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Higher decay inequalities for multilinear
oscillatory integrals

MaxiMm GIiLuLA, PHILIP T. GRESSMAN, AND LECHAO XIAO

In this paper we establish sharp estimates (up to logarithmic losses)
for the multilinear oscillatory integral operator studied by Phong,
Stein, and Sturm [I7] and Carbery and Wright [3] on any product
H;l:l LPi(R) with each p; > 2, extending the known results out-
side the previously-studied range Z;l:l pj_1 =d — 1. Our theorem
assumes a second-order nondegeneracy condition of Varcenko type,
and as a corollary reproduces a variant of Varcéenko’s theorem and
implies Fourier decay estimates for measures of smooth density on
degenerate hypersurfaces in R,

1. Introduction

Let € = (71,...,24) € R? and let ¢(x) be real analytic on some neighbor-
hood of the origin 0 € R%. Fix a smooth cutoff function y compactly sup-
ported in that neighborhood, and consider the multilinear functional

d
(11) AP = [ e @ [

where f = (f1,..., fq) is any d-tuple of locally integrable functions on R.
The purpose of this article is to study the asymptotic behavior in the real
parameter A as |A| = oo of the norm of A when viewed as a linear functional
on [T%_, L7 (R).

B1hnear variants of this form have a long history in harmonic analysis
in connection with the study of Fourier integral operators and Radon-like
transforms (see, e.g., Greenleaf and Uhlmann [I1] and Seeger [19]). In the
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1990s, Phong and Stein initiated the study of these oscillatory integrals as a
subject in its own right [I3]. Their program focused primarily on weighted
and unweighted L? x L? estimates [T4H16], as the L? case was most directly
connected to the earlier FIO roots. In this setting, the undamped bilinear
case with real analytic phase was ultimately settled in [I6], with the transi-
tion to C'*° phases being later accomplished by Rychkov [I8] and Greenblatt
[8]. These works demonstrated the primary role of the (reduced) Newton
polyhedron of the phase ¢, which had also been identified as a key object
in Varcenko’s study of scalar oscillatory integrals some twenty years ear-
lier [20]. To define the Newton polyhedron, expand ¢(x) = ), cax™ near
the origin, where ® = (" --- 25, and define the Taylor support of ¢ by
supp(¢) = {a : cq # 0}. Let R> denote the nonnegative real numbers. The
Newton polyhedron of ¢, denoted by N (¢), is defined to be the convex hull
of

U (a—HR‘é),

a€supp(e)

and the Newton distance dg of ¢ is defined to be the minimum over all ¢
such that (¢,...,t) € N(¢). In the specific case of the form (I.1)), modulating
each function f; by a function of the form e~5(%5) it can be easily seen
that terms in the power series of ¢ which depend on only one coordinate
function do not affect the norm of A on H;l:1 LPi(R), so it will be assumed
without loss of generality that every a € supp(¢) has at least two strictly
positive components. After removing all such single-variable terms in the
Taylor support of ¢, the resulting Newton polyhedron corresponds to the
object known as the reduced Newton polyhedron in other contexts.

The success of the program of Phong and Stein to establish L? x L2
estimates for prompted generalizations and extensions to a variety of
higher-dimensional settings, including results of Carbery, Christ, and Wright
[1] as well as Carbery and Wright [3]. The most natural extension of the work
of Phong and Stein to higher dimensions turned out to be itself, which
was studied by Phong, Stein, and Sturm [I7] and Carbery and Wright [3].
The main theorem of Phong, Stein, and Sturm which is most closely related
to the present work is as follows:

Theorem B ([17]). Let oM, ... o) € N?\ {0} be K given vertices, and
let S € R[zy,...,x4] be any polynomial of degree ng. Set

D(®,....at) = {x U5 )(a)| > 1, 1<k <K},
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Let N*(aM, ..., a8)) be the reduced Newton polyhedron generated by the
vertices a®), i.e., the Newton polyhedron generated by those vertices a(¥)

with at least two strictly positive components. Then for any algebraic do-
main D C D(oz(l), e ,a(K)) and any « € N*(oz(ll7 o ,a(K)), we have

d
(1.2) ‘/ iAS(= H fi(zj)dx

Here xp is the characteristic function of the algebraic domain D, A #£ 0 is

any real number, |a] = ag + -+ + ag, and i =1- p = %‘ The constant

C' depends only on ng, |a|, and the so- called type of D.

d
< ORI+ ) [T 1l
j=1

Phong, Stein, and Sturm’s purpose in proving Theorem B was to estab-
lish a robust stability result for the multilinear form , focusing on the
role of the Newton polyhedron. In the present paper, our main result, The-
orem focuses on a somewhat different question inspired by Theorem B
concerning the possible range of exponents p; and the effect of this range on
the decay as a function of |A|. It is certainly the case that the exponent — Tal |
of |A| which appears in (1.2} is sharp for the particular choice of exponents
p; given by that theorem. In that sense, Theorem B cannot be improved
(in this sense, Theorem B surpasses Theorem [1.1| below in the case 3 lO;JI
since we do not investigate the stability of the constant analogous to C as a
function of the phase). The main contribution of Theorem [1.1] u is that when
the exponents p; are taken to be strictly larger than the exponents in ,
the resulting norm decays at a strictly faster rate as a function of |\| for
generic phases (meaning those that satisfy the nondegeneracy condition
below). We also note that the geometry of the domain of integration plays
no major role in our result because we do not prove stability of constants.

