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Tangent cones of Hermitian Yang—Mills
connections with isolated singularities

ADAM JACOB, HENRIQUE SA EARP, AND THOMAS WALPUSKI

We give a simple direct proof of uniqueness of tangent cones for
singular projectively Hermitian Yang-Mills connections on reflex-
ive sheaves at isolated singularities modelled on a sum of u—stable
holomorphic bundles over P*~1.

1. Introduction

A projectively Hermitian Yang—Mills (PHYM) connection A over a
Ké&hler manifold X is a unitary connection A on a Hermitian vector bundle
(E, H) over X satisfying

tI‘(iAFA)

1.1 FY%2 =0 and iAF4 —
(1.1) A and WA T T E

-idg = 0.

Since F%’Q =0, & := (F,04) is a holomorphic vector bundle, and A is the
Chern connection of H. A Hermitian metric H on a holomorphic vector bun-
dle is called PHYM if its Chern connection Ay is PHYM. The celebrated
Donaldson—-Uhlenbeck—Yau Theorem [3] [4, I1] asserts that a holomorphic
vector bundle & on a compact Kéahler manifold admits a PHYM metric if
and only if it is pu—polystable; moreover, any two PHYM metrics are related
by an automorphism of & and by multiplication with a conformal factor.
If H is a PHYM metric, then the connection A° on PU(E, H), the prin-
cipal PU(r)-bundle associated with (E, H), induced by Ay is Hermitian
Yang—Mills (HYM), that is, it satisfies F%? = 0 and iAF 4o = 0; it depends
only on the conformal class of H. Conversely, any HYM connection A° on
PU(E, H) can be lifted to a PHYM connection A; any two choices of lifts
lead to isomorphic holomorphic vector bundles & and conformal metrics H.

An admissible PHYM connection is a PHYM connection A on a Hermi-
tian vector bundle (E, H) over X \ sing(A) with sing(A) a closed subset with
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locally finite (2n — 4)-dimensional Hausdorff measure and F4 € L (X )
Bando [I] proved that if A is an admissible PHYM connection, then (FE,d4)
extends to X as a reflexive sheaf & with sing(&) C sing(A). Bando and Siu
[2] proved that a reflexive sheaf on a compact Kéhler manifold admits an
admissible PHYM metric if and only if it is py—polystable.

The technique used by Bando and Siu does not yield any information on
the behaviour of the admissible PHYM connection Ay near the singularities
of the reflexive sheaf & — not even at isolated singularities. The simplest
example of a reflexive sheaf on C™ with an isolated singularity at 0 is i,0*F
with & a holomorphic vector bundle over P"~!; cf. Hartshorne [6, Example
1.9.1]. Here we use the obvious maps summarised in the following diagram:

cn b, on \ {0} 7, §2n—1 _P,, pr-1

g

The main result of this article gives a description of PHYM connections
near singularities modelled on i,0*% with & a sum of p—stable holomorphic
vector bundles.

Theorem 1.2. Let w = -00|z|? + O(|z|*) be a Kihler form on Bg(0) C
C". Let A be an admissible PHYM connection on a Hermitian vector bundle
(E,H) over BR(0)\ {0} with sing(A) = {0} and (F,04) = o*F for some
holomorphic vector bundle & over P"~1. Denote by F the complex vector
bundle underlying & .

If F is sum of pu—stable holomorphic vector bundles, then there exist
a Hermitian metric K on F, a connection A, on o*(F,K) which is the
pullback of a connection on p*(F,K), and an isometry (E, H) = o*(F, K)
such that with respect to this isometry we have

2B VR (A° — A2)| < Ok(—log|z|) Y2 for each k > 0;
moreover, if F is u—stable, then

[2/FH V(A% = AD)| < Dile|® for each k > 0.

1Tt should be pointed out that our notion of admissible PHYM connection fol-
lows Bando and Siu [2] and not Tian [10]. The notion of admissible Yang—Mills
connection introduced by Tian is stronger: it assumes that the Hermitian vector
bundle extends to all of X.
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The constants Ci, D, a > 0 depend on

w, F, AlBy0)\Brp0): and [[Fallzz(Bg0)-

Remark 1.3. Using a gauge theoretic Lojasiewicz—Simon gradient inequal-
ity, Yang [12, Theorem 1] proved that the tangent cone to a stationary
Yang-Mills connection — in particular, a PU(r) HYM connection — with
an isolated singularity at x is unique provided

Fal S d(z,)"

In our situation, such a curvature bound can be obtained from
our proof of this result, however, proceeds more directly — without making
use of Yang’s theorem.

