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Universally and existentially definable
subsets of global fields

KIRSTEN EISENTRAGER AND TRAVIS MORRISON

We show that rings of S-integers of a global function field K of
odd characteristic are first-order universally definable in K. This
extends work of Koenigsmann and Park who showed the same for Z
in Q and the ring of integers in a number field, respectively. We also
give another proof of a theorem of Poonen and show that the set
of non-squares in a global field of characteristic # 2 is diophantine.
Finally, we show that the set of pairs (z,y) € K* x K* such that
x is not a norm in K(/y) is diophantine over K for any global
field K of characteristic # 2.
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1. Introduction

Hilbert’s Tenth Problem asks whether there exists an algorithm that decides,
given an arbitrary polynomial equation with integer coefficients, whether it
has a solution in the integers. Matiyasevich answered this in the negative in
[9] using work by Davis, Putnam, and J. Robinson [3]. We say that Hilbert’s
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Tenth Problem is undecidable. The same question can be asked for polyno-
mial equations with coefficients and solutions in other commutative rings R.
We refer to this as Hilbert’s Tenth Problem over R. Hilbert’s Tenth Problem
over Q, and over number fields in general, is still open. The function field
analogue is much better understood, and Hilbert’s Tenth Problem is known
to be undecidable for global function fields ([13], [26], [23], [7]).

One approach to proving that Hilbert’s Tenth Problem for Q is unde-
cidable is to show that Z is diophantine over Q:

Definition 1.1. Let R be a ring. We say that A C R™ is diophantine over
R if there exists a polynomial

g($17"'7xmay17"'ayn) ER[:El,...,xm,y1,...,yn]

such that
(a1y...,am) € A <= Try,...,mp € Rs.t. g(ar,...,am,r1,...,m) = 0.

If one had a diophantine, i.e. a positive existential definition of Z in
Q, then a reduction argument, together with Matiyasevich’s theorem for
Hilbert’s Tenth Problem over Z, would imply that Hilbert’s Tenth Problem
for QQ is undecidable. But it is still open whether Z is positive existentially
definable in Q. In fact, if Mazur’s conjecture holds, then Z is not existentially
definable in Q [10].

It is, however, possible to define the integers inside the rationals with a
first-order formula. This is due to J. Robinson [16] who gave a V3V3 definition
of Z in Q. Her result was improved by Poonen [14] who gave a V3 definition
of Z in Q. Koenigsmann [§] further improved on Poonen’s result and gave a
definition of the integers inside Q that uses only universal quantifiers.

Park generalized this and showed that for any number field K, the ring
of integers Ok is universally definable in K [12].

Similar definability questions can be asked for subrings of global function
fields. Let ¢ be a power of a prime. While Hilbert’s Tenth Problem for both
[F,[t] and F,(¢) is undecidable ([4], [13], [26]), it is not known whether F,[t] is
diophantine over Fy(t). Showing this still seems out of reach, but it is possible
to give a universal definition of F,[t] in F,(¢) which we do in this paper for
odd gq. More generally, we prove the natural generalization of Park’s result
for defining rings of integers to global function fields K.

This is the first of three main theorems in this paper, and we prove it in
Section Bk
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Theorem 1.2. Let K be a global function field of odd characteristic and let
S be a finite, nonempty set of primes of K. Then Og is first-order universally
definable in K. Equivalently, K \ Og is diophantine over K.

Here, for a finite set S of primes of K we denote by Og the ring
Og:={x € K :vy(x) >0 V primesp ¢ S}.

Our theorem generalizes a result by Rumely [19] who gave a first-order
definition of a polynomial ring inside a global function field K. It also im-
proves one of the results in [24], where it was shown how to define the
S-integers in a global function field using a first-order formula that involves
one change in quantifiers.

One of the main ideas in proving Theorem is to use certain diophan-
tine rings, parametrized by K *, to encode integrality at finite sets of primes;
this is based on ideas of Poonen in [I4] and Koenigsmann in [§]. Park re-
places the congruence classes that Koenigsmann used for Z in Q with ray
classes of a fixed modulus of K for a fixed biquadratic extension of K.

Some parts of Park’s arguments do not extend to the function field
setting and require a different approach; in [12], a biquadratic extension
of K is chosen so that it is linearly disjoint from the Hilbert class field
of K. Since the Hilbert class field of a global function field is an infinite
extension, we cannot use it in our arguments, but there is another natural
finite extension of the global function field K that we can use instead. We
use a finite extension of K whose Galois group is the ideal class group of the
Dedekind domain Qg for some carefully chosen set of primes S’. Another
crucial ingredient in the proof of Theorem is showing that any class in the
ray class group of a Dedekind domain A contained in K contains infinitely
many primes of A.

We also show that other arithmetic subsets of a global field K are dio-
phantine over K, extending the results in [§]. Given y € K* \ K*2, consider
the norm map

Ny : K(\/y) = K
a+b\/17»—>a2—yb2.

In Section we show the following new result:
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Theorem 1.3. Let K be a global field with char(K) # 2. Then

{(z,y) € K* x K™z & Ny(K(v/y))}
1s diophantine over K.

This generalizes a result of [§] from K = Q to global fields.
We also give a new proof of the following theorem:

Theorem 1.4. Let K be a global field with char(K) # 2. Then K*\ K*?
1s diophantine over K.

This was established by Poonen in [I5], using results on the Brauer-
Manin obstruction. For number fields, this was extended to non-nth powers
in [2] and further in [6]. In [§], Koenigsmann gave a more elementary proof
for K = Q. Using results in [12] and their extensions in this paper, together
with Artin Reciprocity and the Chebotarev Density Theorem, we give a
different proof of Poonen’s result.

2. S-integers and class field theory of global function fields

Let K be a global function field. In this section we recall some facts about
rings of S-integers and their class groups.

2.1. Background and definitions

Let K be a global function field, and let Sx denote the set of all primes of K.
By a prime of K we mean an equivalence class of nontrivial absolute values
of K. In a global function field, all such absolute values are non-archimedean
and we can represent a prime as a pair (p, Op) where O, is a local ring of K
and p C Oy is its maximal ideal. We will often refer only to the ideal p as a
prime of K. We denote by v, the associated normalized discrete valuation
on K. We now recall some facts about the ring of S-integers Og in K where
S C Sk is a finite set of primes of K. The ring Og is a Dedekind domain
and its prime ideals are in one-to-one correspondence with the primes of K
not in S; this correspondence is given by

p—pnN0Os.

See [18, Theorem 14.5]. So given ¢ € Og, we can factor ¢Og uniquely into a
product of prime ideals of Og. The support of the divisor of ¢ contains the
primes in this factorization and some primes of S.
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A modulus m of K is a formal product of primes of K, m =[] p™(®) such
that m(p) > 0 for all p and m(p) = 0 for all but finitely many p. The group
of fractional ideals I of K is the free abelian group generated by the primes
of K. We define I, to be the subgroup generated by the primes which do
not appear in m. Given a € K*, it defines a fractional ideal

(@) := [ Tor@.
p

Define
Kn1={z € K*:vy(x—1)>m(p) for all p dividing m}.