By studying in the large-exponent regime as we will here, the decay
in A of the form is generally of a higher order than in the inequality
(1.2). However, this extra decay brings with it additional difficulties not
encountered in [I7] or [3], which make it necessary to introduce certain
auxiliary nondegeneracy assumptions that were not previously needed. The
formulation we have chosen is essentially a second-order version of the so-
called Varcenko hypothesis [20]. Let F(¢) denote the set of compact faces
of N(¢). In particular, the set of zero-dimensional faces V(¢) C F(¢) is the
collection of vertices of N'(¢). For each F' € F(¢), define the polynomial ¢
by
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Varéenko’s original nondegeneracy condition (the Varéenko hypothesis) can
be phrased as: for all F' € F(¢),

(1.3) () {z:0i¢r(@) =0} c |J {z:2; =0}

1<i<d 1<j<d

Under this hypothesis, Varc¢enko showed:

Theorem ([20]). Let ¢ be a real analytic function defined in a sufficiently
small neighborhood of the origin satisfying . Let £ — 1 denote the small-
est dimension over all faces of N'(¢) containing v = (v, ...,v), where v = d
is the Newton distance of ¢. Then

(1.4) < A7 2 4 |A]).

/ @)y () da
Rd

The nondegeneracy condition which proves to be most useful for our
present purposes is a second-order Varcenko-type nondegeneracy condition:
we assume that for all F' € F(¢),

(1.5) ﬂ{az : 818]¢F(.’13) = O} C U {:12 . .’Bj = 0}.

i#] 1<j<d

In other words, we assume that, for any F' € F(¢), any point at which all
off-diagonal terms of the Hessian matrix V?¢r simultaneously vanish must
belong to a coordinate hyperplane. Note that Varcenko’s original hypothesis
does not require the Newton polytope and the reduced Newton polytope to
coincide for the phase ¢ as we have already assumed. This small distinc-
tion makes and slightly less similar than appearances suggest; in
particular, neither implies the other.

Our principal result is as follows:

Theorem 1.1. Suppose ¢ is real analytic and satisfies (1.5)). Let p; € [2,00]
for 1 < j <d. If the support of x is contained in a sufficiently small neigh-
borhood of 0, then for any real number v > 2,

d
(1.6) AOIS I ™ @2+ M) TT 15,

=1
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for some implicit constant independent of f and some m > 0 if and only if

) L= (o) o

where p' denotes the conjugate of p.

It should be noted that the full result of Theorem requires at least
some version of the nondegeneracy condition ([1.5)). For example, the phase
o(x) = (Z? L)k for k > 3 yields a multilinear functional A whose norm

decays no faster than |A|~ X regardless of the choice of exponents p;. This can
be seen by simply testing on smooth, nonnegative functions f; compactly
supported near the origin. Phong, Stein, and Sturm did not study this phase
in any regime in which decay greater than ])\]_% might have otherwise been
expected, so no nondegeneracy hypotheses were necessary there. In our case,
¢ fails to satisfy because all second derivatives happen to vanish on the
hyperplane x1 + - - - + x4 = 0. However, this means that when [I.5]is satisfied,
the best decay exponent provided by Theorem will generally be higher
than that of Theorem B and will match the exponent from Varcenko’s The-
orem. An example of this type is the phase ¢(z1,z2) = 22¥1ay + 1y a:%'H
for any integer & > 1. Both Theorem B and Theorem [I.1] give that the norm
of the associated linear functional A on L? x L? decays like |A|~ w12, How-
ever, Theorem [I.1] also predicts that this functional has a norm decaying
like |A|™ T on L x L*°, which is a case outside the Phong-Stein-Sturm
regime 3. 1 i = = 1 and an exponent which agrees with the decay rate of the
corresponding scalar oscillatory integral (i.e., Var¢enko’s Theorem).

The reader may also note that Theorem falls within the general
framework of Christ, Li, Tao and Thiele [2], who investigated more general
multilinear integrals of the form

J
1) | [ e @ I b(rsis| < OO L5l

7j=1

Here J € N is any positive integer and each =; :RY - R% is a surjective
linear transformation with 1 < d; < d — 1. The main focus of [2] is to explore
general conditions on the phase ¢ and the transformations 7; to ensure
decay estimates hold for some § > 0 and some exponents (pi,...,pq).
In contrast, Theorem deals with a very specific choice of projections 7
and deals with the question of finding sharp decay exponents d. The methods
used here also differ significantly from the methods of [2].



824 M. Gilula, P. T. Gressman, and L. Xiao

For readers interested in the exponent of the logarithmic factor, our proof
provides a value of m which can be calculated easily from the geometry of the
Newton polyhedron: m = 0 if ﬁ is an interior point of N'(¢), and m =d — ¢
if the face of lowest dimension containing % has dimension (¢ —1). The
value of m may not be sharp in general, but is sharp when all p; = co. In
particular, Theorem recovers the classical result of Var¢enko under the

modified hypothesis (|1.5):

Corollary 1.2. Let ¢ be the same as above and let (¢ — 1) denote the
smallest dimension over all faces of N(¢) containing v = (v,...,v), where
v = dg is the Newton distance of ¢. Then

d

ADIS AT 2+ D) TT I o

j=1
When x(0) # 0, the power of the log term is also sharp.