The hypothesis that # be a sum of u—stable holomorphic vector bundles
is optimal. This is a consequence of the following observation, which will be

proved in [Section 6

Proposition 1.4. Let (F,K) be a Hermitian vector bundle over P"~1. If
B is a unitary connection on p*(F, K) such that A, = n*B is HYM with
respect to wg ‘= 2%.58|z|2, then there is a k € N and, for each j € {1,...,k},
pi € R, a Hermitian vector bundle (Fj, K;) on P, and an irreducible
unitary connection B; on F; satisfying

Fy =0 and iAFp, = (2n—2)mp; - idp,

such that

k k
F=@DF; and B=EPp"B;+ip;idyr, - 0.
L e

Here 0 denotes the standard contact structurd? on S**~'. In particular,
k
&=(0"F,04.) = @

with F; = (Fj,0p,) p-stable.

2With respect to standard coordinates on C™, the standard contact structure 6

on §*"~1is such that 70 = 37 (2;dz; — 2;dz;)/2i]2[*.



1432 A. Jacob, H. S4 Earp, and T. Walpuski

To conclude the introduction we discuss two concrete examples in which

can be applied.

Example 1.5 (Okonek et al. [8, Example 1.1.13]). It follows from the
Euler sequence that H°(Jps(—1)) =2 C*. Denote by s, € HY(Ips(—1)) the
section corresponding to v € C*. If v # 0, then the rank two sheaf & = &,
defined by

0 — Ops 2% Tps(—1) = &, = 0
is reflexive and sing(&) = {[v]}.
& is u—stable. To see this, because u(&) = 1/2, it suffices to show that
Hom(Ops(k), &) = H(&(—k)) =0 for each k > 1.

However, by inspection of the Euler sequence, H*(&(—k)) = H(Ips(—k —
1)) = 0. It follows that & admits a PHYM metric H with Fy € L? and a

unique singular point at [v] € P3. To see that [Theorem 1.2| applies, pick a

standard affine neighborhood U = C? in which [v] corresponds to 0. In U,
the Euler sequence becomes

1 1,2,<3
0— @Cs M} @g? — 9133(—1)’(] — 0,

and s, = [(1,0,0,0)]; hence,

(21,22723)

0— Ocs @g?—)gv‘U—)O.

On C3\ {0}, this is the pullback of the Euler sequence on P?; therefore,
€| = 00" Tpe.

Example 1.6. For t € C, define f;: Ops(—2)%2 — Ops(—1)®° by

20 0
Z1 20
ft = 22 21>
t- zZ3 22
0 z3

and denote by &; the cokernel of fi, i.e.,

(1.7) 0 — Ops(—2)%2 25 6ps(—1)%° - &, — 0.
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If t #0, then &, is locally free; & is reflexive with sing(&p) ={[0:0:0:
1]}. The proof of this is analogous to that of the reflexivity of &, from
Example 1.5 given in [8, Example 1.1.13].

For each t, H*(&;) = H°(&}(—1)) = 0; hence, &, is u-stable according
to the criterion of Okonek et al. [8, Remark 1.2.6(b)]. The former vanish-
ing is obvious since H(Ops(—1)) = H'(Op:(—2)) = 0. The latter follows by
dualising twisting by Ops(—1), and observing that the induced map
HO(fE): HY(Ops)® — H(Ops(1))®2, which is given by

20 21 22 t-zz O
0 zZ0 %1 Z9 z3 ’
is injective.