We have a well-defined map ¢ : Ky 1 — I, sending o to the fractional ideal
(cv). Define Py, to be the subgroup (K 1) of In,. The ray class group modulo
m, Cp,, is defined to be the quotient I, /Py. This group is not finite, but
the degree map (which we can define by viewing these formal products as
divisors) induces an exact sequence

0—>C£1—>C’m—>Z—>O.

The subgroup C2 of degree-zero divisor classes can be shown to be finite.

Let L be a finite abelian extension of K. Suppose p € Sk is unramified
in L. Then we define (p, L/K) € Gal(L/K) to be its associated Frobenius
automorphism. If m is a modulus of K divisible by those primes which ramify
in L, we have the global Artin map

wL/K : Im — Gal(L/K)
[Iv = TTti L/5).

Theorem 2.1. (Artin Reciprocity) The Artin map is surjective and there
exists a modulus m containing all the primes of K which ramify in L such
that the kernel is PNy i (I1,(m')); here Np i is the norm map on fractional
ideals and w' is the modulus of L consisting of primes of L lying above those
of K contained in m.

Remark 2.2. We call any m as in Theorem 2.1 an admissible modulus for
the extension L over K.

We will need the existence theorem of class field theory for function
fields, so we introduce the idele group. We define the idele group of K to be
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the restricted product of pr for p € Sk with respect to the compact groups
Ry, where Ry is the ring of integers in the completion K, of K at p. We
denote the idele group of K by I. Denote the diagonal embedding of K* in
I again by K* and the idele class group by Ck :=I/K*, which we endow
with the quotient topology.

An idele of K determines a fractional ideal of K via the surjective map

id:T—1
(zp) H p?r(@p),

pESK

Again let L/K be a finite abelian extension and let Sy, be the set of
primes of K ramifying in L. Define

]:[Srcwn = {(xp) 6 ]I : xP = 1 for al]‘ p G STCL'I’)’L}'

There is a unique function ¢,k : T — Gal(L/K) which is continuous,
trivial on K, and satisfies ¢,/ ((p)) = ¥k (id((xp))) for all (zy) € Is,,,.;
see [25]. Hence ¢y, sk induces a map on the idele class group Ck, which
we again denote by ¢ k. This is the idelic Artin map. The idelic Artin
reciprocity law states that the kernel of ¢,k is N(CL) where N is the
norm map on ideles.

Now we state the existence theorem of class field theory; see Theorem 1
of Chapter 8 in [IJ.

Theorem 2.3 (chistence Theorem). Let K be any global field. Fiz an
algebraic closure K of K. Given a finite index open subgroup H C Cg, there
is a unique finite abelian extension L of K in K such that H = N(Cp).

2.2. Ray class groups of rings of S-integers

Let Soo := {001, ...,00,} C Sk, and A := Og_. The ideal class group CI1(A)
of the Dedekind domain A is finite. Denote by K“ the maximal abelian
unramified extension of K in which each prime of S, splits completely.
Then Cl(A) = Gal(K#/K) via the Artin map (see [17]), and we will use K
and CI(A) in Section Set 00 := 007 - - - 00y,. For the rest of this section,
let m be another modulus of K coprime to co; we can then view m as
an ideal of A. Below we define Cly(A), the ray class group of A for the
modulus m. One crucial ingredient to the universal definition of S-integers
is Lemma[3.15 where we need that a given class of Cl (A) contains infinitely



Definable subsets of global fields 1179

many primes of A. This is Theorem at the end of this section, whose
proof uses idelic class field theory. The remainder of this section is devoted
to proving Theorem One can think of this as a function field analogue
of Dirichlet’s theorem.

Definition 2.4. Let Iz (A) be the group of fractional ideals of A which are
coprime to m. We have a natural injection j : Ky 1 — Im(A) whose image
we denote by Py (A). This image consists of principal fractional ideals aA
with vy (o — 1) > m(p). Define

Cln(A) := In(A)/Pu(A).

We need the following lemma:

Lemma 2.5 (Kernel-Cokernel sequence). Given a pair of maps be-
tween abelian groups

there is an exact sequence
0 — ker f — kergo f — ker g — coker f — coker g o f — cokerg — 0.
Proof. This is Proposition 0.24 in [I1]. O

Define

Unyp :={z € K; cvp(z—1) > m(p)},

I = [[ K % [[ Uy 0L

pim plm
W= [[£5 x T 05 x [[Umep-
ploo ptm-co plm

Proposition 2.6. Let m be a modulus of K coprime to co.

1) The ideal map id : Ly, — I (A) induces an isomorphism Ly /(Km 1 W)
= Clp(A).

2) The inclusion map Ly — 1 induces an isomorphism Ly /Kn1 = Ck.
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Proof. (1) We have maps
Kni1 — Ly — In(A),

where the first map is the diagonal embedding and the second is the ideal
map. Applying the kernel-cokernel sequence gives us the exact sequence

Wa = Ln/Km1 — Cln(A4) — 0.

This follows because by definition, Cln(A) = In(A)/Pun(A), Pu(A) =
J(Km,1), and the kernel of the ideal map restricted to Ly, is Wy. Thus Cly, (A)
is isomorphic to Iy /Ky,1 modulo the image of Wy,. Since the first map in
the above sequence is reduction modulo the image of Ky 1 in Wy, we get
that

Clm(A) = (Hm/Km,l)/(Wme,l/Km,l) = ]Im/Km,IWm-

(2) The injection I, — I gives us an injection Iy /Kn 1 — Ck. Denote
the maximal ideal of R, by p. Let (z,) € I and choose, using weak approxi-
mation, b € K such that vy (2, — b) > m(p) + vy (z,) for each pjm. Because
vp(p — b) > vp(xp), we must have that vy (z,) = vp(b). Then

vp(xp/b—1) = vp(xp — b) —vp(b) > m(p),

implying that z, /b € Uy, p for each p/m. Then (z,/b) € I, maps to the image
of (zp) in Ck and we see that the map is surjective. O

Proposition 2.7. The group Cly,(A) is finite.

Proof. In any ideal class of A, we can find an ideal in it coprime to m, so we
have a surjection Cly(A) — Cl(A). The kernel of this map is the subgroup
of Cly(A) consisting of the principal ideal classes of the form rA where
vp(z) = 0 for pjm. These classes can be viewed as elements in CQ,. Since CQ,
is finite, we see that Cly,(A) is an extension of finite groups and is itself
finite. U

Corollary 2.8. There is a finite abelian extension K2 of K whose Galois
group is isomorphic to Cly(A) via the Artin map.
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Proof. The injection I, — I, when restricted to Ky 1Wiy, induces an iso-
morphism

(K aWn)/Kmi ~ (K*Wq)/K*.

Indeed, given ¢ € K* and (x) € Wy, we can use weak approximation to find
€ K* such that ¢/c € Ky as in the proof of part (2) of Theorem
Then 5(xp) € Km,1Wn maps to the image of ¢ - (z,) in (K*W,,)/K*. Thus
Cln(A) is a quotient of C'x by an open subgroup subgroup, whose index is
finite by Proposition The Existence Theorem then guarantees such an
extension K4 /K as desired. O

Together with an application of the Chebotarev Density Theorem, the
above discussion gives us the following theorem:

Theorem 2.9. Let A and m be as above. Any ideal class in Clyn(A) contains
infinitely many prime ideals of A.

