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Distinguished representations for SL(n)

U. K. ANANDAVARDHANAN AND DIPENDRA PRASAD

For E/F a quadratic extension of local fields, and 7 an irreducible
admissible generic representation of SL,,(F), we calculate the di-
mension of Homgy, (p)[m,C| and relate it to fibers of the base
change map corresponding to base change of representations of
SU,(F) to SL,(FE) as suggested in [I6]. We also deal with finite
fields.

1. Introduction

The paper [16] formulates a general conjecture — in terms of Langlands
parameters, more specifically in terms of fibers of a certain base change
map — on the dimension of the spaceﬁHony;Ug[ﬂ,(j for an irreducible
admissible representation m of G(E) where G is a general reductive group
over a local field F, and E/F is a quadratic extension of fields. In this
paper, we consider the case of G = SL,. The main theorem of this paper,
Theorem computes dim¢ Homg;,, (r)[7, C] for an irreducible admissible
generic representation m of SL, (F) in terms of the fiber of the base change
map from SU(n) to SL,(F), and thus confirms the general conjecture in
[16] for G = SL;. The dimension of Homg;, (f)[m, C] was computed earlier
in [4] when n = 2 and in [I] when n is odd. This paper could be considered
a natural sequel to these two earlier works, but now considered more from
the point of view of base change from unitary groups.

The symmetric space (SLa(E),SLa(F')) studied in [4] was the first ex-
ample in the literature which is not a supercuspidal Gelfand pair, that
is to say the symmetric space affords irreducible supercuspidal represen-
tations with multiplicity > 1. In contrast with the n = 2 case, when n is
odd, it was proved in [I] that the symmetric space (SL,,(FE),SL,(F)) is a
Gelfand pair, i.e., for any irreducible admissible representation 7 of SL,,(E),
dimc Homgy, ([, C] < 1. In this paper we reconsider the multiplicity one
theorem of [I] for (SL,(E),SL,(F)) as well as go a little further for n even.

The pair (SL,(F),SL,(F)) is much simpler than the general pair
(G(E),G(F)) among other things because the adjoint group of SL,(F),
i.e., PGL,,(F), operates transitively on an L-packet of SL,(F), and in fact
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PGL,(F) operates transitively on those representations of SL,(F) in a
given generic L-packet of SL,,(E) for which Homgy, ([, C] # 0, and clearly
dimc Homg;, ([, CJ is the same for all representations of SL,, (E) which are
conjugate under PGL,,(F).

Before we end the introduction, let us briefly describe the main ingre-
dients in this work. There are two non-obvious inputs in our work. First,
a recent work of Matringe describes exactly which generic representations
of GL,(E) are distinguished by GL,(F) [13]. This allows one to make
some headway into understanding dimc Homg;, ([, C] where 7 is an irre-
ducible, admissible, generic representation of SL,,(F) which is distinguished
by SL,,(F) and is contained in an irreducible representation 7 of GL,,(E) dis-
tinguished by GL,,(F'). Second, we are able to say that the set of irreducible,
admissible representations of SL,,(F) contained inside 7, and which are dis-
tinguished by SLy,(F'), are in a single orbit under the action of GL,,(F’). This
follows from a more precise result according to which an irreducible, ad-
missible, generic representation of SL,, (E) which is distinguished by SL,, (F")
must have a Whittaker model for a non-degenerate character of N(E)/N(F)
where N is the group of upper-triangular unipotent matrices. This is a con-
sequence of some recent work of the first author with Matringe [3], for which
we have given a more direct proof in this paper but one which is valid only
for tempered representations, or more generally unitary representations.

Most of the paper is written both for p-adic as well as for finite
fields since methods are essentially uniform. It might be mentioned that
dim¢ Homg;, ([, C] for F a finite field which we prove in this paper to be
bounded by 2 (and bounded by 1 if n is odd, or p is even) was not known
in any precise way in the literature. Throughout the paper, when dealing
with p-adic fields, we will assume that they have characteristic zero unless
otherwise mentioned.

2. Preliminaries

In this paper, E will be a quadratic extension of either a p-adic or a finite field
F.Let G = GL,(F), H = GL,(F'), G = SL,(F), and H = SL,,(F). An irre-
ducible admissible representation of G will usually be denoted by 7 and that
of G by 7. Let o be the non-trivial element of the Galois group Gal(E/F).
Let Nm : EX — F* be the norm map. If F' is p-adic, the quadratic character
of F*/Ng p(E™) is denoted by wg/p; if F' is finite, we let wg/p = 1.

For a p-adic field k, let W] = W}, x SLy(C) be its Weil-Deligne group
where W, is the Weil group of k. A Langlands parameter of W} valued
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in GL(n,C), for some n, will typically be denoted by p and a Langlands
parameter of W] valued in PGL, (C) will typically be denoted by p.

For a representation 7 of a group, 7V stands for the contragredient rep-
resentation, and w, denotes its central character (if it has one). For a rep-
resentation 7 of G or G, 77 is the Galois conjugate representation given
by 77(g) = 7(¢7). Similarly for a Langlands parameter 7 of Wy, its Ga-
lois conjugate is given by 79(g) = 7(c1go). A representation m of GL,,(E)
(or its Langlands parameter) is said to be conjugate self-dual if 77 = 7V,
Conjugate self-dual representations of GL,(F) (or its Langlands parame-
ter) come in two flavors: conjugate orthogonal and conjugate symplectic (to
be referred to as having parity 1 and —1 respectively); we refer to [10] for
the definition. Note that a conjugate self-dual representation may be neither
conjugate orthogonal nor conjugate symplectic, and that these two options
are not mutually exclusive either. This paper will deal exclusively with rep-
resentations/parameters which are either conjugate orthogonal or conjugate
symplectic since they are the only ones relevant for distinction by GL,,(F).