In a standard affine neighborhood U = C3 of [0 : 0 : 0 : 1], we have &|y =
ix0*(Tp2 ® Op=(1)). To see this, note that the cokernel of the map g: Og7 —
Op:(1)%* @ Op: defined by

20 0
Z1 20
g=1%22 =z
0 Z9
0 1

is Ip2 @ @PQ(l)'

Conventions and notation. Set B, := B,(0) and B, := B,(0) \ {0}. We
denote by ¢ > 0 a generic constant, which depends only on #, w, s|p,\p, 1o
H,, and [|[Fy|lr2(y(0)) (which will be introduced in the next section). Its
value might change from one occurrence to the next. Should ¢ depend on
further data we indicate this by a subscript. We write z < y for z < ¢y. The
expression O(z) denotes a quantity y with |y| < x. Since reflexive sheaves
are locally free away from a closed subset of complex codimension three,
without loss of generality, we will assume throughout that n > 3.

2. Reduction to the metric setting

In the situation of the Hermitian metric H on & corresponds
to a PHYM metric on 0*% via the isomorphism (E,04) = o*%. By slight
abuse of notation, we will denote this metric by H as well.
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Denote by 1, ..., % the p—stable summands of #. Denote by K; the
PHYM metric on &; with

2
(n — 2)lvol(Pn—1)

Z.AUJFSFK]' = )\j . idFj = My idFj = (2n — 2)7TMj . idFj

with wrg denoting the integral Fubini study form and for p; := u(%;). The
Kahler form wg associated with the standard Kéahler metric on C™ can be
written as

_ L

2.1
(2.1) wo =

00|2* = mr?c*wpg + rdr A 70

with 6 as in [Proposition 1.4 Therefore, we have

iN Fori, = (2n — 2),uj7"_2 CidoFy,
and H, ; == r2Hi . o* K satisfies
iMoo Frr, ; = i For i, + iy, 001log r* - id,-,

1
= ih,For i, + 5Alog 2 idge g, = 0.

Denote by A, ; the Chern connection associated with H, ; and by B; the
Chern connection associated with K. The isometry r#i: (0*F}, Ho j) —
o*(Fj, Kj) transforms A, ; into

A*J‘ = (T”j)*Ao,j = J*Bj + iuj ida*Fj -0,

In particular,

Ao =P A,

=1

is the pullback of a connection B on S$%"~!: moreover, A, is unitary with
respect to

H,=PoK;.
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Proposition 2.2. Assume the above situation. Set H, := @?:1 H,; and
fixr R > 0. We have

< oo for each £ > 0.
Le(Br)

<

(2.3) H |22V, Py

Moreover, if F is p—stable (that is k = 1), then

(2.4) / 52 < 12 / Vi, s
0B, 0B,

ka T

for all v € (0, R] and s € C*®(0B,,isu(c*F, Hy)).

Proof. Using the isometry g = @?:1 r#i both assertions can be translated
to corresponding statements for A,. The first assertion then follows since A,
is the pullback of a connection B on S$?"~!. If k = 1, then

Vp: C®(S* 1 isu(p*F, K1) — QY(S?" L, isu(p*F, K1))

agrees with V,.p, because iuid,«p, is central. Therefore, any element of
ker Vg = ker V-, must be invariant under the Sl action and thus be the
pullback of an element of ker Vp,. The latter vanishes because F is p—
stable; hence, simple. This implies the second assertion. [l

In the situation of after a conformal change, which does
not affect A°, we can assume that det H = det H,,. Setting

S == log(Hglﬂ) S Coo(Bra iﬁu(U*Fa HO))
ad
-1

and T(S) = T’

we have

ei/2H:H<> and ei/2A:A<>—|—a

with a = %T(—S/2)8A03 - %T(8/2)5A08;

3If H, K are two Hermitian inner products on a complex vector space V', then
there is a unique endomorphism 7' € End(V') which is self-adjoint with respect to
H and K, has positive spectrum, and satisfies H(Tv, w) = K (v, w). It is customary
to denote T'by H~ 1K, and thus log(H 1K) = log(T).
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see, e.g., [7, Appendix A]. Moreover, with g := @?:1 r#i we have

g*ei/QA = A, + gag~ .

Since

\Vz*gag_lyH* = \V’ﬁ;oa\Ho for each k > 0,

will be a consequence of [Proposition 2.2 and the following

result.

