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The set of fiber-bunched cocycles with
nonvanishing Lyapunov exponents over
a partially hyperbolic map is open

LucAs BACKES, MAURICIO POLETTI, AND ADRIANA SANCHEZ

We prove that the set of fiber-bunched SL(2,R)-valued Hoélder co-
cycles with nonvanishing Lyapunov exponents over a volume pre-
serving, accessible and center-bunched partially hyperbolic diffeo-
morphism is open. Moreover, we present an example showing that
this is no longer true if we do not assume accessibility in the base
dynamics.

1. Introduction

Given an invertible measure preserving transformation f: (M, pu) — (M, u)
of a standard probability space and a measurable function A: M — GL(d,R)
we define the linear cocycle over f by the dynamically defined products

A(fr () -+ A(f(2)) Alx) ifn >0
(1) A™(z) =< Id if n=0
(A™(f™(2) = A(f™(x) "t A(f M)t ifn<O.

The simplest examples of linear cocycles are given by derivative transforma-
tions of smooth dynamical systems: the cocycle generated by A(x) = D f(x)
over f is called the derivative cocycle. Taking as an example the hyperbolic
theory of Dynamical Systems where one can understand certain dynamical
properties of f by studying the action of Df on the tangent space, one
can hope that by studying properties of linear cocycles one can also deduce
some properties of f. Nevertheless, the notion of linear cocycle is much more
general and flexible, and arises naturally in many other situations as in the
spectral theory of Schrédinger operators, for instance.

In this short note we are interested in the asymptotic behavior of A™(x).
More precisely, we are interested in understanding certain regularity prop-
erties of Lyapunov exponents. These objects measure the asymptotic rates

1719



1720 L. Backes, M. Poletti, and A. Sédnchez

of contractions and expansions along different directions and are one of the
most fundamental notions in dynamical systems.

It is well known that, in general, Lyapunov exponents can be very sen-
sitive as functions of the cocycle. For instance, Bochi [5] [6] proved that in
the space of SL(2,R)-valued continuous cocycles over an aperiodic map, if
a cocycle is not hyperbolic, then it can be approximated by cocycles with
zero Lyapunov exponents. In particular, there are cocycles with positive
Lyapunov exponents that are accumulated by cocycles with zero Lyapunov
exponents. Moreover, Bocker and Viana [7] constructed an example over
a hyperbolic map showing that the same phenomenon can happen in the
Hoélder realm. Furthermore, when the base dynamic is far from being hyper-
bolic, for example, when f is a rotation on the circle, Wang and You [14],
showed that having non-zero Lyapunov exponents is not an open property
even in the C'™° topology.

In order to construct their example, Bocker and Viana exploited the
fact that the cocycle is not fiber-bunched. In fact, it was shown by Backes,
Butler and Brown [3] that in the fiber-bunched setting over a hyperbolic
map the Lyapunov exponents vary continuously with respect to the cocycle
and, in particular, cocycles with positive Lyapunov exponents can not be
approximated by cocycles with zero Lyapunov exponents.

In the present work we are interested in understanding the case when the
cocycle still have some regularity properties, namely, it is fiber-bunched but
the base dynamics exhibit some mixed behaviour of hyperbolicity and non-
hyperbolicity, that is, the map f is partially hyperbolic. In fact, we show that
if f is chaotic enough and A is fiber-bunched then the Bochi phenomenon
can not occur. More precisely, (see Section [2| for detailed definitions),

Theorem 1.1. If (f, ) is a volume preserving partially hyperbolic accessi-
ble and center-bunched diffeomorphism and A : M — SL(2,R) is a Holder
continuous fiber-bunched map with nonvanishing Lyapunov exponents, then
A can not be accumulated by cocycles with zero Lyapunov exponents.

Moreover, we show that the accessibilty assumption in the previous re-
sult is necessary. More precisely,

Theorem 1.2. There exists a volume preserving partially hyperbolic and
center-bunched diffeomorphism f and a Hélder continuous fiber-bunched
map A with non-zero Lyapunov exponents which is approximated by cocycles
with zero Lyapunov exponents.
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2. Statements

Let f: M — M be a C", r > 2, diffeomorphism defined on a compact mani-
fold M, p an ergodic f-invariant Borel probability measure and let A : M —
SL(2,R) be an a-Holder continuous map. This means that there exists a
constant C' > (0 such that

[A(z) = A(y)|| < Cd(z,y)*

for all x,y € M where ||A| denotes the operator norm of a matrix A, that
is, [|A|| = sup{||Av||/||v|l; ||v]| # 0}. Let H*(M) denote the space of all such
a-Holder continuous maps. We endow this space with the a-Hoélder topology
which is generated by the norm

All, = sup ||A(z)]| +sup —F————
41, = sup | AG) | +sup F2 o

2.1. Lyapunov exponents

It follows from the subadditive ergodic theorem of Kingman [9] that there
exists a full y-measure set R* C M, whose points are called u-reqular points,
such that for every x € R* the limits

u _1; 1 n s I E i n —1—-1
N'(Aw) = lim —log |A"(z)|| and A*(4, ) = lim —log||(A"(x))""|

exist. We call such limits Lyapunov exponents. Moreover, when \“(A,x) #
A(A, ) it follows from a famous theorem of Oseledets [I1] that there exists
a decomposition R? = Ey Ao E}?;’A, called the Oseledets decomposition, into

vector subspaces depending measurably on z such that for every x € R*,

*x. A *,A . 1
@) A@EN = By and X'(42) = lim_log|[A"(a)o]
for every non-zero v € E;’A and x € {u, s}. Furthermore, since the Lyapunov
exponents are f-invariant, ergodicity of p implies that they are constant
for every x € R¥. In this case we write A\“(A,z) = A\“(A, u) and N (A4, z) =
A*(A, ).

