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Multivariable (¢, [')-modules and products
of (Galois groups

GERGELY ZABRADI

We show that the category of continuous representations of the dth
direct power of the absolute Galois group of @, on finite dimen-
sional IF,-vector spaces (resp. finitely generated Z,-modules, resp.
finite dimensional Q,-vector spaces) is equivalent to the category
of étale (¢,T')-modules over a d-variable Laurent-series ring over
F, (resp. over Z,, resp. over Q,).

1. Introduction

This note serves as a complement to the work [I1] where we relate multivari-
able (¢, I')-modules to smooth modulo p™ representations of a split reductive
group G over Q. The goal here is to show that the category of d-variable
(¢, I')-modules is equivalent to the category of representations of the dth
direct power of the absolute Galois group of Q.

Let K be a finite extension of Q, with ring of integers O, prime element
w, and residue field . For a finite set A let G, A = [J,ca Gal(Q,/Q,) de-
note the direct power of the absolute Galois group of @, indexed by A. We
denote by Rep, (Gg,,a) (resp. by Repp, (Gg,,a), resp. by Repy (Gg, a)) the
category of continuous representations of the profinite group Gg, A on fi-
nite dimensional k-vector spaces (resp. finitely generated Ox-modules, resp.
finite dimensional K-vector spaces). On the other hand, for independent
commuting variables X, (o € A) we put

Eay = ([Xo | @€ AJ[X! | a €A,

Ot = lim (O /" [Xo | 0 € A[X;" | € A)),
h
gA,K = OSA,K[p_l]'

Moreover, for each element o € A we have the partial Frobenius ¢,, and
group Iy & Gal(Qp(pp=)/Qp) acting on the variable X, in the usual way
and commuting with the other variables X3 (8 € A\ {a}) in the above rings.
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A (pa,T'a)-module over En 4 (resp. over Og, ., resp. over Ex ) is a finitely
generated Ea ,-module (resp. Og, ,-module, resp. Ea g-module) D together
with commuting semilinear actions of the operators ¢, and groups I'y, (a €
A). In case the coeflicient ring is Ea . or O¢, ., we say that D is étale if the
map id ®pq: ¢i D — D is an isomorphism for all « € A. For the coefficient
ring A x we require the stronger assumption for the étale property that
D comes from an étale (pa,I'a)-module over Og, , by inverting p. The
main result of the paper is that Rep,(Gg,.a) (resp. Repp, (Gg,,a), resp.
Repy (Go,,a)) is equivalent to the category of étale (pa,I'a)-modules over
En . (resp. over Og, ., resp. over & k).

Passing from the Galois side to (¢a,I'a)-modules is rather straightfor-
ward. One constructs a big ring EX” as an inductive limit of completed
tensor products of finite separable extensions E/, of E, = F,(X,)) (o € A)
over which the action of Hg, A = Ker(Gg, A = [[4ea T'a) trivializes. The
other direction is more involved. In order to trivialize the action of the par-
tial Frobenii ¢, (o € A) using induction, the main step is to find a lattice
DX* integral in the variable X, for some fixed a € A which is an étale
(Pa\{a}s [ a\{a})-module over the ring F,[Xps | 8 € A] [XE1 | B € A\ {a}].
This uses the ideas of Colmez [3] constructing lattices D™ and D™ in usual
(¢, I')-modules.

We remark here that Scholze [7] recently realized Gg, A (using Drinfeld’s
Lemma for diamonds) as a geometric fundamental group 71 ((Spd Q,)2!/
p.Fr.) of the diamond (Spd @p)|A| modulo the partial Frobenii ¢z (8 €
A\ {a}) for some fixed o € A: one can endow EX =F,[X, | o € A] with
its natural compact topology, and look at the subset of its adic spectrum
Spa EZ where all X, (o € A) are invertible. This defines an analytic adic
space over I, whose perfection modulo the action of all I',’s is a model
for (Spd@Q,)?. Thus, after taking the action modulo partial Frobenii ¢
(B € A\ {a} for some fixed o € A), the fundamental group will be Gg, A.
Now, quite generally étale local systems on diamonds are equivalent to -
modules. This introduces the last missing Frobenius, and one ends up with
an equivalence between representations of Gg, A, and some sheaf of modules
with ['a-action and commuting actions of ¢, for all & € A. However, this
will not produce an actual module over a ring, but a sheaf of modules over a
sheaf of rings. One can perhaps deduce the result of this paper along these
lines, but that would require some further nontrivial input (replacing the
above method of finding a lattice DZ*).
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2. Algebraic properties of multivariable (¢, I')-modules
2.1. Definition and projectivity

For a finite set A (which is the set of simple roots of G in [11]) consider
the Laurent series ring Ea := EX[X '] where B :=F,[X, | @ € A] and
XA = []pen Xa € EJAF. Eg is a regular noetherian local ring of global di-
mension |A|, therefore Ea is a regular noetherian ring of global dimension
|A| — 1. For each index « we define the action of the partial Frobenius ¢,
and of the group I'y, with xo: T'q = Z; on FEa as

X if B A\ {a}
(Xo+1)P—1=X% ifB=a

Xg if B A\ {a}
(Xo+ 1)Xe00) — 1 if B =«

Pa(Xp) == {

(1) Ya(Xp) == {

for all v, € Iy, extending the above formulas to continuous ring endomor-
phisms of Ea in the obvious way. By an étale (pa,'a)-module over Ea
we mean a (unless otherwise mentioned) finitely generated module D over
Ea together with a semilinear action of the (commutative) monoid T A :=
[loca NI, (also denote by ¢; the action of ¢; € T, A where the subscript ¢
is formal and refers to distinguishing between the elements of the set T A)
such that the maps

id®yi: iD= EA ®py o, D — D

are isomorphisms for all elements ¢, € T’y A. Here we put I'a := [] aea La-
We denote by D (pa,Ta, Ea) the category of étale (pa,T'a)-modules
over Fa.

The category D (oa, A, Ea) has the structure of a neutral Tannakian
category: For two objects D; and Ds the tensor product D; ®pg, Do is an
étale Ty A-module with the action ¢;(di ® da) := @i(d1) ® @i(dg) for ¢, €
Ty A, di € D; (i=1,2). Moreover, since Ea is a free module over itself
via ¢, putting (-)* := Hompg, (-, EA) we have an identification (¢;D)* =
@5 (D*). So the isomorphism id ®¢;: ¢y D — D dualizes to an isomorphism
D* — ¢f(D*). The inverse of this isomorphism (for all ¢; € T’y A) equips
D* with the structure of an étale T’y aA-module.

Lemma 2.1. There exists a I'a-equivariant injective resolution of E'A|r as
a module over itself.
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Proof. Consider the Cousin complex (see IV.2 in [0])

0— En = Ea@) = — @ J(p) — -
pESpec(Fa),codim p=r

where J(p) is the injective envelope of the residue field x(p) as a module
over the local ring FEa . This is a I'a-equivariant injective resolution since
the action of I'a on Spec(Ea) respects the codimension. O

Proposition 2.2. Any object D in D (pa,Ta, EA) is a projective module
over Ea.

Proof. Since Ea has finite global dimension, let n be the projective dimen-
sion of D. Then by Lemma 4.1.6 in [9] we have Ext’(D, M) = 0 for all i > n
and Ea-module M and there exists an R-module My with Ext™ (D, My) # 0.
By the long exact sequence of Ext and choosing an onto module homomor-
phism F' — M from a free module F' we find that Ext"(D, F') # 0. Now F
is a (possibly infinite) direct sum of copies of Ea whence Ext™ (D, Ex) # 0
as Ext™(D,-) commutes with arbitrary direct sums. However, Ext" (D, Ea)
is a finitely generated (as Fa is noetherian) torsion Ea-module for n > 0 (as
all the modules in positive degrees in the Cousin complex above are torsion)
admitting a semilinear action of I'a by Lemma Therefore the global an-
nihilator of Ext" (D, Ea) in Ea is a nonzero I'a-invariant ideal in Ea hence
equals Ea by Lemma 2.1 in [I1]. So n = 0 and D is projective. O

Lemma 2.3. We have Ko(Fa) 2 Z, ie. any finitely generated projective
module over Ea is stably free.

Proof. EX 2 Fp[Xa |« € A] is a regular local ring, so it has finite global
dimension and Ko(EX) = Go(EL) = Z (Thm. I1.7.8 in [10]). Therefore the
localization Fa = EK [X;l] also has finite global dimension whence we have
Ko(Ea) = Go(Ea). The statement follows noting that the map Go(EX) —
Go(Ea) is onto by the localization exact sequence of algebraic K-theory
(Thm. I1.6.4 in [10]). O

Remark. I am not aware of the analogue of the Theorem of Quillen and
Suslin on the freeness of projective modules over Ea. However, using the
equivalence of categories of D*(¢a,Ta, Ea) with Repg (Gg, a) we shall
see later on (Cor. that any object D in D%(pa,Ta, EA) is in fact free
over Fa.