For a character o of F'*, an irreducible admissible representation 7 of
GL,,(F) is said to be a-distinguished if

Homgy,, (r)[7, o # 0;

here, as elsewhere in the paper, we identify a character «. of F'* to a character
of GL,(F') via the determinant map det : GL,(F) — F*. If a =1, an a-
distinguished representation is also said to be distinguished by GL,,(F).

The most basic result about distinguished representations for (GLy,(E),
GL,,(F)) is the following result due to Flicker which is proved by the well-
known Gelfand-Kazhdan method [8, Propositions 11 & 12].

Proposition 2.1. If7 is an irreducible admissible representation of GL,,(E)
which is GL,, (F)-distinguished, then

dimc Homgy,, (7)[7, C] = 1,

and furthermore, 7"

=77 (and also wz|,, =1).
The following theorem due to Matringe [13, Theorem 5.2] is much more

precise (which builds on the earlier works on discrete series representations
[2, 12]).
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Proposition 2.2. Let 7 be an irreducible admissible generic representation
of GL,,(E) which is conjugate self-dual. Write

TEA X X Ay

as the representation parabolically induced from irreducible essentially square
integrable representations A; of GLy,, (E), withn = ny + -+ + ng, and where
the segments associated to A;’s are not linked (in the sense of Bernstein-
Zelevinsky). Then, 7 is distinguished by GLy,(F) if and only if after a re-
ordering of the indices if necessary,

1) A7 = AY, fori=1,3,...,2r — 1, for some integer r >0, and

2) A7 =AY, for 2r < i <t, and the discrete series representations A; of
GL,, (E) are distinguished by GLy, (F).

The following result was known as the Flicker-Rallis conjecture, and is
now a theorem by combining [I4, Lemma 2.2.1] (see also [10, Theorem 8.1])
and [13, Theorem 5.2].

Theorem 2.3. An irreducible admissible generic representation 7 of
GL,(E) is distinguished by GL,(F') if n is odd, and wg,p-distinguished if
n is even, if and only if its Langlands parameter is in the image of the
restriction map

®: H' (W}, Uy) — H' (W), GL,(C)),

where IAJn is the Langlands dual group of a unitary group defined by a her-
mitian space of dimension n over E (which comes equipped with an action
of W.). Equivalently, an irreducible admissible generic representation of
GL,(F) is distinguished by GL,(F) precisely when it is a conjugate orthog-
onal representation.

For the case of finite fields, we will need to use the following result due
to Gow [11, Theorem 3.6] (see also [19]).

Proposition 2.4. For E/F a quadratic extension of finite fields, an irre-
ducible representation T of GL,(FE) is distinguished by GL,,(F') if and only
if 7o =Y.

As this paper deals with representations of SL,,(E) through restriction of
representations from GL,(E) to SL,(F), and similarly deals with represen-
tations of special unitary groups through restriction of representations from
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unitary groups, we will need to use twisting of representations of GL,,(E),
or parameters of them, by characters of E*, or in the case of unitary groups,
by characters of E! = EX/F*.

This motivates us to introduce Strong and Weak Equivalences among
representations of GL,,(E), or parameters of them.

Two Langlands parameters of Wj, with values in GL,,(C) will be said
to be weakly equivalent if they are twists of each other by a character of
E*, and they will be said to be strongly equivalent if they are twists of each
other by a character of E*/F* i.e.,

(1) P2 ~w p1 = p2 = p1 @ x for x 1 EX — CX,
and
(2) P2 ~s Pl = P2 p1 Ry for x: BX/F* — C*.

We denote the weak (resp. strong) equivalence class by [-],, (resp. [-]s), and
the set of strong equivalence classes in the weak equivalence class containing
a representation m by [7]w/ ~s.

In this paper, we will use these equivalence relations among representa-
tions of the same parity = (—1)"~L. If / is one such representation, the num-
ber of strong equivalence classes in the weak equivalence class of p (among
representations of the same parity as p) will be denoted by ¢(p).

Clearly, the same notions can be defined on the class of irreducible ad-
missible conjugate self-dual representations 7 of GL,,(F) of a given parity,
and as for parameters, we will denote by ¢(7) the number of strong equiv-
alence classes in the weak equivalence class of 7 (among conjugate self-dual
representations of GL,,(F) of the same parity as ).

We remark that Strong and Weak Equivalences among representations
of GL,,(E) was first introduced in [I].

3. Distinction for (SL,(E),SL,(F))

The subgroup of GL,,(E) defined by
GLn(E)" = {g € GLn(E) | det g € F*} = GL(F)SLy(E),

will play an important role in our analysis as we will consider the restric-
tion of an irreducible representation 7 of GL,,(F) to SL,,(F) in two stages.
First we restrict 7 to GL,(E)" and write it as a direct sum of irreducible
representations, and then we look at the restriction of each of these direct
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summands to SL,,(E). This was indeed the strategy employed in [4]. In the
paper [4], we had added the center E* too in the definition of GL,(F)™, but
since center acts by a scalar, this makes no difference, whereas for a later
argument in this paper, where we will have to make an induction on n, the
present definition is better.

Note the following simple lemma:

Lemma 3.1. All the irreducible constituents of the restriction of an irre-
ducible representation of GL,(E)" to SL,(E) admit the same number of
linearly independent SL,,(F')-invariant functionals.