The usefulness of this functional variant of Var¢enko’s theorem becomes
apparent when the functions f; are taken to be complex exponentials. Fixing
filzy) = e’i%i and setting A = €441, the above corollary together with stan-
dard nonstationary phase estimates implies sharp estimates for the Fourier
decay of measures of smooth density on the surface (x,¢(x)); that is, for
E c Rd—i—l’

‘/eiﬁ-(w@(w))x(w)dw < 1€l % lndfe(2+ €av1l)-

The strategy we employ to prove Theorem[I.I]can be sketched as follows.
After a series of reductions, we decompose the support of y into boxes of
the form Q. := [e1,8€1] X - -+ X [eg, 8€q] for € = (e1,. .., €eq) € (0,1)%. On each
such box, the nondegeneracy hypothesis makes it possible to establish
a uniform lower bound of the form

(1.9) wiéleE Ig?jx \xzxﬁlc’)]gb(x)\ Z arenj\a[@) e‘l"l - ng

(see Lemma and Corollary . The proof of this inequality is accom-
plished in Section [] and is a consequence of the fact that for any box Q,
there is always a face F' € N(¢) such that ¢p strongly dominates the rest of
the terms of the Taylor series at all points of the box. With these bounds,
Section |§| obtains the sharp estimate for A(f) assuming f is supported on a
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single box Q¢ (see Lemma by coupling the aforementioned lower bound
with the usual operator van der Corput estimates of Phong and Stein [15].
The passage from individual boxes Q)¢ to the entire multilinear functional
is then fairly direct because the norms of the individual pieces sum
without any serious difficulty. The precise calculation of the sum is con-
tained in Lemma which is proved in Section [7] In terms of the layout
of the full proof of Theorem Section [2] reduces Theorem [I.1] to Lemmas
and Section [3| records and proves some technical results needed for
the proofs of these two lemmas as well as the related Corollary [3.3] whose
proof appears in Section

Before we begin, it is perhaps worth noting explicitly that the methods
we will use are quite different than the familiar resolution of singularities
arguments found, for example, in the work of Greenblatt [9, [10], Collins,
Greenleaf, and Pramanik [4], or the second and third authors [12] 21} 22]. In
particular, at no point do we use any nonlinear coordinate changes or make
any detailed analyses of the nature of any algebraic singularities. The only
somewhat delicate part of the proof is the establishment of the (effectively
sharp) quantitative lower bound (which is the content of Lemma [3.1)).
To think of this in another way, our methods rely on detailed quantitative
analysis of rescalings on each ()¢ rather than on more abstract monomial-
izations or changes of variables. We expect this alternative approach to find
use in future applications well, as it is in many cases more stable under
perturbation.

2. Reduction of (|1.6) to Lemmas and

In this section, we will prove Theorem [I.1] using Lemma [2.1] and Lemma [2.2
After that, we will also demonstrate that the estimate is optimal up
to possibly the exponent of the logarithm.

We begin with basic notation: given two vectors @ = (z1,...,2q), Yy =
(Y1,---,Y4) € R?, and a scalar ¢, we define

o |x| =|z1|+ -+ |xqgl, so that |x| =21+ - + 24 if:BERg

o 2y = (@ay1,. . zava),
° :z:y:l‘ll/l-"xzd,

o = (c",...,c"),
ec=(c...,c), and

x Z1 xdq
o — —
Yy (yl’ ’yd>’
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assuming in each case that the right-hand side makes sense. We also use the
standard notation 0 for multiindices a, i.e., 0% = 07" - - - 05*. Lastly, when
€ = (€e1,...,€4), where each ¢; is an integer power of 2, we use Q¢ to denote
the box

Qe = [61,861] X - X [Gd,SEd}.

Suppose Q¢ is any fixed box within a sufficiently small neighborhood of
the origin and let x be any smooth function supported on @ with

(2.10) |0%xe(x)| < Cre™®, VEkeN,

where the constants Cj, are fixed uniformly for all boxes Q.. Fixing x = xe,
our main multilinear functional (1.1 takes the form

A= |

The basic lemma on which the proof rests is as follows:

d
@)y (x) H fi(z;)dex.
j=1

Lemma 2.1. Assume ¢ satisfies (1.5) and Q¢ is contained in a sufficiently
small neighborhood of the origin. For fized exponents (p1,...,pq) € [2,00]<,

2.11 Acd(f)] < min {|Ne®|2e, €7 .
(2.11) |Ae(S)] aeN(¢){! | YOI 1,

1<j<d

with an implicit constant that is independent of the functions f and the box

Qe

We will refer to the estimate of the above lemma as a single-box estimate.
Its proof is given in Section [6] To sum these estimates over all boxes, we use

Lemma (proved in Section @:

Lemma 2.2. Suppose v € R? belongs to the reduced Newton polyhedron
N (@) and let F C N(¢) be the face of lowest dimension containing ~ € R%
(or F = N(¢) when ~ is an interior point). If z = v='~y for some v > 2,
then for all X > 2,

S min_ {a"NoWerzdly < A ()
. - Ne{0,1/2},
J1yeda=0 aEN ()

)

where { = min{dim F' + 1, d}.
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Assuming that Lemmas and [2.2] have been established, the proof of
Theorem [I.1] is fairly immediate. We write the original cutoff function x of
(T.1) as a sum of functions, each supported on a distinct orthant of R%:

x(x) = Z Xsign(x) for all H x; # 0,

signe{+,—}4 1<j<d

where Xgn is the restriction of x to the orthant corresponding to sign €
{+, —}%. By the triangle inequality, it suffices to prove for each xsign.
Without loss of generality, it suffices to assume y is restricted to the first
orthant. Multiplying by a standard smooth partition of unity adapted to
dyadic boxes in R? (where by dyadic box we mean a box of the form
[27F1 2701 H2] ... x [27Jat 27at2] for (j1,...,j4) € Z9), one can write