2.2. Partial hyperbolicity

A diffeomorphism f : M — M of a compact C" manifold M, r > 1, is said
to be partially hyperbolic if there exists a non-trivial splitting of the tangent
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bundle
TM =E°® E°® EY

invariant under the derivative Df, a Riemannian metric || - | on M, and
positive continuous functions v, 7, v, ¥ with v, 7 < landv < vy < 41 < p~ 1
such that, for any unit vector v € T, M,

IDf (@)l <v(z)  ifveE*(z)
&) <|[Df(@)v]| <A() ™ ifv e E(x),
o(z) ' <||Df(z)v)| if v e B%(x).

All three sub-bundles E*, E¢, E* are assumed to have positive dimension.
We say that f is center-bunched if

v <~ and U < 4.

We need this hypothesis because we are going to use the results of [I].
From now on, we take M to be endowed with the distance d : M x M — R
associated to such a Riemannian structure.

Suppose that f: M — M is a partially hyperbolic diffeomorphism, then
the stable and unstable bundles £® and E* are uniquely integrable and their
integral manifolds form two transverse continuous foliations W* and WY,
whose leaves are immersed sub-manifolds of the same class of differentiability
as f. These foliations are referred to as the strong-stable and strong-unstable
foliations. They are invariant under f, in the sense that

fOV(x)) =W (f(z)) and  fOWV"(x)) = W"(f(2)),
where W?*(z) and W"(z) denote the leaves of W* and W, respectively,
passing through any x € M. We say that f is accessible if M and () are the

only su-saturated sets. This means that, except of (), M is the only set that
is a union of entire strong-stable and strong-unstable leaves.

2.3. Fiber-bunched cocycles

Let f: M — M be a C" partially hyperbolic map on a compact manifold
M and A: M — SL(2,R) be an a-Hélder continuous map. We say that the
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cocycle generated by A over f is fiber-bunched if
[A@)[[|AG2) v (2)* < 1 and [A(2)[|[|A(z) " |[o(2)* < 1

for every x € M. As a shorthand for this notion, since our base dynamics
f is going to be fixed, we simply say that A is fiber-bunched. Observe that
this is an open condition in H*(M).

2.4. Main results

The main results of this note are the following. Recall that a measure p is
in the Lebesgue class if it is generated by a volume form.

Theorem A. Let f: M — M be a C", r > 2, partially hyperbolic, vol-
ume preserving, center-bunched and accessible diffeomorphism defined on a
compact manifold M and p an ergodic f-invariant measure in the Lebesgue
class. If A € H*(M) is fiber-bunched and A\“(A, ) > X*(A, 1) then A can

not be accumulated by cocycles with zero Lyapunov exponents.

We observe that a similar result can be stated in terms of GL(2,R)-
valued cocycles changing ‘cocycles with zero Lyapunov exponents’ by ‘cocy-
cles with just one Lyapunov exponent’. Indeed, by continuity of A and con-
nectedness of M (which follows from the accessibility), either det(A(z)) > 0
for every x € M or det(A(x)) < 0 for every x € M. Suppose we are in the
first case (the other case can be easily deduced from this one). Then, given
A: M — GL(2,R) consider g4 : M — R defined by ga(z) = (det A(z))z and
B : M — SL(2,R) such that A(z) = ga(x)B(x). Therefore,

A (A ) = N(Bp) + [ loglga(@) du)
and consequently,
ANY(A, 1) = N (A, 1) <= X"(B, p) = 0= N(B, p).
As already mentioned at the introduction, we also present an example
showing that the accessibilty assumption in the previous theorem is neces-

sary. More precisely,

Theorem B. There exists a volume preserving partially hyperbolic and
center-bunched diffeomorphism f and a Hoélder continuous fiber-bunched
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map A with non-zero Lyapunov exponents which is approximated by cocy-
cles with zero Lyapunov exponents.

In light of the previous results, we are lead to make the following con-
jecture which is in the same spirit as the conjectures proposed by Viana [13]
in the hyperbolic setting.

Conjecture 2.1. Under the assumptions of Theorem [A] the Lyapunov ex-
ponents of Holder continuous SL(2,R)-valued cocycles vary continuously in
the set of fiber-bunched cocycles.

As a consequence of [I0, Corollary 4] (see also [I]) it follows that the
previous conjecture is true in an open and dense subset of the fiber-bunched
elements of Holder continuous SL(2,R)-valued cocycles giving more evi-
dences of its veracity.