3. S-integers are universally definable in global
function fields

In Sections and we will review facts and results from [12]. The rest
of Park’s argument does not extend to the function field setting, so we use
results of Section[2Jon idelic class field theory to finish the proof in Section[3.3]
and Section [3.41

3.1. Notation and facts about quaternion algebras

Throughout this section, let K be a global function field of odd characteris-
tic. Let a,b € K*. We recall the following notation from [12]:

1) Given a prime p € Sk, let v := v, be its associated valuation, nor-
malized so that it takes values in Z U {oo}. Define K, to be the
completion of K at p, R, the ring of integers in K, the maximal
ideal of R, by p, and F, the residue field of p. Set U, := {s € F,, :
2% — sz + 1 is irreducible over Fy} and let red, : R, — F,, be the re-

duction map. Let Oy := R, N K; this is the local ring of the prime p

in K.

2) Hyp = K ®aK ® K ® afK, the quaternion algebra over K with
multiplication given by a? = a, 52 =b,aB = —Ba.

3) Given z:= xi+xea+x3f+xsaf, define T := x1—zoa—x38—14005.
This is the standard involution on H,p. Define the (reduced) trace
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of x to be z+T =2x; and the (reduced) norm of z to be z-T =

z? — ax3 — ba3 + abxi.

4) Ngp={p € Sk : Hop @K Ky ¥ Ma(K,)}, that is, the set of primes
where H,; ramifies.
1 : A
5) (a,b)p = e “? the Hilbert symbol of K,.
-1 :pelgy
6) Sap = {221 € K : 3o, 23,24 such that r? — azd — bx% + abx? = 1}.
This is the set of traces of norm one elements of H, .
7) Ta,b = Sa,b + Sa,b~
Given a prime p € Sk, we similarly define S, ,(K,) and Tg ,(Kp) just by
replacing K with K, in the above definitions.

Lemma 3.1.
1) If p & Ay, then Sy p(Ky) = K.
2) If p € Agp then red; (Uy) C Sap(Kp) C Oy
3) For any p with |F,| > 11, we have Fy, = U, + U,.
4) For each a,b € K*,

Sap=KnN [ Sap(Kp).
pEAa,b

Proof. See [12], Lemma 2.2; the arguments work when K is any global field.

O
Proposition 3.2. For any a,b € K*, we have
Top = ﬂ Oy.
pEALL
Proof. See [12], Proposition 2.3]. O

In our setting, we also have the following formula for the Hilbert symbol

from [21), XIV.3.8]:,

. qve 0\ 1(Fel=1)/2
(1) (Chb)p = [(—1) »(a)0p (0) (b%@))] .
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Hence for a p-adic unit a, (a,p), = —1 if and only if v,(p) is odd and
red,(a) is not a square in [Fy.

3.2. Partitioning the primes of K

Suppose a is not a square in K. Then if p is unramified in K(y/a), after
possibly multiplying by a square of K*, a is a p-adic unit. We can then
identify v (/@) i (p) with the power residue symbol (%)2 (see Proposition

10.5 and 10.6 in [18]). If the images of a, b are distinct in K> /K*2, we can
use the splitting of p in Gal(K(v/a,vb)/K) to study the Hilbert symbols

(a,p)p and (b, p)y, since if vy (p) is odd, (a,p), = (%) ) We have the following
lemma:;:

Lemma 3.3. Take a,b € K* whose images in K*/K*? are distinct and
let m be an admissible modulus for the extension L := K (y/a,Vb)/K and let

’¢L/K I — {:l:]_} X {:l:]_}

be the Artin map. Suppose that m is divisible also by all primes dividing (ab).
For a prime p € Sk such that pfm, p € Ay, N Ay, if and only if vy(p) is
odd and 1 (p) = (—1, 1)

Proof. See [12], Lemma 3.8. The only change in the argument is that we do
not to worry about total positivity conditions defining K, 1 since there are
no archimedean primes of a global function field. O

As in [12], we partition primes of K coprime to m based on their image
under ¢y k. Choose a,b € K™ and L as in Lemma and set

P(p) :=={p € Sk : vy(p) is odd.}.
Also, for (i,7) € Gal(L/K), i,j € {£1}, set
POD) = {p € Sk p € In and ¢prc(p) = (i.5)}

and set
PO (p) = P(p) N PED).,

Lemma 3.4. Suppose p € K* and let m be a modulus as in Lemma .
Additionally, suppose (p) and m are coprime. Then we have the following
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identification of sets of primes, where the two sets differ at most by primes
dividing the modulus.
P(_L_l)(p) « Aa,p N Ab,]m
P(_Ll)(p) And Aa,p N Aab,pa
P(l’_l)(p) > Ab,p N Aab,p-

Proof. See [12, Lemma 3.9]. O

Lemma 3.5. Letp € Sk with p{m and suppose that 1,/ (p) = (4,7) with
(i,7) # (1,1). Then p € P9 (p) for some p € K*. Hence there exist c,d €
K> such thatp € Acp N Agyp. If Yk (p) = (1,1) then there exist p,q € K*
s0 that p € Agp g N Appq-

Proof. See [12, Lemmas 3.11, 3.12]. O
Definition 3.6. Let a,b € K*. Let

Ja7b = pOP
pEALHN(P(a)UP(D))

Proposition 3.7. J,; is diophantine over K.

Proof. See [12, Lemmas 3.14, 3.15, 3.17]. O
3.3. Controlling integrality with diophantine sets

The remainder of the argument used to give a universal definition of the S-
integers in K requires a different approach than the one in [12]. In order to
make our proof work, we need to find infinitely many ¢ € K> with prescribed
image under ¢y and which generate prime ideals in a certain Dedekind
domain contained in K in order to control the poles of q.

Lemma 3.8. Let S be a finite set of primes in Sx. We can choose a,b € K*
so that the following hold:

1) The images of a and b in K*/K*? are distinct.

2) Any admissible modulus m for L := K(\/a,v/b)/K is divisible by the
primes of S.
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3) Given a finite set of primes S' C Sy disjoint from S, an ideal class T
in Cl(Og), and an element o € Gal(L/K), there exists a prime q of
K such that q N Og: is in the ideal class I, q € I, and Yr/r(q) = 0.

4) As fractional ideals, (a) and (b) are coprime, meaning their supports
are disjoint.

Proof. Set A= Og. Let p1 € Sk \ S and choose a € K* with vy, (a) =0
and vy (a) = 1 for p € S; this is possible by weak approximation.

Now we choose b € K* with vy, (b) =1 and v, (b) = 0 for any p in the
support of (a). Then (a) and (b) have disjoint support. They have distinct
images in K*/K*? as the primes at which a has odd valuation differ from
the primes where b has odd valuation. Thus we have established (1) and (4).
Since the primes in S ramify in K(y/a), they also ramify in L and hence will
be contained in any admissible modulus for L/K.

