr(Xiql)s + Z v Z ZDTXq,HTO 1)6Hﬁ
BeH(X,2) BEHZ(X.Z) €ormenElso i—0 b
f/ﬂcl(X)ZO fﬁC1(X)>0

—1
— e X .i[_ T_94 (— —T]
S SRS S A Cr e

(X,Z)\{0} 9EZ rediv(B)
S e (X)=0

N
DD VD ST A0 1 )
BEH-( XZ) 9€Z eq,....enEL>g =0
f[—jcl
N e
L 0 o) — 2+ (o)

=0

g—1

g—1

(1 +q)fﬁcl(X)}.

Since by Lemma 3.1 in [6], the full primary Donaldson-Thomas theory is
determined by those invariants with primary insertions (if any) of degree> 2,
it follows that the BPS state counts vanish if insertions of degree< 2 appear,
and they satisfy the divisor equation.

Note that the Donaldson-Thomas theory counts curves only in a virtual
sense. However, it is expected that BPS state counts are enumerative. More
precisely, assume that v1, .. ., v, are integral, and let X; C X be a subvariety
which is the Poincaé dual of ; in general position. Then nff;ﬁ Y1y vy ym) 18
expected to the number of irreducible embedded curves in X of geometric
genus ¢, with homology class § and intersecting with all X;’s.

To prove Corollary we only need to consider insertions of degree> 2.
Without loss of generality, let {T;}o<i<r be a basis of H>?(X,Q). Since

[C1],...,[C]] generate an extremal face in NE(X), it follows that
(16) > V" Zpr(Xidl)s
peCen(f)

:eXp{ Yooy Y X -g_(—q)’"—2+(—q)’”]g_l},

BeCen(f) 9g€Zrediv(B)
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and then
(17)
1
B 7! .
S W7 (Xq|)5< Z " Zpr(X;ial)s
pecants) ACHCLE)
f[scl(X)ZO

L L e,
n Z 8 Z ZbT(X;q’H%O(E)ei)5HZZ|>
i=0 =0

BEH>(X,Z) €o,..,eL €Z>¢

fﬁcl(X)>0
\g—1 _
I RS Y R
BEHL(X,Z)\Cen(f) 9EZ rediv(B)
fﬁcl(X)—O
L L
D DD DR DI | E
=0 1=

BEH(X,Z) 9EZ eq,...,er €ELx0
f/? Cl(X)>0

x (e -2+ (-7 o 01<X>}.

Using the identification .# : Hy(X,7Z) = Hy(X',7Z), we also have

(18)

S 2 (Xaest D 0P X Zpp(Xal I A(FT) ) e 1] S
BEH,(X,Z) BEHH(X,Z)  coreL€ls0 i=0 i=0
S 1 (X1)=0 [, e (X)>0

VI Zpr (X34l 75
BeCen(f)
B )gil r -7 -1
= exp > YD niea [(—q) —2+(—q)
BEHL(X,Z)\Cen(f)  9€Zrediv(f)
Sy e (X)=0
L L e

o2 " > mms(lEI]

BEHN(X,Z)  9EZL eoyrer€lso i=0 i=0
‘[9'[-3 (&3] (X/)>0

x (=1)971 [(—Q) -2+ (—Q)_l]gil(l +q)l#s CI(X/)}-
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Note that

/Cl(X)Z/ Cl(Xw):/ Cl(Xw)Z/ Cl(X/).
B G100 (¢h—1)'-(80)' 7B F

So follows from , and .
For (4), using the identification —% : Ho(X,Z) — Ho(X',Z), we get
from ([16)

(19)
> 0 Zpr(X 5 ql) 7
BeCen(f)
—1)9-1 g—1
:exp{ Z _BZ Z n 22 -7)[(—61)”—%(—61)_1 }a
BeCen(f) gEZ rediv(F )

So follows from , and .

5. GW /DT correspondence

In this section, we give a proof of Corollary We first review basic mate-
rials in Gromov-Witten theory, and describe the change of Gromov-Witten
theory under flops. Then we follow [21] to recall the conjectural formulae for
the GW/DT correspondence, and use these formulae to prove Corollary

Let Mgm(X ,3) be the moduli space of m-pointed stable maps from
connected, genus g curves to X, representing the class f € Ha(X,Z). Let
ev; : Mym(X,8) — X be the evaluation map at the i-th marked point, and
set

Vi = c1(Li) € H*(Mgm(X,5),Q),

where L; is the cotangent line bundle associated to the ¢-th marked point. For
Y-y ym € H(X,Q) and dy, . .., dy, € Zxo(m > 0), define the (connected)
correlator by

m X
A\ = ¢ i
<iHle (v >> L Hl et ()

9,8

The conjectural GW /DT correspondence compares partition functions
of disconnected Gromov-Witten invariants with reduced Donaldson-Thomas
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partition function. Let {T;}o<i<n be a basis of H*(X,Q), and the discon-
nected partition functions in Gromov-Witten theory are given by the fol-
lowing identity:

t;dji
1+ > Y Zaw(Xsul [ ma@)es [1 edﬂ-!
BEH(X,Z)\{0}  €ai€Zx0¢ d=0 d>0 it
0<i<N 0<i<N
) | e
:exp{ Z v? Z w972 Z ( H Td(Ti)ed”);fﬂ H e’l"}.