Proof. Since GL,(F)SL,(E) = GL,(E)™, all the irreducible constituents of
the restriction of an irreducible representation of GL,(E)" to SL,(FE) are
conjugates to one another under the inner conjugation action of GL,,(F') on
SL,,(F), proving the lemma. O

For an irreducible, admissible representation m of GL,(FE), define the
sets Xz, XL, Yz, Zz as follows:

1 ={a€ X | T is a-distinguished},

2) XL={ae FX | 7 is a-distinguished or « - wg/p-distinguished},

) X

)

3) Zz = {x € BX | 7@ x 27},

4) Yz —{XEEX|7T®X—7T Xl =1}

Observe that Zz, Yz are abelian groups, whereas Xz, XZ are just sets, and
that characters of E* in Zz when restricted to F* act on the sets Xz, XL
by translation, giving rise to a faithful action of Zz/Yz on the sets Xz, XZ.
Characters in Zx are said to be self-twists of 7.

Lemma 3.2. Let E be a quadratic extension of either a finite or a non-
archimedean local field F which if it is of positive characteristic we as-
sume p does not divide n. Let m be an irreducible admissible representa-
tion of SLy,(E) which is distinguished by SL,,(F'). Then there exists an irre-
ducible admissible representation of GL,(E) containing m upon restriction

to SLy,(E) which is distinguished by GLy,(F').

Proof. Let 7 be an irreducible admissible representation of GL,,(E) contain-
ing m upon restriction to SL,(E). Consider the vector space

V = HOIHSL"(F) [%, (C]
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of SL,,(F)-invariant linear functionals on 7. The group GL, (F') operates on
V via

(9- M) =Ag™"-0),
for v € 7. Observe that SL,,(F') acts trivially on V by the definition of V,

and F* < GL,(F') acts by a character — the central character of 7 restricted
to F* —on V. Since,

GL,(F)/F*SLy,(F) = F* JF*",

a finite abelian group (here we are using that if I is non-archimedean local,
the characteristic of F' does not divide n), it follows that V' is a finite direct
sum of characters of F'* whose restriction to the n-th roots of unity g, (F)
in F'* is trivial (since 7 is distinguished by SL,(F')). Such characters have
an n-th root, i.e., a = " for some character S of F* as follows from the

exact sequence:
n

1= pp(F) — F* = F*.

V= @ Ma L,

aEFX

If

take any character o = 5" appearing in this sum. Clearly, the representation
7 ® B3, where 3 is any extension of 3 to E*, is an irreducible admissible rep-
resentation of GL,,(E) containing 7 upon restriction to SL,,(F), and which
is distinguished by GL,,(F'), completing the proof of the lemma. O

Proposition 3.3. Let E be a quadratic extension of either a finite or a non-
archimedean local field F. Let w be an irreducible admissible representation
of SLp(E) which is distinguished by SL,(F), and let ™ be an irreducible
admissible representation of GL,,(E) which is distinguished by GLy,(F) with
7 containing © upon restriction to SL,(E). Then

1) If n is odd,
dim(c HomSLn(F) [TF,(C] <1
2) If n is even,

dime Homg;, ([, C] < {a € F* | 7 ® (a0 Nm) 27,02 = 1}
< [FX/FX;

in particular, for F a finite field, dim¢ Homgy, (py[m,C] < 1 if F' has
characteristic 2, and dimc Homgy, (r) [7,C] < 2 in odd characteristics.
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Proof. Let us begin by considering the vector space
V = Homgy,, (r) [, C]

of SL,,(F)-invariant linear functionals on 7 as in the last lemma. The group
GL,,(F') operates on V and we have the decomposition of V as a direct sum
of characters of F*. If

V= @ M,

a€FX
then 7 is a~!-distinguished with respect to GL,, (F) for any character a of
F* with m, # 0. Notice also that m, < 1 for each o € F'*, since
dimc Homgy,, (7)[7, 0] < 1,
by the first part of Proposition Therefore,

dimc Homg;, ([, C] = | X7].

Note that if 7 is o~ !-distinguished for a character o : F* — C*, then if
a denotes any extension of a to E*, by Proposition we must have,

(Tea) 2 (Foa).

~—

This combined with the isomorphism 77 27V (because 7 is GL,(F)-
distinguished), implies that:

7@ (@ - @)

1

AN

or aoNm € Zz.

Sending a character o of F* to the character a o Nm of £, defines a
homomorphism, call it Nm from F* to E*, whose restriction to Xz will
also be denoted by the same symbol Nm,

Nm : X7~r — Z%/Y%.

Note that X5 being only a set, the map Nm on it is only a set theoretic
map, but being the restriction of a group homomorphism, the fibers of this
map are contained in translates of any particular element in the fiber by
‘the kernel of the map’ which consists of those characters o of F'* for which
aoNm € Yz, ie.,, 7® (coNm) = 7 and a o Nm|px = a® = 1. By central
character considerations, we already know that if y and x - a both belong to
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X5, then o™ = 1. Therefore if n is odd, the map of sets Nm : Xz — Zz /Y5,
is injective, and if n is even, any fiber of this map has order at most the
number of characters a of F* with 7 ® (o Nm) = 7 and o? = 1.

It is clear that an irreducible representation of

GLy(F)SL,(E) = GL,(E)*

when restricted to SL,,(E) has |Zz/Yz| many irreducible components, and
since GL,,(F') acts transitively on these irreducible representations of SL,,(F),
the number of SL,,(F')-invariant linear forms on 7 contributed by that irre-
ducible representation of GL, (F)" which contains 7 equals

|Zz/ Yz| - dim¢ Homgy, ([, C].

On the other hand, the space of SL,,(F)-invariant linear forms on 7 has
dimension equal to | X5|. Thus, we get the obvious inequality:

|Z5/Yz| - dim¢ Homgy, () [r,C] < | X5|.

Now, the properties of the mapping Nm : Xz — Zz /Y5 discussed ear-
lier proves parts (1) and (2) of the proposition. O

Remark 1. The multiplicity one property for n odd was already proved
in [I] by a similar method as above. It is not clear to the authors if this
multiplicity one property is a consequence of ‘Gelfand’s trick’.