We are left with showing that (3) holds. Recall that K4 /K is the max-
imal abelian unramified extension of K in which every prime of S’ splits
completely and for which Gal(K“4/K) ~ Cl(A). We claim that K4 and L
are linearly disjoint; this will follow if we can show that none of v/a, v/b, and
Vab are in K4. Since the primes in S ramify in K(y/a), va & K*. As p;
ramifies in K (v/b) and the primes of S along with p; all ramify in K (v/ab),
we have that v/b, and v/ab are not in K4, and the claim follows.

We conclude

Gal(LK”/K) = Gal(L/K) x Gal(K*/K) = {(£1,+1)} x CI(A).

We then apply the Chebotarev density theorem to find a prime q such
that (q, LK4/K) = (0,1) € Gal(L/K) x Gal(K4/K). This yields part (c):

o=(q,LK*/K)|p = (4,L/K) = 1/x(q) and

T:(q’LKA/K)‘KA:(q’KA/K)' 0

For the rest of this section, fix a,b € K* as in Lemma along with an
admissible modulus m of K for L := K (\/a, Vb).

For the rest of this section, fix a,b € K* as in Lemma and set L :=
K (y/a,V/b). Next, we must fix two additional elements of K*. To construct
them, we need Theorem 3.7 of [12], which we restate below for convenience.
This theorem lets us construct an element of K* with prescribed Hilbert
symbols against finitely many elements of K *.
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Theorem 3.9. [12, Theorem 3.7] Let K be a global field, char(K) # 2. Let
> denote the set of primes of K, and let A be a finite set of indices. Let
(ai)ien be a finite sequence of elements of K* and suppose that (i )icA pes
is a family of elements of {1,—1}. There exists x € K* satisfying (a;,z), =
ip for alli € A and p € X if and only if the following conditions hold:

1) All but finitely many of the €;, are equal to 1.
2) For alli € A, we have [[,cx€ip = 1.
3) For every p € ¥, there exists v, € K* such that (a;,p)p = €ip-

Lemma 3.10. There exist c¢,d € K* such that Ay, =P(a) or Ayc=
P(a) U {pq} where pq is coprime to (a) and (b), and Apq =P(b) or ApqU
{pv} where py, is coprime to (a), (b), and p,.

Proof. Assume P(a) has even cardinality. Then by Theorem there exists

¢ in K such that (a,c), = —1 for each p € P(a), and (a,c)q =1 if q is not

in P(a). Indeed, there are an even number of primes in P(a), and for a local

element we can take any ¢, € K such that (%") = —1. Then (a,cp), = —1,

since vy(a) is odd. The proof in the case that P(a) has odd cardinality
a

is the same by choosing p, coprime to (a) and (b) such that (p—a) =-1

and considering the set P(a) U p,. The local element for p, can be taken to
be any element c,, € pg \ p2. The proof for the existence of d is a similar
argument. (]

We now also fix ¢,d € K* as in Lemma along with a modulus m
of K for L such that m contains all the primes dividing (a), (b), (¢), and (d)
and any other primes p such that (a,c), = —1 or (b,d), = —1.

Corollary 3.11. Let p € K* such that (p) and m are coprime. We have

]P)(_lv_l) (p) = Aa,p N Ab,]m
P (p) = Aap N Aasp N Aaep,
P(l,_l) (p) e Ab7p ﬂ Aab7p m Ab,dp'

Proof. For the first equality, see [12, Corollary 3.20]. We will prove the second
equality. We have

Aa7p N Aab,p = P(*Ll) (p) U {p S ]P)(CL) : (Z) = —1} ,
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by Lemma Also, P11 (p) € A, p, since (a,c), = 1 for any p coprime
to m. Thus we need to compute the intersection A, ., N {p|m}. Suppose
p € P(a). Then (a,c), = —1 by our choice of ¢, so (a,cp), = —1 if and only
if (%) = 1. If pjm but p & P(a), then (a,p), = 1 by Equation so (a,cp)y =
—1if and only if (a,c), = —1. In any case, we conclude that

Aa,p N Aa,cp N {P|m} = @,

because whenever (a,p), = —1 for p|m, we have (a,c), = —1 as well. Thus
the second equality holds. The proof of the third equality goes the same way
by calculating

Ap,ap N {plm}.

Definition 3.12. For p,q € K*, let

—1,-1) _
R = () 0y
PEA, ,NAY
(17_1)_
R(L-D = Oy,
peAab,pmAb,pmAa,cp
-1,1) _
R = N Op,
PEAL pNAGL,pNA ap
(1,1) _ ﬂ
Rp7q - Op.

PEAGp,¢NAbp g

Given a finite set of primes S C Sk, in Section [3| we will express the S-
integers Og in terms of the rings Ry for o = (—1,-1),(=1,1), and (1,-1)
and Rg&l) defined above.

Definition 3.13. For each o € Gal(L/K), let
®, = {p € K : (p) € Im, 1/ ((p)) = 0 and P(p) € P UP7).

Lemma 3.14.

1) For each o € Gal(L/K), ®, is diophantine over K.

2) For anyp € ®, and o € Gal(L/K) with o # (1,1), we have that P()(p)
is nonempty. Furthermore, the Jacobson radical of R}, denoted J(RZ),
is diophantine over K.
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3) Let 0 € Gal(L/K) with o # (1,1), and let potm be a prime of K
satisfying Y1/ (po) = 0. Then there is an element p € ®, such that
po € P?(p). In fact, p can be chosen so that P?(p) = {po}.

Proof. To prove (1), we first establish that Ky, ; is diophantine over K: this
follows from the fact that Ky 1 is defined by the finitely many local condi-
tions vy(a — 1) > m(p) for pjm and that the local rings O, are diophantine
over K for any prime p by [22, Lemma 3.22]. Because a class of principal
ideals in Cy, lies in CY which is finite, we see there are only finitely many
inequivalent classes of the form (p) Py for p € K*. Thus {p € K* : (p) € In}
is diophantine over K as it is a finite union of translates of K. Observe
that P(p) C PUD UP is equivalent to one of the following:

o PL-D(p) = PCLD(p) = 0, if o = (—1, —1);
o P(-1- )(p) =0, if o = (1,-1);
o P(1- P ) =0, if o = (-1, 1);
o PUL-D(p) = P (p) = PCL-D(p) = 0, if o = (1, 1).

For 7 # (1,1), we have that P™(p) = () if and only if p € K*2. (R})™,
and this is a diophantine subset of K. Thus for any o, ®, is the intersection
of finitely many diophantine sets and is thus diophantine over K.

Now we prove (2). Suppose o # (1,1) and that p € ®,. Then because
Yk ((p)) = o and P(p) C P(LD U P?, there must be some prime p € P7(p),
because otherwise we would have ¥((p)) = (1,1). If 0 = (=1, —1), then we
observe that J R;fl’fl)) = Jup+Jpp is diophantine over K by Deﬁnition
and Lemma Similarly, J(R,(,_l’l)) = Jap+ Japp + Ja,cp and J(ngl’_l)) =
Jop + Jabp + Jbap are diophantine over K.