3. Preliminary results

In this section we recall some classical notions and present some useful results
that are going to be used in the proof of our main theorem. Let f : M — M,
A€ H*(M) and p be as in Theorem

3.1. Accessibility and holonomies

Given z,y € M, we write x ~° y whenever y € W?*(z). Observe that this is
an equivalence relation and moreover, is f-invariant. That is, if x ~* y then
f(z) ~* f(y). Analogously, we write 2 ~* z if z € W¥(x).

An su-path from x to y is a path connecting x and y which is a concate-
nation of finitely many subpaths, each of which lies entirely in a single leaf
of W? or a single leaf of W*. Every sequence of points z = zg, 21, ..., 2, = ¥,
such that z; ~* z;41 for ¥ = s or u, and ¢ = 0,...,n — 1 defines a unique su-
path. An su-loop or a closed su-path is an su-path beginning and ending at
the same point. If v, is an su-path given by zg, ..., 2z, and 9 is an su-path

!/

given by z(, 21, ..., zl,, with z{, = z,, we define 71 A 2 as the su-path given

DY 20,y Zny 2]y e v oy 2oy

We say that an su-path v defined by the sequence z = zg,21,...,2n, =¥y
is a (K, L)-path if n < K and dy-(zi+1,2i) < L for every i =1,...,n—1
where dyy- is the distance induced by the Riemannian strucutre on the sub-
manifold W* for x = s, u. For simplicity we write z ~} y if dyy- (241, 2;) < L
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for every i = 1,...,n — 1. Observe that, by the compactness of M and con-
tinuity of stable manifolds of bounded size, the space of (K, L)-paths is
compact. In particular,

Lemma 3.1. [15, Lemma 4.5] There exist constants K and L such that
every pair of points in M can be connected by a (K, L)-path.

For every pair of points x,y € M so that x ~° y, our fiber-bunched as-
sumption assures that the limit

s,A __ . n —1 n
Hp' = lim A"(y)~ o A"(x)

n—-+o0o

exists (see [Il, Proposition 3.2]). Moreover, for every L > 0,
(x,y,A) — H;;JA is continuous on Wj x H*(M)
where Wi = {(z,y) € M x M;x ~} y} (see [I, Remark 3.4]). In particular,

Remark 3.2. Given a sequence { Ay }ren converging to A in HY(M), since
Wi is compact,
(Wi 2 (2,y) = H3" bren

is equi-continuous for k sufficiently large.

The family of maps H;;},A is called an stable holonomy for the cocycle
(A, f). Tt is easy to verify that (see [I, Proposition 3.2]) for x ~* y and
2~y

Hy=1d and H3'=H5 o HYY!
and

H o piy = A @ HG A ()7 ¥ =0,

Similarly, for x ~" y we define the unstable holonomy H%A as the sta-
ble holonomies for (A=, f=1). If v is the su-path defined by the sequence
20,21, - -, 2n then we write Hf = H;kn’élzn 0.0 H;k(;fl for x € {s,u}.

3.2. Disintegrations and su-invariance

We say that a measure m on M x P! projects on p if m,m = pu where 7 is
the canonical projection 7 : M x P! — M. Observe that any such measure
admits a disintegration with respect to the partition {{z} x P'},c and the
measure j, that is, there exists a family of measures {mgs}zen on {{z} x
P} .ear so that for every measurable B C M x P!,
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e = — my(B) is measurable,
e m;({z} x P) =1 and
e m(B) = [, ma(B N ({z} x P1))du(z).

Moreover, such disintegrantion is essentially unique [12]. Identifying each
fiber {z} x P! with P!, we can think of x — m, as a map from M to the
space of probability measures on P! endowed with the weak* topology.

Let Fyq: M x P! — M x P! be the map given by

Fa(z,v) = (f(), [A(z)v])

and m be an F4-invariant measure projecting on p. We say that m is s-
tnwvariant if there exists a total measure set M*® C M such that for every
x,y € M? satisfying = ~* y we have Hi@A*mx = my. Such measure m is
also known as an s-state. Analogously, we say that m is w-invariant (or
an u-state) if the same is true replacing stable by unstable in the previous
definition. We say that m is su-invariant if it is simultaneously s-invariant
and u-invariant. The main property of su-ivariant measures is the following

Proposition 3.3. [i, Theorem D] Any F4-invariant measure m projecting
on p which is su-invariant admits a disintegration {my } e for which M® =
M"Y = M and so that m, depends continuously on the base point x € M in
the weak® topology.

3.3. Trivial holonomies on su-loops

In this section we explain how in certain specific situations we can perform
a change of coordinates that makes the cocycle (A, f) constant without
changing its Lyapunov exponents.