The following proposition refines the earlier proposition when X~ is
known to be a group, for example, when F' is a finite field, or when F
is a p-adic field, and 7 is a discrete series representation.

Proposition 3.4. Let E/F be a quadratic extension of either finite or p-
adic fields. Let m be an irreducible admissible discrete series representation
of SL,(E) if F is p-adic, and any irreducible representation of SLy(E) if
F is a finite field. Assume w is distinguished by SL,(F) and is contained
in an irreducible representation T of GLy,(E) distinguished by GL,(F). Let
Nm : XL — Zz /Y be the norm map defined earlier. Let ¢(F) =2 if F is a
p-adic field, and c¢(F) =1 if F is a finite field. Then for n an even integer,

| X%z |Ker Nm)|
|Z#/Yz|  |Coker Nm|
 H{xeF*|7®(xoNm) =7, x? =1}
~ {\|Fx such that X is a self-twist of Th/2XL)

c(F) dimc Homgy,, () [r,C] =
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Proof. The proof of this proposition follows the same strategy which was
used in the proof of the previous proposition by using the following addi-
tional inputs:

1) A discrete series representation 7 of GL,(E) is wg, p-distinguished or
distinguished if and only if

furthermore, such a representation 7 of GL,(FE) is either distinguished
or wgp-distinguished, with exactly one possibility. This follows from
[12, Theorem 7] and [2, Corollary 1.6] if F' is a p-adic field, and a
consequence of Proposition if Fis finite (where wp/p = 1). This
implies in particular that X% is a group and the map

Nm : )(7/~r — Z%/Y%,
is now a group homomorphism, whose kernel is
{(x€ F* |7® (xoNm) =7 %=1}

2) The restriction of 7 to GL,(F)" has exactly one irreducible represen-
tation — the one which carries a Whittaker functional for a character
of N(E)/N(F) - which is distinguished by SL,,(F); this is the content
of the next section.

The first two equalities in the statement of the proposition follows from
these. For the last equality in the statement of the proposition, observe that

(a) The natural map j : Zz/Yz — Xz is injective, and
(b) the composition of the maps: XL By / Yz EN X~ is multiplication

by 2. O

Corollary 3.5. Assume that F' is a finite field, n is even, and the repre-
sentation 7 of GLy,(E) is distinguished by GL,,(F'). Then if ™ does not have
a self-twist by the unique character of E* order 2 (such a character of E*
comes from F* through the norm map),

dim(c HOIHSL"(F) [7T, (C] S 1.
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If T has a self-twist by the unique character of E* of order 2, and also by a
character x with x(—1) = —1, then also

dim(c HomSLn(F) [7[', (C] <1

Proof. Observe that the image of the map Nm : Xz — Zz /Y%, consists of
those characters on F* whose value on —1 € F'* is 1. Therefore, if there
is a self-twist of 7 by a character x of E* with x(—1) # 1, then the map
Nm : Xz — Zz/Yz, could not be surjective. This allows one to prove the
corollary. U

Remark 2. Proposition allows us to calculate dim¢c Homgy, (g [, C]
(which we already know is < 2) in all cases for F' a finite field even if in
the above corollary, we have not handled all the cases. We just want to
add the observation — without proof — that dimc Homg;, ([, C] for 7 an
irreducible representation of SL,(E) as well as dim¢ Homgy,, ()[7, C] for @
an irreducible representation of GL,(E), depends only on the semisimple
part of the Jordan decomposition of 7,7 (in the sense of Lusztig).

The next proposition follows from the method of proof of Proposition 3.3
(using that a generic distinguished representation of SL,,(E) is generic for a
character of N(E)/N(F') for which we refer to the next section). For n = 2,
this proposition is [4, Theorem 1.4] and for a tempered representation 7 for
any n, this is [I, Theorem 4.3]).

Proposition 3.6. Let w be an irreducible admissible generic representation
of SLy,(E) which is distinguished by SL,,(F') and contained in an irreducible
representation ™ of GLy(E) distinguished by GL,(F"). Then,

. | Xz
dimc Homgy, ([, C] = -
w |2/ 1¥a]
Remark 3. That the right hand side of the identity in Proposition [3.6] is
indeed a positive integer can be observed independently. Indeed, the group
Z%/ Y5 acts freely on Xz, and hence it is the number of orbits under this
action.

Our next result relates distinction for the symmetric space (SL,(E),
SL,(F')) to the notions of strong and weak equivalence defined at the end
of §2.
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Proposition 3.7. Let w be an irreducible admissible generic representation
of SLy(E) which is distinguished by SLy(F). Let T be an irreducible admis-
sible generic representation of GLy(E) which contains m on restriction to
SL,(E), and is distinguished by GL,(F'). Then,

dimc Homgy,, () [, C] = ¢(7),

where q(T) is the number of strong equivalence classes in the weak equiva-
lence class of T, i.e., the cardinality of the set [w]y/ ~s (inside conjugate
orthogonal representations of GL,(E)).

Proof. If « is a character of F'* in X5 and if a is any extension of o to E*,
then by the definition of Xz, 7[a] = 7 ® @' is distinguished by GL, (F),
hence by Theorem it is a conjugate orthogonal representation, there-
fore wla| € [7]w; different extensions & of « give rise to elements in a given
strong equivalence class, thus w[a] as an element of [7],,/ ~s depends only
on «. Since by Theorem conjugate orthogonal generic representations
are precisely the irreducible admissible generic representations of GL,,(E)
that are distinguished by GL, (F’), the mapping o — 7[a] is surjective onto
[T/ ~s- -

Under the natural action of Zz/Yx on Xz, it is clear that 7[Ba] = 7[q]
as an element of 7],/ ~ for 8 € Zz. N

Conversely, if 7[a] = 7[8] as an element of [7],/ ~s, then 7 ® B! =
Tea ly for some character x of £*/F*. This condition is equivalent to
saying that Sa~'x € Zz. Therefore & and f3 differ by an element of Zz. O

4. Distinction by SL,,(F') and Whittaker models

In [4] using the explicit realization of a GLgy(F)-invariant linear form on
the Kirillov model of a representation 7 of GLa(E) due to Jeff Hakim, it
was proved that any irreducible admissible generic representation of SLa(E)
which is distinguished by SLa(F') has a Whittaker model for a character
¢ : E/F — C*. This non-trivial result was among the most important in-
gredients to our work in [4]. Its analogue for SLy,(E) will be similarly crucial
to us in this paper.