We move on to (3). Suppose that o € Gal(K (v/a,vb)/K) with o # (1,1)
and po f m is a prime of K satisfying ¢z /x(po) = 0. Let ¢’ { m be a prime of
K with ¢,k (q") = (1,1) and let S = {q'}. By Lemmawe can choose a
prime g of K such that it represents the class of (pg N Og/)~! in C1(Og') and
Y1k (q) = (1,1). Then there is an element p € Og: such that (po N Os/)(q N
Og') = pOg'.

We claim that p € ®,. Since v,(p) =0 if p # po,q,q’, it follows that
(p) € Iy, and

D(p) = B
D(p) =P

Y ((p) = Yok (Po)¥r k(@)L k() = 0.

Additionally, the only primes p with v,(p) odd are pg, g, and possibly ¢'.
Hence P(p) € P UPY and p € ®,. Finally, we observe that P7(p) = {po}.
O
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Lemma 3.15. Let pg,qo be primes of K not dividing m with wL/K(qo) =
(1,1). Let A:= Oyq,3- Then there exists infinitely many q € K* satisfying

Z) IpL/K((Q)) = (_17 _1);

) (o) =

3) qA is a prime ideal of A, so there exists a prime q of K such that
qgNA=qA.

Proof. Set
Kpn:={a€e K" :v,(a) =0 Vplm}.

For a prime p # qo of K, let I, := ANp be the associated prime ideal in
A. Given z € Ky, we can find y,z € AN Ky, such that z =y/z. Then y
and z are p-adic units for each p/m and thus we can map x = y/z to the
image of y/z modulo Hp‘m "(®) The kernel of this map is K1 so there is
a well-defined isomorphism

X

Kn/EKni= (A /T]153™

pim

By the Chinese Remainder Theorem,

Kpom/Kpom,1 = K /Kw1 X (A/Iy,)"

The group Ky /Km,1 surjects onto the ray classes in Cy, consisting of prin-
cipal fractional ideals by the map

K1 — (z)Pn.

Now we apply Lemma part (3) to find a prime ¢ of K in the prin-
cipal ideal class of CI(A) such that ¢, x(q") = (—1,—1). Then there exists
x1 € K> such that 97k ((z1)) = (=1,—1) and 214 = g’ N A is a prime ideal
of A. Let s be a non-square of (A/I,,)*. By the Chinese Remainder The-
orem, the element (21K 1,5) in Kyn/Km1 % (A/Ip,)* corresponds to an

element 2Ky m 1 € Kpgm/Kpom,1. By construction, % = —1. The ideal
x2A need not be a prime ideal of A, but by Theorem [2.9) we can find in-
finitely many prime ideals of A in the class generated by z2 in Clyy,(A);
such a prime ideal is of the form gA = qN A. Both ¢gA and x2A generate

the same class in Cluyp,(A) and hence ¢ = xot for some ¢t € Ky, 1. Thus



1190 K. Eisentréger and T. Morrison

Y1k ((q)) = Y1 K ((22)) and since g and x2, as elements of A, are congruent

modulo the ideal I, of A,
@)-6)--
Po Po

Thus the element ¢ satisfies the three requirements of the lemma. O
We now need more definitions from [12].

Definition 3.16. For ¢ € Gal(K(y/a,vb)/K), and S C Sk the fixed set
of primes from above, define

i::sz'q)cﬂ

P e g

Vg = {(P, 0) € ) x @iy | [](ap )y = -1

pim

andpea-K*?. (1+ J(Rg_l’_l)))}.

Lemma 3.17.
1) The set Vi is diophantine over K.

2) For (p,q) € Yr/k, we have O # DNap g N Appg € I, and J(R,(j,’ll)) is
diophantine over K.

8) For each prime ideal po satisfying potm and ¥,k (po) = (1,1), there
exists (p,q) € i such that Agp g N Apy g = {Po}-

Proof. By Lemma|3.14|part (1), 681/) X @::1) is diophantine over K, and
by Lemma|3.14|part (2), J(R((I_l’_l)) is diophantine over K. By Theorem
for any prime p of K,

{(z,y): (z,y)p = -1} S K* x K*

is diophantine over K. Here, (-,-), denotes the Hilbert symbol of K at p.
Since only finitely many p divide m, the set W is the intersection of finitely
many sets diophantine over K.

For (2), the proof in [12] of Lemma 3.25 part (2) shows that for (p,q) €
Uy, if pf mthen Agy g N App g N Iy is nonempty. We only need to show that
if plm, p & Agpg N Appg. Suppose that p € Ayp 4. Then (ap, q), = —1. Since
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p € 1,1y and ¢ € & _;) we can assume that, possibly after multiplying by
a square of K*, vy(p) = vp(q) = 0. Then (ap, q), = —1 implies that v, (ap) =
vp(a) is odd, which implies v,(b) must be 0 since the fractional ideals (a)
and (b) have disjoint support. Thus (bp,q), =1 and p & Agp g N Appg-
Now we prove (3). Let po satisfy po f m and 91,k (po) = (1,1); we wish
to construct a pair (p,q) € g such that Agpq N Apy g = {po}. We begin
by constructing our candidate for q. Choose a different prime qg of K not
dividing m with ¢,k (q0) = (1,1). Using Lemma choose ¢ € K* such

that ¥k ((q)) = (=1,-1), % = —1, and ¢ generates a prime ideal of
A= Oyq,y- Thus there exists a prime q of K with gA =qnN A. Observe

that this implies that the support of (¢) is {q,q0}. We claim that
A%q N Abﬂ = {q}

We begin by showing that (a,q)q = (b,¢)q = —1. The support of (a) and (b)
is contained in m, so vq(a) = vq(b) = 0. We have that vq(¢) is odd, so we
need to show a and b are non-squares in the completion of K at q. This
follows immediately from v,k (q) = (=1, —1). From 9,k (q0) = (1,1) we
get that qo & Ay g N Apg. No other prime p in Iy can appear in this set
since we have vy (q) = vy(a) = vy(b) = 0. Finally, no prime p|m can occur in
Agq N Ay, since we cannot have that v, (a) and v, (b) are both odd as their
supports are disjoint, and v, (g) = 0. This proves the claim.

For each prime p|m, let £, C K be a generating set for K,/ pr chosen

so that for each e € E,, we have vy, (e — 1) > 0. Fix ey € K such that <%°> =
—1 and (%) =1.

Now one can construct p € K> so that (p, q) € ¥k with Agp g N Apy g =
{po} as it is constructed in [12], Lemma 3.25(c). The remainder of the proof
exactly follows Park’s after Equation 3.6 (loc. cit.). The only difference is

that instances of the ideal (q) of the number field K are replaced with the
prime q of K in this proof. O

3.4. Proof of main theorem

Our general strategy in proving Theorem follows that of [8].

Definition 3.18. Given some finite set of primes A C S of K, consider the
semi-local subring R = [, Op of K. Set

R={ze K :By e J(R) with zy = 1}.
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Lemma 3.19.

1) If J(R) is diophantine over K, then Ris defined by a universal formula
n K.

