Math. Res. Lett.
Volume 25, Number 1, 85-{141} 2018

Dual BGG complexes for automorphic

bundles

KAI-WEN LAN AND PATRICK POLO

We generalize the construction of dual BGG complexes in Faltings—
Chai and Mokrane-Tilouine-Polo (from the case of Siegel modular
varieties) to all smooth integral models of PEL-type Shimura va-
rieties.
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1. Introduction

Shimura varieties are generalizations of modular curves, whose cohomology
groups with coefficients in the so-called automorphic bundles set up natural
stages for relating automorphic representations to Galois representations. In
order to understand the Hodge structures on the de Rham version of such
cohomology groups, Faltings introduced the dual BGG spectral sequence
(over C) in [9], following older ideas of Bernstein, I. M. Gelfand, and S. I.
Gelfand [2], and verified its degeneration in [10, Ch. VI] using toroidal com-
pactifications of fiber products of the universal abelian schemes over the
Siegel modular varieties.

The geometric construction of compactifications in [10, Ch. VI] is ac-
tually carried out over Z, and (parabolic) BGG complexes have been con-
structed over Z,y (under a p-smallness assumption on the highest weights)
by Tilouine and the second author in [33]. Based on these inputs, Mokrane
and Tilouine studied the de Rham cohomology of Siegel modular varieties
with coefficients in vector bundles over Z,) in [3I] by constructing ana-
logues of Faltings’s dual BGG complexes, and obtained several interesting
applications to the cohomology of Siegel modular varieties. (In [§], Dimitrov
applied similar ideas to the cohomology of Hilbert modular varieties.)

The aim of this article is to explain that the constructions of dual BGG
complexes in [9] Sec. 3], [10, Ch. VI], and [31], Sec. 5] have analogues over all
(smooth integral models of) PEL-type Shimura varieties, under a p-smallness
assumption.

The main geometric input, generalizing the constructions of toroidal
compactifications in [10], has been carried out by the first author in [22] and
[25]. (We will refer to the published revision [26] instead of the original thesis
[22]. When the Shimura variety we consider is compact, the shorter article
[23] would suffice, because it explains that no compactification is needed.)

In [33], Theorems 2.8 and 4.3 were stated (and proved) for a connected,
split reductive group G with a simply-connected derived group. In fact,
these hypotheses can be relaxed, and we will show that a similar result
still holds when G has a factor isomorphic to some orthogonal group O,
(whose derived group is not simply-connected). (For readers familiar with
the classification of PEL-type Shimura varieties, the point is that we allow
all possibilities, including those with factors of type D.)

We will review the geometric setup in Section [2| review the represen-
tation theory we need in Section |3 explain the construction of differential
operators in Section 4] and prove our main results in Section



Dual BGG complexes 87

We shall follow [26, Notations and Conventions| unless otherwise speci-
fied. By symplectic isomorphisms between modules with symplectic pairings,
we always mean isomorphisms between the modules matching the pairings
up to an invertible scalar multiple. (These are often called symplectic simil-
itudes, but our understanding is that the codomains of pairings are modules
rather than rings, which ought to be matched as well.) Sheaves on schemes,
algebraic spaces, or algebraic stacks are étale sheaves by default, although for
coherent sheaves on schemes it would suffice to work in the Zariski topology.

2. Geometric setup
2.1. Linear algebraic data

Let O be an order in a finite-dimensional semisimple Q-algebra with a pos-
itive involution *. Here, an involution means an anti-automorphism of or-
der 2, and positivity of * means that for every 20 in O ®R, one has
Z
Tro e ry/r(72*) > 0. We assume that O is stable under *. We shall denote
Z
the center of O ® Q by F'. (Then F is a product of number fields.)
Z

Let Z(1) := ker(exp : C — C*) = (2wy/—1)Z, which is a free Z-module

of rank one. For any Z-module M, we denote by M (1) the module M ® Z(1),
Z

called the Tate twist of M, which is noncanonically isomorphic to M as
Z-modules.
By a PEL-type O-lattice (L, (-, - ), hp), we mean the following data:

1) An O-lattice L, namely, a finite free Z-module L with the structure of
an O-module.

2) An alternating pairing (-, ) : LxL — Z(1) satisfying (bz, y) = (x, b*y)
for all z,y € L and b € O, together with an R-algebra homomorphism

ho :C— EndO®R(L®R),
Z Z

satisfying:
a) For any z € C and z,y € L®R, we have (ho(z)z,y) = (z, ho(2°)y),
zZ

where z — 2¢ is complex conjugation.

b) The R-bilinear pairing (2mv/—1)"1(-, ho(v/—1)-) on LR is (sym-

Z

metric and) positive definite. (See [26, Def. 1.2.1.3], where hy was
denoted by h.)



88 K.-W. Lan and P. Polo

The tuple (O, *, L, (-, - ), ho) will be called an integral PEL datum. It is
an integral version of the data (B,x,V, (-, -), ho) in [2I] and related works.

Definition 2.1 (cf. [26), Def. 1.2.1.6]). Let O and (L, (-, -)) be given as
above. We define for each Z-algebra R

G(R) := {(g,r) eAut@%R(L%)R) x Gp(R) :
(97, 9y) = r(z,y), Yo,y € L<§R}.

The assignment is functorial in R and defines a group functor G over Z. The
projection to the second factor (g,r) — r defines a homomorphism v : G —
G, which we call the similitude character. For simplicity, we shall often
denote elements (g,7) in G by simply g, and denote by v(g) the value of r
when we need it.

The homomorphism kg : C — EndO®R(L®]R) defines a Hodge struc-

ture of weight —1 on L, with Hodge decomposmon
(2.2) LeC=WaoVy,
Z

such that ho(z) acts by 1®z on Vj, and by 1® z¢ on V. One can easily
check that Vj is (maximal) totally isotropic under the non-degenerate pairing
(-, ), and hence ([2.2)) induces canonically an isomorphism

(2.3) VE = V(1) := Home(Vp, C)(1).

Let Fy be the reflex field of the O ® C-module Vj. Recall (see [2], p. 389]

or [26, Def. 1.2.5.4]) that Fj is theZsubﬁeld of C generated over Q by
{Trc(b|Vo) boeo-

By abuse of notation, we shall denote the ring of integers in F' (resp.
Fy) by O (resp. Op,). This is in conflict with the notation of the order O
in the integral PEL datum, but the precise interpretation will be clear from
the context.

We say that a rational prime number p > 0 is good if it satisfies the
following conditions (cf. 21} Sec. 5] or [26], Def. 1.4.1.1]):

1) p is unramified in O (as in [26], Def. 1.1.1.8]).
2) p#2if O ® Q involves simple factors of type D (as in [26] Def. 1.2.1.15]).
zZ
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3) If we consider L# := {z € L®Q: (x,y) € Z(1),Vy € L}, the dual lat-
zZ

tice of L under the Z(1)-valued pairing (-, - ), then p { [L* : L]. Equiv-
alently, after base change to Z,, the pairing (-, -) is perfect in the
sense that it induces an isomorphism

L b4 Zyy =LY 9 Zp(1) := Homgz,, (L ¥ Lp); Lp)(1))-
Let us fix any choice of a good prime p.

By [26, Lem. 1.2.5.9], there exists a finite field extension Fj of Fp in
C, unramified at p, and an Op;-torsion-free O ® Opy (,)-module Lo, such

7
that Ly ® C = V. Let us fix the choices of F{j and Ly from now on. (In
Fl.(p)

practice, there might be optimal choices in each special case.)