Multivariable (¢, T')-modules and products of Galois groups 691

We equip Ez with the Xa-adic topology. Then (EA,EI) is a Huber
pair (in the sense of [7]) if we equip Ea with the inductive limit topology
Exn=U, X&”Ez. In fact, Ea is a complete noetherian Tate ring (op. cit.).
Note that this is not the natural compact topology on EZ as in the compact
topology Ez would not be open in Ea since the index of EI in X&"EZ is not
finite. On the other hand, the inclusion [F,,(X,)) < Ea is not continuous in
the Xa-adic topology (unless |A| = 1) therefore we cannot apply Drinfeld’s
Lemma (Thm. 17.2.4 in [7]) directly in this situation.

Let D be an object in D (pa,T'a, EA). By Banach’s Theorem for Tate
rings (Prop. 6.18 in [§]), there is a unique Ea-module topology on D that
we call the X a-adic topology. Moreover, any Ea-module homomorphism is
continuous in the Xa-adic topology.

2.2. Integrality properties

Put ¢s := [[,ca @a € T4 a and define DT := {z € D | limy_,00 ¢%(z) = 0}
where the limit is considered in the X a-adic topology (cf. I1.2.1 in [3] in case
|A| = 1). Note that ¢ is the absolute Frobenius on Ex, it takes any element
to its pth power.

Lemma 2.4. Let M be a finitely generated EZ—submodule i D. Then
EX@S(M) 1s also finitely generated.

Proof. If M is generated by my,...,m, then ps(mi),...,ps(m,) generate
Efps(M). O

Proposition 2.5. D' is a finitely generated EX-submodule in D that is
stable under the action of Ty A and we have D = DTF[X 1]

Proof. Choose an arbitrary finitely generated EZ—submodule M of D with
M[X =D (eg. take M = Efe; +---+ E}e, for some Ea-generating
system eq, ..., e, of D). By Lemma we have an integer r > 0 such that
@s(M) C X\"M, since EJ is noetherian and we have D = J,, X" M. Then
we have
ps(XAM) = XBF o (M) C XB "M C Xk M
r+1

for any integer k > %. Therefore we have X L’*l]HM C D™ whence
DX Y= M[X;'] = D.

Since Ty A is commutative and the action of each ¢; € T} A is continuous,
D™ is stable under the action of T’y a. There is a system of neighbourhoods
of 0 in D consisting of EK—Submodules therefore DT is an EK—submodule.
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To prove that DT is finitely generated over EK suppose first that D is

a free module over Ea generated by eq,...,e, and put M := Ezel 4+ 4
[r+1

1
Efen. We may assume M C DV by replacing M with X A’H] M. More-
over, further multiplying M = EZel 4+ 4 EJAren by a power of XA, we
may assume that the matrix A := [@gle, . ¢, Of @5 in the basis e, ..., e, lies

in Egnxn as we have [¢s]xre,,..X5e, = XAp_l)T[gos]el,m,en. Now we choose
the integer r > 0 so that it is bigger than valx_(det A) for all « € A and
claim that DT+ C X "M whence D" is finitely generated over EX as EX
is noetherian. Assume for contradiction that d = Y ;" | d;e; lies in Dt for
some d; € Ea (i =1,...,n) such that at least one d;, say d;, does not lie
in X,"E{. In particular, there exists an o in A such that valy_(dy) < —r.
Since M is open in D and d € DT, there exists an integer k > 0 such that
©¥(d) is in M which is equivalent to saying that the column vector

@l (dv)
Apg(A) - piH(A) :
SOIsC(dn)

lies in £{". Multiplying this by the matrix built from the (n — 1) x (n — 1)
minors of Apg(A)--- " 1(A) we deduce that

det(Apy(A) -+ oE 1 (A))pk(dr) = det(A) 5T &b

lies in EK. We compute

AT R k1
0 < valx, (det(4) 5 &) = 2= = valx, (det(4)) + p* valx, (d1)
k
—1
< ];_ 1 valx_ (det(A)) — pFr <0

by our assumption that r > valx,_(det(A)), yielding a contradiction.

In the general case note that D is always stably free by Prop. and
Lemma SoD;:=D® E’Z is a free module over Ea for k large enough.
We make D; into an étale T’y aA-module by the trivial action of T A on EZ
to deduce that Dfr is finitely generated over EJAF. The result follows noting
that DT+ C Der and EJAr is noetherian. O

For an object D in D% (pa,T'a, Ea) we define

DT :={z e D|{¢): k> 0} c D is bounded} .
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Since ©¥(Xa) tends to 0 in the Xa-adic topology, we have XA D+ C D+
ie. D C X 'D*. In particular, D is finitely generated over E. On the
other hand, we also have DT+ C DT by construction whence we deduce

D = DT[X'].

Lemma 2.6. We have o;(D") C Dt (resp. oi(D*) C D) for all p; €
N

Proof. For any generating system eq,...,e, of D and any ¢; € T A there
exists an integer k = k(y, M) > 0 such that we have

or(XEM) C XEE{pi(M) C M

where we put M := EZel + -+ EJAren by Lemma Indeed, XA divides
¢t(Xa) in EX, and we have D = M[X '] by construction. The statement on
D follows from the commutativity of the monoid T A noting that there
exists a basis of neighbouhoods of 0 in D consisting of EK—submodules of
the form M. To see that pi(D') C DT note that ¢;(DT) is bounded and
we have ¢f(p(D*)) = ¢i(¢8(DF)) C (D). O
Now fix an o € A and define DY := D*[X;i {a}] where for any subset
S C Aweput Xg:=1]] ses Xp- Then Dg is a finitely generated module over
Ef:=Ff [X;i{a}]. We denote by T 7 C Ty A the monoid generated by ¢g
(B € A\ {a}) and Ta.
Lemma 2.7. DX /D% is X,-torsion free: If both X"'d and XZQ\{a}d lie in
DT for some element d € D, a € A, and integers ni,no > 0 then we have
d € DT. The same statement holds if we replace DT by DT,

Proof. At first assume that D is free as a module over Fa with basis
e1,...,en. Then the denominators of pf(X™d) = X" p(d) in the basis
ei,...,ey are bounded for £ > 0 by assumption. Therefore the X g-valuations
of the denominators of ¢%(d) are bounded for all 8 € A\ {a} since EY is a
unique factorization domain. On the other hand, the X,-valuations of these

denominators are also bounded since the denominators of (¥ (XZ2\ {a}d) =

XZZ’\’?;}@'; (d) are bounded. To prove the statement for DT we have the
same argument but ‘being bounded’ replaced by ‘tends to 0’.

Finally, by Prop. and Lemma Do EZ is free over Ea and we
equip it with the structure of an étale (¢, I')-module (trivially on EX). The
statement follows from the additivity of the constructions D+ DT and

D — Dg in direct sums. |
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Lemma 2.8. Assume that D is generated by a single element ey € D over
EA. Then for any ¢ in T 7 we have pi(e1) = arer for some unit a; in
(E3)*.

Proof. Define a; € Ean and an € Ea so that oi(e;) = aze; and pq(e1) =
aqe1. By the étale property both a; and a, are units in Fa, so it remains
to show that valy, (a;) = 0. We compute

QOa(at)aael = Soa(at)@a(el) = @a(atel) = 9001(9015(61))
= pi(pale1)) = prlaaer) = ei(aa)pi(er) = pr(aa)aer

whence we deduce

pvalx_(a;) + valx_(aq) = valx, (va(at)aq)
= valy, (¢t(aq)ar) = valx,_(aq) + valx, (at).

This yields valy, (a;) = 0 as required. O

Lemma 2.9. There exists an integer k = k(D) > 0 such that for any ¢; €
Ttz we have X¥DE C ELpy(DY).

Proof. At first assume that D is free, choose a basis ey, ..., e, contained in
D%, and put M := EJArel + -4 Eien, M, = Egel + -4 Egen. There
exists an integer kg > 0 such that DT C X&kDM . In particular, we have
Dg C X % Mg. Now for a fixed ¢ € Ty 5 let A; € EX*" be the matrix
of ¢y in the basis eq,...,e,. Since o(e;) lies in Dt C X koM, all the
entries of the matrix A; are in X k‘)Eg. Applying Lemma to the single
generator e; A --- A e, of A" D we obtain valx_(det A;) = 0. In particular,
all the entries of A; ' lie in X4 Uhl)k(’Eg by the formula for the inverse
matrix using the (n — 1) x (n — 1) minors in A;. Now note that the elements
€1,...,€n can be written as a linear combination of p;(e1),. .., @i(e,) with
coefficients from A; '. Using Lemma this shows

So we may choose k := nkg independent of ;.
The general case follows from Prop. and Lemma [2.3] noting that the
functor D +— Dg commutes with direct sums. O
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In view of the above Lemma we define

D= () EfedDE).
p: €Ty &

Dg* is finitely generated over Eg as it is contained in Dg and Eg is noethe-
rian. On the other hand, by Lemma we have XﬁDg C Dg* for some
integer k = k(D) > 0 whence, in particular, D = DX*[X1].