2) R= Upea Oy, provided that A # 0. In particular, (’3; =0,.
Proof. To see (1), observe that
={zeK:z=00rz e K\ JR)}).

Since J(R) is diophantine, its complement is defined by a universal formula,
and thus so is R.

Now we prove (2). To see that R C Upea Op, assume z ¢ UpeA Oy. This
means that for all p € A, vy(z) <0 and hence vy (z~1) > 0, giving 27! €
Npea Op = J(R). Hence x ¢ R. For the reverse inclusion, suppose z € Oy
for some p € A. Then if y € J(R), we have that vy(z-y) > 1 and hence
:c-y;él.Thus:cER O

Given a modulus m, let S(m) := {p : p/m}.

Theorem 3.20. For any global function field K and finite set of primes
S C Sk, with m chosen as before,

os- N &0l N NE|n N &,
peS(m)\S o#£(1,1) pe®, (p,9)EV K

where ®, and Vi are the diophantine sets in the previous section.

Proof. For p € ®, and (p,q) € Vi, all of the sets P7(p) and Agp g N App g
are nonempty. Thus the right hand side is equal to

fse= [1 on| (1 (] U )" n U =&y

peS(mM)\ o#(1,1) pe®, peP(p (p,q)EV x PEAGp ¢NALp 4

To show Rg is contained in Og, consider a prime pg € S. We need to
show that any x € Rg is integral at pg. If po|m, this is clear. If not, consider
the image of po under ¢,/ First we assume vy, /x(po) # (1,1). Then we
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claim that we can choose p,p’ € ®, such that

0= |J On | 0,

peP(p) pEP(p’)

If this claim is true, then x € Rg implies that v, () > 0. Suppose o =
(—1,—1). Using Lemma we find p € &, such that {pp} = P?(p). Now
let p1 be some other prime of K not dividing m with ¢,/ (p1) = (1,1), set
S"={p1} and A := Og. Then using Lemma we find a prime q of K
such that q N A is in the ideal class of (po N A)~" in CI(A) and ¢,k (q) =
(1,1). There exists an element p’ € A such that (po N A)(qN A) = p’A. Then
p' € ®_1,_1), as po, p1, and q do not divide m, P(p') = {po, p1,q}, and

Vi) = Yok (o) k(P VLK (4) = (=1, —1).

Thus PCL=D(p) N PEL=D(p) = {po} and the claim follows; the case of o =
(—=1,1) and o0 = (1, —1) is entirely similar.

If po satisfies ¢ /x(po) = (1,1) then we have seen in Lemma that
there exist (p,q) € Vi such that {po} = Agp g N Appg (and consequently
(p,q) € V), implying

U o0,=0,.

PeAap,qubp,q

Thus « is integral at primes outside of S.

To show the reverse inclusion, we claim that membership in Rg imposes
no integrality condition at a prime in S. If pg € S, for any o € Gal(L/K)
and any p € ®,, we have po € P7(p). Additionally, po & Agpq N Appq for
(p,q) € Vi as Agpg N App g C Iy by Lemma part (2). O

Now we are ready to prove our first main theorem.

Theorem For any global function field K with char(K) # 2, and any
nonempty, finite set of primes S of K, Og is defined by a first-order universal
formula.
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Proof. Theorem [3.20] shows that for t € K,

teOs «te( )0,

plm

AVp N\ (0@, ViteRY)
o£(1,1)

—_—

AVp.q (pq) & Uk Vit e RLY.

Given o € Gal(L/K), p € ®,, and (p,q) € Vi, we have that J(R7) and

J (Rg&l)) are diophantine by Lemmas and |3.17, The sets ®, and ¥g
are diophantine by the same lemmas, so their complements are defined by
a universal formula. Additionally, membership in Rg is given by a universal

formula, along with membership in ng}gll). Hence membership in Og can be
given by a universal formula. O

4. Non-squares and non-norms of global fields
are diophantine

Now we let K be a global field with char(K) # 2. Throughout this section, fix
a,b, c,d as in Lemmas[3.8 and if K is a global function field, and if K is
a number field, choose a,b € K* as in Proposition 3.19 of [12]. Additionally,
we fix ¢,d € K* satisfying the same assumptions as in Lemma but
now in the case that K is a number field. Corollary 3.20 in [12] is incorrect
as stated, and has to be modified as in Corollary of our paper. With
this modification, the other results from [I2] are correct as stated. Set L :=
K(y/a,V/b) and fix an admissible modulus m for L/K where m contains all
the primes dividing (2abcd), and all real places if K is a number field. In
this section we prove Theorems [1.4] and

4.1. Non-squares

We begin by proving Theorem i.e. that K \ K*2 is diophantine over K.
We use the fact that z ¢ K*? is equivalent to x being a non-square in a
completion of K at some prime p, where p may be finite or infinite.

Suppose oo is a real archimedean prime of K corresponding to an em-
bedding w : K < R. For z € K*, we have that = is not a square in K if
and only if w(z) < 0. Therefore we require the following lemma:
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Lemma 4.1. Suppose K is a number field and that oo is a real archimedean
prime of K corresponding to an embedding w : K — K, = R. Then the set

K} :={re K*:w(z) >0}
is diophantine over K. Moreover, the set
{zx € K* : x is not totally positive }
is diophantine over K.

Proof. Let p be a finite prime of K and let B be the quaternion algebra over
K ramified exactly at p and co. Let Nrd : B — K denote the reduced norm
map on B. Then by Facts I and II of [20], Nrd(B*) = K{. Let by, ba, b3, by
be a K-basis of B. Then

4
q(x1, 22,23, 14) := Nrd (Z afz‘bi>

=1

is a quadratic form in the variables z1,..., x4 with coefficients in K, and
K ={re K*:3a1,...,a4 € K s.t. q(a1,a2,as3,a4) = z}.

We conclude that K is diophantine over K. For an alternative proof, see
[5], Lemma 10.

Now we will prove the second statement. Let wq,...,w, denote a com-
plete set of representatives of the inequivalent embeddings of K into R. The
set of elements which are not totally positive is diophantine over K, since it
is the finite union J; —K; . O

The main lemma used in proving Theorem is the following:
Lemma 4.2. Let K be a global field with char(K) # 2. Then

x 1s not totally positive, or
¢ K*? <= {wy(x) is odd for some p|mg, or
3p € ®(_y,1) such that x € a- K*?2.(1+ J(R]Efl’l))).
Here, mg denotes the finite primes dividing m, and ®_; 1), Ré_l’l), a,
and m are as in Section [3.3] Before proving Lemma we will show how
to use it to prove Theorem
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Proof of Theorem[1.4 from Lemma[].3 We begin by showing the right side
of the equivalence in Lemma[4.2] defines a diophantine subset of K. We claim
that, for a prime p of K, the set

{x € K™ :vy(x) is odd}

is diophantine over K. To see this, fix p € K* with v,(p) = 1. Then vy (x)
is odd if and only if z € p - K*2. O,". This is diophantine over K since

O =0y N{z e K*:a" € Op}.