BeH,(X,Z\{0}  9€Z>0 €ai€lso  d>0 a0 &

0<i<N 0<i<N

For the change of Gromov-Witten theory under flops, we have the fol-
lowing theorem.

Theorem 5.1. (Theorem A in [18]) Let f be a general flop. Let v1,...,vm €
H*(X,Q) and dy, ... ,dwn € Z=o(m > 0), such that v; has support away from
the center of f. Then

1+ > VP Z (X5l T1 74, (7)) 8
ﬁGHg(X,Z)\{O} =1

I+ > v Z(Xsul)s
BeCen(f)\{0}

1+ > 0P Z (X' ul TT 74, (F %)) 78
BeHy(X.Z)\{0} i
1+ > ’UEZ’GW(X’;u])gg ’
BeCen(f)\{0}
(21)  Zow(Xsul)g = Zaw (X'sul)—2z5, VB € Cen(f)\ {0}

(20)

Remark 5.2. Theorem A in [18] only deals with the case dy = -+ = dy, =
0, but the generalization is straightforward.

Now we give precise formulae for the conjectural GW/DT correspon-
dence. For primary insertions, we have the following conjecture.

Conjecture 5.3. (Conjecture 2 in [21]) Suppose that

Y155 Ym € H*(X7@>(m Z 0)
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Then after the change of variables ¢ = —eV=1u we have

=1

= (—q) 22Xz}, (X;q| H?O(%))
=1 J&j

(—v=Tu)ls 7z, <X U|HTO %)
B

The authors of [2I] conjectured that the descendent Gromov-Witten
theory of X is equivalent to the descendent Donaldson-Thomas theory of X
in a subtle way. In the general case, they did not find a complete formula
for the conjectural correspondence. However, we have the following precise
conjecture for the descendants of the point class.

Conjecture 5.4. (Conjecture 4" in [21]) Let P be the class of a point in X.
Suppose that v1,...,vm € H>9(X,Q)(m > 0), and dy,. .., d, € Z>o(n > 0).

Then after the change of variables ¢ = —e‘/jl“, we have

[, e ()= d; - -
(—/—Tu)* " E 7L, (X;u|HTo<w>Hm<P>>
s

=1 =1

= (—q) 2o X ZDT<XQHTO% Hfdi(P)>'
B

=1 =1

To prove Corollary note that by Lemma 3.1 in [6], we only need to
consider insertions whose pullback classes have degree> 2. Without loss of
generality, let {T;}o<i<z be a basis of H*(X,Q), where Tj is the class of a
point. Then the assumption in Corollary gives

1+ Z 0P (—v/=Tu)ls %)

BeH,(X,Z)\{0}

X Z ZGW <X U‘HTO 60 HTd TO 6:10)

€0,15--,€0,L. €EZ30 i=1
€d, o€Z>o

B

€0,i 00O

y H to,i H )t 0)C40

ed,o!
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= Y (g
BEH>(X,Z)

60 i edo
X > Zpr Xq,HTo e‘“HTd Tp)“
7 eOZ edO
€0,1,-+€0,L. €L>0 =1 Bi=
€q4,0€%>0

Note that the map v? — v2(— \/ u)fﬁ @(X) gives an isomorphism in the
Novikov ring of X, and then (20 implies that

L = L1000 oo (L m1uy—lyy 4)%d0
1+ > v (—/=Tu)l 1) ) Zgw (Xsul T 70(To) 0 T1 7a(To)*40)s [T =4 11 %
pery (X2 {0} €0,15-+€0,0 €230 =1 4=0 a0 "
€a,0€%>0

1+ > v Zgy (Xsul)s
BeCen(£)\{0}

) B L = . Lg%t oo (- yTTuleg,0)°d0
D S GV T P> Zw (X5l TT 70(FT) 0 TT 7a(FT0)0) 5 [ 27 [T “ e
BeHy (X )\ {0} €0,1,---,€0,L.EZ>0 i=1 d=0 i=1 “0.i' 4o a,0
€d,0€%30

TS 075, (s
BeECen(f)\{0}
Here we have used the change of variables ¢4 — (—\/—lu)*ltdyo. Similarly,
1
note that the change of variables v” — v (—q)_Efﬂ @1X) gives an isomor-
phism of the Novikov ring of X, and then (1| gives

8 *%f[jcl(x) 7 (X L T,)°0,6 = T )ed.0 L t;olz = t;fldn
v(~q) S Zpaul I ATy T 7u(Toyrees 1120 1 46
BEH,(X,Z) €0,15-,€0,1.EL>0 i=1 d=0 i=1 ©0,i° g=p °d,

€q,0€Z>0

> vZp(Xsql)s
BeCen(f)

By —% Jaer ) L ixrn s i 5~ cnor oot e e
> (=9 > Zpr(X5ql I1 7o(FT)°00 T] 7a(FT0)40) 76 TT 5 T <5
BEHy(X,Z) 60,17--»1€O,L€Z>U i=1 d=0 i=1 2t d=0 ’

€d,0€2L>0

., CZ(f)UﬂZ/DT(X/;quﬁ
BeCen

Now from , and the assumption in Corollary we obtain

Zew (X' ul) 7 FB = Zew (X; ul)-p
= Zpr(Xs5ql)-p = Zpr(X'54l) 75, VB € Cen(f) \ {0},

and then the desired result follows from the above three long equalities.
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