«
Proposition 2.10. Dg* is an €tale T z-module over Eg, ie. the maps
(2) id®@gs: f DI = EX DE* o0 DX* — DX*

are bijective for all o € Ty .

Proof. At first note that we have ¢;(DI*)C DI* for all ¢, €T} 5
by Lemma and the commutativity of T} &, so the map exists. Now
let ¢y, € Ty 5 be arbitrary. Since EX (resp. Ea) is a finite free module over
@1, (EL) (vesp. over ¢y, (Ea)) with generators contained in Ef, we have a
natural identification ¢j, DI* = EX ® o D" (resp. ¢}, D = Ef ® Bf
D). Since EY is finite free (hence flat) over ¢, (EX), the inclusion DI C D
induces an inclusion ¢} DX C ¢} D. It follows that is injective since D
is étale. Similarly, for each ¢; € T} 7, the map

id ®¢pt, : ¢}, (Ex¢e(Dy)) = Egoi(Dg)
is injective with image s, ¢1(D2). On the other hand, since Ef is fi-
nite free over ¢, (EX), we have ¢} DI* =,y _ ¢t (BEXpi(DZ)) where

the intersection is taken inside ¢y D. Therefore is bijective as we have
D%‘* — n@t€T+,E Egg&to(pt(Dg) D

Lemma 2.11. There exists a finitely generated EK—submodule Dy C Dg*
such that Dy C EX¢&(Do) and DX*= Dy [X;{{a}] where oz:=[1gea\(a} 8-
Moreover, we have DE* =, Eggpg(Xgi{a}Do).

Proof. Put Dy := DY N DX*. By Prop. and the fact that Di* =

D; [X&i{a}} we find an integer kg > 0 such that XZO\{Q}Dl - EJAQpa(Dl).
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So for k

—k k—ko —k
X3V D1 € Xalpay Paea(Dy) € X[y EA¢a(D1) = E{ea(X3{1 D1)-

So we put Dy := ;’\f{ }Dl so that the first part of the statement is satisfied.

Iterating the inclusion Dy C Efpa(Do) we obtain Dy C EX¢=(Dy) for all
r > 1. Finally, we compute

—_n" e 1
XV Do € X\l EA¢w(Do) = EX05(X 1 10y Do)-
The statement follows noting that we have

—+x
D" = Do[X () = U Xzl Do

3. The equivalence of categories for [F),-representations
3.1. The functor D

Take a copy Gg,,a = Gal(Q,/Q,) of the absolute Galois group of Q,, for each
element o € A and let Gg, A := [[,cn G, .- Let Repg (Gg,,a) be the cat-
egory of continuous representations of the group Gg, A on finite dimensional
[F,, vectorspaces. We identify I', with the Galois group Gal(Qp(pp~)/Qp) as
a quotient of G, o via the cyclotomic character

Xot Gal(Qp(pp=)/Qp) — Z;‘

Further, we denote by Hg, o the kernel of the natural quotient map Gg,,a —
Iy and put Ho, A := [[oen Ho,.a < Go,.a. Putting B, := F, (X)) we have
the following fundamental result of Fontaine and Wintenberger (Thm. 4.16

[51)-

Theorem 3.1. The absolute Galois group Gal(Ey™"/E,) is isomorphic to
Hg, . Moreover, Gq, o acts on the separable closure EP via automor-
phisms such that the action of T'o = Gg,.o/Hg,a on Eq = (E5PYHep co-
incides with the one given in .

For each o € A consider a finite separable extension E!, of E, together
with the Frobenius ¢, : E!, — E!, acting by raising to the power p. We de-
note by E! the integral closure of Ef = F,[X,] in E/. Note that E/, is
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isomorphic to Fy_((X,)) for some power ¢, of p and uniformizer X/, such that
we have EF = F, [ X/]. We normalize the X,-adic (multiplicative) valua-
tion on E, so that we have | X,|x, = p~!. This extends uniquely to the finite
extension Ej,. Moreover, we equip the tensor product E} ;= @), AF, E/,
with a norm | - |04 by the formula

(3) |¢|prod := inf (mzax( H Icaila) | €= Z ® ca,i> .

aEA i=1 a€A

Note that the restriction of |- |04 to the subring E:o = Quear, E!F in-
duces the valuation with respect to the augmentation ideal Kelr(E’A+ o
Qacar, Fa.)- The norm | - [4req is not multiplicative in general, as the ring
(SN r, Fq, is not a domain. However, it is submultiplicative. We define E
as the completion of EZO with respect to | - |proq and put By := EX¥[1/Xal.
Note that E’\ is not complete with respect to | - [proq (unless |A| =1) even
though E} , = E/A—i:o[l/XA] is a dense subring in E’\. Since we have a con-
tainment

® an [th)u (S A] = ® ]an [X(/l] <dense EKO
a€AFF, a€AF,

we may identify E’Y with the power series ring (@), ar, Fo ) [ X4, a € A]
which is the completion of the polynomial ring above. In particular, the spe-
cial case E!, = E, for all & € A yields a ring E’\ isomorphic to Ea. Therefore
En is a subring of E’y for all collections of finite separable extensions E,
of E, (a € A). Further, ¢, acts on E\_ (and on Ey ) by the Frobenius
on the component in E!, and by the iden;city on all the other components in
Ej, B € A\ {a}. This action is continuous in the norm | - |04 therefore ex-
tends to the completion EZ“ and the localization E'\. We have the following
alternative characterization of the ring F'y.

Lemma 3.2. Put A ={ai,...,an}. We have
Ex = By, ©p., (Bo, ©5., (- (B, ®5., Ba)))-
Proof. By rearranging the order of tensor products we have an identification

Egr,o = ® (B @y ES) = ELF Qpt (EZ;Z Qg ( (B Qpt EXJ)) )
acAF,
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where Ez o s just EZLO with the choice E! = E, for all « € A. The state-
ment follows by completing this with respect to the maximal ideal of EK o
and inverting Xa. O

We define the multivariable analogue of E*P as

SEP ., __ . /
E.<E!/<E?NacA

For any subset S C A we define the similar notions E", Ef, and E¢”
with A replaced by S. We equip EX” with the relative Frobenii ¢, for each
a € A defined above on each Ey. Further, EX* admits an action of Go,.a
satisfying

Proposition 3.3. Assume that the extensions E. /E, are Galois for all
ae A and let H =[], Hl, where H}, := Gal(E5™" /E,,). Then we have
(EXP)Hs = El\. In particular, the subring (EX?)H% 2 of Hy a-invariants
mn Ezep equals Ex with the previously defined action of 'a = G, a/Hg, A-

Proof. Since Xa is H\-invariant and lim can be interchanged with taking
H'\-invariants, it suffices to show that whenever

Eo =Tp(Xa)) < B, = Fq, (X0)) < Eq = Fgr (X3)

is a sequence of finite Galois extensions for each o € A then we have
(EXM)Ha = E/¥. The containment (EXT)Ha O E’{ is clear. We prove the
converse by induction on |A|. Note that the ideal M, < EKF generated by
X/ is invariant under the action of H'y for any fixed a in A. Moreover, for
any integer k > 1 the ring £+ /MZ is finite dimensional over F,. Therefore
the image of (E{")a under the quotient map EX" — EXT/ME is contained
in

(Eg+/M§>H'A c <Eg+/M§>H'A\{a} _ (EZJ\F{Q} ®F, (Eg+/M§>)H'A\{a}

= (B) e (20 00

by induction. Taking the projective limit with respect to £k > 1 we deduce
that (EX")a is contained in the power series ring
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Foy©r, @@ Fo | [X0, X516 €A\ {a}] € EL".
peav(o}F,

Now using the action of H), in a similar argument as above (reducing modulo
the kth power of the ideal generated by all the X7, 8 € A\ {a} forall k > 1)
we deduce the statement. O

The subring E‘%p = Qacar, E& in EX? is the inductive limit of E’A7O C
E’\ where E!, runs through the finite separable extensions of E, for each
a € A.

Let V be a finite dimensional representation of the group Gg, A over [F,.
The basechange Esep ®r, V' is equipped with the diagonal semilinear action
of G, A and with the Frobenii ¢, for a € A. These all commute with each
other. We define the value of the functor D at V' by putting

D(V) := (EX” @5, V)HTere

By Proposition D(V) is a module over Ex inheriting the action of the
monoid 7 A from the action of ¢, (a € A) and the Galois group Gg, A on
EXP ®r, V. Our key Lemma is the following.