X(@) = xe(),

where each . is a smooth function supported in a corresponding box Q)¢ and
satisfying (2.10)). Let p € [2, 00]?. By the triangle inequality and Lemma

ARrs > min (Perer e} T il
e=2-9, jENI 1<k<d
If v > 2 is such that 2 € N'(¢), then Lemma can be applied to estimate
the sum of the series on the right-hand side using z = %. In particular,
follows m = 0 with if % is an interior point of N(¢) and m = d — ¢ if the
face of lowest dimension containing % itself has dimension (¢ — 1).
Before taking up the work of proving Lemmas and we first pause
to show that the estimate is sharp up to a logarithmic factor. For
convenience, let us define the dual polyhedron N*(¢) of N (¢) by

(2.12) N*(¢) ={w € R% {a,w) > 1 forall e N(9)}.

The double dual N**(¢) can easily be checked to equal NV (¢). Likewise, it
is not difficult to see that for any w € N*(¢), there is a constant § > 0,
depending on ¢ but independent of A, such that for all A sufficiently large,

IAp(x)| <1071 provided |z;| < SIA|7*7, j=1,...,d.

If each f; is taken to equal the characteristic function of [—§|A|7"7, §|A[ %]
and if the cutoff function x is smooth and nonvanishing at the origin, then

ACH)] ~ ([ £l = 2909 A|~(20) ~ [y~ (2w
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for all A sufficiently large. Then the estimate (|1.6]) implies
AR < I (2 DAL A,
Letting |\| — oo implies

1 74

for all w € N*(¢). Consequently, = € N*(¢) = N ().

3. Statements of technical lemmas

In this section, we prove several technical lemmas that are needed for the
proof of Lemma To quantify the nondegeneracy condition (|1.5)), for any
subset S of R?, we define

= inf max |x;z;0;0;0(x)|.
19llvs) = inf max[ziz;0:0;¢(x)]
The quantitative lower bound for nondegeneracy that we use is as follows:

Lemma 3.1. Let ¢ be real analytic near the origin and suppose that it
satisfies the nondegeneracy condition (1.5)). Then there is a neighborhood U
of 0 and a positive constant K such that for all Qe C U

(3.13) 16lvio > Ke*, forall e V().

Lemma [3.1] is a variation of a corresponding key lemma from the first
author’s PhD Thesis [5]. The proof, which is similar to the proof in [5], is
given in Section [] In addition to this lower bound, it is also necessary to
have control from above on sufficiently many derivatives of ¢. A suitable
inequality of this sort is the following:

Lemma 3.2. There is a neighborhood U of 0 and a constant K' such that
for all k € {0,1,2,3}¢ and all Q. C U,

(3.14) sup |2*0%¢(x)] < K’ max €.
rC2Q. acV(e)

Unlike Lemma the proof of Lemma is extremely simple and
follows, for example, from the analyticity of the function ¢. Grouping terms
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of the Taylor series appropriately, one can write ¢ as a finite sum

o@)= Y @*pa(e)

acV(4)

where each ¢ is nonvanishing at the origin and the sum ranges over those
a which are vertices of the reduced Newton polyhedron N (¢). (One way to
achieve this decomposition is to chose any function ® mapping each multiin-
dex in the Taylor support of ¢ to a vertex of N'(¢) such that 8 € ®(3) + RZ
for all 4 and then let ¢, be the sum of the terms in the Taylor series of ¢
over the set of multiindices ®~!(e).) Using this decomposition, the inequal-
ity follows immediately from the product rule for differentiation. Now
let U be as in Lemma [3.1] and Lemma [3.2] By coupling these two lemmas
with the Mean Value Theorem, we will then prove a slightly stronger version
of Lemma [3.1k

Corollary 3.3. There exists N € N depending on K, K’ and ¢, such that
the following holds: Each Q¢ C U can be partitioned into a collection of
24N congruent boxes Qe for 1 <1< 24N guch that for each Qe and for all
a € V(¢), there is a pair of indices (4, j), i # j, such that

. K
(3.15) mel;lcg“ |$Z$]@aj¢)(m)| > ﬁea.

The main analytic tool to be employed is the following Operator van der
Corput Lemma due to Phong and Stein [14, [I5]. The proof can be found
throughout the literature; see, for example, [7].

Lemma 3.4. Let x(z,y) be a smooth function supported in a box with
dimensions d1 X 0o such that \3éx(x,y)| < 01551 for 1=0,1,2 and some
Cy1 > 0. Let > 0 and S(z,y) be a smooth function s.t. for all (x,y) in the
support of x,

Cop < 0,0,S(x,y)| < Csp and
10088 (2,y)| < Capdy’  forl=1,2.

Then the operator defined by

Tyf(z) = / T @) () f(y)dy
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satisfies

(3.16) ITafll2 < CIAu "2 | f]l2,

where the constant C' depends on C1,Ca, and Cs, but is independent of p, A
and other information of the phase S.