In a recent work of the first author with Matringe [3], it has been proved
that for an irreducible generic representation 7 of GL, (E), the linear form
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defined on the Whittaker space W(7, 1) of © (absolutely convergent inte-
gral for 7 unitary [7, Lemma 4], and defined by regularization in general
[3, §7]), is up to multiplication by scalars, the unique non-zero element in
Homgy,, (7) (7, 1). This allows one to conclude as in [4] that any irreducible
generic representation of SL,(E) which is distinguished by SL,(F) has a
Whittaker model for a non-degenerate character ¢ : N(E)/N(F) — C*.

In this section, we offer a ‘pure thought’ argument based on Clifford
theory with the ‘mirabolic’ subgroup of GL,(E), the subgroup of GL,(E)
with last row (0,...,0,1), first for SLy(F), and then for SL,(F) in general
but only for tempered representations. Our proof for SLy(FE) works for finite
fields, but the proof for SL,(E), when E is finite, works only for cuspidal
representations.

Lemma 4.1. Let m be an irreducible generic representation of SLa(E).
Then if m is distinguished by SLa(F'), m must have a Whittaker model for a
character ¢ : E/F — C*.

Proof. Since 7 is distinguished by SLa(F'), the largest quotient of 7 on which
SLo(F') operates trivially is non-zero. As a consequence, the largest quotient
7 of m on which N(F) = F operates trivially is non-zero. Clearly 7p is a
smooth module for N(E)/N(F) = E/F. Thus there are two options:

1) N(E)/N(F') does not operate trivially on 7, in which case it is easy
to prove that for some non-trivial character i : N(E)/N(F) — C*,

oy 7 0.

2) N(E)/N(F) operates trivially on 7, in which case in particular N(E)
will operate trivially on the linear form ¢: 7 — C which is SLa(F')-
invariant. Thus this linear form will be invariant under SLa(F’) as well
as N(FE), and therefore by the group generated by SLy(F') and N(E).
It is easy to see that the group generated by SLo(F') and N(E) is
SLo(E). Thus ¢ : 7 — C is invariant under SLy(F), so m must be one
dimensional, a contradiction to its being generic.

This completes the proof of the lemma. U

Proposition 4.2. Let w be an irreducible admissible representation of
SL, (E) which is tempered. Then if w is distinguished by SL, (F), ™ must have
a Whittaker model for a non-degenerate character 1 : N(E)/N(F) — C*.

We will prove this proposition in the following equivalent form.
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Proposition 4.3. Let m be an irreducible admissible tempered representa-
tion of the group GL} (E) = GLy,(F)SL,(E). Then if 7 is distinguished by
GL,(F), m must have a Whittaker model for a non-degenerate character
Y :N(E)/N(F)— C*.

The proof of this proposition depends on the following lemma which
allows an inductive procedure to prove the previous proposition.

In what follows, for any k > 0, we let v be the character v(g) = |det ¢
on GLg(F), and any of its subgroups.

Lemma 4.4. Let P,/ (E) be the mirabolic subgroup of GL (E), thus with
PHE)=GL{ |(E) x Ny(E) = GL;_|(E) x E*¥1. Let ;A be a smooth rep-
resentation of P,j (E) having a Whittaker model. Fiz a non-trivial character
Yo : BJF — C*, and let ¢y_1 = o o pp_1 : E¥~1 — C* be the character on
E*=1 where pi_1 : E*~' — E is the projection to the last co-ordinate. Then
if KA is distinguished by Pi(F), but the (un-normalized) Jacquet module
kAN(E), a representation of GLZ;F_I(E) is not distinguished by GLg_1(F), the
smooth representation (un-normalized twisted Jacquet module) Ay, (g)p,_,
of P,j_l(E), must have a Whittaker model and is v—/2-distinguished by
Py (F).

Proof. Since A is distinguished by Py(F'), the largest quotient ;Ap, () of
»A on which Ni(F) = F¥~1 operates trivially is non-zero, and is distin-
guished by GLy_1(F). Clearly Ay, () is a smooth representation for

GLg1(F) % (Ng(E)/Np(F)) = GLg_1(F) x F*1,

Thus we are in the context of Clifford theory which applies to any smooth
representation of a group in the presence of an abelian normal subgroup,
cf. [5l, §5.1 C], for a similar analysis, and [6, §3] for developing the Clifford
theory in greater generality.

Note that for k£ > 2, the action of GLi_1(F') on the set of non-trivial
characters of Ny(E)/Ny(F) = F*! is transitive.

It follows from [6, Proposition 1] that the representation Ay, () of

GLi_1(F) x (Nix(E)/Ni(F)) = GLy_1(F) x FF1

has a filtration with two subquotients, which are (with un-normalized in-
duction):

. GLy_ 1 (F)xFk-1
1) lndeil(}g)x)];k_1 (kANk(E)7’¢k—1)7
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2) kANk(E)~

Since we know that yAp, () is distinguished by GLy_1(F'), at least one
of the representations above is distinguished by GLg_1(F'). In case (1), by
Mackey theory, x Ay, (g)p,_,» @ smooth representation of P,j_l(E), is v 1/2
distinguished by Pj,_1(F'), whereas in case (2), xAn, (k), is distinguished by
GLy_1(F). By the hypotheses of the lemma, yAp, (), is not distinguished
by GLg_1(F'), leaving us with only option (1).