Let us denote (cf. [26, Lem. 1.1.4.13]) by

<' 5t >Can. : (LO S Lg(l)) X(LO @Lg(l)) - OF67(P)(1)
the alternating pairing defined by

((z1, f1), (22, f2))can. := fa(z1) — f1(22).

The natural right action of O on Ly (1) defines a natural left action of O by
composition with % : @ = O°P. Then 1} induces canonically an isomor-
phism L (1) @ C =2 V(1) 2 V§ of O @ C-modules.

Z Z

Definition 2.4. For any Op, (,)-algebra R, set

J(p

(g,7) € Aut@§R((L0 ®LY(1) ® R)xGn(R):

Opr
Go(R) := Fo-®) ,
o) =0 (g, gyhean. = 1, Yheans Yoy € (Lo®LY(1) ® R
Fl.(p)
Po(R) := {(9,7“) € Go(R) : 9(L5(1)0® R) = L5(1)0® R},
F{,(p) Fb.(p)
Mo(R) := Autogr(L{ (1) ® R)xGn(R),
z Fh(»)

We shall view Mo(R) canonically as a quotient of Po(R) by

Po(R) = Mo(R) : (g,7) = (9lLyq) © &rT)-

Crf.(»)
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The assignments are functorial in R, and define group functors Gg, Py, and
My over Op; ()-

By [26, Prop. 1.1.1.21, Cor. 1.2.5.7, and Cor. 1.2.3.10], and by our choice
that F{) is unramified at p, there exists a discrete valuation ring R; over
OFy (p) satisfying the following:

Condition 2.5. 1) The mazimal ideal of Ry is generated by p, and the
residue field k1 of R1 is a finite field of characteristic p. In this case,
the p-adic completion of Ry is isomorphic to the Witt vectors W (k1)
over K.

2) The Z-algebra O is split over Ry, in the sense that
T := Homg_,15. (OF, R1)
has cardinality [F : Q]. Then there is a canonical isomorphism
(2.6) OF®R1 H Op,
TEY

where each Op, can be identified as the Op-algebra Ry via T.
3) There exists an isomorphism
(27) (L%Rlv<'7 >) = (LU@L5(1)7<7 '>can.> & Rl
Fjs(p)

mducing an isomorphism

(2.8) GeRi =G © R

FLL(p)
realizing Po ® Ri1 as a subgroup of G®R1 (The existence of the
F ()
isomorphism (2.7) follows from [26, Cor. 1.2.3.10].)

From now on, let us fix the choice of R; and the isomorphism (2.7)),
and set OF,l =0prRR,01:=0 Ry, L1 :=L® R, LO,l =Ly ® Ry,
Z Z Z F§.(p)
Gi=Gy ® RMEG®R;,P1: =Py ® Ri,and M; =My ® R;.
Z

Fb.(p) Fl.(p) F{,(p)

Remark 2.9. The group functors in Definitions 2.1] and [2.4] are repre-
sentable because they are defined by closed condltlons in general linear
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group schemes. By the same explicit classification as in the proof of [26]

Prop. 1.2.3.11] (which works verbatim over the R; here instead of the R’

there), Gi = Go ® R; = G® Ry is a split reductive group scheme over
Z

F§,(p)
Ry, the group scheme P is a parabolic subgroup scheme of Gi, and M is
canonically isomorphic to the Levi quotient of P;.

2.2. PEL-Type Shimura varieties and automorphic bundles

Let H be a neat open compact subgroup of G(Zp). (See [32], 0.6] or [26, Def.
1.4.1.8] for the definition of neatness.) By [26, Def. 1.4.1.4] (with O = {p}
there), the data of (L, (-, -),ho) and H define a moduli problem My over
So = Spec((’)FO,(p)), parameterizing tuples (A, \, i, ay) over schemes S over
Sg of the following form:

1
2
3

) A — S is an abelian scheme.

) A: A— AV is a polarization of degree prime to p.

) i: O—Endg(A) is an O-endomorphism structure as in [26, Def. 1.3.3.1].
4) Lie, g with its O GZE) Zpy-module structure given naturally by ¢ satisfies
the determinantal condition in [26, Def. 1.3.4.1] given by

(L%R,<-, -),h0>.

5) ay is an (integral) level-# structure of (A, \,4) of type (L®ZP, (-, -))
Z
as in [26, Def. 1.3.7.6].
(The definition can be identified with the one in [21], Sec. 5] by [26, Prop.
1.4.3.4].) By [26], Thm. 1.4.1.11 and Cor. 7.2.3.10], My is representable by
a (smooth) quasi-projective scheme over Sy (under the assumption that H
is neat).
Let (A, \,i,ay) — My be the universal tuple over My. Consider the
relative de Rham cohomology H g (A/My), with the dual

H{"(A/My) := Hom,, (Hig(A/My), On,,)
defined to be the relative de Rham homology. Consider the canonical pairing

(2.10) (-, at HI¥(A/My) x H{®(A/My) — O, (1)
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defined by the pullback under Id x A, of the canonical perfect pairing
HIY(A/My) x HIR(AY /My) = Ow,, (1)

defined by the first Chern class of the Poincaré line bundle over A x AV.
My

(See for example [7, 1.5].) Under the assumption that A has degree prime
to p, we know that A is separable, that )\, is an isomorphism, and hence
that the pairing (-, - ) above is perfect. Let (-, - ) also denote the induced
pairing on Hlg(A/My) x Hz(A/My) by duality. By [3, Lem. 2.5.3], we
have canonical short exact sequences

0= L} w,, (1) = Hi™(4/My) — Liey,, — 0

and
0— @X/Ma(l) - ﬂ(liR(A/MH) - @AV/MH — 0.

The submodules Lie")., /My, (1) and Lie, M (1) are maximal totally isotropic
with respect to (-, -)x. (The Tate twists on @XV/MH(D and @X/Mﬂ(l)
were omitted in some of the first author’s earlier writings, which we have
reinstated for the sake of clarity.)

Let |\~/IgT ) be the m-th infinitesimal neighborhood of the diagonal image

)

of My in My x My, and let pry, pry : I\N/Ig_;n — My be the two projections.
S

Then we haveoby definition the canonical morphism Oy, — ,@mﬂ /S0 =
pry . pr5(Owm,, ). The isomorphism s : |\~/I§_T) — I\N/Ig;n) over My swapping two
components of the fiber product then defines an automorphism s* of @,C}H /S0
When m = 1, the kernel of the structural morphism str* : 9,%/'% /S0 OM,, s
canonically isomorphic to Q%AH /So by definition, is spanned by the image of
s* —Id* (induced by pr} — pr).

An important property of the relative de Rham cohomology of any
smooth morphism like A — My, is that, for any two smooth lifts A; — I\N/Igi)
and Ay — |\~/|$) of A — My, there is a canonical isomorphism

Hip(Ao/M$)) S Hip (A /M)

lifting the identity morphism on H IR(A/My). (See for example [26, Propo-
sition 2.1.6.4].) If we consider A; := prj A and A := prj A, then we obtain
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a canonical isomorphism
* ~ * (1
b1y ﬂ(liR(A/MH) = ﬂtliR(pYQ A/M%))
~ % ~ (1)~
5 Hig(pry A/MY,)) 2 pri Hlg (A/Myy),

which we denote by Id* by abuse of notation. On the other hand, pullback

by the swapping automorphism s : l\~/|£) 5 |\~/|§11£) defines another canonical

isomorphism

* . pry Hip(A/My) = Hlp (prs A/MS))
X Hig(pr A/MG)) = pri HAR (A/My).