Lemma[3.IJand Corollary 3.3 are proved in Sections[d] and [f] respectively.
In Section [6 we will combine the technical lemmas stated above to prove
Lemma 2.1]

4. Proof of Lemma [3.1]

As mentioned in the previous section, Lemma, and the proof to be pre-
sented now are both closely based on earlier work of the first author in
his PhD thesis [, [6]. For the rest of the section, we write ¢ = P, + R,
where P, is the degree m Taylor polynomial at the origin and R,, is the
remainder. The integer m is chosen so that AN (¢) = N (P,); such an m
always exists because the Newton polyhedron has finitely many vertices.
Write P () = 3|4 <m Ca®® and Ry (x) = 3|42, ha(@)z® for some real
analytic functions hq. For each 1 <i # j < d we can write z;2;0;0;¢(x) as

(4.17) 2;1;0;0;0(x) = Z dx™ + Z hl, (x)x™,

[ <m lac[=m

where ¢, = ajajcq, and hl, depends on i and j. For each compact F' C N (¢),
we further decompose the sum over || < m in (4.17)) into terms in F' and
its complement, respectively, i.e.,

(4.18) Z ™ = Z ™ + Z Lz
lax|<m aclF adF
la]<m

The goal is to show for all & small enough, one may choose F' and 1 < i #
j < d so that (4.17) is dominated by the sum over a € F' and all remaining
terms are of a perturbative quality.

4.1. Scaling calculations

The difficulty of dividing the sum (4.17]) into finitely many terms on a com-
pact face F' of N(¢) and a remainder term of sufficiently small magnitude
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comes when on some box Q, there are a € N(¢) such that e ~ € =
MaXq e\ (¢) € but a does not belong to the specified face F. In such cases,
however, we show that a must effectively belong to a face of lower codimen-
sion which contains the specified face. We begin the process of making this
idea precise with Proposition

Proposition 4.1. Let € € (0,1)? and let ', ..., Q" be multiindices which
are linearly independent as vectors in R%. Suppose that there is a multiindex
B and a positive K < 1 such that for all1 <k <n, Ke® < e < €P. Then
there is some b € (0,1) depending only on o', ...,a" and K such that for
some y € [b,b71]% and all 1 < k < n we have

(4.19) Yo = e B,
Consequently, if o=, \zoF for Do =1, then
(4.20) y* =e* P,

Proof. Let A be the n x d matrix with rows a!,...,a”. Without loss of
generality, assume that the first n columns of A are linearly independent. Let
v € R" be the vector whose k-th coordinate is given by v, = log, (e =),
and consider the equation Au = v, where A = (a?)1<; j<, is the leftmost
n x n minor of A. Since A has full rank, we can invert A and write u = A~ 1.
Fixing p = ||A™"|oo—s00, We have that

[wfloe < pllv]|oo-
Therefore —||v]|oop < ur < ||v||0op for all k. However, ||v]|s < |logy K, so
Kr < 2*||U||oop < Uk < 2||v||oop < K~P.

Hence, letting b = K € (0, 1), we see that the vector y € [b,b~!]¢ defined by
yr = 2% for 1 < k < n and yr = 1 otherwise satisfies the system of equations

li Finally, (D follows from writing o — 8 =5, \p(aF — ). O

One should think of a!, ..., a™ as vertices of the reduced Newton poly-
hedron N (¢) such that each e nearly belongs to a compact face ' and
is very close or equal to €? = max N(g) € in the sense that there is some
K > 0 such that Ke® < e < €®.In general, the set of such points need not
be linearly independent, but the proposition can always be applied to some
maximal linearly independent subset. The vector y then essentially dictates
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how one can rescale coordinates in such a way that the approximate equality
of the € becomes exact.

4.2. The main result required for Lemma

Let Ko,..., K41 € (0,1) be fixed small constants to be determined later.
For any d-tuple € € (0,1)?, we say that € is n-dominated when there is a
n-dimensional compact face I C N (P,,) such that for all 3 and 3 in F and
all multiindices o € N (Pp,) \ F,

? =€ and €* < K, €°.

The property of n-domination is extremely useful (when it holds) to estimate
the size of ¢ and its derivatives on the box Q¢ via the decomposition (4.18]
since it gives comparability of all the terms arising from face F' and further
shows relative smallness of the remaining terms not from F.

Unfortunately, not all € are n-dominated for some n. In general, for a
given €, the set of multiindices B € N(P,,) such that €® = maxq/¢ N(®) ¥
must lie in some compact face F' of N'(¢) with dimension n for some n < d.
If € fails to be n-dominated for n equal to the dimension of this face F', then
there must exist some « & F' such that

(4.21) K,e® =K, max € <e*< max €~ =¢°.
a’eN(P,) a’eN(Py)
In this case, let @', ..., a™"! be lattice points in F' which are vertices of a

nondegenerate n-dimensional simplex and let a”*? be any multiindex sat-

isfying in the place of a. First observe that a',...,a”"! must in
fact be linearly independent. This is true because the simplex they generate
must be contained in the linear subspace spanned by al,...,a"t! as well
as in F. Since F' is contained in an affine subspace not containing the origin,
the intersection of F' with the span of a',...,a”"! must lie in some set
of codimension at least one inside the span. If the dimension of the span
of a',...,a™t! is n or smaller, then the dimension of the intersection will
be too small to contain a nondegenerate n-dimensional simplex. To apply
Proposition it suffices to demonstrate that a™*2 does not lie in the
linear span of a',...,a"t!. Unfortunately, once again, this is not always
the case. We can say, however, that for those € such that €? is constant for
all B in a compact face F' of N'(P,,), for all multiindices @ € N(P,,) which
belong to the linear span of these 3 but not the face F' itself, the quan-
tity € is o(€®). To see this, write a2 = cja! + - -+ + ¢, 1™t for unique
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. i . . . n+2
constants ci,...,c,r1. Since € is independent of j, we have that e*"~ =

(€')ertFenir The quantity ¢1 + - - - + ¢,11 depends only on al, ..., "2
and is greater than 1 since we may assume that e < €' < 1. Moreover,
the mapping a2 5 ¢ + - -+ 4 ¢,41 is linear and therefore is given by tak-
ing an inner product of a™*? with some vector w € R? which is unique up
to the addition of vectors perpendicular to the span of a', ..., ™! In par-
ticular, because a!, ..., a1 all lie in a common compact face F', we may
assume that w has nonnegative entries. Fixing any such choice of w for this
compact face F, the observation that €* = o(e?) follows because there must
be a positive ¢ such that (a,w) > 140 for all multiindices o € N'(Py,)
which do not lie on F' (which follows because the set of multiindices is dis-
crete).