Since only finitely many primes divide my, the condition that v, (z) is odd for
some p|my is diophantine as well. As noted in Lemma the condition that
x is not totally positive defines a diophantine set. If K is a global function
field, Lemma parts (1) and (2) complete the argument that the right
side of Lemma [4.2] defines a diophantine subset of K. The number field case
follows from parts (a) and (b) of Lemma 3.22 of [I2]. Hence Lemma
shows that K> \ K*? is diophantine. O

We are now left with proving Lemma[4.2] for which we need the following
lemma.

Lemma 4.3. Let (_y ), Ré_l’l), a, b, and m be defined as in Section .
Letp € ®_y4). Thenx € a- K*%.(1+ J(Rz(fl’l))) if and only if there exists
an element t € K* such that ¥q € P11 (p), vg(2t?) = 0 and the image of
xt? in the residue field of q is not a square.

Proof. Since p € ®_; 1), we have that P10 (p) # 0. In the function field
setting, this follows from Lemma [3.14] and in the number field setting, it
follows from Lemma 3.22 of [12]. We also have that

R =" () o0
qEP(-1:1) (p)

JRCY) = () 0,
gEP(-1:1) (p)

Suppose there exists t € K as in the lemma. Let q € P(_l’l)(p). Then zt?> =
a in (Oq4/9)%/(04/q)*?, since by our choice of a and b,

((q) (2)) — (0, K(va, VB)/K) = (~1,1).
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Here (5)2 is the degree 2 power residue symbol for K. Thus there is some

sq € (Oq)* such that xt* = asﬁ mod ¢; using the Chinese remainder theo-
rem we find an s so that 2t?> = as? mod q for each q. Since q := 2% — as? €
q for each q € PC-LY(p), it is in their intersection. Thus

r=a-(s/t)°(1+q/(as?)).

We claim z is in a- K2+ (1+ yepc 1 p) 90q)- Let g € PCLD(p). Then
vq(a) = 0 because (a) is only divisible by primes dividing m and q € Ip,.
Additionally, vq(s) = 0 and v4(g) > 1, because s € Oy and ¢ € g. The claim
follows as

vy(g/as?) > 1 —vq(a) — 2vq(s) > 1.

For the other implication, write x = at?(1+ j) with t #0 and j €
ﬂqep<_1,1)(p) qOy. Then

vg(/t?) = vg(a(1 +j)) = vq(a) = 0

for each q € P?(p), and x/t> = a modulo q for q € P11V (p). Finally, by
construction, a is a non-square in the completion at any prime q € P(_Ll)(p).
O

We now prove Lemma [1.2}

Proof of Lemmal[{.9 For the forward implication, suppose z is not a square.
If « is not totally positive, or vy(z) is odd for some p|m, we are done,
so assume that v,(x) is even for each p|m and that z is totally positive.
Using weak approximation, we may assume that in fact v,(z) = 0 for each
plm. This does not change the truth value of either side of the implication
in Lemma [4.2] as both statements are invariant under multiplying x by a
square.

What we will now show is that there is a p € ®(_ 1) such that P(*l’l)(p)
= {q}, vg(x) = 0, and such that x modulo q is not a square. Together with
Lemma this will imply that x € a - K*2 - (1 + J(Ré_l’l))).

As K (/) is a degree 2 extension of K unramified at all p|m, it is linearly
disjoint from L = K (/a,/b) over K. Let 7 be the nontrivial automorphism
of K(v/z)/K and consider (7,(—1,1)) € Gal(K(y/z)/K) x Gal(L/K). By
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the Chebotarev Density Theorem, there is a prime q of K so that its asso-
ciated Frobenius automorphism is (7,(—1,1)). The restriction of this auto-
morphism to K (y/x) is

7= (9, K(Vz)/K),

implying q does not split completely in K (y/x). Hence z is not a square in
the completion of K at q. The restriction to L is

(-1,1) = (9. K (va, Vb) / K),

so we have that g € PCLD | If K is a global function field, Lemma im-
plies there exists an element p € K* so that {q} = P(~1Y(p). In the number
field setting, this follows from Lemma 3.22 in [12]. This is the desired element
p and prime ¢, and finishes the first half of the proof.

For the reverse implication, suppose that there is an element p € ®(_y 1)
such that = € a- K*?- (1 + J(Rz(g_l’l))). By Lemma there exists ¢ # 0
such that zt? is a non-square in the completion of K at each prime q €
]P’(_Ll)(p). This implies xt? itself is not a square in K, i.e. x & K*2. O

4.2. Non-norms

Let K be a global field with char(K) # 2. To prove Theorem which
states that the set

{(z,y) € K* x K* : z is not a norm of K(\/y)}

is diophantine over K, we use the Hasse norm theorem: for a cyclic extension
L/K, an element of K is a (relative) norm of an element of L if and only if
it is a local norm in every completion of K. We will use the fact that

(z,¥)p = —1 & x is not a local norm of K (/y)
& y is not a local norm of K(y/x).

We begin by establishing that, given a finite or infinite prime p of K,
the collection of pairs (x,y) € K* x K* such that x is not a local norm in
the completion of K(,/y) at p is diophantine over K.

First we need the following lemma, which will be used both in the proof

of Theorem and later in proving Theorem
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Lemma 4.4. Let p be a finite prime of K with |Fy| odd. Fiz p,s € K* so
that vy(p) =1 and vy(s) =0 so that red,(s) is not a square in the residue
field of p. Then for z,y € K*, (x,y)p, = —1 if and only if

((pr-KX2-OpX)/\(y or —myEs-KX2-(1+p(’)p)))
\/((yEp-KXQ-OpX)/\(x or —zy € s- K" (1+p0,))).

Proof. Assume that (z,y), = —1. From the formula for the Hilbert sym-
bol in Section [3.1] at least one of x or y must have odd valuation at p,

so without loss of generality, assume v,(z) is odd. As (z,y), = —1, the
formula for the Hilbert symbol implies ((—1)v»@ve@))(Fel=1)/2 = _1 and
[Fpl-1
red, (%) ° =1 or vice versa. Then v,(z/p) is even and z/p €
2
K*2- 0.
Case 1. If vy(y) is even, then using weak approximation, choose t € K*
[Fpl—1
so that yt? is a p-adic unit. In this case, red, <%) * = _1 since
yUp

(=1)»@ve(¥) = 1. We claim that yt? is a non-square modulo p. This fol-
lows from

<xvp (¥)y—ve (m)yt2> ((x(vp(y))ﬂy(l—vp (m))/2t)2> )
p ' p >

Since yt? is not a square mod p, an argument similar to the one in the proof

of Lemma shows that y € s- K*2- (1 +pO,).