Hence, we can define the Gauss—Manin connection as follows (cf. [26, Re-
mark 2.1.7.4]):

Definition 2.11. The Gauss—Manin connection

(2.12) V' Hig(A/Mu) = Hin(A/Mn) © Oy, zs,

on Hlp(A/My) is the composition
r; AN s —1d*
Hi(A/My) =5 Hig(prs A/My)) “—5 Hig(4/My) © Oy, s,
M3

Definition 2.13. The composition

Lie} ,, (1) < Har(A/My)
v .
%ﬂéR(A/MH)ﬁ@@ /s, = Liegwjuy, 2 D,/

defines by duality a morphism
(2.14) KSA/MH/SU LleA/M ® LleAv/M (1) — Q,l\,lﬂ/so,

which we call the Kodaira—Spencer morphism.

Definition 2.15 (cf. [26, Def. 2.3.5.1]). The sheaf KS,, =
KS (42 i,0n)/My 18 the quotient

xGQX/Mﬂv
,%ZE@X\/ /M'H )
beO.

-V ., A (y) @z = A (z) @y
(Lies /m,, ﬁ%@H@Av/MH)/ <i(b)*(w)®y—x®(1(b) )y )>
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Proposition 2.16 (see [26, Prop. 2.3.5.2]). The Kodaira—Spencer mor-
phism (2.14) factors through the canonical quotient @X/MH ﬁ@ @XV/MH (1)
My

— KS 4 /m,, (1) and induces an isomorphism
(2.17) KS 4w, (1) = QI{/IH/SM

which we call the Kodaira—Spencer isomorphism, and denote again (by abuse
of notation) by KS4/m,, /s, -

Consider the set
X :=G(R)hg

of G(R)-conjugates h: C = Endpgr(L®R) of hy: C = Endpgr(L®R),
which is canonically a finite union o?' Herrgitian symmetric spaces.Z Let f%p =
G(Zy) (an open compact subgroup of G(Q,)) and let H be the open compact
subgroup HH, of G(Z). Tt is well known (see [21} Sec. 8] or [24, Sec. 2]) that
there exists a quasi-projective variety Shyr over Fp, together with a canonical
open and closed immersion Shy <— My, ® Fy (because H is neat), such

Fo,(p)
that the analytification of Shy ® C can be canonically identified with the
Fo
double coset space G(Q)\X x G(A*)/H. (Note that Shy — My ® Fy

Fo,(p)
is not an isomorphism in general, due to the so-called failure of Hasse’s

principle. See |21, Sec. 8] and [26, Rem. 1.4.3.12].)

Let My o denote the schematic closure of Shy in My. Then My o is
smooth over Sg. By [23], My o is proper over Sy if G(Q)\X x G(A*)/H is
compact.

Let Sy := Spec(Ry), and let My ; = MH70§< S;. By abuse of notation, we

denote the pullback of the universal object ove; My, to My 1 by (A, A, 4, o)
— M'H,l-
As in [25] Sec. 6A] and [27), Sec. 1.3], let us define the principal bundles

(218) Eq, = Isomog g, , ((ESA/Ma), (- s O, (1),

((Los ® LE1(1)) © Ounse (- Jeans O (1) ).
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(2.19)
gPl = ISﬂO%ﬁMHJ ((E?R(A/Mﬂ,l)v < Tyt >)\7 ﬁMHJ(l%@XV/MHJ(l))7

((Lo,l S L\O/,l(l)) I? ﬁM’H,l’ < Tyt >Caﬂ-7 ﬁM’H,l (1)7 LE)/,I(I) }? ﬁMH,1>)7
and
(2.20) En, = ISOmOQZZ)ﬁMHJ <(@XV/MH.1 (1), ﬁM’H,l(l))7

(50 o ),

which are étale torsors for Gq, Py, and My, respectively, over My ;. (The
entries Oy, , (1) in the tuples represent the values of the pairings, which are
matched up to unit by the isomorphisms, by our convention. The groups
G1, P1, and M; act as automorphisms on the respective second tuples in the
Isom functors, by definition.)

Definition 2.21. For any Rj-algebra R, we denote by Repr(Gi1) (resp.
Repp(P1), resp. Repr(M;y)) the category of R-modules of finite presentation
with algebraic actions of G; ® R (resp. P1 ® R, resp. M1 ® R).

R1 R1 Rl

Definition 2.22. Let R be any Rj-algebra. For any W € Repp(Gi), we
define

G1®R
Ry

(2.23) &, R(W) = (Eq, ® R) x W,

called the automorphic sheaf over My 1 ® R associated with W. It is called

an automorphic bundle if W is locally free as an R-module. We define sim-
ilarly for W € Repp(P1) (resp. W € Repr(M1)) by replacing G; with P
(resp. with M) in (2.23). (These are coherent sheaves by fpqc descent. See
[15, VIII, 1.1 and 1.10].)

By [27, Lem. 1.18, 1.19, and 1.20, and Cor. 1.21], we have the following:

Lemma 2.24. Let R be any R1-algebra.

1) The assignment Eg, r(-) (resp. Ep, r(-), resp. Em,,r(-)) defines an
exact functor from Repr(Gi) (resp. Repgr(P1), resp. Repr(My)) to
the category of coherent sheaves on My 1.
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If we consider an object W € Repr(G1) as an object in Repr(P1) by
restriction to Py, then we have a canonical isomorphism Eq, r(W) =
Ep, rR(W).

If we view an object W € Repr(M1) as an object in Repr(P1) in the
canonical way (under the canonical surjection Py — My), then we have
a canonical isomorphism Ep, r(W) = Enm, r(W).

Suppose W € Repr(P1) has a decreasing filtration by subobjects
F¢ (W) C W in Repr(P1) such that each graded piece Grg(W) :=
FY(W)/FTY (W) can be identified with an object of Repgr(My).
Then Ep, r(W) has a filtration Ep, r(F*(W)) with graded pieces
Emy, r(Grg(W)).

2.3. Toroidal compactifications and canonical extensions

Under the assumption that H is neat, by [26, Thm. 6.4.1.1 and 7.3.3.4], My
admits a toroidal compactification M" = M}, a scheme projective and
smooth over Sp, depending on a compatible collection 3 of cone decompo-
sitions that is projective and smooth in the sense of [26, Def. 6.3.3.4 and
7.3.1.3], with the following properties:

)

The universal abelian scheme A — My extends to a semi-abelian
scheme A" — ML", the polarization A : A — AY extends to a prime-
to-p isogeny A=t : At (AeXt)v between semi-abelian schemes, and
the endomorphism structure i : O — Endy,, (A) extends to an endo-
morphism structure i : O < Endpuer(A®"). (These extensions are
unique because the base is noetherian and normal. See [10, Ch. I,
Prop. 2.7].)

The complement of My in MY" (with its reduced structure) is a rel-
ative Cartier divisor D = Dy 3y with simple normal crossings. Here
simpleness of the normal crossings uses [20, Cond. 6.2.5.25 and Lem.
6.2.5.27] (cf. [10, Ch. IV, Rem. 5.8(a)]) and the assumption that H is
neat.