Let us assume that H;‘ = id for every su-loop « with at most 3K legs
and each of them with length at most L. Recall that we call such loops
(3K, L)-loops. In particular, H;‘ =id for every su-loop ~. Indeed, observe
initially that if v is a (2K, L)-path from x to y then, by Lemma there
exists a (K, L)-path 4/ from z to y so that Hf = H,’;‘,. In fact, if —' denotes
the path +" with opposite orientation then v A (—+') is a (3K, L)-loop and

A Ay—1 A A A
H’7 o (H /) = }I,y OH_,Y/ = H,y/\(_

: =id.

v)

Hence, HVA = H:ﬁ. Now, taking any su-loop « with an arbitrary number of
legs whose lengths are at most L we can decompose it as v =1 A -+ A Vg,
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where every ~; is a (K, L)-path. In particular, 751 A vy is a (2K, L)-path
and by the previous argumment we can replace it by a (K L)-path ~;,_,
with the same btartlng and ending points and, so that H % ) A% = H% »

Thus, taking 7' =1 A+ Ayg—2 A, we have that v and ' have the
same starting and endmg points and H7 A =Hy 4 Repeatlng this procedure a
finite number of times we get some (K, L) loop 7" such that H 4 — 7,, = id.
Finally, observing that any su-loop v can be transformed mto an su-loop
with legs of size at most L just by breaking one “large” leg into several with
smaller sizes we conclude that Hf = id for every su-loop proving our claim.
As a consequence we get that if + is an su-path connecting x and y then
HA does not depend on ~y. In fact, if v; and ’yg are su- paths connecting x
and y then 1 A (—72) is an su-loop and thus H (HA) HA o Hf%
H :;41 Aeys) = id as claimed. Let us denote this common value sunply by H A

From the properties of the holonomies and the fact that any two pomts
x,y € M can be connected by a (K, L)-path it follows that

T
S

=
S
|

=
S

yz ity T2
A _ A
o AW Hzy = Hi) ) A®),

A—H ‘2 is uniformly continuous for any pair of points z,y € M and

||HZ H<NforsomeN>0andany$,y€M.

Fix x € M and, given y € M, consider the following transformation

Hs ), A ) H ) Hi

)= f(y)xA(y)HA and con-
A (y )ny More generally,

Then, A*(y)=A(f ( ))A(y 2y
)=

sequently A2 (y

for every n € N and consequently (fl, f) and (A, f) have the same Lyapunov
exponents. Moreover, for any z,y € M,

Ao Aly) = (L, AGVHA) T By, AW B,
= HZA(2) ™ Hily ) H iy, Al Hay

= HZ A(2) " Hjy) () Ay) H,

= HA(2) P A(2) Hy, Ha,y

= HAH) Hyy = HOHZ, =id.
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In particular, A is constant and consequently its largest Lyapunov exponent
is the logarithm of the norm of the greatest eigenvalue of A. Summarizing,
if Hf = id for every (3K, L)-loop 7 then we can perform a change of coordi-
nates that makes the cocycle (A, f) constant without changing its Lyapunov
exponents. This is going to be used in Section 4.3

3.4. SL(2,R) matrices and invariant measures on P!
The following result plays an important part in our proof below.

Proposition 3.4. For each n € N, let L, be a SL(2,R) matriz so that
n—+oo_ . . . 1 n—+oo

L, —— id and let n,, be an Ly-invariant measure on P+ so that n, ————

%(51, + 64) for some p,q € P with p # q. Then for every n sufficiently large

either L, is hyperbolic or L, = id.

Proof. The proof is by contradiction. We start observing that as L, con-
verges to the identity all the matrices have positive trace for n sufficiently
large. Consequently, if L, is not the identity we have three posibilities: if the
trace tr(Ly) > 2 then the matrix L,, is hyperbolic, if tr(L,) < 2 then the ma-
trix L, is elliptic and is conjugated to a rotation of angle 6,, = arccos(%)
and if tr(L,) = 2 then the matrix L, is parabolic and is non diagonalizable
with both eigenvalues equal to 1.

Suppose initially that all the matrices L, have tr(L,) < 2. In particular,

for each n € N there exists P, € SL(2,R) so that L,, = P, Ry P, where Ry,

stands for the rotation of angle 6,,. Moreover, since tr(L;,) D7H0 9 we get

that 6,, 2= 0.

Now, for each n € N let us consider v, = P,,,n, which is an Ry _-invariant
measure. We start observing that there exists a subsequence {n;}; so that
Un, IZ, Teh where Leb stands for the Lebesgue measure on P'. Indeed, if
0y, is an irrational number then we know that the only Ry -invariant measure
is Leb. In particular, v, = Leb. Thus, if there are infinitely many values of
n for which 6,, is an irrational number we are done.

Suppose then that 6,, is a rational number for every n € N. In particular,

Ry, is periodic and denoting by ¢, its period, since 6, notoo, 0, we have

that gy Uima ke NET

In what follows we make an abuse of notation thinking of P! as [0, 1]
identifying the extremes of the interval.

Let ¢ : P! = R be a continuous map and € > 0. Since P! is compact,

there exists > 0 so that | p(x) — ¢(y) |< € whenever d(z,y) < 6. Thus,
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taking n > 0 so that ¢, > } we get that | p(z) — go(qi) |< € for every z €
[i @) and 7 =0,1,...,q, — 1. In particular,

4’ dn
1 s j
_— dvy, — ()| < e.
+1 . ' n ¥
vl 25=)) J n
Now, observing that I/n([q%, ]qinl)) = qin for every 7 =0,1,...,q, — 1 once v,

is Ry, -invariant, summing the previous expression for j from 0 up to ¢, — 1
and dividing both sides by ¢,, we get that

1 1 Gn—1 j
/ odvy, — — Z o(—)| <e.
0 an =0 dn

On the other hand, since ¢ is Riemann integrable,

K= /
lim — =)= dLeb
Jim — ;0 o= [ ¢

which implies that v, D2F0 Teb as claimed. So, restricting to a subse-

quence, if necessary, we may assume that v, 20 Leb.