Lemma 3.4. The EX?-module EX" ®r, V' admits a basis consisting of el-
ements fized by Ho, A.

Proof. At first consider the EX"-module EX", ®r, V. We show by induction
on |A| that Esep ®r, V admlts a basis Con81st1ng of Hg, a-invariant vectors.
The statement follows from this noting that EX” is a subring in EX” there-
fore the required basis exists also in EX” ®p, V ELY ®pser (ESEP ®r, V).

By Hilbert’s Thm. 90 the Hg,, a—module EP ®r, V is trivial for each
a € A. So we have an E;P-basis ega), ce e((ja) of E” @r, V consisting of
Hgq, o-invariant elements. Since we have an action of the direct product
Hg, A on V, the E,-vector space

Vo = aega) 4+ .4 Eae&a) — (ngp ®Fp V)HQp,a

admits a linear action of the group Hg, a\{a}- Now note that the represen-
tations V' and V,, of the group Hg, A\{o} become isomorphic over the field
E;P by construction. Since Hg, A\{a} acts through a finite quotient on V/,
there is a finite extension E!, of E, contained in E5” such that we have
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an isomorphism E, ®r, V = E|, @, Vo of Hy, a\(a}-representations. Mak-

ing this identification and writing e; := 1 ® ¢; € E, ®p, V (resp. e =1g

o(@) (@ @

. )yi=1,...,d, for abasis e1,...,eq in V (resp. for the basis e; ', ... ¢,
in V,,) by an abuse of notation, we find a matrix B € GL4(E,) with Bp(h) =
pa(h)Bforallh € Hy a\{ay Where p(h) € GL4(F)) (vesp. pa(h) € GLg(Ey))
is the matrix of the action of h on V' (resp. on V,,) in the basis ey, ..., eq
(resp. ega)7 . ..egla)). Now E! /E, is a finite separable extension, so there
exists a primitive element u € E/, with E/ = E,(u). Hence we may write
B asasum B = B(u) = By + Biu+ -+ + B,_1u™"! for some matrices By,
By, ..., By_1 € E¥*? with n := |E!, : E,|. Since det B # 0, the polynomial
det(B(z)) := det(Bo + Bix + - -+ + B,_12""!) € E,[z] is not identically 0.
As E, is an infinite field, there exists a ug € E, with det B(ug) # 0. Now
we have p(h) = B(uo) ™' pa(h)B(ug) for all h € Hg a\{a}, i€. the represen-
tations V' and Vi, of Hg, A\{a} are isomorphic already over E,. This shows
that there exists a basis vga), e v((ia) in V,, such that the action of each h in
Hg, A\{a} 18 given by a matrix in GL4(F,) in this basis. We put

Var 1= Fyoi” 4 + Fpof € Vo = (E5P @, V)HQP’Q

Hy, o
se Hyy,o
- R 1] ®EP V) c (EA}Q ¥, V) .
peA\{a}
By induction we find a basis vy, ..., v, of

Ho, o
ExVayo @7, Vo © <ESAG,]; ®rF, V>

consisting of Hg, A\{q}-invariant elements which are Hg, o-invariant, as

well, by construction. Therefore vy,...,v, is an Hg, a-invariant basis of
EX? ®F, V as required. O

Lemma 3.5. We have (EX?)* N Ea = EX.

Proof. Let u be arbitrary in (EX?)* N Ea. Since u is invariant under the
action of Hg A, so is its inverse u~! whence it also lies in En by Proposi-

tion B3] O

Lemma 3.6. We have (), ca(EXT)?=79 =T,

aEA

Proof. The containment F, C (e (EAT)9=19 C (EX?)#:=! is obvious. On
the other hand, let u € EX” be arbitrary such that ¢ (u) = u for all a € A.
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Then we also have uP = ps(u) = u as s is the absolute Frobemus on E‘%p :

Since EX" is defined as an inductive limit, u lies in Ex = (@ pen p, Fou ) [X5 |
a € AJ[X 1] for some collection E!, = F,_ (X)) (o € A) of finite separable
extensions of E,. Note that &) ,ca F, F,. is a finite étale algebra over I,
in particular, it is reduced. Therefore we have |uP |pmd = |ul? orod- We deduce
t|proq = 1 unless u = 0. In particular, u lies in By = (®a€A]F e )X |
a € A]l. The constant term up € @uenr, Fq. also satisfies cpa(u()) = ug
for all o€ A. For a fixed o € A we choose an Fy-basis di,...,d, of
®ﬂ€A\{a}’Fp F,, and write ug = Y ;" ; ¢; ® d; with ¢; € Fg, . This decompo-
sition is unique and we compute

n
Zcz®d—u0_¢au0 Zcf®dz
=1

=1

We deduce ¢; = cf , ie. ¢; € IFp for all 1 <4 < n. It follows by induction on
|A| that ug lies in Fp,. Now u — ug is also fixed by each ¢, (a € A), but we
have |u — ug|proq < 1. This implies by the discussion above that u = ug is in

), as desired. O

Proposition 3.7. D(V) is an étale Ty p-module over Ean of rank d :=
dimg, V. Moreover, we have EX? @, D(V) = EX* ®@p, V and

V= (B @, DV))e.
aEA

Proof. By Lemmata and D(V) is a free module of rank d over E.
Moreover, the matrix of ¢, in any basis of D(V) is invertible in EX”, there-
fore also in Ex by Lemma [3.5] So the action of Ty A on D(V) is étale. The
last statement is a direct consequence of Lemmata [3.4] and [3.6] 4

Lemma 3.8. For objects V, V1, Va in Repg, (Go,.,a) we have D(Vy ®F, Vo) =
D(V1) ®g, D(V2) and D(V*) = D(V)*.

Proof. We compute

D(Vy ®r, V2) = E? ®r, V1 ®F, V2)

(EX
((EXP ®F, V1) @gzer (EAT ®, Vp)) e
((
(

1

1

EXP ©p, D(V1)) ®@pyr (EXY ®E, D(VQ)))HQP’A
He, 1) ®@p, D(Va).

1%

Ezep ®p, (D(V1) ®E, D(Vz))) Ao D(
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For the second statement we have

D(V*) = (ESAep ®]Fp Hom]Fp (V’ IFP))ITI'QPYA
= Hom gyer (EXP @, V, EXP)Hor
> Hompzer (EXY @, D(V), B3Py Hop

~ (E? ®p, Hompg, (D(V), Ea)) "% = D(V)*,
0

Theorem 3.9. D is a fully faithful tensor functor from the category
Repy, (Gg,,a) to the category D (pa, T, EA).

Proof. Let f: Vi — V3 be a nonzero morphism in Repg (Gg,,a). Then the
EsAep -linear map id®f: ESAep ®r, V1 — Ezep ®r, V2 is also nonzero. By the
last statement in Prop.[3.7]it follows that D(f) # 0 therefore the faithfulness.

Now let V; and V3 be arbitrary objects in Repg (Gg, a) and 6: D(V1) —
D(V5) be a morphism in D (pa,Ta, Ea). Then by Prop. we obtain a
Go,,a-equivariant Fy-linear map

Fivi= () (BX? @5, D)7 = () (BX? @5, D)7 = V3
aEA aEA

induced by 6 for which we have § = ID(f). Therefore D is full. The compat-
ibility with tensor products is proven in Lemma (3.8 O

Remark. Note that any étale T A-module D in the image of the functor
D is free as a module over Fa by construction.

Consider the diagonal embedding diag: Gg, — Gg,,a sending g € Gq,
to (g,...,g). This defines a functor diag: Repp (Gg,a) — Repg (Gg,) via
restriction. On the other hand, we have the reduction map

0: Dop,TA, EA) — D, T, E)

to usual (p,I')-modules defined in section 2.4 of [11]. Recall that this is given
by taking the quotient by the ideal generated by (X, — Xg | o, 8 € A) and
restricting to the diagonal ¢ = o5 =[] ca Pa and I' := {(7,...,7)} <Ta.

Corollary 3.10. There is a natural isomorphism (ﬂa\g 2 VroloD of func-
tors Repr(G@p,A) — Repr(GQp) where Vp: D (p, T, E) — Repr(GQp) 18
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Fontaine’s functor from classical étale (o, T)-modules to Galois representa-
tions.