Let
KfSAcxt/M%.czr = &(Acxt,Acxt7icxt)/MH

. . V . \/ . .
be the quotient of @Aext/er ﬁ%or m(Aext)V/Mg;r by the relations as in

Definition .15 Let
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=1
Qg ss, = Uigrss, (108 D) i= Qypear s, [d1og D]

be the sheaf of modules of log 1-differentials on MY over Sy, with

respect to the relative Cartier divisor D with normal crossings. Then
the Kodaira—Spencer morphism (2.14)) extends to a morphism

T RV =1
(225) KSACXt/Mgir/SD . @Xext/M%fzr ﬁ'\(;’ior @(AeXt)v/Mgfzr (1) —> QMg_(zr/SO,

called the extended Kodaira—Spencer morphism, which factors through
the canonical quotient

@Xext/M%}r ﬁ(gj @E/Aext)V/M%fzr(l) — Kisjqext/Mfﬁr(l)

and induces a canonical isomorphism
~ =1
(226) KSAext/Mg_czr/SO : KisAcxt/M;ch (1) — QM;‘{"/SO
extending (2.17)), called the extended Kodaira—Spencer isomorphism.

In what follows, we shall fix the choice of a (projective and smooth) 3, and
suppress % from the notation.

Let M%-Ct)fo denote the schematic closure of Shy in MY*, and let M';_‘Zfl
denote the pullback of Mg_‘fo under S; — So. Then My 1 is smooth over
Sy, and I\/Ig‘f1 — S; is proper smooth with properties analogous to those of
MZ2" — So. By abuse of notation, let us denote the pullback of D to M3
by the same notation D.

Proposition 2.27 (see [25, Proposition 6.9]). The locally free sheaf
H®(A/Myy1) extends to a locally free sheaf HIR(A/Myy 1) over M52,
which can be characterized by the following properties:

1) The sheaf H{R(A/My 1), canonically identified as a subsheaf of the
quasi-coherent sheaf (Mg 1 — M%‘Zfl)*(ﬂ(liR(A/MHJ)), is self-dual un-
der the pairing (Mg 1 — Mggrl)*(( -, -)x). We shall denote the induced

pairing by (-, - )"
2) HIR(A/Myy 1) contains @(vAext)V/Mggrl as a subsheaf totally isotropic

can

under (-, -)§

e quotient sheaf H' H1 Lie/ s exiyv /npeor - CAML DE Ccanonically
3) Th jent sheaf H{™ (A/May1) " /Lie] youy jap b call
identified with the subsheaf@(mxt)v/wﬂl of (MH,17<—> M%‘iﬁ)*@m/mm-
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can

4) The pairing (-, - )" induces an isomorphism

LleAexc/Mggfl — Lle(Aext)V/Mgilfl

which coincides with d)\®.

5) Let
Hg(A/ My 1) = Homg, ... (H™(A/M21), Orggr,)-

The Gauss—Manin connection (2.12) extends to an integrable connec-
tion

n 2t o
(2.28) Vi Hap(A/My)™" = Hap(A/My)™ @ Qg s,
i '

with log poles along D, called the extended Gauss—Manin connection,
such that the composition

] can V. can Al
@Xext/M‘;—?fl (1) — ﬂéR(A/M’H,l) — ﬂcliR(A/MHJ) ﬁ@ QM;.?Tl/Sl

tor
M3t

. ~1
= Loy mg, @ g,
M3

induces by duality the extended Kodaira—Spencer morphism (2.25) (and
hence the extended Kodaira—Spencer isomorphism (2.26)).

Remark 2.29. Any construction achieving the properties in Prop. [2.27]
will serve the same purpose in what follows. Therefore, one can refer to [10),
Ch. VI] and related works in special cases, without having to explain the
consistency with [25]. (This is desirable because the methods in [10, Ch. VI]
and [25] are different.)

As in [25] Sec. 6B] and [28], Sec. 4.2], by replacing
(H{™MA/M31), (-5 )x, Omy,, (1), Liek iy, (1))
(and its subtuples) with
(HTHA/ M), (-, S, O, (1), Lie gy g, (1))

(and the corresponding subtuples) in the definitions (2.18)), (2.19), and
(2.20), the principal bundles &g, , £p,, and v, over My ; extend canoni-

cally to the principal bundles &, £g2", and £ over M%_‘Zfl, respectively,
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Definition 2.30. Let R be any Rj-algebra. For any W € Repp(Gy), we
define

Gy g@ R
(2.31) EG (W) = <5§ﬁn§R> x W,

called the canonical extension of Eg, r(W), and define

EXPR(W) = EF (W) ® I,

tor
M3

called the subcanonical extension of Eq, r(W), where .#p is the Oggr, -ideal
defining the relative Cartier divisor D. Also, we define similarly Sf)anR(W)
5}%?? (W), Eitgr(W), and EP r(W) with G (and its principal bundle) re-
placed accordmgly with P and M; (and their respective principal bundles).

Lemma 2.32 (cf. [28, Lem. 4.14]). Lemma remains true if we
replace the automorphic sheaves with their canonical or subcanonical exten-
S10MS.

2.4. De Rham complexes

Let R be any Rj-algebra. For simplicity, we shall denote pullbacks of objects
from Ry to R by replacing the subscript “1” with “R”, although we shall
use the same notation D for its pullback.

First, let us explain how the Gauss—Manin connection induces
integrable connections on automorphic sheaves.

In Definition the Gauss-Manin connection is defined by
the difference between the two isomorphisms Id*, s* : pry Hig (A/Mzy) =
pri Hlg (A/My) lifting the identity morphism on HdR(A/MH) Since s* has
a simple definition, we can interpret Id* (whose definition as in [26, Proposi-
tion 2.1.6.4] is far from simple) as induced by the Gauss-Manin connection
(2.12) (and s*).

By construction of £, r(+) (cf. (2:23)), for each W € Repg(G1), the
two isomorphisms above induce two isomorphisms Id*, s* : pri(Eg, r(W)) =
pri(€a,,r(W)) lifting the identity morphism on £g, r(WW). Hence, the dif-
ference s* — Id* induces an integrable connection

(2.33) V&6 k(W) = Ea v(W) ® Qs

M3 R
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Definition 2.34. The integrable connection V in ([2.33)) above is called the
Gauss—Manin connection for Eg, r(W).

Next, let us explain how the extended Gauss-Manin connection ([2.28])
induces integrable connections on canonical and subcanonical extensions (ex-
tending the integrable connections induced by the Gauss—Manin connection

E12). Set
QMtor /S = QMmr /S (lOg D) = /\ <QMtor /S [leg D])

Let @Mmr/s be the subsheaf of (My < MYr), 2}, /s, corresponding

to the subsheaf Oypeor EBQMF;;Y/SO of (My — ME").(Owm,, @QI{/IH/SO) under
the canonical splitting Q&AH/SO = Owm,, @Qll\/ln/so’ with the summand O,
given by the image of pr} : Ov,, — ‘@I%/IH/SO’ and with the summand Q,lle/SO
spanned by the image of

(pri —pry) = (s* —Id*) o pry : Om,, — gz,bl S,
n/

Then the morph1sms pry, pr2, Id* s induce respecmvely morphisms pr7, pr2 :
ﬁMtor *) @Mtor/s and Id 8 thox/S H @Mtor/s SuCh that S - Id

duces the universal log derivation d : Oprer — QMmr /S, Since Hiz(A/ MH)Can
is defined only axiomatically, it is convenient that the above objects are
uniquely determined by their pullbacks to My, and that we can define them
as induced objects, without having to resort to their interpretations in log
geometry. (Certainly, any reasonable theory should be compatible with such
extensions.)