We now analyse the accumulation points of 1, = P, v,. If {P; 1},
stay in a compact set of SL(2,R) then, taking a subsequence if necessary,
we may assume that there exists P € SL(2,R) so that P, — P. In par-
ticular, lim, o 7, = PiLeb which contradicts our assumption since P,Leb
is non-atomic. If HP,L_ 1” — 00 then we can work on the compactification of
quasi-projective transformations (see [13] or [8, Section 6.1]). In particular,
restricting to a subsequence, if necessary, we have that P, ! — Q, where Q
is defined outside some kernel (a one dimensional subspace) and the image
Im(Q) C P! of Q is a one dimensional subspace. Thus, as the kernel has
zero Lebesgue measure we can apply [2, Lemma 2.4] to conclude that

Jim Pt vn = QuLeb = 1,0
which is a contradiction. Consequently, L,, may be elliptic only for finitely
many values of n.
To conclude the proof it remains to rule out the case when tr(L,) = 2
and the matrices are non diagonalizable for infinitely many values of n. So,
suppose L, is non diagonalizable and both of its eigenvalues are 1 for every
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n. Then by the Jordan’s normal decomposition we have

_ 1 1
e (31

for some P, € GL(2,R). Consequently, the only invariant measure for L,
is atomic and have only one atom contradicting the fact that n, Lima N
2(6p + 84). Thus, L,, can be parabolic and different from id only for finitely

many values of n concluding the proof of the proposition. O
3.5. PSL(2,R) cocycles

Let us consider the projective special linear group given by PSL(2,R) =
SL(2,R)/{xId}. That is, given A, B € SL(2,R) let ~ be the equivalence re-
lation given by A ~ B if and only if A = Bor A = —B. Given A € SL(2,R),
let [[A]] = {B € SL(2,R); B ~ A} be the equivalence class of A with respect
to ~. Then, PSL(2,R) = {[[A]]; A € SL(2,R)}. Observe that the norm |||
on SL(2,R) naturally induces a norm, which we are going to denote by the
same symbol, on PSL(2,R): given A € SL(2,R), ||[[A]]]] := ||A]| = ||-A].

Given A: M — SL(2,R) let us consider A: M — PSL(2,R) given by
A(z) = [[A(z)]]. By Kingman’s subadditive ergodic theorem [9] and the er-
godicity of p it follows that the limit

. 1 n
LA p)= lm_log | 4"(x)]
exists and is constant for p-almost every x € M. In particular, since
[A™(z)|| = [|[A™(z)|| for every x € M and n € N, we get that \*(A,u) =
L(A, p). Another simple observation is that for every v e P!, [A(x)v] =

[A(z)v] and, consequently, the action induced by A on P! coincide with
the action of A on P!. Moreover, H:;1 = [[Hf]] € PSL(2,R) is well defined

and have similar properties with respect to A as those of H§‘ with respect
to A described in Section In particular, a similar conclusion to that of
Section holds for A whenever Hf = [[id]] for every (3K, L)-loop : we
can perform a change of coordinates that makes the cocycle (fl, f) constant

without changing @([l, u). Consequently, denoting this new cocycle by A,
it follows that L(A,u) is equal to logarithm of the norm of the greatest

eigenvalue of any representative of A.

Furthermore, the results of Section also have a counterpart for
PSL(2,R) cocycles. In order to state it, recall that a sequence {L,}, in
PSL(2,R) is said to converge to L € PSL(2,R) if there are representatives
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L and L, in SL(2,R) of L and L, respectively, so that the sequence {L, },,
converges to L in SL(2,R).

n—-+4o0o

Proposition 3.5. For eachn € N, let L,, € PSL(2,R) be so that L,, ~——>2
[[id]] and let n, be an Ly-invariant measure on P! so that n, 2= 5(6p +
dq) for some p,q € IPN’1 with p # q. Then for every n sufficiently large either

L,, is hyperbolic or L, = [[id]].

This result follows easily from Proposition for every L,, € PSL(2, R)
we can take a representative of L,, in SL(2,R) with positive trace and apply
the aforementioned result to these representatives.

4. Proof of the main result

Let f: M — M, A: M — SL(2,R) and p be given as in Theorem |A| and
suppose there exists a sequence {Ag}treny in HY(M) with A“(Ag,p) =
A (A, 1) = 0 for every k € N and such that Ay Lmas Ny

For each k € N, let my, be an ergodic F4,-invariant probability measure
on M x P! projecting on u where F4, is defined similarly to F4. Passing to a
subsequence if necessary, we may assume that the sequence {my, }; converges
in the weak™ topology to some measure m which is, as one can easily check,
Fy-invariant and projects on p. In order to prove Theorem [A] we are going
to analyse these families of measures and their respective disintegrations.