Proof. We may identify E, — E = F,((X)) by sending X, — X for all a €
A. We extend this identification to E5 " — E*?. So we obtain a map £5¢ :
EXP — E*? sending each subring Eq™ to E*P via these identifications
and completing on the level of each finite extension E’\. Then ¢°? is Gg,-
equivariant where Gg, acts on EX? via the diagonal embedding Go, —
Gg,.a and the usual way on E*P. The restriction of £ to Ea is the map
{: En — FE defined above, so the diagram

FEAC— Ezep

zl =

ECH ES(ip

commutes. Thus for an object V' in Repy (Gg,,A) we compute

VeoloD(V) =Vr(E &g, D(V)) = Vr(E*?) % @, g, D(V))
F((B*P @per pyer EXT @, D(V))Ho)

F((B*® @per pyer EXT @5, V) o)

= Vp((E*? @5, V)7%) = Vi o Dp(V)

=V |diag(Go,)= diag(V),

=V
=V

where Dp: Repy (Gg,) — D“(¢, T, E) stands for Fontaine’s classical func-
tor. |

3.2. The functor V

In order to show that the functor I is essentially surjective, we construct
its quasi-inverse V. Let D be an object in D%(pa,Ta, EA). The group
Gg,a acts on EX” ®g, D via the formula g(A ® z) := g(A\) @ Xeye(g)(2)
(9 € Gg,.a, A € EXP, x € D) where Xcye: Gg, A — I'a is the quotient map.
Moreover, each partial Frobenius ¢, (o € A) acts semilinearly on EX* ®@p,
D via the formula ¢, (A ® ) := ¢ (X) ® @o(z). All these actions commute
with each other by construction. We define

V(D) == () (BX” ®p, D)%~
acA
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V(D) is a—a priori not necessarily finite dimensional—representation of
Gq,,a over .

Lemma 3.11. For any integer r > 0 we have

() (BT, [Xal /(X277 = F [ Xa] (XD,
BEA

Proof. This follows from Lemma noting that F,[X,]/(X}) is a finite
dimensional [F,-vector space on which ¢z acts identically for all 5 € A\ {a}

and we have ESAGC{ [ Xa]/(Xg) = Eze<’{a} ®r, FplXal/(X]). O

Lemma 3.12. For any integer r >0 and finitely generated Eg/(Xg)—module
M we have an identification

SA€<D{ }[ al/(Xa) Opt/(xn) M= ESAG<){a} OBa oy M-

Proof. This follows from the isomorphism EZX/(X]) 2 En\ (o3[ Xal/(X]).
O

For a subset S C A we put Eg?" : =lim E sowe have Eg? = EgPT[X 1.

Lemma 3.13. E{7 (resp. Eg?") is flat as a module over Eg (resp. over
E¥) for all S C A.

Proof. By construction, EY (resp. E") is finite free over Eg (resp. over EY),

so BT (vesp. EgPT) is the direct limit of flat modules hence flat. O
Lemma 3.14. We have (EXV, [Xa][X3 ') er2ver = B

Proof. We have Ex = E+\{ 1 [Xa] [X 1] where EJr = (Ezef’{z})H@v A\l
by Lemma [3.3] and Hg, a\{a} acts trivially on both B( and XA, so acts on
the power series ring ESAe{JEL}[[ o] coefficientwise. O

Our main result in this section is the following
Theorem 3.15. The functors D and V are quasi-inverse equivalences of
categories between the Tannakian categories Repy (Gg,a) and D (pn,

LA, EA).

Corollary 3.16. Any object D in D (oa,T'a, EA) is a free module over En .
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Proof. This follows from the essential surjectivity of D using the remark
after Thm. 3.9 O

Proof of Thm.[3.15 This is a long proof that we divide into 5 steps.

Step 1. Reducing the statement to the essential surjectivity of D. By
Thm. the functor D is fully faithful and we have V o D(V) = V naturally
in V for any object V in Repy (Gg,,a) by Prop. Moreover, by Lemma
D is compatible with tensor products and duals. So it remains to show that
D is essentially surjective. We proceed by induction on |A|. For |A] =1 this
is a classical result of Fontaine (see e.g. Thm. 2.21 in [5]). Suppose that
|A] > 1, fix @ € A, and pick an object D in D*(pa,Ta, EA).

Step 2. The goal here is to trivialize the pg-action (5 € A\ {a}) on
DX /X" DE* uniformly in v by tensoring up with E‘Xj{o{a}. By Prop.
Dg* is an étale T\ z-module over Eg . Reducing mod X for an integer
r >0 we deduce that ng := DI*/XIDI* is an étale T, z-module over
EX/(Xr) = Ea\{a}[Xa]/(X7). Since each ¢p (8 € A\ {a}) acts trivially
on the variable X, we have a natural isomorphism of functors

En\{a} [ Xol/(X8) @B oy X1/ (X000 = Ea\{a} ®Bay oy -

a,T

since Ea\{q}[Xa]/(X7) is finitely generated as a module over Fa\ (o i
the inductional hypothesis (see step 1), we can therefore trivialize D2
tensoring with EXY (o} OVer Ex\(q}- However, this is the same as applymg

Ezef{ }[ ol /(X8) ®EBa. oy [X.)/(xr) - Dy Lemma Hence the natural map

for all t € Ty z. Hence D* is an object in Det(goA\{a},FA\{OC},EA\{O[})

@ Esﬁ){a} [Xal/(Xa)®r, (x.0/(xx)
se - . pp=id
N (B Xl (X2) @52 xr) DET)
BeA\{a}
= ExVioy [ Xal/(X2) ®p1)(xr) Dar
> Bty Xal/(X0) ®p: DE”

is an isomorphism for all r > 0 using Lemma Our key Lemma is the
following consequence of Prop.

Lemma 3.17. There exists a finitely generated Ei—submodule M < Dg*
such that

(5) N (B Xal/(XD) @ D)
peA\{a}

wp=id
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is contained in the image of the map

(6) B [Xal/(X5) @ M — BXVE [Xa]/(X0) @5y DE
= ESAEC{Q} [Xa]/(Xg) ®Eai Dg*

induced by the inclusion M < Dg* for all r > 0. Moreover, M can be chosen
in such a way that @ 18 injective.

Proof. We show that M := X;i {a}D() will do where Dy is defined in Lemma,
Since Dg is finitely generated over EX, so is M. By Lemma
we have D1* = ;5o EX¢L(M). For any fixed r > 0 there exists an integer
[ > 0 such that is contained in
- —pir+1
ESAe{{a} [Xa]/(Xg) ®EZ XAij{a} M

C B [Xal /(X0) ® . B (M)

= BT [Xal /(X0) @l (BXT [Xal (X2) @5 M).

Now if z lies in (7)), then we have @l (x) = 2. On the other hand, z lies in

Bl g (Xl (X0) 05 (B oy Xl (X2) @ M)

for some finite separable extensions Ej/Eg for 8 € A\ {a} and E/A\{a} =
® e (o)., By Therefore x lies in fact in Bl (o [Xal/(X5) ® gz M by the
injectivity of the map id ®gof§:

B} Xl /(X0) @p,  ixa/xn) e (B Xl /(XQ) @52 DEY)

= B\ (o [Xal/(X3) ®@ps DY

(DX* is étale) noting that the absolute Frobenius ¢g: E’A\{a} — E’A\{a} is
injective since the ring E’A\ {a} is the localization of a power series ring over
a finite étale algebra over I, in particular, it is reduced.

Finally, by the proof of Lemma [2.11{ we may choose Dy = X;f{a} (DTN
DX*) for some integer k > 0 whence M = X:’\C{_O}}(D+ N DZ*). So by Lemma
D%'*/M has no X,-torsion as DI*/M = DX* + X;f{;}D+/(X§\Ta1}D+)

is contained in DX/ (X;f‘{_al}Dﬂ =~ DX /D™". Therefore the map (6] is injec-
tive. 0

Step 8. The goal here is to show the following compatibility of our con-
struction with projective limits with respect to r.
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Lemma 3.18. We have
lim (B X/ (X3) @5 M) = BRI @55 M,

i (EXT ) Xl /(X0) @51 D) = B IXa] @y D7, and
@( BV [Xal/ (X8)®r, (x.0/(x2)

N (Zef’{a}[ ]/(X;;)@EI/(X;)DZZ;)WBid)

Bea\fa)

S€ se. pp=id

= B Xl @n, vy [ (BN Xl ©6. D)
pen\{a)

Proof. Since M is contained in D, M has no X,-torsion. In particular, M is
flat as a module over the local ring F),[[X,] and TorF p[¥e] (Fp[Xa]/(X]), M)
= 0 for integers 7,7 > 0. Now we have the 1dent1ﬁcat10n

sep+ r ~ sep+
Ex(oy[Xal/(X8) ®p1 - = Exlia) ©5z

(Fp[Xa]/(X4) ©F,[x.] )
applied to an arbitrary projective resolution P, of M as an EJAr-module.
Noting that each P; (j > 0) is flat over F,[X,] (as they are torsion-free)

we deduce that F [X 1/(X%) ®, [x.] Pe is acyclic in nonzero degrees as it

computes Tor.p[[X H(Fp[Xa]/(X£)7M)- Moreover, by Lemma [3.13 ESA?[Z}

is flat over EA\{Q} whence the complex ESA@GJ;}[X |/(X3) ®pt Pe is also

acyclic in nonzero degrees showing that Ezef {J; }[Xa]/(X5) and M are Tor-

independent over EI.
On the other hand, M is finitely generated over Ef, so we have short
exact sequences

0= M — (EDRB M0 and 00— My — (EHDM = My >0
by noetherianity. In order to simplify notation write (-), for

BT Xal/(XD) @y -

to obtain an exact sequence

(M), — (EL)E 5 (BLR 25 (M), — 0
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for all » > 0 using the Tor-independence above. Now since the natural map
(N)y, = (N),, is surjective for any Ef-module N and rq > 7y > 0 by the
right exactness of - @+ N, the natural map Ker(fo,r,) — Ker(fo,,) is also
surjective (applying this in case N = M; and a diagram chasing). So the
Mittag-Leffler property is satisfied for these projective systems showing
that the map @r fo,r is surjective with kernel @T Ker(for) = @r Im(fi1,).
Applying the same trick as above with N = Ms we deduce that the pro-
jective system Ker(f1,) also satisfies the Mittag-Leffler property showing
that @r fi, has image l'&nr Im(f1,). In particular, @T(M)r is the cok-

ernel of the map lim _fi,: (ESAEG;}[[XQ]])kl — (E‘ZZ{’L}[[XQ]])’“O and so is

Es:{? }[[ o] ®g+ M as claimed. The second statement follows in exactly

the same way.