Case 2. Suppose v, (y) is odd. We claim that, possibly after multiplying by
a square of K, —xy is not a square modulo p. This would imply that

—ay € s+ (KX)*(1+pOy),

which is what we want to show. To prove the claim, use weak approxima-
tion to find ¢ € K such that v,(zyt?) = 0. The following calculation shows
a:“P(y)/ y¥»(*) and 2yt? have the same 2-power residue for the prime p:

<xvp (y)y—vp (x)xytg ) B ( (x(vp (y)+1)/2y(1—vp (x))/gt)Q >
p 2 p 2

If |Fp| is 1 modulo 4, then —1 is a square in F,. From the formula for the
Hilbert symbol, we must have that z?» () / y¥» (@) is not a square in the residue
field of p, and hence neither is —zyt?. If |Fy | is 3 mod 4, then considering the
formula for (z,y), again, we have (—1)(F»|=1)/2 = —1 and thus (z,y), = —1



1200 K. Eisentréger and T. Morrison

implies xyt? is a square modulo p. But since —1 is not a square modulo p, this
implies zyt? is not a square modulo p, and hence —zy € a - K*2- (14 pO,).

Conversely, if 2 € p- K**- OF, then vy(z) is odd. If y € s- K**- (1 +
pO,), then for some t € K*, yt? is a p-adic unit and is a non-square modulo
p. If —zy € s- K*? - (1 +pO,), then, possibly after multiplying by a square
of K*, —xy is a p-adic unit and is a non-square modulo p. Hence (z, —zy), =
—1. Since (z, —z), =1,

(z,y)p = (z,—zy)p = —1. 0

Theorem 4.5. Let p be a finite or real infinite prime of K. The set {(x,y) €
K> x K* : (x,y)p, = —1} is diophantine over K.

Proof. First assume p corresponds to a real archimedean absolute value on
K. Let w: K — R be the corresponding embedding of K into K, = R. Then
(x,y)p = —1 if and only if the equation xs? + yt?> = 1 has no solutions in
R x R, which holds if and only if w(z) < 0 and w(y) < 0. These conditions
are diophantine by Lemma {4.1

Now suppose p is a finite prime of K. If |F,| is odd, the lemma fol-
lows from Lemma [4.4] since all the sets appearing are diophantine over K.
Since our statements are only for global fields K with char(K) # 2, the only
remaining case is that K is a number field and p|2.

First we show that there are only finitely many elements in K/ prz_
Let m be a uniformizer for p and let e be the absolute ramification index,
meaning (m)¢ = (2). Then if a € RY is in 1+p** it is a square in R}
by Hensel’s Lemma. We conclude that RgQ is open in the profinite group
Ry since it contains 1+ p¢t!. a neighborhood of 1. As open subgroups of
compact groups have finite index, we conclude that RpX2 has finite index
in Ry. To see that [K : K;?] is finite, we now just need to observe that
squares of K, are of the form s - w2k where s € RpX2.

Let s1,...,s, € K be a set of representatives for K /pr2 and define
S;i=sj- K*%. (14 p?*T10,). For x € S;, y € S; we have (z,y), = (i, 8§)p-

Now we define

Sp = U Sz X Sj.
4,5:(84,85)p=—1
Then (z,y), = —1 if and only if (z,y) € S,. Each set S; is diophantine over

K, and the finite Cartesian product of diophantine sets is again diophantine.
Thus S, is diophantine over K. O

Now we prove Theorem for a global field K with char(K) # 2.
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Proof of Theorem[1.3. By the Hasse norm principle, z is not a norm in
K(\/y) if and only if (x,y), = —1 for some finite or real infinite prime p
of K. For o # (1,1) € Gal(K (v/a,Vb)/K), let s, = a if 0 = (—1,+1) and
se = b if o = (1,—1). We claim that (z,y), = —1 if and only if one of the
following conditions holds:

e dp|m such that (z,y), = —1,
° \/G#LI) dp € &, such that

((xep-KXQ-(Rg)X)/\(y or —xyEsg-sz-(l—i-J(Rg))))

\/((yep.KXQ.(Rg)X)/\(x or —xy € SU'KXQ'(I—i—J(R;))))’
° 3(19, Q) € U such that g € (Rgél))x and

(zep-K**- (R}

1 2 1,1
pq))x)/\(y or _J;yEQ'KX : (1+J(R§),q )))))

V(yep - K*2 (R A(zor —ayeq- KX (1+ J(RD)))).

P.q

This will imply the theorem, because we have already shown that the
above conditions define diophantine sets. We will first prove the forward
implication. If 2 is not a norm in K(,/y), there is a prime p of K such
that (z,y), = —1. If p|m we are done; recall that m contains all real infinite
primes if K is a number field.

Now assume p € Iy, and that ¢/ (p) = o # (1,1). We claim that the
second condition holds. We can find p € ®, such that P7(p) = {p} as before.
Corollary and the definition of RJ imply R) = O, and J(R]) = pO,.
By setting p := p and s := s,, Lemma [4.4] implies that the second condition
holds because v, (p) is odd and s,, by construction, is a p-adic unit which
is not a square modulo p. For example, if o = (1,—1), then s, =b. The
fractional ideal (b) is coprime to m, and ¥y /i (p) = (1, —1) implies that b is
not a square mod p.

Now assume p € I, with ¥/ (p) = (1,1). We claim that the third con-
dition holds in this case. We will first show that we can find (p,q) € Vi
with the stated properties if K is a global function field. By Lemma [3.17]
there is a (p,q) € Vi with Agp g N App g = {p}. In fact, ¢ can be chosen so
that vy(¢) =0, ¢ is not a square modulo p, and such that P(q) = {q,p0}.
Here, q and po are primes with ¢k (q) = (=1, —1) and ¥k (po) = (1,1).
Then qg € O, = (RI(,},}D)X by Definition By the formula for the Hilbert
symbol, v, (ap) is odd, and since p cannot divide (a), we conclude v, (p) is
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odd. As Rg[]l) =0, and J(Rg[ll)) = p0O,, we can apply Lemma with
s :=q.

If K is a number field, then by Lemma 3.25 in [12], we can find (p,q) €
Wk such that (q) is a prime ideal with ¢y x((¢)) = (=1,—1), ¢ is not a
square in K, and such that Ay, N Ay, = {p}. A similar argument as
above shows that the second condition holds.

Now we will prove that if one of the three conditions above holds, then
for some prime p, (x,y), = —1. Suppose the second condition holds for some
o # (1,1). If K is a global function field, P7(p) # 0 by Lemma [3.14] (2), so
P?(p) contains some prime p. Assume, without loss of generality, that

(xep - K**. (R))*)A(yor —xy e se - K*2. (14 J(R7)))).

Since vy (p) is odd, vp(x) is odd, too. Also, either y or —zy is, possibly after
multiplying by a square of K, a non-square in K\, since 91/ (p) = o implies
5, is a non-square in K. By Lemma this implies that (z,y), = —1. If
K is a number field, an application of Lemma 3.22 (b) in [12] and a similar
argument show that (z,y), = —1 for a finite prime p of K.

We now prove that the third condition implies that (z,y), = —1 for
some p with ¥y /x(p) = (1,1). The argument is similar to the one in the
second condition. If K is a global function field, (p,q) € Uk implies that
Agpq N App g # 0 and contains some prime p by Lemma part (2). Then
because q € (R 4)* and (ap,q), = (bp,q)p = —1, ¢ is not a square mod p

and vy (p) must be odd. Again by Lemma[4.4] this implies that (z,y), = —1.

If K is a number field, the same argument, along with Lemma 3.25 (b) from

[12], proves the claim. O
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