4.1. Continuity and convergence of conditional measures
It follows from Remark (3.2 and [I, Theorem C] and its proof that
Corollary 4.1. For every k sufficiently large there exists an su-invariant
disintegration {mk : x € M} of my, with respect to the partition {{x} x P! :
x € M} and p such that
{M 3z — mF s is equi-continuous.
As an application of this corollary we get that
Proposition 4.2. The measure m is su-tnvariant and admits a continuous

disintegration {my}zen with respect to {{x} x P} enr and p so that mk
converges uniformly on M to my.
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In order to prove the previous proposition we need the following auxiliary
result.

Lemma 4.3. Let X and Y be compact metric spaces, u a Borel probability
measure on X and {vy}ren be a sequence of probability measures on X XY
projecting on p and converging in the weak® topology to some measure v.
Then for every measurable function p: X — R and every continuous func-

tion ¢ : Y — R,
lim /pxgoduk:/pxgodu.
k—o0

Proof. Given € > 0let p: X — R be a continuous function so that

. e
/ p — pldp < :
X 2sup ¢

Take kg € N such that for every k > ko,

'/ﬁxgpdyk—/ﬁxgpdy
Then, for k > ko,

‘/pxgpdl/k/pxgpdy

<suPs0/ |ﬁ—p|du+‘/[}xgpduk—/ﬁx<pdu
X

<&
3"

<e.

O

Proof of Proposition[.9. For each k € N, let {m”},cas be the disintegration
of my, given by Corollary [£.1] We start observing that for every continu-
ous function ¢ : P! — R, by Arezela-Aslcoi’s theorem (recall Corollary ,
there exists a subsequence of { [, pdm/}; such that [;, godm];j — I(¢) uni-
formly on M. Taking a dense subset {¢;};en of the space CO(P!) of con-
tinuous functions ¢ : P! — R and using a diagonal argument, passing to a
subsequence if necessary, we can suppose that fpl cpdm’; — I, (p) for every
© € CO(P1). It is easy to see that I, defines a positive linear functional on
C°(P'). Consequently, by Riesz-Markov’s theorem, for every x € M there
exists a measure 772, on P! such that I,(p) = [ pding.

On the other hand, letting {m,},ca be a disintegration of m with re-
spect to {{z} x P1},c)s and p and invoking Lemma it follows that for
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every continuous function ¢ : P! — R and any pu-positive measure subset
DCM,

//cpdml;d,u:/ pdmy, — gpdm:// pdmgdp.
D Jpt DxPpt DxPpt D Jpt

Consequently, m, = m, for u almost every x € M. Thus, extending m, =
1, for every x € M we get a continuous disintegration of m such that m”* —
mg uniformly on x € M. In particular, by Remark and the su-invariance
of my, for every k it follows that m is also su-invariant as claimed. O

From now on we work exclusively with the disintegrations {m’;}xe M and
{my }zenm of my and m, respectively, given by Corollary and the previous
proposition.

Recall we are assuming A“(A,p) >0 > A5(A, ). Thus, letting R? =
qu’A @ E;’A be the Oseledets decomposition associated to A at the point
x € M, it follows from Proposition 3.1 of [4] that for any F4-invariant mea-
sure m, its conditional measures are of the form my; = adpu.a + bdgs.a for
some a,b € [0,1] such that a +b=1 where here and in what follows we
abuse notation and identify a 1-dimensional linear space E with its class [E]
in PL.

Lemma 4.4. There exist continuous and su-invariant functions which co-
incide with r — E;’A, E;L’A for p-almost every point. By su-invariance we
mean that for every (admissible) choice of x,y,z € M, H;;,AE; = E; and
HYAE: = E* for € {s,u}.

From now on we think of E5* and E“* as continuous functions defined
for every x € M.

Proof. Recall my, is an F4,-invariant measure such that mj — m. Since
N¢(Ag, p) = 0 for every k € N we get that [ ®4,dmy =0 where @4, : M x

P! — R is given by ® 4, (v,v) = log HA’ﬁEfﬂ)U”. On the other hand,

/(I)Akdmk%/(I)Adm.

Thus, [ ®4dm = 0 which implies that the numbers a and b given above are
strictly larger than zero. Now, by Proposition we know that {mg}, is
su-invariant. Consequently, since F;’" is u-invariant and E;" is s-invariant,




1734 L. Backes, M. Poletti, and A. Sédnchez

it follows 0 ua = ( — b0 pe.a) is also s-invariant. Analogously, B s u-

invariant. In partlcular, Ey A and E3” are su-invariant. Continuity follows
easily (see [I, Theorem D]). O

4.2. Excluding the atomic case with a bounded number of atoms

In this subsection we prove that m];k can not have a bounded number of
atoms (with bound independent of k) for infinitely many values of k € N
and any x € M. In order to do so, we need the following lemma.