For the third statement note that the isomorphism (4)) and the surjectiv-
ity of the map EXV ) [Xal/(X5) ®pr Dg* = ExY oy [Xal/(X3?) @2 D™
implies that the map

A (Eze<){a} [Xal/(X5) ®@pt /(xm) D;fjl)w:id

peA\{a}

se pp=id
= (Bl X/ (X2) @y D)
peA\{a}

is also onto for all r; > ro. Therefore the natural map

(] (ESA€<){&}[[X | @ps Dy)%zm

peA\{a}
: se r % pp=id
=t () (B X/ (X0) @52 ) D)
T peA\{a}
se, * ps=id
= (B Xal/(Xa) @ x,) D23
peA\{a}

is also onto using the second statement of the Lemma. On the other hand,
the kernel of this map equals

se ) P8= se .
ﬂ <EA<){04} [Xol ®pz Dy > ﬂ Xa BNy [Xa] ®p= Dy
peA\{a}

=id
=X, ) (B, X @p D)
peA\{a}



Multivariable (¢, T')-modules and products of Galois groups 709

since X, is fixed by each g and E{, )\ [Xa] @ g+ DX* has no X,-torsion.

This shows, in particular, that (Ngea\{a (EA\{Q} [Xo] ®p+ Dg*)%:l N
finitely generated over F,[X,] by the topological Nakayama Lemma (see
[1]). Moreover, it is torsion-free hence free as ESA?) {a} [Xa]] ®p+ DE* has no
X,-torsion either. In particular,

se se pp=id
B Xal @, () (Eiliey[Xal @5 D)
peA\{a}

is X,-adically complete and the result follows. O

Step 4. The goal here is to obtain a (pa,a)-module Dy over E, (by
trivializing the action of each pg, B € A\ {a}) which is at the same time
a linear representation of the group Gg, A\{a}- We take projective limits of
the inclusions in Lemma with respect to r to conclude (using Lemma

3.18)) that

L\ pe=id
N (Ex? [ Xl @50 DEY)
peA\{a}
is contained in the image of the map

BT [Xa] @pg M = EXT [ Xa] @5 DI

Note that M[X'] = DI*[X '] = DI*[X;'] = D and g acts trivially on
Xq. So inverting XA above we deduce that

s=id
Dai= () (Bl (Xe) @5, D)”
peA\{a}

is contained in the image of the map

B [XalXRY @5, D BT, (Xo) @, D.

On the other hand, by and the third statement of Lemma we have

an isomorphism

(7) Ex{(0y (Xa) @r,(x0) Do = By (Xa)) @55 D

Lemma 3.19. The finite dimensional Fy((Xa))-vector space Do has the
structure of an étale (pq,'a)-module. At the same time it is a (linear) rep-
resentation of the group G, A\{a}- These two actions commute with each
other.
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Proof. The operator ¢, and the groups I'y and Gg, a\[{a} act naturally
on D,. For the étaleness of the action of ¢, on D, note that we have
Fp(Xa)) ®F,(x.),0. P = D by the étale property of ¢, on D and that ¢
acts trivially on F,((X,)) for 8 € A\ {a}. So we compute

Fp((Xa)) ®F,(X.),00 Da
se pp=id
= Fp((Xa)) QF, (Xa))pa ﬂ (EA<7{Q}((Xa)) REA D)

peA\{a}

se pp=id
= N (Fol(Xa) @506 FaTay(Xa) @5, D)
peA\{a}

sep pa=id

= (Bl (Xa) @5 Fyl(Xa) @550, D)
peA\{a}

pp=id
= () (B3 (Xe) @5 D)
BeA\{a}
= D,.

g

Step 5. We show the essential surjectivity of D here. Now we apply Vy, =
(E? OF, (Xa) )#e=ld t5 D, to obtain a finite dimensional F,-representation
V' of Gg, a. Moreover, we have dimy, V = dimg (x,) Da = tkg, D by the
isomorphism since Vg, is rank-preserving by Fontaine’s classical result.
Using again the isomorphism @ we conclude that the upper horizontal map
in the diagram

B [Xall (X3 @5, (x.) Do — Ex¥ oy [Xal[X3 '] @5, D

Eze<){a} (Xa) ®p, D

ExVo} (Xa) ®5,(x.) Da

induced by the containment D, C Ezef{z} [Xa][XA'] @5, D isinjective since

so are the vertical arrows as Ezef {z 1 [X] [X1'] is a subring in EXF, 1 ((Xa))

and D (resp. D,) is flat over Ea (resp. over F,((X4))) by Prop. (resp.
since F,((X,)) is a field). Applying E5” ®r,(X.) - We deduce another injec-
tive composite map
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EXP ®F, V

= (BT IXa]IX5Y @, x.) Ba?) @5, V
= Esﬁe@ HXo] (X321 @8, (x.) Ba® ©F,(x.) Da
= E;7 ®5,(x.) Bty [Xal[X3'] ®F,(x.) Da
= (Eiep OF, (X.) Entmy[Xol [Xgl]) ©p, D.

Taking Hg, a-invariants of this inclusion we deduce an inclusion D(V') < D
using Lemma However, this is an isomorphism by Prop. 2.1 in [11] as
D(V) and D have the same rank. O

Remarks. 1) Even though we have constructed V in the proof of the
above theorem by a different procedure from just putting V := V(D),
we still have an isomorphism V = V(ID(V)) = V(D) by Prop.

2) If K is a finite extension of F,,, then we have an equivalence of cat-
egories between Rep,(Gg,,a) and D (pa,Ta, k ®r, Ea). Indeed, we
have a natural isomorphism (k ®@r, EX”) ® - = Esep ®p, - as functors
on Rep,(Gg,,a)-

4. The case of p-adic representations
4.1. Cohomological preliminaries

We will need the following multivariable analogue of Hilbert’s Theorem 90
(additive form).

Proposition 4.1. The continuous group cohomology H},.,(Hg, A, EXT)
vanishes.

Proof. By Prop. it suffices to show that for finite Galois extensions
El/E, (for all a € A) with Galois group H] := Gal(E!/E,) we have
HY(H',E}\) = {1} where we put H':=]] . H}. Choose a normal basis
€1,...,en, € E! over E, for each a € A. By Lemmathe set {[[oen €i. |
1 <iq <ng, a€ A} is a basis of the free Ex-module E’y. In particular,
E)\ = EA[H'] is induced as an H’-module whence the cohomology group
H(H',E),) is trivial. O
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Let D be an abelian group admitting an action of the commutative
monoid [ ca ¢N. Fix a total ordering < on A and consider the complex

<I>'(D):O—>D—>@D—>---—> @ D—.-.-—=D=0
acA {ozh...,ar}e(f)

where for all 0 <r <|A|—1 the map dﬁﬁ’;_?ﬁ:ﬂ: D — D from the compo-
nent in the rth term corresponding to {a1,...,a,} C A to the component
corresponding to the (r + 1)-tuple {f1, ..., Br+1} € A is given by

dﬂl ----- Bri1 — 0 if {041,...,O[T} g {517"'7/87‘-{-1}
s (—1)f(id—pp) if {B1,...,Br1} = {on,...,n} U{B},

where € = g(ay, ..., ay, 8) is the number of elements in the set {aq,...,q,}
smaller than . Since the operators (id —¢pg) commute with each other,
®°*(D) is a chain complex of abelian groups. Note that for each o € A we
have a complex

$°(D):0— D" D0

such that ®° (ESAEP ) is a kind of completed tensor product of the complexes
2 (E5™). More precisely, the tensor product over F, of the complexes
®*(E™) is the complex ®*(EX™”) which is therefore acyclic in nonzero de-
grees with Oth cohomology equall to IF, by the Kiinneth formula. Note that
there are no higher Tor’s as the tensor product is taken over the field IF,.
We need the following completed version of this observation.