The conclusion of this line of reasoning is that for all € sufficiently small,
it must either be the case that € is n-dominated for some n < d — 1 or that
the multiindices ', ..., a™? identified above are linearly independent and
satisfy the hypotheses of Proposition when 3 is taken to equal any one
of al,...,a""!. Using the vector y from the conclusion of Proposition
to rescale €, it follows that the multiindices 8 in N(P,,) maximizing (5)'3
must contain the original maximizers of €® (ie., a',...,a™! and all other
multiindices in the original face F') and the new multiindex a2 Iterating
this process, it follows that for every e = (277,...,2774) sufficiently small,
there is an € € (0,1)? (i.e., not necessarily having powers of two for coor-
dinates) such that € is n’-dominated for some n’ € {0,...,d — 1} and such
that 5 has coordinates bounded uniformly above and below by constants
depending only on N(P,,) and Ky,..., K, .

We can now finish the proof of the main lemma. Consider once again the
sums ([4.17) and (4.18)). Fix any dyadic d-tuple € = (2771,... 27J4) and let
€ be the n-dominated d-tuple identified above which is close to €. Let 3 be
any vertex in the dominant face F' associated to €. If we define coordinates
z € R? so that ¢ = €'z for all © € Q., then

z1;0;0;0(x) — €P Z 2% < K,e” Z |z +C Z €'z

a€cl adF la|l=m

where the constant C depends only on the functions he. If we assume that
€ is sufficiently small (or equivalently, that the cutoff function y of (1.1)) is
supported sufficiently near the origin) depending on Kjy,..., K,_1 and ¢,
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we may assume that

/
C Z ’eaza’< I?;ZX

e'ﬁZc P

acF

|a|=m

for every z such that €z € @ since by induction the coordinates of z are
bounded away from 0 and oo, which means by the nondegeneracy hypothesis

(T3) that

/ «
max CoZ
is bounded below uniformly in z by a constant that depends only on ¢
and Ky, ..., K,_1. Likewise, if K, is chosen sufficiently small depending on
Koy, ..., K,—1 and ¢, we may also assume that
KnZ‘c' za‘< max Zc P
adF 3 A | ik

which finally implies that

Z 2z = P

1
max |z;x;0;0;6(x)| > e
i#j 3
ackF

uniformly for all € Q with some constant that depends only on ¢ and
Ko, ..., K,. Since €® dominates € for all a € V(¢) and the coordinates of
£ are bounded above and below, Lemma [3.1] follows.

5. Proof of Corollary

Recall that we may assume that Q¢ is in the positive orthant. Decompose
Q. into 2%V congruent boxes Qe, of dimensions 2~ Ne, with N to be deter-
mined momentarily. Lemma guarantees for each [ there exist & € Q¢
and a pair (4, j) such that |z;2;0;0;¢(x)| > Ke* for all a € V(¢). Let y be
a point in 2Q)¢, i.e., the box whose center is the same as Q¢; and whose
side lengths have increased by a factor of two. By the Mean Value Theorem
and Lemma

d
16¢€;€ € - C «
€i€j0:0;0(y) — 9,0;()| <Y Tﬂk\aiajam(yk)y < = max €
k=1
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for some constant C' depending on K’ defined in Lemma Now

1 K
€i€j|0;0j0(x)| > 64xzx]|8183¢(a:)] 2 e arélgé)e

since € < xp < 8¢ for 1 < k < d. By choosing N large enough (independent
of €), one can conclude that

K
€i€j|0:0;0(y)| > 128 alélg();)) €,
meaning that
1 K
viy;10i0;0(y)| > — —- max €*.

It is clear that (3.15]) is a consequence of this estimate.

6. Proof of Lemma 2.1]

To prove Lemma let us first assume that € is fixed but arbitrary. For
this €, let B € V(¢) be any vertex which maximizes €* as a ranges over
V(¢). To prove Lemma it suffices to show

(6.22) Ac(H)] S minf{|re”| 27, e} [T 11l

1<j<d

To prove this, let {Qc;}1<i<ove be the decomposition of @ from Corol-
lary Using a smooth partition of unity adapted to this decomposition,
we may write xe as a sum over cutoff functions x.; which are smooth, sup-
ported in 2Q¢; and satisfy for possibly new constants Cj (and we
define A¢; to be the multilinear form with x replaced by xe;). By
Corollary for each Q¢ there is a fixed pair (7,j) such that

. K
o2 Jis0050(@)| 2 g€’

Notice also that by Lemma[3.2] we have for all € 2Q¢; and b = 1,2,3 that

\a:ixgﬁi@;-’qb(:c) | < Ky€P
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for some constant Ko independent of €. By Fubini’s Theorem,

(6.23)
raf) = [ ([ @ e pva@inds; ) TT it

ki, j

where @’ is the vector in R%~2 whose coordinates equal xj, for all k # i, j.
Applying Lemma [3.4] to the inner integral and then integrating over the
remaining variables x’ gives