The property in Proposition m states that the Gauss—Manin con-
nection induces the extended Gauss—Manin connection , which
is euivalent to the statement that the extended Gauss—Manin connection
is defined by the difference between the two isomorphisms d, s
pr2(HOlR A/My )y 5 Bt (H g (A/Myg)an) hftmg the identity morphlsm
on H g (A/My)can, (Agam we can interpret Id" as induced by the extended
Gauss—Manin connection and 5*.) Note that here pr] and pr; are mor-
phisms with their targets tensored with @Mtu, /S,» but not L@Mm /S0 (which
can be identified with the structural sheaf of the first infinitesimal neighbor-
hood of MY" in Mgi’rsx M"). By construction of EETR(+) (cf. (2.31)), for

each W € Reppr(Gy), the two isomorphisms above induce two isomorphisms
Id",s T prs(EGR (W) = pri (G (W)) lifting the identity morphism on
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5&?}2(“/)' Hence, the difference s* — Id" induces a morphism

can can ol
(2.35) VEEMRW) = EEMRW) @ Qg s,

tor
MR

of sheaves of R-modules. Since the connection V in ([2.35)) is induced by the
connection V in ([2.33)), the conditions for being an integrable connection
with log poles are tautologically verified. By applying ® .#p, we obtain

tor
M3t

an integrable connection

(2.36) V: EGPR(W) — 80 (W)ﬁ@ Qureer /s,

with log poles.

Deﬁnition 2.37. The integrable connection V (with log poles) in ([2.33))
(resp. ) is called the extended Gauss—Manin connection for £ (W)
(resp. 55‘1 R(W)).

Definition 2.38. The connections ([2.33)), (2.35)), and (2.36|) define respec-
tively the de Rham complex

(SGl7R(W) & QMH R/SR V)

M’HR

and the log de Rham complezes

<5éaln (W)ﬁ@ QMm /SR,V>

tor
MR

and

<géul}’) (W) ﬁ@ QMtox /SR7 V) .

tor
MR
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3. Representation theory
3.1. Decomposition of reductive groups

By [26, Prop. 1.1.1.21], and by the decomposition of the center Op; =

Or ® Ry given in li 01 = O® R, is canonically isomorphic to a di-
Z Z

rect product [] Or, where for each 7 € T = Homg 4, (OF, R1) we have

7T
O; = M, (OF) for some t,, whose center is Op, = Ry, on which Of acts

via the homomorphism 7 : Op — Rj.

By [26, Lem. 1.1.3.4], for each 7 € T, there is a unique (up to isomor-
phism) indecomposable projective O -module, which we shall denote by V.
Concretely, since O, = M; (OF,), we can take V; to be O?f, in which
case Endo, (V;) = Op, = Ry. Moreover, every finitely generatéd projective

O1-module decomposes (up to isomorphism) into a direct sum & V™ for
T€Y

some integers m,. We call the tuple (m;);cy of integers the multi-rank of
such an (’)%Rl—module. (See [26], Def. 1.1.3.5].) Let (pr)rex (resp. (¢r)rer)

be the multi-rank of Lo 1 (resp. L(\)/J(l)). Then ¢ = proc, where ¢ : Op = Op
is the restriction of x : @ = O. The multi-rank of L1 is (p; + ¢, )rer, because
we have the isomorphism over R;.

Fix any choice of an isomorphism Lg 1 = @T V2P and fix any choices of
the (non-canonical) isomorphisms V.¥, (1) :;€Hole(VTOC,R1(1)) =V, (for
7 € T). Then these choices induce canonically an isomorphism

(3.1) Ly = ( P ng) it ( T (V%c(l))m*) > g VPt
TGT TET ’TGT

by (2.7), matching the pairing (-, -) with the pairing

(32) (((371,7'7 fl,Toc))TeTa ((x2,‘r’ f2,‘roc))‘r€T) = Z(fl‘r(l'lﬂ') - f1,7($2,‘r))-

T€Y

Lemma 3.3 (see [27, Lem. 2.4]). There exists a cocharacter Gy, @ Ry —
Z
G1 splitting the similitude character v : G = G, ® Rq, which acts trivially
Z

on Ly (1) (under the identification (2.7)).

For each 7 € T, set L, := VP (VY

v .(1))P% and define the canonical
pairing

<'7 '>T:LTXLTOC_>R1(1)



Dual BGG complexes 103

by
((5171777 fl,Toc)7 (x2,7'067 fQ,T)) = f277—($177—) - fl,TOC(‘TQﬂ'OC)’

(The two factors L, and L;o. of the domain of <‘, -)r are not the same

when 7 # 7o¢.) Then we see that the pairing (3.2)) is simply the sum of

(-, -)r over 7 € T. Note that Aut(9®R( ® R) = Auto®R( roc ® R) for
R,

every Rj-algebra R. If we define for each R1 algebra R

g € Autogr(L: ® R) :
Z

e Rl
GT(R) o <gx,gy)T = (x,y>77 Vo € LT]? R, Vy € LTCC}? R’

then we obtain a group functor G, over R; which falls into three possibilities
(by the same explicit classification as in the proof of |26, Prop. 1.2.3.11]
again, as in Remark :
1) G; = Spy,. ® Ry, where r = p; = ¢ and Sp,,._is the (split) symplec-
tic group of Zmnk r, over Z.
2) G; = Oy, <§Z§J Ry, where 7, = pr = ¢, and Oy, is the (split) even or-
thogonal group of rank r, over Z.
3) Gr 2 GL, ® Ry, where r. = p; + ¢ and GL,_is the general linear
group of ranZk r, over Z.
Since (-, - )r = —(-, - )7oc as pairings between L, and L., the two group

functors G, and G,.. are canonically isomorphic.
Thus, we obtain a decomposition

(3.4) G| JJ G- | = <Gm(§R1>

T€Y/c

over S; = Spec(Ry), where 7 € Y /c means (by abuse of language) we pick

exactly one representative 7 in its c-orbit in T, and where the last factor

G, ® Ry is given by the cocharacter given by Lemma splitting the simil-
Z

itude character.
3.2. Decomposition of parabolic subgroups

Under the identification , the submodule Ly (1) of Ly is matched with
the submodule OEB( (VV (1 ))EBqT) of the second member in |} For

TOC
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each 7 € T, define group functors P, and M, over R; by setting for each
Ry-algebra R

(3.5)
g€ G (R): g(00(VY.(1)%% @ R)) = (08(V%.(1)%" © R))
Pr(R) = Lo R= (VO © Ry a(VY(1)0% @ B)
"R R Toc R
and
g € P(R) : g((V;2P @ R)&0) = (V27" ® R)@0)
(3.6) M,(R):= Rl

inL; @R = <V@p*®R> (V%e(1)® @ R)

Then the subgroup P; of G; can be identified with the subgroup

I »- N(GmQZE)Rl)C II - ><<Gm<§>R1),

TeT/c TE€Y /e

and the canonical surjection P; — M; has a splitting M; C P; given by

[T M- m<Gm<§R1>c IT P- >4<Gm<§R1>.

TEY /c TEY /c
For each 7€ 7Y, since Endp, (V) = Endo1 (VX.(1)) = Op, = Ry, we have
a diagonal action of (GE x G&)(R) on (V2P @ (V.Y (1))® ) ® R, which is

functorial in R and hence defines a homomorphism (Gh; x Gq’) ® Ry — M.

3.3. Hodge filtrations

Let R be any Rj-algebra. Fix any choice of a cocharacter as in Lemma
and consider its reciprocal H : Gy, ® Ry — Gi. (By definition, H factors
Z

through P;.)