This completes the proof of the lemma. O

Proof of Proposition[{.3 For the proof of the proposition, we will apply
the previous lemma to the representation ;A = W(”*k)|Pk+(E) where 7("F)
is the (n — k)-th derivative of Bernstein-Zelevinsky, which is a represen-
tation of GL(E), starting with k =n, and nA = 7[p+g. It follows from
Bernstein-Zelevinsky that Ay, (g) = V27 (=k+1) 4 smooth representation
of GL]Ll(E). Further, I/l/QkANk(E),wk,l = k14, a smooth representation
of P]:'_l(E). This implies that the way we have defined A, decreasing in-
duction hypothesis holds if we can ensure that the condition, “)Ap, (g) =
/27 (=k+1) "5 smooth representation of GL:_I(E)7 is not distinguished by
GLg_1(F)?, is satisfied. This is where we will use the temperedness hypoth-
esis.

Recall that a tempered representation m of GL,,(E) is of the form 7 =
w1 X --- X m, where m; are irreducible unitary discrete series representa-
tions of GLy,, (F). It is known that any unitary discrete series representation
m; is the unique irreducible quotient representation of in_(n"’_l)/ 2% x
piv(™~D/2 for a unitary supercuspidal representation p; of some GL,,, (E)
for m;|n;, and that )

(mar)
U

;= 0if k£ is not a multiple of m;, and for k = m;r,
is the unique irreducible quotient of p;r~ (M —D/247 5 ... 5 pp(ni=1)/2,

The Leibnitz rule for derivatives allows one to calculate the derivative
of m=m X --- xm., and from the recipe of the derivatives of a discrete

(k)

series recalled above, we find that any non-zero positive derivative m,
has a central character w(ﬂgk)) whose absolute value |w(7rz(k))\ is a positive
power of v unless k = 0 or k = n;. Since a distinguished representation A
of GL,,(F) must have A 2 AV, in particular, |w(A)| = 1. This implies that
v'/27(*) cannot be GL,,_(F) distinguished, unless it is a representation of
GL()(E) =1. O

Remark 4. We believe that Propositions[4.2]and [£.3|remain valid for finite
fields, but have not been able to find a proof, except as mentioned earlier
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in the case of cuspidal representations where the proof given here for p-
adic fields remains valid, and the case of SLy(F) independently proved in
Lemma A1l

Remark 5. The proof of Proposition [£.3] given here is based on an idea
contained in [2] that although the restriction to mirabolic of a representa-
tion of GL,(E) has two subquotients, the non-generic component cannot
carry P, (F)-invariant linear forms because of the presence of the modulus
character. Since the modulus character for finite fields is trivial, we are not
able to rule this possibility out for finite fields. Note that [2] uses a lemma,
[2, Lemma 2.4], according to which (using un-normalized induction unlike
[2, Lemma 2.4]),

HOmpn (F) [mdi:((g)) (7'(' X wn,k), C] =~ HomGLk(F) [7‘(‘7 CL

here P, (F) is the mirabolic subgroup of GL,(E), Pi(FE) is the subgroup of
GL,(E) contained in the (k,n — k)-parabolic and containing its unipotent
radical with Levi replaced by GLg(E) x U,_¢(E) where U,,_x(E) is the
upper triangular unipotent subgroup of GL,,_(FE), and t),,_j is its generic
character. For the proof of this lemma, [2] refers to the main lemma of
Flicker’s paper [9], whose proof is rather long winded. Our proof here does
not need [2, Lemma 2.4], but rather gives a proof of it.

5. Fibers of the base change map from SU(n) to SL,(E)

In this section we consider Langlands parameters for the groups SU(n) and
SL,(F). Our aim here is to compute the number of parameters of SU(n)
that lift to a given parameter of SL,,(E).

A Langlands parameter of SL,,(E)

¢ : Wy — PGL,(C)

gives rise to an element of H(W,, PGL,(C)), where the Weil-Deligne group
Wi, of E acts trivially on PGL, (C). It is well-known that such a parameter
¢ lifts to a Langlands parameter ¢ of GL, (E)

¢ : Wi — GL,(C),

which can be thought of as an element of H!(W}, GL,(C)) with the W,
action on GL,,(C) being trivial. Indeed, the above observation follows from a
theorem of Tate according to which H?(W},, C*) = 0 for the trivial action of
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W, on C*. We note that though Tate’s theorem is usually stated in terms of
the absolute Galois group Gal(E/E) instead of the Weil-Deligne group Wi,
i.e., H*(Gal(E/E),C*) = 0 with Gal(E/E) acting trivially on C* (cf. [I8,
Theorem 4]); the Wi-version, H?(Wp,,C*) = 0, and its relation to lifting
of continuous projective representations is known too, cf. [I7, Theorem 1,
Theorem 8]. We will continue to call the vanishing of H?(W},, C*) as Tate’s
theorem.

That a Langlands parameter for SL,,(F) lifts to a Langlands parameter
for GL,,(F) is related to the fact that an irreducible admissible represen-
tation 7 of SL,(F) occurs in the restriction of an irreducible admissible
representation 7 of GL,,(E).

As in the case of (GL(n),SL(n)), an irreducible representation of SU(n)
occurs in the restriction of an irreducible admissible representation of U(n).
We will check below that a Langlands parameter for SU(n) lifts to a Lang-
lands parameter for U(n).