Theorem 2.5. Suppose w = 3:00|z|*> + O(|z|?) is a Kihler form on Bg C
C™, & is a holomorphic vector bundle over BR, and H, is a Hermitian
metric on & which is HYM with respect to wg and satisfies . If H is
an admissible HYM metric on & with sing(Ag) = {0} and det H = det H,,
then

s = log(Hy 'H) € C*(Bg, isu(r*F, H,))

satisfies
|s|] < Cp and \z]klvlfios\ < C(—log|z))™Y%  for each k > 1.
Moreover, zf holds, then
]z\k\vkos] < Dglz|*  for each k > 0.
The constants C, Dy, > 0 depend on w, Ho, s|p,\By,,» and [|[Fullr2(sy)-

The next three sections of this paper are devoted to proving
Without loss of generality, we will assume that the radius R is one. We set
B := B; and B := Bj.

3. A priori C° estimate

As a first step towards proving [Theorem 2.5/ we bound |s|, using an argument
which is essentially contained in Bando and Siu [2, Theorem 2(a) and (b)].

Proposition 3.1. We have |s| € L*°(B) and ||s||~(p) < c-
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Proof. The proof relies on the differential inequality
(3.2) Alogtr Hy'Hy < Ky, — Kpg,|

for Hermitian metrics Hy and Hy with det Hy = det Hy, and with

tr(iAFH)

KH = ’LAFH— kE

-idg;
see [9], p. 13] for a proof.
Step 1. We have logtre® € W2(B) and ||log tr |y < c
Choose 1 < i < j < n and define the projection 7: B — C"~2 by
(2) = (21,5 25y Zjy ooy 2n).
For ¢ € C"~2, denote by V¢ and A the derivative and the Laplacian on the

slice 771(¢) respectively. Set f¢ = log tr e®lr-1(¢)- Applying|(3.2)[to H|,-1(¢)
and Ho|r-1(¢) we obtain

Acfe S IFul+ [Fa,l

Fix x € C*(C?[0,1]) such that x(n) =1 for |n| <1/2 and x(n) =0 for
In| > 1/v/2. For 0 < |¢| < 1/v/2 and ¢ > 0, we have

[ P S [ hlFal+ P + 1
7=1(¢) T=1(¢)
SE/ |Xfc|2+€_1/ Ful?+|Fp, [ + 1.
7=1(¢) ()
Using the Dirichlet—Poincaré inequality and rearranging, we obtain
[ P VO S [ Ful P L

7=1(¢) ()
Integrating over 0 < |¢| < 1//2 yields

/ logtre®|> + |V'logtre®|? < / Ful? + |[Fg,|> +1

B B

with V’ denoting the derivative along the fibres of 7. Using|(2.3)|and n > 3,
Fp, € L?(B). Since the choice of 4,j defining 7 was arbitrary, the asserted
inequality follows.
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Step 2. The differential inequality
Alogtre® < |Kp, |
holds on B in the sense of distributions.

Fix a smooth function x: [0,00) — [0, 1] which vanishes on [0, 1] and is
equal to one on [2,00). Set x. = x(|-|/¢). By[(3.2)} for ¢ € C5°(B), we have

/ A¢ - logtre®
B

=1lim | x.-A¢-logtre’
B
< / ¢ |Ku, |+ lim/ ¢ - (Axe -logtre® —2(Vxe, Viogtre®)).
B e—0 B

Since n >3, we have ||xe|lw22(p) < €?. Because logtre® € WH2(B), this
shows that the limit vanishes.

Step 3. We have logtre® € L>°(B) and |[logtre’|| ~(p) < c.

Since trs =0, we have |s| < 1k(&) - logtre®; in particular, logtre® is
non-negative. By hypothesis Ky = 0. Since H, is PHYM with respect to
wo and |Fp,| < |2|72 by hypothesis we have |Kp, | < c. The asserted

inequality thus follows from [Step 2| via Moser iteration; see [5, Theorem 8.1].
O

4. A priori Morrey estimates

The following decay estimates are the crucial ingredients of the proof of

Mheorem 2.5

Proposition 4.1. Forr € [0, 1], we have
[ Vsl £ o2 dogr)
B,

Proposition 4.2. If((2.4)| holds, then there is a constant o > 0, depending
on ||s||z=(B) in a monotone decreasing way, such that for r € [0,1] we have