Definition 3.7. Given any object W € Repg(P1), the induced action of
G, ®R1 decomposes W into weight spaces W@ for Gy, ®R1, indexed

by 1ntegers Then the Hodge filtration F on W is the decreasmg filtration
F(W) = {F4(W)}4ez defined by F*(W) := @ W®) . (Note that the choice of
b>a

H is not unique in general, but the resulting filtration is independent of this
choice.)
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Example 3.8. Since the cocharacter H acts with weight 0 on Ly, (1) (as a
submodule of L) and with weight —1 on L0,1 (as a quotient module of L),
the Hodge filtration F on Ly is given by F~1(L;) = Ly, F'(L;) = Lgl( ), and
FY(Ly) = {O} Then the only possibly nonzero graded pieces are Grg (L) =
LO,l and GI‘F(Ll) LO,l( )

Lemma 3.9 (see [27, Lem. 2.11]). Let W € Repr(P1) and let {F*(W) }aecz
be its Hodge filtration defined in Definition [3.7. Then the unipotent radical
Uy of Py acts trivially on Grg(W) for every a € Z. In other words, each
graded piece Grg(W') can be identified as an object in Repr(M;y).

By Lemmas [2.24] and [2.32] the Hodge filtration on W defines similar
filtrations on &p, rR(W), EF"R (W), and Esub (W), which we shall denote by
F*(&p, r(W)), F“(Sl‘;?f‘R(W)) and Fa(é'f}fR(W)), for a € Z; and we have the
canonical isomorphisms Grg(Ep, r(W)) = Ewm,, r(GrE(W)), Grg(E2 (W) =
Exir g(Grg(W)), and Gr%(glsjf'?R(W)) = EE}IIER(Grﬁ(W)) between the graded
pieces.

Definition 3.10. The filtrations

F(ép,,r(W)) = {F*(€p,,.r(W))}acz,
F(Er(W)) = {F(ETr(W)) taez,
and  F(ERR(W)) = {F*(E51r(W) }aez

are called the Hodge filtrations on &p, (W), E52 (W), and Sf}fR(W), re-
spectively.

Definition 3.11. Let W € Repr(G1). By considering W as an object of
Repp(P1) by restriction from G; to Py, we can define the Hodge filtration
on &g, rR(W) = Ep, (W) (resp EGNR(W) = ERTR(W), resp. ESUb (W) =
Sﬁ}f (W)) (see Lemmas and i as in Definition The Hodge
filtration on the de Rham complex a,rR(W) @ O, /S 1S defined by

M’H R
F¢ <5G1,R(W) ﬁM(% B QMH R/SR> = Fa—O(gGl?R(W)) ﬁM% i QMH r/Sk

The Hodge filtrations on the log de Rham complexes E§"5 (W) ® ﬁ,.\,ler /Sh

and 5sub r(W) ﬁ@ ﬁ,’ws& /s, are defined similarly.

tor
My R
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These are respectively subcomplexes of the full de Rham complexes for
the Gauss—Manin connections, thanks to the Griffiths transversality. We
shall postpone the explanation for the Griffiths transversality to the end
of Section (This is not ideal for the exposition, but we will not need
Griffiths transversality before then.)

Lemma 3.12 (see |28, Lem. 4.21]). Suppose Wi and Wy are two objects
in Repp(G1) such that the induced actions of P1 and Lie(G1) on them sat-
isfy Wilp, = Walp, and Wilriea,) = Walrie(q,)- Then we have a canonical
isomorphism

(3.13) (é’éafR(Wﬂﬁ@ QKAH,R/SR,V> = <5(C}?R(W2)ﬁ® Q;/IH,R/SR7V>

M, R M3 R

respecting the Hodge filtrations on both sides. (Consequently, the same is
true with ngf}R( -) replaced with Saul}fR( ) and Eg, r().)

Remark 3.14. Lemma will be needed only when Gy is not connected,
i.e., when O ® Q involves simple factors of type D (as in [26] Def. 1.2.1.15]).
Z

(This happens exactly when G; = Oy, ® R; for some 7 € T.)
Z

3.4. Roots and weights

We shall choose a maximal torus T, of M; by choosing a subgroup of
(GE x GE) ® Ry that embeds into M, under the natural homomorphism
zZ

(Gh x GE) ® Ry — M, defined at the end of Section There are two
Z

cases:

1) If 7 =7 o¢, then p; = ¢, and we take Tr = {t; = (tr;.)i<i.<r. }, €m-
bedded in (Ghy x GI7) ® Ry by t, — (t71,t,).
z

2) If 7 # 7 oc, then we take T, = {t; = (t;i. )i<i.<r. }, identified with
(GI x GI) @ Ri by (b )1<io<r, = (b, 10, 1ie<p, (i J1<io<q.) -

We take T1 C M; to be the subgroup corresponding to

(3.15) IT -] x (Gm%}h) c | ] M- x (Gm%}h)

T€YT/c T€T/c
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(where the products are over Sp). Then the split torus Ty is a maximal torus
in both M; and G; (by comparing the ranks).
Elements in T can be written as

t=((tr)rex/eito) = ((tri )1<i <r. )rer/ei to)s

and therefore elements in the character group X := Hompg, (T1, Gy ® Ry)
z

of Ty are of the from p = ((44r)rer/e; o) = (((Hri, )1<i, <r, )rex/ei H0), given
concretely by

t— H pr(ts) | Ho(to) = H H tﬁ;":r tgo‘

T€Y /c 7€YY /c1<i-<r,

Let XV := Hompg, (G, ® Ry, T1) be the cocharacter group of Ty, and let
z

(-,+): X x XY = Z be the canonical pairing between X and X" defined by
sending (u,vV) € X x XY to porv" € Endg, (G ® R1) 2 Z. Let &g, C X
Z

(resp. ®, C XY) be the roots (resp. coroots) of the split reductive group
scheme G over R;. The choice of @El corresponds to the choice of a Borel
subgroup B; in Gj. Using the explicit identifications in , , ,
and , we can choose Bi to contain the unipotent radical Uy of Py, and
accordingly the positive roots @gl in ®¢,, such that the set XEI of dominant
weights of G consists of those p € X as above with pi;. > pi7;. 41 for every
7 € Y/c and for every 1 < i, < r;, satisfying in addition:

1) If G, = Spy, ® Ry, then pir, > 0.
Z
2) If G, = Ogy,, (%) R1, then P —1 2 |MT7T7 |

(If G; = GL,_ ® Ry, then there is no other condition on p.)
Z

Remark 3.16. When Gj is not connected (i.e., G; = Og, ® R; for some
zZ

7 € Y), it is isomorphic to a semi-direct product G§ x I', where G is the
identity component of Gi, and where I' is an elementary abelian 2-group
normalizing By and Ty; and the irreducible representations V of G over
Ry % Q are parameterized not exactly by a single dominant weight p € XJ(SI,

but instead by the I'-orbit [u] of u in XJ(E1 plus the action on V of the
stabilizer of p in I'. Suppose any V as above has p € Xgl as a highest weight.

Then V|ge = @ V), where each V), is an irreducible representation of
w el
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G over Ry ® Q of highest weight p/, and where [u] is the T-orbit of u in
zZ

XJ(EI. (Since there is a central isogeny I G| x (Gm %Rl) — Gy, it
T€YT/c
suffices to verify the analogous statements for the factors G., or rather just

those such that G; = Og, ® Ry, by following the same argument as in [14]
Z

Sec. 5.5.5].) By Lemma two representations of G; will serve the same
purpose for us if their restrictions to Gj are isomorphic. Hence, we shall
abusively denote by V|,) any irreducible representation V' (as above) having
1 as a highest weight.