Proposition 4.2. The complex ®*(EX") is acyclic in nonzero degrees with
0th cohomology equal to IF),.

The following Lemma is well-known.

Lemma 4.3. For any finite separable extension E! /E, the map id —p, :
X! B — X! E'T is bijective.

Proof. The kernel of id —¢, is F,, which is not contained in X/ E/". On the
other hand, Y > on converges on this set and is therefore an inverse to
id — ¢, for formal reasons. O

Our key is the following

Lemma 4.4. Forallaw € S C A the map id —po: ESY — EZP is surjective

. sep
with kernel ES\{Q}.
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Proof. We may assume S = A. The inclusion Ezef o € Ker(id —pq) is clear.
For a collection Eg < Ejy = Fy,(X3)) (8 € A) of finite separable extensions
the ring E’\ is embedded into (E’A\ (o} ®F, F,.)(X))). By comparing the
coefficients we find that (E/A\{a} ®F, Fq. ) (X)) P71 = E’A\{a}

For the surjectivity pick an element ¢ in E, C EX* for some collec-
tion of finite separable extensions Eg < Ej = Fg, (X B)) (8 € A). There ex-

ists an integer k >0 such that ¢ lies in X "EY = ®66AF kE/’;. So
we may write ¢ as a convergent sum ¢ = fo;l Can @ Ca,n SUCh that Can €
X A’\f{a}E’g\ {0y With ¢ = 0 and co,n € XJFELF. The set X" By /X| B
is finite, so we choose a finite set U C X *E"F of representatives of all the
cosets in X *E'+ /X! E'". We adjoin the roots of the polynomial f,(X) =
XP — X —u to E!, for each uw € U in order to obtain a finite separable ex-
tension E”/E! (noting that these polynomials do not have multiple roots).
We deduce that each u € U lies in the image of id —¢,: EY — E!, and by
construction we may write ¢o, = up, + v, with u, € U and v, € X, E.t for
all n > 1. By Lemma the elements v, are in the image of id —y,, too,
whence so are the elements c,, by the additivity of the map id —¢,, ie.
Can = dan — Paldan) for some do , € E for all n > 1. Moreover, the X,-
adic valuation of d,, is bounded by that of the X,-adic valuation of ¢,
showing that the sum d := Y77 | ¢z, ® da,n defines an element in EX” with
c=d— pu(d). O

Proof of Prop.[{.4 We proceed by induction on |A]. The case |A| =1 is
clear, so suppose n := |A| > 1 and we have proven the statement for any
proper subset S C A = {ay,...,a,}. Let c = (CS)SE( ) € 6956( ) EX? be a
cocycle in degree r. By Lemma 4.4 we find an element 2 = (x) ve(,2) with

2y =0 for all U with oy, € U such that (¢ —d"~!(z))s = 0 for all S € (2)
with o, € S. Indeed, the map - U {ay, }: (A1\n{_a1"}) —{S e (e) | a, € Stisa
bijection and by our assumption that x is concentrated into (A>{f“1"}) - (Tfl)
only the S\ {a}-component of z contributes to the S component of d"~!(x)
for a, € S. So by replacing ¢ with ¢ — d"~1(x) we may assume without loss of
generality that cg = 0 for all S containing «,. In particular, for S” € (A\{ra"})

we compute

= (d"(¢))srufan}

(1) (id —pa, ) (cs) + > (= )(id =) (cs/Ufan 1 (5})
pes’

(=1)"(id —ga, )(cs)-
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Using Lemma again this yields cg: € Ezef’ (a,) for all S e (f) Now the

statement follows by induction. (|

The association D +— ®*(D) is an exact functor from the category of
abelian groups with an action of [ ca ©N to the category of chain complexes
of abelian groups. In particular, for any short exact sequence 0 — D; —
Dy — D3 — 0, we have a short exact sequence 0 — ®*(D;) — ®°*(D2) —
®°*(D3) — 0 of chain complexes. This yields a long exact sequence

0 — hP®*(D;) — h®*(Dy) — hP®*(D3)
= h'®*(D1) = h1@*(Dy) — h'®*(Dy) = -

of abelian groups.

4.2. The multivariable p-adic coefficient ring

Our goal in this section is to lift En and EX? to characteristic 0 so we can
classify p-adic representations of Gg, a. Recall [3] that Og =lim, 7] (p") (X))
is constructed as a Cohen ring of E = Fp((X)). Via the embeddmg X —
[e] — 1 these are subrings of B which is defined as B := W ( ESGP/Q) | where
W(Esep) is the ring of p-typical Witt vectors of the completion E*¢ (with re-
spect to the X-adic topology) of the separable closure E*P. Here [¢] denotes

~

the Teichmiiller representative of the sequence € = (,), € imx._mp (’)(cp =

Eser” of p-power roots of unity with €; # 1. Note that Esep is an alge-
braically closed field of characteristic p which is, in fact, isomorphic to the
tilt (Cb Frac( L w0 9c,/(p)) of Cp in the modern terminology. Further,
for any finite extension E’ / E contalned in E*P there exists a unique finite
unramified extension & of & = Og[p~!] contained in B with residue field £’
(Prop. 4.20 in [5]).

We define the ring Og, as the projective limit Jim (Z/(ph)[[Xa |a e
Al XA ]) and put Ex 1= Og, [p~!] so we have O¢, /(p ) EA. The Iwasawa
algebra O*A =Zp[Xo | @ € A]] < Og, is isomorphic to the completed tensor
product of the one-variable Iwasawa algebras (’);a = Zp[Xa] (v € A) over
Zyp. This motivates the way we can lift E'y to characteristic 0 for a collection
E!/E, (a € A) of finite separable extensions. We define

—_—
+ +
Of = Q) O

a€EAZy
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as a completed tensor product. If we write E/, = F,_ (X)) (o € A) then we
may identify O;,A with the power series ring ( ®gea z, W(an)) X, |ae
AJ over the finite étale Zy-algebra ) acAZ, W (F,, ). We define Og,, as the p-
adic completion (’);,A (XA = lim, O;SA [(XA'/(") and put ) == Og, [p71].
We have the following alternative characterization of Ogy, .

Lemma 4.5. Writing A = {a,...,a,} we have
Og, = Og;, @o,, (- (Os, ®o,, Oc.))
In particular, Og, is a free module of rank |7, |E}, : Eqa,| over Og,.

Proof. Each (95(/” is naturally a subring in Og, and so is Og,. Therefore
there is a ring homomorphism from the right hand side to the left hand
side which is an isomorphism modulo p by Lemma The first statement
follows from the p-adic completeness of both sides.

Since O¢, is a complete discrete valuation ring, Og: is finite free over
Og,, of rank \E’ : By, (1 =1,...,n). Therefore the second statement. []

Now we define X :=li E/A and Ogyr := lim Og, where EJ, runs over
the finite subextensions of E,, in Eg™ for all a € A. Further, we denote by
EX" (resp. by (95,”) the p-adic completion of EX" (resp. of Ogur). We have

Ogp /(p) = EX* by construction. The group Gg, A acts naturally on E
(resp on (’)gm) Moreover, for each o € A we have the Frobenius lift ¢, on

B, (the copy of B indexed by a) which acts on [¢] by raising to the pth power
(as it is a Teichmiiller representative). So we have ¢ (X,) = (Xo +1)P — 1.
For each finite extension E,/E, we have ¢o(&,) C &, so this defines an
action of ¢, on the rings £X", Ogur, ZT, and Og o for all & € A. These
operators commute with each other and with the actlon of the group Gg, A.

Proposition 4.6. We have

—Ho, a ——pa=id
EX = Ea, e =,
aEA
Hg,.a po=id __
Osurp = 05A7 ﬂ Ogur Zp'
aEA

Proof. The statements on 5“7" follow from those on (qu, as p is - and
Hg, a-invariant for all o € A Moreover, the latter statements are conse-
quences of Prop. resp. Lemma using devissage. ]
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4.3. The equivalence of categories

We denote by Repy, (Gg,,a) (resp. by Repg, (Gg,,a)) the category of con-
tinuous representations of Gg, A on finitely generated Z,-modules (resp.
on finite dimensional Q,-vector spaces). Let T' (resp. V) be an object in
Repy, (Gg,,a) (resp. in Repr(G@mA)). We define

Ho,,a

D(T) := (ng ®a, T) <resp. D(V) := (gx\r Qq, V) H@p,A>

By Prop. 4.6/ D(T") (resp. D(V)) is a module over Og, (resp. over Ea).
Moreover, it admits an action of the monoid T’ a: the action of ¢, (o € A)

is trivial on 7' (resp. on V) and therefore comes from the action on Og
—_— A
(resp. on £X") defined above. The action of I'n = Gg, a/Hg, A comes from

the diagonal action of Gg, A on (’)g,; ®z, T (resp. on EX" R, V).
A
Proposition 4.7. Let T be an object in Repyz (Gg,,a). The natural map
O‘gff ®0e D(T) — Og/g,,. ®z, T
s an isomorphism.