/ ’8‘2 5 T2n+20¢ and / !VHQSF 5 T2n72+2a.
B, B,
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Both of these results rely on the following inequality.
Proposition 4.3. We have
Vi,sl> S 1—Als.
Proof. Since H = Hye® is PHYM, we have
Als|? +2/v(=s)Va, s> < —4(Kpg,, s)

with

see, e.g., [7, Proposition A.6]. The assertion follows using

_ p—
1e>

1
Y1+ x|

IIKg, ||L < ¢, which is a consequence of [(2.3)| and the fact that H, is HYM
with respect to wp, and the bound on |s| established in [Proposition 3.1} [

Proof of [Proposition 4.3, The proof is very similar to that of [7, Proposi-
tion C.2]. Nevertheless, for the reader’s convenience we provide the necessary
details.

Define g: [0,1/2] — [0, 00| by

o(r) = / 22720V g 82,
B,

We will show that
g(r) < er®®,
which implies the second asserted inequality and using|(2.4)| also the first.
Step 1. We have g < c.
Fix a smooth function x: [0,00) — [0, 1] which is equal to one on [0, 1]

and vanishes outside [0, 2]. Set x,(-) == x(|-|/r). For r > £ > 0, using
[sition 4.3| and [Proposition 3.1, and with G denoting Green’s function on B




1440 A. Jacob, H. S4 Earp, and T. Walpuski

centered at 0, we have

[ PvasP S [ - 6 - AlsP)
B,,.\BE B2'r'\Ba/2
5 / ‘Z|72n‘8‘2 + 7"2 + EQn/ ‘8‘2
B, \B., BA\B:/»
<ec.
Step 2. There are constants v € [0,1) and A > 0 such that
g(r) < g(2r) + Ar.
Continuing the inequality from using |(2.4), we have
[ sk [ s e [ oy
BT\BE B27‘\B7‘ BE\BE/2
< g(2r) = g(r) + 1%+ g(e).

By Lebesgue’s monotone convergence theorem, the last term vanishes as €

tends to zero; hence, the asserted inequality follows with v = %7 and A = c.

Step 3. We have g < cr?® for some o € (0,1).

This follows from [Step 1| and [Step 2{and as in [7, Step 3 in the proof of
Proposition C.2]. O

Proof of [Proposition 4.1. We use the same notation as in the proof of[Propo-]
It still holds that g < c. However, the proof of the doubling esti-
mate in uses that & is simple and will not carry over. Instead, using
integration by parts and Hoélder’s inequality we have

/ 222V s < / ol = xe2)G(1 — Alsf?)
Br\Bs BZT\Bs/Z

g/ |Z|1_2n67-’8‘2+?"2+51_2n/ 87~|S|2
B27- B. BE\BE/2

1/2
s(/ |z|2—2”rvHos|2> 2
B27‘\B7‘
1/2
+</ |z|2—2"|vHos|2) .
BE\B£/2
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By Lebesgue’s monotone convergence theorem, the last term vanishes as e
tends to zero; hence,

9(r) S (9(2r) = g(r)'/? + 12,

The asserted inequality now follows from [Proposition 4.4l U

Proposition 4.4. Ifg: [0,1] — [0,00) is monotone increasing and satisfies
g(r) < Alg(2r) — g(r))'/? + Br?,

then there are constants ¢ > 0 and ro € (0,1], depending on A, B and g(1),
such that

g9(r) S e(—logr)~!
forr € (0,ro].

Proof. For r € (0,70] the function h(r) := g(r) + B/Ar? satisfies
h(r)? < 2A(h(2r) — h(r));

hence,
1

1+ ¢eh(r) h(2r)
with ¢ = 1/2A. We can assume that eh(1) < 1/2. Using (1+2)" 1 <1-=x
for x > 0, and (1 — 2)¥ <1— &z for z € [0,1/2], we derive

h(r) <

0< h(2k) < (1 _ @L( )) h(1);
hence,

2
h(27F)y < =,
( )_5k

5. Proof of [I'lheorem 2.5
For r > 0, define m,.: C™ — C" by m,(z) :=rz. Set
sp = my(s|p,\B,,,) € C™(Ba\ By, isu(E, Hy)) and He, = m;H,.