Since the Langlands dual group of U(n) is

LU(n) = GL,(C) x Wh,
where W}, acts by projection to Gal(E/F'), which operates via
a(g)=Jg I,

where J is the anti-diagonal matrix with alternating 1,—1. We will de-
note the group GL,(C) with this action of W} by GL,(C)[7]; similarly for
PGL,(C). Thus a Langlands parameter for U(n) gives rise to an element of
HY(W}, GL,(C)[r]), where W} acts on GL,(C) as above. Similarly, a Lang-
lands parameter for SU(n) gives rise to an element of H (W}, PGL,(C)[7]).
Thus the fact that a Langlands parameter for SU(n) lifts to a Langlands
parameter for U(n) follows from the following lemma.
Lemma 5.1. Let W} operate on C* by z — 271 wia the quotient W} —
W /W, =2 Z/2. Denote the corresponding representation of Wi, by C*[r].
Then,

H?(Wp,C*[r]) = 0.
Proof. Consider the restriction-corestriction sequence

H* (W, CX[1]) = H*(W, C*) — H*(Wj, C*[r]).
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Since the composite map is multiplication by 2, and since H 2(VVJ’E, C*)=0
by Tate’s theorem, it follows that

2H?*(W}, C*[7]) = 0.

Using the exact sequence,

1 Z]2 C*[r]

since 2H?(W4,C*[r]) = 0, it follows that we have an exact sequence
H' (Wg, C[7]) = H'(Wg, C*[r]) = H*(Wp, Z/2) — H*(Wg,C*[7]) = 0.
Now,
H*(Wp, 2/2) = 7,2,
since this is the 2-torsion in the Brauer group. Therefore, to prove that
H*(Wp,CX[7]) =0,
it suffices to prove that
2H (Wp, C*[7]) # H' (W, C*[1)).

A cocycle in HY (W, C*[r]) upon restriction to Wy, gives rise to a char-
acter of E* which is trivial on elements of F* which arise as norms from
E*. It can be seen that a character y : E*/NmE* — C* extends to a co-
cycle on Wi, with values in C*[7] if and only if x is trivial on F'*, and then
the cocycle is unique up to coboundary. Thus,

H (W, € [7]) = Hom(E* /F*,C*) = Hom(U(1),C¥),
where the second equality is the result of the identification y — x’ via
X' (z/x%) = x(z). (Since C*[r] is the L-group of U(1), H*(Wk,C*[r]) =
Hom(U(1),C*) is the usual Langlands correspondence for tori.) Clearly, a
character x” of U(1) has a square root if and only if x'(—1) = 1, and therefore
H' (W, C*[r])/2H" (W, C*[r]) = Z/2,

proving the lemma. O
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We are interested in computing the number of Langlands parameters of
SU(n) that lift to a given Langlands parameter of SL,,(E). Thus, we need
to analyse the fiber of the restriction map

HY (W}, PGL,(C)[r]) £2~ H (W}, PGL,(C)).

For this, observe that the above map fits into the following commutative
diagram:

HY(W},, PGL,(C)[r]) 22~ H (W}, PGL,(C))

& E
H' (W}, GLy(C)[7]) —2—= H' (W}, GL,(C))

where @ is the restriction map which corresponds to lifting a Langlands pa-
rameter of U(n) to a Langlands parameter of GL,,(E), and the maps Pr and
Pg are the natural maps on cohomology induced from the homomorphism
GL,,(C) — PGL,(C). Note that we have proved in the preceding paragraphs
that both the maps Pr and Pg are surjective; surjectivity of Pg follows from
Tate’s theorem and surjectivity of Pr is a consequence of Lemma, [5.1

The map ® which takes a U(n)-parameter to a GL,(E)-parameter is
well understood: its image consists precisely of conjugate self-dual Langlands
parameters of W7, of parity +1 if n is odd, and parity —1 if n is even. We
will need to make use of another well-known fact about the map ® for which
we refer to [16, Proposition 7] for a proof.

Lemma 5.2. The restriction map
H' (W, GLo(C)[r]) = H' (W, GL,(C))
1S injective.

We will have many occasions to use the following lemma, cf. [19, Propo-
sition 42].

Lemma 5.3. Suppose G is a group with an action of Wy, and Z is a
central subgroup of G left invariant by the action of Wj. Then elements
o1, 02 of HY (W), G) which lie over the same element of H' (W}, G/Z) are
translates of each other by an element of H* (W}, Z), i.e., ¢p2 = ¢1 - c for
some c € HY (W}, Z).
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The following proposition is a simple consequence of the previous two
lemmas using the definitions of strong and weak equivalence introduced at
the end of §2.

Proposition 5.4. Let pe HY (W}, PGL,,(C)[r]). Let pe HY (W}, GL,,(C)[r])
be such that Pr(p) = p. Then the cardinality of the set

{n € H (Wp, PGL,(C)[7]) | P2(1) = P2(p)}

equals q(®(p)), which is the number of strong equivalence classes in the weak
equivalence class of ®(p) (among conjugate self-dual representations of a
given parity).

Proof. By Lemma parameters for SL,,(F) can be identified to parame-
ters for GL,(E) up to twisting by characters y : E* — C*. Similarly, by
Lemma parameters for SU,(F) can be identified to parameters for
U, (F) up to twisting by characters x : E*/F* — C*, because

HY (W, C*[r]) = Hom(U(1),C*) = Hom(E* /F*,C*).

By Lemma parameters for U, (F') embed into parameters for GL, (E)
by the base change map ®. Thus the cardinality of the fiber of the base
change map

P
_—

HY(W,,PGL,(C)[r]) H(W}, PGL,(C))

is the number of strong equivalence classes in the weak equivalence class
of ®(p) among conjugate self-dual representations of a given parity (=
(=) ). O

We next restate Theorem taking into account Lemma [5.2] according
to which parameters for U, (F') embed into parameters for GL,(E) by the
base change map ®.