(6.24) Aea ()] S NPe e N filll il TT 1kl

k#i,j

Holder’s inequality and the assumption p; > 2 for all 5 yield

1 —1—1 i1 i+ -+
Aea(F)] S NPe etz lal? W fillplesl* 7 1fille, T lerl ™2 1fillp
k£ij

that is,

_1 1-L
(6.25) Aea(DI SN2 T Jerl ™ 7 1 fillpe-
1<k<d

Alternatively, estimating A¢; by a simple application of the triangle inequal-
ity rather than Lemma yields (after an application Holder’s inequality
in the same way that it was used for ((6.25]))

(6.26) A OIS TT el 1l

1<j<d

Summing (6.25)) and (6.26]) over | and using whichever inequality has the
smaller right-hand side gives (6.22]).

7. Proof of Lemma 2.2

Finally we come to the proof of Lemma which is essentially an elemen-
tary calculation to sum the estimates over all Q¢. Recall that the
setup of the lemma begins with a v € RZ (in our case, v = pl) that belongs
to N(¢). If 7 is not an interior point, then F' C AN(¢) is the face of lowest

dimension that contains «v. We let ¢ equal 1 plus the dimension of F' in this
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case; for interior points v, we let £ = d. Fixing z = I, we must show for all
A > 2 that

o0 .

Z min {A"N2Ne=zd))y < AT nd=f()).

.~ Ne{ol/2},
J1se-2Ja=0 aEN(¢)

It suffices to consider the sum over indices j; which are of at most logarithmic
size for all 1 < ¢ < d, since for any fixed 1,

i 3 -..iz%zmgx%:x%.

71=0 jgizlogy(A)/vi  Ja=0
In other words, it suffices to show that

[log,(X) /1] [log,(A)/7val ( >
7.27 : i A NVoWea—zg)y < A= |pd=f()).
(7.27) Z Z Ne?éffl/z},{ }FS AT It
B0 710 aeN(9)

Comparing the sum over ji,...,jq to an integral over = (z1,...,xq), it
follows that the left-hand side of ([7.27)) is bounded above by a fixed constant
times

log, (A)/m log, (A)/7a
(7.28) / e / min _{A"NoWNe—=z@y g
0 0 Ne{0,1/2},
acN ()

For any compact face F', if F' 5 - is of dimension (¢ — 1), then there are
linearly independent a!, . .., af € F whose convex hull contains . It follows
that

e .
(7.29) vy = Z A
i=1

for nonnegative coefficients \; that sum to 1. Moreover, if F' is the face of
minimal dimension containing «, then none of the A; will equal zero. On the
other hand, if v is an interior point, then there must be some nondegenerate
(d — 1)-dimensional simplex which lies in some hyperplane not containing
the origin, which is contained in N (¢), and which itself contains -; this
implies that will still hold for positive \; summing to one when ¢ = d
and o', ..., a? are taken as the vertices of this nondegenerate simplex.
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For1<i</let6; = 2% and further define fy = 1 — % Because v > 2,
all 6; are positive and their sum is 1. Moreover, it is easy to check that

(7.30) Oo(—2) + i: 9(‘; - z> ~0.

Restricting the minimum over all a € N(¢) in (7.28) specifically to the o
chosen above, the integral (7.28)) must be bounded above by

log, (A)/m log, (A)/7va L i
(7.31) / e / min {27 A"22(% =) g,
0 0 1<i<t
If we take eq, ..., eg4 to be the standard basis vectors of R%, then when ¢ < d,
we may assume without loss of generality that al,... af, e/ 1,...,eq are

linearly independent. We define an invertible matrix A by
Aal =e;for 1 <i<{, Ae; =e; for £ < i < d.
Note that (ATx, ') = 2; for 1 <4 < L. Let
R={ycR:0< (ATy,e;) <In(\)/y; for all 1 < j < d}.

Now apply the change of variables x = ﬁATy; up to a factor depending
only on A, the integral ([7.31)) equals

o (Azy) 1 (A —z))
(7.32) erélilgz{e , AT ze tdy.

First integrating over directions ¢ < i < d,
R < 1nd—~£
AﬂATy,ei)gln()\)/% dyeJrl dyd ~ In (A)
(<i<d

We can therefore bound (|7.32]) above by

(7.33) () 5 min {e~ 42, A3 A =29 gy, - dy,.

Since Aa' = e; and Ele A = 1, we see

v

(A2, (V1) = ~In(A) S Ai(Aad, 1) = Cin(n).



Multilinear oscillatory integrals 839

Exponentiating, we obtain e~ {4znMN1) — A~v. This calculation inspires a

second change of variables y — y + In(\)1; after the change, e—(AzY) heo
comes A\~ ve~(4%¥) and )\_%e<A(%_Z)’y> becomes )\_%6<A(%_Z)7y> (since
e; = Aa'). We then factor out A™» and bound |’ above by A7v In?f(\)
times

5 EEEZ{G*(AZM’ AT =Yy, - dy,.

By (7.30), for any y € R?, it must be the case that

o [t (3(5 ) )0

Assuming that y is a nonzero vector lying in the span of eq, ..., ey, it must
moreover be true that this minimum is not zero. Were this not the case,
it would follow from the definition of A that there would exist a vector x
which is a nonzero linear combination of al, ..., af such that

0:—<z,m>:<a2—z,m> foralle=1,..., ¢

However, since the vectors o are linearly independent, <ai, :c> = 0 for some
x in the span of the o' implies = 0. Therefore, by homogeneity and
compactness of the unit sphere, there must exist a constant constant ¢ =
c(al,...,at z) > 0 such that

. az
o, {—(Az,y% <A (2 - z) y>} < —cllyll2

for all y in the span of eq,...,ep. After a polar change of variables, we can
bound ([7.33) by a constant independent of A times

A7 In% () / e~ dr < A7V In? ().
0

References

[1] A. Carbery, M. Christ, and J. Wright, Multidimensional van der Corput
and sublevel set estimates, J. Amer. Math. Soc. 12 (1999), no. 4, 981-
1015.