Lemma 4.5. If m’; has an atom for some y € M, then there exists j =
J(k) € N such that for every x € M, there exist vl ... vl € P! so that mk =
% 5:1 51);'

Proof. Let v, € P! be such that m’;(vy) = >0 and for every x € M, let
v, be an su-path joining y and x. By the su-invariance of the disintegration
{mF}, it follows that m (H A’“uy) B for every x € M. Thus, considering
L= {(v,v;) € M x PL; mk(v,) = B} we get that my(L) = [ mF(L N {z} x
PYdu > B > 0. Consequently, since L is F4,-invariant and my, is ergodic it
follows that mg(L) = 1. In particular, m*(L N {z} x P1) =1 for p-almost
every x € M which implies that m]; = % 1 dy: , where % = f (in particu-
lar, j does not depend on z). Finally, to prove that this claim holds true for
every x € M, we just take some su-path from a point in the total measure
set and = and use the su-invariance. O

The proof is going to be by contradiction. So, passing to a subsequence
and using the previous lemma suppose m” has j(k) atoms and that the se-
quence {j(k)}x is bounded. Restricting again to a subsequence, if necessary,
we may assume that j(k) is constant equal to some j € N. In particular,
since my = %5 oAt %5 pua, for k sufficiently large mF has an even number

1 J

of atoms. Thus, writing mF = j 1 0yi i () and reordering if necessary we

may suppose that vl (z) — Ey’ for i < z ' and vi(z) — By A for ¢ > %. More-
over, such convergence is uniform. Observe now that for each k € N there
exists some xy € M such that Ag(zp)vy*(z) = v (f(z)) fjor some i < %
and jj, > %, otherwise the set L = Uyen{z} x {vi(z),..., v (z)} would be
F4, -invariant with measure

D) = [ mk({uh (o). o @) = 5.
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contradicting the ergodicity. Thus, restricting to a subsequence, if neces-
sary, we may assume without loss of generality that v;*(zx) = vj(zx) and

i’“ (xg) = ’Uk(:rk) for every k € N and that z; — x. In partlcular

A(x) B = lim Ay (ap)op(ex) = lim vl(f(2h)) = EfG),
k—o0 k=00

a contradiction. Summarizing, we can not have a subsequence {k;}; so that
the sequence {j(k;)}; is bounded where j(k) stands for the number of atoms
of m” (which is independent of x € M).

4.3. Conclusion of the proof

Given x € M let v be a non-trivial su-loop at x. In particular, from Lemma
it follows that HAE*’A = Ep* for * € {s,u}. Consequently, either H#is

hyperbohc or HA +id. If HA is hyperbolic then, since HAk fzoo, HA i
follows that H A is also hyperbohc for every k> 0. Thus, since H Ak mk

, it follows that mk is atomic and has at most two atoms for every k >0
but from Section 4.2 we know this is not possible. So, we get that H A= +id

for every su- loop at z and every x € M and therefore H A = [[id]] for every
su-loop at x and every x € M. Consequently, from Proposmon we get
that either there exists a non-trivial su-loop v at some point z € M and a

Ay
sequence {k;}; going to infinite as j — 400 so that H, * is hyperbolic for

every j and thus H., " is also hyperbolic for every j or H:;‘k = [[id]] for every
su-loop v and every k > k., for some k, € N. Arguing as we did above we
conclude that the first case can not happen. So, all we have to analyse is
the case when H,‘Y“’f = [[id]] for every su-loop 7 and every k > k., for some
k. € N.

If there exists kg € N so that k, < kg for every su-loop v then making
the change of coordinates given in Sectlon E 3| for every k > ko (recall Sec-
tion [3.5) we get the that L(Ay, u) is equal to the logarithm of the norm

of the greatest eigenvalue of any representative of Ay (), where Ag(z) is a
constant element of PSL(2,R), and Ay (z) — A(z). In particular,

N (A, ) = LA, ) 57555 L(A, p) = X"(4, )
which is a contradiction. Now, recalling that in order to perform the change

of coordinates in Section it is enough to assume that Hz'* = [[id]] for
every (K', L')-loop 7 for some K’, L' >0, to conclude the proof of Theorem[A]
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in view of the previous argumment, we only have to show that we can not
have k-, arbitrarly large for (K’, L')-loops. ~
Let ky be minimum for its defining property, that is, H:;"“ = [[id]] for
A . .
every k >k, and H," # [[id]] and suppose that for each j € N there exist

x; € M and a (K',L')-loop ~; at x; so that k,, ERas NS Passing to a

j—+oo Jj—+o00 .
subsequence we may assume r; —— x and y; —— 7 where v is an
su-loop at x. This can be done because each v; has at most K’ legs and
each of them with length at most L'. In particular, if 4; is defined by the

sequence xj = 2}, 21, ..., 2, = x; then nj; < K’ for every j. Thus, passing to
. I+

a subsequence we may assume n; =n < K’ for every j € N and z] I

x; for every ¢ =1,...,n and consequently v is the su-loop defined by the

. i . Ary, jot i

sequence T = g, x1,...,Ty = . Now, since H:;‘ = [[id]], H%.k” I, gA

A,

and H,, 7 # [[id]] it follows from Proposition (recall Proposition
Ap Ak,

that H,yjlw’ is hyperbolic for every j > 0 and thus H%.k” is also hyperbolic

. k:'y' . .
for every j > 0. Consequently, m; "~ is atomic and has at most two atoms
for every x € M and every j € N which again from Section we know is

not possible concluding the proof of Theorem [A]

Remark 4.6. We observe that Theorem [A] can also be proved using the
technics of couplings and energy developed in [3]. Maybe those ideas can
be useful in proving Conjecture We chose to present the previous proof
because it is shorter and also different. It is also worth noticing that a
similar result was obtained by Liang, Marin and Yang [10, Theorem 6.1]
for the derivative cocycle under the additional assumption that f has a
pinching hyperbolic periodic point. In our context, such a hypothesis would
immediately imply that all the conditional measures m* are atomic with
at most two atoms for every k > 0. In particular, Theorem [A] would follow
from the results of Section 4.2