Let &1, be the roots of the split reductive group scheme M; over Rj.
Then intersection of the above-chosen B; with M; (realized as a subgroup
in P; as above) determines the choice of positive roots <I>f(/h in ®yr,, so that
(I)IJ\F/II =Py, N (I)El. Then the set Xl‘\ql of dominant weights of M consists of
those € X as above with pr; > pir; 41 for every 7 € T/c and for every
1 <ir <grorg; <ir <r;.(When G, = Spy, %} Ry or G; = Og,._ <£Z§> Ry, this

means we drop the conditions (1)) and (2)) above. When G, = GL, ® R, this
Z

means we drop the condition pr 4, > ptir g +1.)

It is conventional to say that a root a € ®q, is compact if it is an element
of ®y1,, and that a is non-compact if otherwise. We denote the non-compact
roots of @, by ®M1, and denote the collection of positive non-compact roots
by ®M1+. For negative roots, we replace + with — in the above notation.

Let Wg, (resp. Wyy,) be the Weyl group of Gy (resp. My). The realiza-
tion of M; as a subgroup of G; containing T identifies Wy, as a subgroup
of Wq,. We define

WM = Ly e W, : w(XE) C X}

Then any element w in Wg, has a unique expression as w = wjws with
w; € Wy, and wy € WM. (The elements of WM are the minimal length
representatives of Wy, \ W, )

For any root a € ®¢,, we shall denote by o € @él the associated co-
root. Let p := % >~ «a be the half-sum of positive roots in ®¢,. The dot ac-

o¢€<I>él

tion of W, (and its subset W) is defined by setting w - pu := w(p + p) — p
for each w € Wg,.
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3.5. p-small weights and Weyl modules

Definition 3.17. Let u € X. We say u is p-small for Gy (resp. for My) if
(1 + p,aV) < pfor every a € ®q, (resp. o € Py, ). We denote by X&' (resp.
X;ﬁ) the subset of X consisting of u € X that are p-small for G; (resp. M),
and we set Xg’fp = X& NXE (resp. Xy~ = X, NXGF).

Remark 3.18. Note that Xf/ﬁ is stable under the dot action of W¢,, and
that w - u belongs to X;\F/I’fp for any w € WMt and p € ngp'

Remark 3.19 (cf. [33, 1.9]). Since py, = 3 Z+ a satisfies (p,aV) =
ac®y,

(pm,, V) for every o € ®yy,, the given definition of p-smallness for the Levi

subgroup M; is the same as the one when M; is regarded as a reductive

group on its own.

Since Gi (resp. M) is split reductive over Rj, there exists a split re-
ductive group scheme Ggpjiy (resp. Mgpiiy) over Zpy such that Gi = Ggpiit, R,
(resp. My = Mgplit, g, ). Note that Ggplit (resp. Mgplis) has the same roots
and weights as G; (resp. M), and is a semi-direct product of Gy, with
the split symplectic, (even) orthogonal, and general linear groups over Lp)-
For u € Xél (resp. p € Xf\r/h), let Vi, (resp. Wy o) be any irreducible
Q-representation of Ggplit (resp. Mgplit) having p as a highest weight (see
Remark . Asin [33, 1.5], a Zp)-lattice in a Q-representation of a group
scheme over Z, is called admissible if it is stable under the group scheme
action. Let Vj,jz., C V]q (resp. Wz, C Wy q) be the span of a highest
weight vector under the action of the group scheme over Z,), which is (by
construction) minimal among admissible lattices in V|, o (resp. W), q) that
contain the same highest weight vector. If we denote by Ggpht the identity
component of Ggplit, then G:mit,& = Gland V)2, |G§pm ~ EB[ | Vi z,, (see
Remark , where each V7 is the span of some highe!;t V/xlfeight vector
under the action of G in an irreducible Q-representation of highest .
(Then Vi 2, and Wy, 7z are Weyl modules of Ggpht and Mgpi¢, respectively;
of. 33, 1.3].)

According to [33, Cor. 1.9] (cf. [33 Cor. 5]), if p € Xg’fp (resp. p €
X;\F/I’fp ), then all admissible Z,-lattices in V], ¢ (resp. Wy, @), including ones
constructed by plethysm as in [11] or [I4], are isomorphic to V], 7z, (resp.

Wiz )- Then we set V) := Viu,zo Z((X)) Ry (resp. W, := W,z Z((@) Ry), and

set Viyr ==V % R (resp. W, g := Wug R) for each R;-algebra R.
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4. Differential operators
4.1. Verma modules

Let Uy be the unipotent radical of the parabolic subgroup P of Gi. Then
uy := Lie(U;) is the unipotent radical of the parabolic subalgebra p; :=
Lie(P1) of g; := Lie(Gq). Let p; be the parabolic subalgebra of g; oppo-
site to p1, and let u; be the unipotent radical of p; .

Our convention in Section is that the weights of u; are in @M+,
and so that the weights of u; are in ®™~. Let U(gy) (resp. U(p1), resp.
U(uy ))) denote the universal enveloping algebra of g (resp. p1, resp. uy).
As always, for each Ri-algebra R, we denote the pullbacks of objects from
R; to R by replacing the subscript “1” with “R”.

Now let us fix the choice of an Rj-algebra R. We view ggr, pr, and up as
objects in Repz(P1) canonically, and we view uj as an object in Repg(P1)
by up = gr/pr. We also view ug and ujy as objects in Repr(M;) because
U; acts trivially on them.

Definition 4.1. By a U(ggr)-P1-module, we mean a module with actions of
U(gr) and P; that induce the same action of pr. By a morphism between
U(ggr)-P1-modules, we mean a morphism of U(gr)-modules that induces a
morphism of U(pg)-modules coming from an algebraic morphism between
Pi-modules. We shall use the notation Homyg,).p, (-, -) to mean the group
of morphisms between U(gg)-Pi-modules.

Lemma 4.2. Let W € Repg(P1). Then the module

(4.3) Verm(W) := U(ggr) U((% )W

with canonical action of U(gr) on the first component, and with canonical
diagonal action of P1 on both components, is a U(ggr)-P1-module.

Proof. We need to show that the two induced actions of pp agree. Let “ad”
denote the adjoint action of pr on ggr, induced by the canonical adjoint
action of P; on g;. Then the lemma follows from the identity

(pu) ®@v = (pu — up) ®v + (up) ®v = (ad(p)(u)) @ v + u(pv),

for all p € pr, u € U(gr), and v € W. a
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Definition 4.4. Let W € Repp(P1). We define the (generalized) Verma
module for W to be the U(gg)-P1-module Verm(W) defined as in (4.3).
(Elements in U(ggr) but not in U(pr) do not act on the second component
even when W comes from an object in Repp(Gy).)

Remark 4.5. Such modules are more often called generalized Verma mod-
ules because p; is seldom the Borel subalgebra of g;. Since the choice of the
parabolic subalgebra p; is fixed in what follows, we shall drop the modifier
generalized from all terminologies for simplicity.

According to the Poincaré-Birkhoff-Witt theorem over Z (and hence
over Z(p)) for the split forms of the Lie algebras, and hence over Ry and over
R by base change, we have a canonical isomorphism

Verm(W) = U(gr) ® W = U(up)® W
Ulpn) R

of P1-modules. Since uy is abelian, we have a canonical isomorphism U(up,)
& Sym(ug), in which Sym(uj) can be identified with a polynomial algebra
over R with variables given by any free Ri-basis of up. For any integer
m > 0, we denote by U(up)™ (resp. U(up)=™, resp. U(uz)<™) the elements
of degree m (resp. at most m, resp. strictly less than m) in U(uy). We use
similar notation for any algebra with a natural grading.

Note that U(uj)S™ is naturally a filtered P1-module with U(uz)™ as the
top graded piece. In general the canonical morphism U(ué)gm — Ulug)™
does not split as a morphism of P;-modules.