Theorem 5.5. An irreducible admissible generic representation 7 of GLy, (E)
is distinguished by GLy,(F') if n is odd, respectively wg,p-distinguished if n
is even, if and only if its Langlands parameter pxz is in the image of

@ : H' (W}, GL,(C)[r]) = H' (W}, GL,(C)),

and moreover,

(3) dime Homgy,, () [T, wiy p) = (27 (77)]-
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The main theorem of this paper is the SL(n)-analogue of Theorem

Theorem 5.6. An irreducible admissible generic representation m of SL,, (E)
is distinguished by SL,,(F) if and only if

1) its Langlands parameter py is in the image of the base change map:
P® : HY(W}, PGL,(C)[r]) = HY (W}, PGL,(C)),

2) m has a Whittaker model for a non-degenerate character of N(E)/N(F).
Further, if Homgy, (py[m, C] # 0,

(4) dimc Homgy, () [, C] = |[P® ™ (px)].

Proof. Choose T as in Proposition and p as in Proposition so that
®(p) = pz. Such a choice does exist by the first part of Theorem Thus,
the assertion (1) about the Langlands parameter p, follows from the com-
mutativity of the diagram:

HY (W}, PGL,(C)[r]) 22~ H (W}, PGL,(C))

- -
HY (W, GLy(C)[r]) —*—= H' (W, GL,(C)).
The assertion (2) about Whittaker models is part of the conclusion of
For the assertion on dimc Homg;, (m)[m,C], observe that the left hand

side of is ¢(7) by Proposition whereas the right hand side of is
q(pz) by Proposition Since ¢(7) = q(pz), this proves the theorem. [

Acknowledgements

The authors thank the referee for a careful reading of this paper with many
useful comments.

References

[1] U. K. Anandavardhanan, Distinguished non-Archimedean representa-
tions, in: Algebra and Number Theory, pp. 183-192, Hindustan Book
Agency, Delhi (2005).



1716 U. K. Anandavardhanan and D. Prasad

[2] U. K. Anandavardhanan, A. C. Kable, and R. Tandon, Distinguished
representations and poles of twisted tensor L-functions, Proc. Amer.
Math. Soc. 132 (2004), no. 10, 2875-2883.

[3] U. K. Anandavardhanan and N. Matringe, Test vectors for local periods,
Forum Math. 29 (2017), no. 6, 1245-1260.

[4] U. K. Anandavardhanan and D. Prasad, Distinguished representations
for SL(2), Math. Res. Lett. 10 (2003), no. 5-6, 867-878.

[5] I. N. Bernstein and A. V. Zelevinskii, Representations of the group
GL(n, F), where F is a local non-Archimedean field, Uspehi Mat. Nauk
31 (1976), no. 3 (189), 5-70.

[6] S. Dijols and D. Prasad, Symplectic models for unitary groups, Trans.
Amer. Math. Soc. (2019). DOI:https://doi.org/10.1090/tran/7651.

[7] Y. Z. Flicker, Twisted tensors and FEuler products, Bull. Soc. Math.
France 116 (1988), no. 3, 295-313.

[8] Y. Z. Flicker, On distinguished representations, J. Reine Angew. Math.
418 (1991), 139-172.

[9] Y. Z. Flicker, On zeroes of the twisted tensor L-function, Math. Ann.
297 (1993), no. 2, 199-219.

[10] W. T. Gan, B. H. Gross, and D. Prasad, Symplectic local root numbers,
central critical L values, and restriction problems in the representation
theory of classical groups, Astérisque (2012), no. 346, 1-109. Sur les
conjectures de Gross et Prasad. I.

[11] R. Gow, Two multiplicity-free permutation representations of the gen-
eral linear group GL(n,q?), Math. Z. 188 (1984), no. 1, 45-54.

[12] A. C. Kable, Asai L-functions and Jacquet’s conjecture, Amer. J. Math.
126 (2004), no. 4, 789-820.

[13] N. Matringe, Distinguished generic representations of GL(n) over p-
adic fields, Int. Math. Res. Not. IMRN (2011), no. 1, 74-95.

[14] C. P. Mok, Endoscopic classification of representations of quasi-split
unitary groups, Mem. Amer. Math. Soc. 235 (2015), no. 1108, vi4248.

[15] D. Prasad, Distinguished representations for quadratic extensions, Com-
positio Math. 119 (1999), no. 3, 335-345.



Distinguished representations for SL(n) 1717

[16] D. Prasad, A relative local langands correspondence and geometry of
parameter spaces, arXiv:1512.04347, (2016).

[17] C. S. Rajan, On the vanishing of the measurable Schur cohomology
groups of Weil groups, Compos. Math. 140 (2004), no. 1, 84-98.

[18] J.-P. Serre, Modular forms of weight one and Galois representations,
in: Algebraic Number Fields: L-Functions and Galois Properties (Proc.
Sympos., Univ. Durham, Durham, 1975), 193-268, Academic Press,
London (1977).

[19] J.-P. Serre, Galois Cohomology, Springer Monographs in Mathematics,
Springer-Verlag, Berlin, english edition (2002), ISBN 3-540-42192-0.
Translated from the French by Patrick Ion and revised by the author.

DEPARTMENT OF MATHEMATICS
INDIAN INSTITUTE OF TECHNOLOGY BOMBAY
MuwmBAIL, 400076, INDIA

F-mail address: anand@math.iitb.ac.in

SCHOOL OF MATHEMATICS

TATA INSTITUTE OF FUNDAMENTAL RESEARCH
MumMBAIL, 400005, INDIA

E-mail address: dprasad@math.tifr.res.in

RECEIVED DECEMBER 3, 2016






	Introduction
	Preliminaries
	Distinction for (SLn(E),SLn(F))
	Distinction by SLn(F) and Whittaker models
	Fibers of the base change map from SU(n) to SLn(E)
	Acknowledgements
	References