The metric H,,e¥ is PHYM with respect to w,:=r"?mjw and
IFm, rllor BB ») < Ch-
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[Proposition 3.1} ((2.3)| and interior estimates for PHYM metrics [7, The-
orem C.1] imply that

[srllcx (Ba\Bays) < k-

By [Proposition 4.1 we have

IV s, 8ell L2 (B By, 0 < cr(—logr) 2,

Schematically, Kg, s = 0 can be written as
Vi, Vi, s+ B(Va,,s®V, s) =C(Kgu,,),

where B and C are linear with coefficients depending on s, but not on its
derivatives; see, e.g., [T, Proposition A.1]. Since K, ok (B,\Bs/0) < k1,
as in [7, Step 3 in the proof of Proposition 5.1], standard interior estimates
imply that

||V]130,T8rHLoo(BQ\Bl) < cp(—logr) /2

and, hence, the asserted inequalities, for each k > 1. (The asserted inequality
for k = 0 has already be proven in [Proposition 3.1})
If[(2.4)[ holds, then by [Proposition 4.2| we have

(6 a,
IVa,, sellL2aB.,) ST and  [|spllr2Bo\By ) S 7%
hence, using standard interior estimates

”V];JOWSrHLz(BQ\Bl) <r® for each k > 0.

This concludes the proof of O

6. Proof of [Proposition 1.4

We will make use of the following general fact about connections over man-
ifolds with free S'-actions.

Proposition 6.1. Let M be a manifold with a free S*—action. Denote the
associated Killing field by & € Vect(M) and let q: M — M/S! be the canon-
ical projection. Suppose 0 € Q1(M) is such that 6(¢) =1 and L0 = 0. Let
A be a unitary connection on a Hermitian vector bundle (E, H) over M. If



Tangent cones of Hermitian Yang—Mills connections 1443

i(§)F4 =0, then there is a k € N and, for each j € {1,...,k}, a Hermitian
vector bundles (Fj, K;) over M/S' such that

k k
E=@E; and H=PH,
=1 j=1

with Ej := ¢*F; and H; = ¢*K;; moreover, the bundles E; are parallel and,
for each j € {1,...,k}, there are a unitary connection Bj on F; and pj € R
such that

k
A= B)+ip;idg, - 0.
j=1

Proof. Denote by £ € Vect(U(E)) the A-horizontal lift of £&. This vector field
integrates to an R—action on U(E). Thinking of A as an u(r)-valued 1-form
on U(E) and F4 as an u(r)-valued 2-form on U(E), we have

LA =i(§)F 4 =0;

hence, A is invariant with respect to the R-action on U(E).

The obstruction to the R-action on U(E) inducing an S'-action is the
action of 1 € R and corresponds to a gauge transformation g4 € €(U(E))
fixing A. If this obstruction vanishes, i.e., g4 = idy(g), then £ = ¢*F with
F = E/S' and there is a connection Ag on F such that A = ¢*Ay.

If the obstruction does not vanish, we can decompose E into pairwise
orthogonal parallel subbundles E; such that g4 acts on E; as multiplication
with e for some i € R. Set A=A- @?:1 ip;idg, - 6. This connection
also satisfies i(£)F 1 =0¢€ Q' (M, gg) and the subbundles E; are also parallel
with respect to E;. Since g ; = idg, the assertion follows. O

In the situation of [Proposition 1.4l with ¢ € §2"~1 denoting the Killing
field for the S'-action we have i(§)F 4, = 0; c.f., Tian [10, discussion after
Conjecture 2|. Therefore, we can write

k
A, =P o*B; +ipjidg, - 70
j=1

Since df = 2mp*wrg, we have

k
Fa, =@ 0 Fp, + 2mip;idp, - o*wrs.
j=1
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Using |(2.1), A, being HYM with respect to wp can be seen to be equivalent
to

Fjoéj2 =0 and iAFp, = (2n —2)7wp; -idg,.

The isomorphism & = (E,04.) = @, p*%; with F; = (F},0p,) is given
by ¢~ with ¢ :== @?21 rhi, O
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