5. Examples

At this section we present two examples of fiber-bunched cocycles with non-
vanishing Lyapunov exponents over a partially hyperbolic map which are
accumulated by cocycles with zero Lyapunov exponents.
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5.1. Proof of Theorem

Let w be an irrational number of bounded type and fy : S' — S! be given
by fo(t) =t + 27w where S! is the unit circle. Recently, Wang and You
[T4, Theorem 1] constructed examples of cocycles A € C"(S!, SL(2,R)) over
fo, for any r=20,1,...,00 fixed, with arbitrarily large Lyapunov expo-
nents which are approximated in the C"-topology by cocycles with zero
Lyapunov exponents. Let Ag : ST — SL(2,R) be such a cocycle and { Ay}
be a sequence in C7(S',SL(2,R)) converging to A so that A\“(Ay,v) =0
for every k € N where v denotes the Lebesgue measure on S'. Now, given
f1: N — N, avolume-preserving Anosov diffeomorphism of a compact man-
ifold N, let us consider the map f: M := S! x N — M given by f(t,z) =
(fo(t), f1(x)) and let A : M — SL(2,R) be given by A(t,2) = Ag(t). Thus,
defining Ay (¢, z) = Aj(t) and denoting by i the Lebesgue measure on M we
have that limg_ 4 o A, = A AU (A;,C 1) = A4 (Ag,v) =0 for every k € N and
)\u(A 1) = A%(Ag,v) > 0. Consequently, since f is a volume-preserving par-
tially hyperbohc and center-bunched diffeomorphism and f; may be chosen
so that (A f) is fiber-bunched, we complete the proof of Theorem

2. Random product cocycles

We now present another construction showing that given any real number
A > 0, we have a fiber-bunched cocycle A over a partially hyperbolic and
center-bunched map f so that A*(A, ) = A which can be approximated by
cocycles with zero Lyapunov exponents. We start with a general construc-
tion.

Let ¥ = {1,...,k}? be the space of bilateral sequences with k symbols
and 0 : ¥ — ¥ be the left shift map. Given maps f; : K — K and A; : K —
SL(2,R) for j =1,...,k where K is a compact manifold, let us consider
f:YX¥x K — SL(2,R) and A: ¥ x K — SL(2,R) given, respectively, by

f(@,t) = (0(2), fz, (1))

and
Az, t) = Ay, ().

The random product of the cocycles {(A;, fj)};?:l is then defined as the
cocycle over f which is generated by A. Observe that this definition general-
izes the notion of random products of matrices explaining our terminology.
Indeed, taking K as being a single point we recover the aforementioned
notion.
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Differently from the case of random products of matrices where one have
continuity of Lyapunov exponents (see [3],[7], [13]), in the setting of random
products of cocycles Lyapunov exponents can be very ‘wild’. This is what
we exploit to construct our next example.

Let fy:S'— S! and v be as in the previous example and let Ay €
C"(SY,SL(2,R)) be given by [14, Theorem 1] so that A\“(Ag,v) > A. Taking
fi: St = S to be fi(t) =t and Ay : S — SL(2,R) given by A;(t) = id,
let (A, f) be the random product of the cocycles (Ao, fo) and (A1, f1) as
defined above. Thus, letting 1 be the Bernoulli measure on ¥ defined by the
probability vector (pg,p1) where pg is so that poA“(Ag,v) = A\ and consid-
ering ;1 = n X v, the cocycle generated by A over f has positive Lyapunov
exponents and is accumulated by cocycles with zero Lyapunov exponents.
Indeed, let {Agx}x be a sequence in C™(S1,SL(2,R)) converging to Ay for
which the cocycle (Agk, fo) satisfies A*(Ag,v) = 0 for every k € N whose
existence is guaranteed by our choice of Ag and [14, Theorem 1], {A; 1}, be
the sequence such that A; ;, = id for every k € N and (A, f) be the random

product of (Agx, fo) and (A1, f1). It is easily to see that Ay LNy Now,
for p-almost every (x,t) € ¥ x St
N Ag, o 7,1) = Tim ~ log [ ARz, ).
) oy by 0o N, k%Y
Thus, observing that A} (x,t) = Ag"’k(z) (t) where
T(z) = # {1 <j <n; o/(x)o =0},

it follows that

u I Tn(x) 1
A (Ak,,U,,LU,t) - n11—>11(;lo n Tn(CL‘)

log || 453 (1) = poX* (Ao, ).
In partitular, \*(Ag, u, x, t) is constant equal to A\*(Ag, u) for p-almost every
(x,t) € ¥ x St. Analogously, A\%(A, u) = poA“(Ao, ). Consequently,

A(Ag, p) = 0 for every k € N and A\ (A, ) =A >0

as claimed. Observe that despite the fact of not being smooth, the map f is
partially hyperbolic in the sense of the expansion and contraction properties
when ¥ is endowed with the usual metric. Moreover, it is center-bunched
and the cocycle A is fiber-bunched.
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