840

[2]

[3]

[9]
[10]

[11]

[12]

[13]

M. Gilula, P. T. Gressman, and L. Xiao

M. Christ, X. Li, T. Tao, and C. Thiele, On multilinear oscillatory
integrals, nonsingular and singular, Duke Math. J. 130 (2005), no. 2,
321-351.

A. Carbery and J. Wright, What is van der Corput’s lemma in higher
dimensions? Proceedings of the 6th International Conference on Har-
monic Analysis and Partial Differential Equations (El Escorial, 2000),
2002, pp. 13-26.

T. C. Collins, A. Greenleaf, and M. Pramanik, A multi-dimensional
resolution of singularities with applications to analysis, Amer. J. Math.
135 (2013), no. 5, 1179-1252.

M. Gilula, A real analytic approach to estimating oscillatory integrals,
Ph.D. Thesis, University of Pennsylvania, 2016. Retrieved from http:
//search.proquest.com/docview/18114527627ac-countid=35915.

M. Gilula, Some oscillatory integral estimates via real analysis, Math.
Z. 289 (2018), no. 1-2, 377-403.

M. Greenblatt, A direct resolution of singularities for functions of two
variables with applications to analysis, J. Anal. Math. 92 (2004), 233
257.

M. Greenblatt, Sharp L? estimates for one-dimensional oscillatory in-
tegral operators with C*° phase, Amer. J. Math. 127 (2005), no. 3,
659-695.

M. Greenblatt, Oscillatory integral decay, sublevel set growth, and the
Newton polyhedron, Math. Ann. 346 (2010), no. 4, 857-895.

M. Greenblatt, Mazimal averages over hypersurfaces and the Newton
polyhedron, J. Funct. Anal. 262 (2012), no. 5, 2314-2348.

A. Greenleaf and G. Uhlmann, Composition of some singular Fourier
integral operators and estimates for restricted X-ray transforms, Ann.
Inst. Fourier (Grenoble) 40 (1990), no. 2, 443-466.

P. T. Gressman and L. Xiao, Mazimal decay inequalities for trilinear
oscillatory integrals of convolution type, Journal of Functional Analysis
271 (2016), no. 12, 3695-3726.

D. H. Phong and E. M. Stein, Oscillatory integrals with polynomial
phases, Invent. Math. 110 (1992), no. 1, 39-62.


http://search.proquest.com/docview/1811452762?ac-countid=35915
http://search.proquest.com/docview/1811452762?ac-countid=35915

[14]

[15]

[18]
[19]
[20]

[21]

[22]

Multilinear oscillatory integrals 841

D. H. Phong and E. M. Stein, Models of degenerate Fourier integral
operators and Radon transforms, Ann. of Math. (2) 140 (1994), no. 3,
703-722.

D. H. Phong and E. M. Stein, Operator versions of the van der Corput
lemma and Fourier integral operators, Math. Res. Lett. 1 (1994), no. 1,
27-33.

D. H. Phong and E. M. Stein, The Newton polyhedron and oscillatory
integral operators, Acta Math. 179 (1997), no. 1, 105-152.

D. H. Phong, E. M. Stein, and J. Sturm, Multilinear level set operators,
oscillatory integral operators, and Newton polyhedra, Math. Ann. 319
(2001), no. 3, 573-596.

V. S. Rychkov, Sharp L? bounds for oscillatory integral operators with
C* phases, Math. Z. 236 (2001), no. 3, 461-489.

A. Seeger, Radon transforms and finite type conditions, J. Amer. Math.
Soc. 11 (1998), no. 4, 869-897.

A. N. Varcenko, Newton polyhedra and estimates of oscillatory integrals,
Funkcional. Anal. i Prilozen. 10 (1976), no. 3, 13-38.

L. Xiao, Sharp estimates for trilinear oscillatory integrals and an algo-
rithm of two-dimensional resolution of singularities, Rev. Mat. Iberoam.
33 (2017), no. 1, 67-116.

L. Xiao, Endpoint estimates for one-dimensional oscillatory integral op-
erators, Advances in Mathematics 316 (2017), 255-291



842 M. Gilula, P. T. Gressman, and L. Xiao

DEPARTMENT OF MATHEMATICS, MICHIGAN STATE UNIVERSITY
MicHIGAN, MI 48824, USA
E-mail address: gilulama@math.msu.edu

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF PENNSYLVANIA
PHILADELPHIA, PA 19104, USA
E-mail address: gressman@math.upenn.edu

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF PENNSYLVANIA
PHILADELPHIA, PA 19104, USA
E-mail address: 1lechao.xiao@gmail.com

RECEIVED DECEMBER 9, 2016



	Introduction
	Reduction of (1.6) to Lemmas 2.1 and 2.2
	Statements of technical lemmas
	Proof of Lemma 3.1
	Proof of Corollary 3.3
	Proof of Lemma 2.1
	Proof of Lemma 2.2
	References