Proof. This is very similar to the proof of Prop. 2.30 in [5]. We proceed in
two steps. Assume first that T is killed by a power p” of p. We use induction
on h. The case h = 1 is done in Prop. Now for h > 1 we have a short
exact sequence 0 — 71 — T — T» — 0 of objects in Repy, (Gg,,a) such that
pTy = 0 and p"~'T,. Since OEE has no p-torsion, it is flat as Z,-module.
Therefore we obtain a short exact sequence

0%0@@ZPT1%O@@ZPT%OEQ(X)ZPTQ—)O.
A A A

Now we have an identification (f)g? ®z, Th = EX* @p, T1 = EX* @p, D(T1).
In particular, as a representation of Hg, A we have

~ sep\dimy T
O @z, Ti = (EA7) T 7

In particular, Prop. yields Hclont(HQp,A’ Oz ®z, T1) = {1}. By the long
A
exact sequence of confinuous Hg, a-cohomology we deduce the exactness of
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the sequence
0— D(T1) = D(T) — D(T3) — 0.

Now we have a commutative diagram

00— Ogp ®0., D(T1) — Ogz @0, D(T) — Ogz ®0., D(Tr) —=0

Og/A“\T ®z, T1 Ogg ®z, T Og‘z\r Rz, T»

0 0

with exact rows. Thus the vertical map in the middle is an isomorphism by
induction using the 5-lemma.

The general case follows from this by taking the projective limit of the
isomorphisms above for T'/p"T as h tends to infinity. O

An étale T o-module over Og, is a finitely generated Og,-module D
together with a semilinear action of the monoid Ty A such that for all ¢; €
T, A the map

id Rt : (p:D = OgA ®O€A7‘Pt D—D

is an isomorphism. We denote by D (pa,T'a,Og,) the category of étale
T+ a-modules over Og,. As in the mod p case, D(pa,'a, Og,) has the
structure of a neutral Tannakian category. If D is a finitely generated Og,
module that is killed by a power p” of p we define the generic length of D as
lengthg,,, D := Z?:1 tkg, p'~'D/p'D where tkg, denotes the generic rank
(ie. dimension over Frac(Fa) of the localisation at (0)).

Corollary 4.8. The functor D is exact. D(T) is an object in D (oa,T A,
Oc¢,) for any T in Repy, (Gg,,a). Moreover, if T is killed by a power of p
then the we have lengthy.,D(T') = lengthy T

gen

Proof. If T is an object in Repy (Gg,,a) such that p"T = 0, then we have
Hl(HQp,A,Og/A; ®z, T) = {1} by induction on h using the long exact se-
quence of continuous Hg, a-cohomology. So the exactness of D on finite
length objects in Repy (Gg, a) follows the same way as in the proof of
Prop. in the special case when pT7 = 0. Now if 0 = T7 — T — T3 — 0
is an arbitrary short exact sequence in Repy (Gg,,a) then we have an exact
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sequence
0= T[p"] = To[p"] = Ta[p"] 2 T2 /p" Ty — To/p" Ty — Ts/p"Ts — 0
of finite length objects for all h > 1. Applying D yields an exact sequence

0 — D(Ta[p")) — D(T2[p"])) — D(T3[p"])
— D(Tl/pth) — D(Tg/pth) — D(Tg/pth) — 0

for all h > 1. Since T; is finitely generated over Z,, we have Ti[p"] = (T})tors
for h > hy large enough (i =1,2,3). In particular, the connecting map
T;[prt1h] Iﬁ? T;[p™] is the zero map for h > hy and i = 1,2,3. Thus the
Mittag—Leffler property is satisfied for both Im(9,), and Coker(dy);, as the
map T3/ ph+1T1 — T/ pth is surjective for all h > 1. Hence taking the pro-
jective limit we obtain an exact sequence 0 — D(77) — D(T3) — D(73) — 0
as claimed.

The statement on the generic length follows from the exactness using
Prop. and induction on h such that p"T = 0. In particular, D(T) is
finitely generated over Og, if T has finite length. Now if T is not necessarily
of finite length then we apply the exactness of D on the exact sequence 0 —
Tlp) = T % T — T/pT — 0 to obtain that D(T/pT) = D(T)/pD(T) which
is finitely generated over Ea. Therefore D(T') is finitely generated over Og,
by the p-adic completeness of D(T") (it follows easily from the definition that
we have lim, D(T/p"T) = D(T)).

Finally, the étale property for finite length modules follows by induction
on the length from the case h =1 (Prop. and in general by taking the
projective limit. O

Conversely, let D be an object in D% (pa,'a, Og, ). We define

pa=id
T(D) = ﬂ (OE‘Z? ®08A D)

aEA

This is a Zp-module admitting a diagonal action of Gg, A via the formula
g(A®d) = g(\) ® x(g)(d) where x: Gg, A — T'a is the quotient map.

Proposition 4.9. For any object D in D (pa,T'a, Og,), the natural map
OS/E ®Zp T(D) — OS/E ®@5A D

s an isomorphism.



Multivariable (¢, T')-modules and products of Galois groups 719

Proof. This is completely analogous to the proof of Prop. 2.31 in [5]. We
proceed in two steps. At first assume that p"D = 0 for some integer h > 1.
Consider the exact sequence 0 — D[p] = D — D/D[p] — 0 and apply the
exact functor ®°® o (OS/A\T ®0o,, *) to obtain an exact sequence

0= *(Ogzr @0, Dlp)) = ¢*(Ogz ®o, D)
— (I)‘(OgAZT ®o:, D/Dlp]) — 0.

By Thm. Dip] is in the image of the functor D whence Oz Q0 Dip]
is isomorphic to (EX?)™#as PPl as a [],.a ¢h-module using Prop. ﬁ In
particular, h1<I>'((9€/“\T ®o., Dlp]) =0 by Prop. This yields an exact
sequence

0 — T(Dl[p]) — T(D) — T(D/D[p]) — 0,

and the statement follows the same way as in the proof of Prop. [4.7]
The general case follows by taking the limit. O

Now note that T(D) is finitely generated over Z,: this is obvious in
the case when p"D = 0 using induction on h and in the general case by
Nakayama’s lemma as we have T(D L b (D/p"D) by construction. So
we deduce

Theorem 4.10. The functors D and T are quasi-inverse equivalences of
categories between the Tannakian categories Repy (Gg,a) and D(pa,
L'a, Ogy)-

Finally, an étale T A-module over £, is a finitely generated £a-module
D together with a semilinear action of the monoid 7T, A such that there ex-
ists an object Dy in D% (pa,Ta, Og,) with an isomorphism D = Dy[p~!] =
En ®o,, Do. We denote by D (pa,T'a,EA) the category of étale T A-
modules over Ex. As before, D (pa,Ta, Ea) has the structure of a neutral
Tannakian category. We have the following characteristic 0 version of the
category equivalence:

Theorem 4.11. The functors

Vs D(V) = (€5 8, V) Hora

D— V(D) := m <gx\r e, D)«pazid
acA
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are quasi-inverse equivalences of categories between the Tannakian categories
Repg, (Go,,a) and D(oa,Ta, EA).

Proof. Since G, A is compact, any finite dimensional QQ,-representation V'
contains a G, a-invariant lattice T'. The statement follows from Thm.

by inverting p on both sides. The compatibility with tensor products and
duals follows the same way as in characteristic p. O

Remarks.

1) If A is a Zp-algebra which is finitely generated as a module over
Zyp, then we have an equivalence of categories between Rep4(Gg,,a)
and D*(pa, LA, A®z, O¢,). Indeed, we have a natural isomorphism
(A®z, Og) @a - = Og ®z, - as functors on Rep 4 (Go,,a)- Similarly,
if K is a finite extension of Qyp, then we have an equivalence of cate-
gories between Repy (Gg, .a) and D% (pa,Ta, K ®q, €a).

2) It is expected that there is a similar equivalence of categories for rep-
resentations of the |A|th direct power of the group Gal(Q,/F) for a
finite extension F'/Q,,. However, at this point it is not clear what type
of (¢,I')-modules one should consider. The usual cyclotomic (¢, T')-
modules do not seem to be well-suited for the purpose of the p-adic
and mod p Langlands programme. On the other hand, the Lubin—Tate
setting may not work properly in characteristic p due to the non-
existence of the distinguished left inverse 1 of ¢. To work over the
character variety of the group Op [2] seems, however, to be a good
candidate.
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