Definition 4.6. We say that a Pj-submodule of Verm(W) is of bounded
degree if it is contained in U(ug)gm@)W for some m > 0. We say it is of
R

degree m if it is contained in U(uz)<™ @ W but not in U(ug)<™ @ W.
R R

Let W1, Wy € Repp(P1). By finiteness of Wi as an R-module, we know
that any morphism in

Homy g ,)-p, (Verm(W7), Verm(W2)) = Homp, (W7, Verm(W2))

sends W7 to a Py-submodule of Verm(Ws) of bounded degree.
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Definition 4.7. We say that a morphism in
Homy(g,.)-p, (Verm (W), Verm(Ws))

is of degree m if the image of the induced morphism in Homp, (W7, Verm(Ws))
has the same property.

4.2. Construction of differential operators

Let Wy, W5 € Repp(P1), and let ¢ be a morphism in
Homy g ,,).p, (Verm(W1), Verm(W5))

of degree m, induced by a morphism in Homp, (W1, U(up)S™ @ W) which
R

we denote again by ¢. Suppose Wi and Wy are locally free as R-modules.
By local freeness of uy over R, we have a canonical perfect pairing

(4.8) Sym(up) x T ((u;z)v> R,

compatible with the canonical Pi-actions, matching elements of the same
degree, where I'(-) is the divided power analogue of Sym(-). (See [4, Ap-
pendix A, especially Prop. A.10] for the precise definition of I'(-) and for
the perfectness of . For simplicity, we have omitted the subscript “R”
of Sym(-) and I'(-) indicating that the constructions are over R.)

Let us abusively denote (u;%)v as uﬁ, which can be identified with ug
when p > 2, or when G = Spy,_p, for some 7 € T. Then induces an
isomorphism

(Uup)=™)" 2 D(ul) /T (uh) = Tepm(u),

and the morphism ¢ : W, — U(uﬁ)ém ® Wy is canonically dual to a mor-
R

phism
(4.9) oY Wy ® T (u) — WY,

all considered as morphisms in Repp(P1).
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There is a degree-preserving canonical morphism
Sym(uﬁ) — F(uﬁ)

(of P1-modules), which induces a canonical morphism
(4.10) Syme,, (uf) = Sym(u}y)/ Sym™™ (ufh) = T (ul})
in Repp(P1). This morphism is an isomorphism either when the residue
characteristics of R are all zero, or when ¢ is p-small, namely when m < p,
because m! is invertible in Ry, and hence in R.

The above morphisms (4.9)) and (4.10) induce another morphism
(4.11) ¢V Wy ©Sym,, (uf) — Wy

5 <

in Repp(P1).

Lemma 4.12. For any isomorphism v : R1(1) = Ry inducing an isomor-

phism Ly 1(1) — Ly | which we also denote by ¢, the Ri-module uf = uﬁl is

isomorphic to

®z—1(z)®y
Ly, ® Ly, (1 < ‘W) ) .
( 0,1 R, 0,1( ))/ (b*a;) ®y o 1‘®(by) xeLg,l,y,zeLgyl(l),be(’)l

Proof. This follows from the definition of Py in Definition O
Corollary 4.13. There are canonical isomorphisms
gPhR(uﬁ) %/KisAR/MH)R(].) and gfaanR(uR) KSAext/Mtot (1)

(¢f. Definition and the definition of KisAext/Mggr in Section .

Proof. By definition (cf. (2.10)), (2.19), (2-23)), we can identify Ep, r(Ly ;)
with Ep, (LO 1) under the isomorphism \* : Lie, M :> Lie, My, - Hence,
by Lemma [4.12{ and by functoriality, we obtain Ep, (uR) KSAR/MH L(1).
The case for ElganR(uR) KS pext jmigr (1) is similar. O

We shall always identify Ep, R(uﬁ) with Qll\AH.R /s, using Corollary (.13
and the Kodaira—Spencer isomorphism (2.17).
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Lemma 4.14. Under the above identification, consider the morphism
(4.15)

6, 5 1) x Symas (0F) = Oun @, s, 5 (6 0)) o (16,

where € is any section of Ep, ® R, where (r,u) € Sym<1(u§), with v in degree
Rl -

zero and u in degree one, and where [~ ug] is defined as follows: (For

simplicity of notation, let us treat only sections defined globally, although the

argument works also locally.) Any section & of Ep, @ R induces by definition
Ry

(cf. (2.19)) an isomorphism

H®(A/Myy g) = (Log @ Ly (1)) ® Oy n

(which we again denote by &) matching the natural filtrations, and hence
also induces a splitting

E?R(AR/MH,R) = @AR/MH,R @@XYE/MH,R(l)

(corresponding to the canonical splitting of Lo1 @ Ly 1(1)). Then g in-
duces a morphism Liey, w,, ,, — LleAv/M (1), which in turn induces a
section on /Sh under the Kodaira— Spencer morphism (2 , which we
denote by [£~ uf]
For any section n of P1® R, both n(&, (r,u)) = (n€, (r,nun=")) and
Ry

(& (r,u)) have the same image (r, (&)~ (un~ ") (0€)]) = (r, [~ 'ug]), and
hence the morphism (4 induces a morphism (see Deﬁmtzon

(4.16) Eth(Symgl(uﬁ)) = OMyn ®Q%AH‘R/SR

This morphism is an isomorphism of Ow,, ,-modules.
Similarly, we have an isomorphism

0 ~ =1
(4.17) E8R(Symay (uh)) = Owger,, © Qg /5,

Proof. By trivializing £p, r étale locally, we see that the morphism (4.16)
is indeed a morphism of Oy, ,-modules. By definition, it sends the sub-

module £p, R(uﬁ) of &p, R(Symgl(uﬁ)) (induced by the canonical submod-
ule ug of Sym<1(uﬁ) embedded in degree one) to the submodule Ql /SR
of Owm,, , ® +/5n> and the induced morphism Ep,, r(ugr) = Oy /S

an 1somorphlsm by Corollary [£.13 and by the extended Kodalra Spencer
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isomorphism ([2.26)). On the other hand, the induced morphism Ep, r(R) —
Owm,,. between quotient modules is clearly an isomorphism. Therefore, (4.16))
is an isomorphism, as desired.

The proof for (4.17)) is similar. O

Lemma 4.18. For any integer m > 0, we have a canonical filtered isomor-
phism

5P1,R(Sym§m (uz)) = ‘@KZH,R/SR’

where @KA”H /Sh is the sheaf of principal parts of order m over My r (see
[16, IV-4, 16.3)).

Proof. Let |\~/I§T 3% be defined as in the paragraph preceding Definition [2.11
with the canonical splitting ‘@&AH,R/SR = Oy n EBQll\/IH,R/SR when m = 1.

Then 1} can be rewritten as a filtered isomorphism Ep, R(Symgl(uﬁ)) 5

32,%,'% w/Sh Since the functor &p, r(-) is functorial and exact, and since
Symgm(u#) = Symm(Symgl(uﬁ)) as Py g-modules, we obtain a canonical

filtered isomorphism

Ep, R(Syme,, (uh)) 2 Syme,, (Ep, r(WE)) = Syme,, (P, /s,)-

Since My r — Sk is smooth (and hence differential smooth), the canonical
filtered morphism Symgm(t@ﬁﬂ%R/sR) — ‘@mu,R/SR is an isomorphism. (It
suffices to compare the graded pieces. See [16, IV-4, 17.12.4].) Then the
lemma follows by composing all these filtered isomorphisms. O

Proposition 4.19. For any integer m >0, the morphism (4.11) corre-
sponds under the functor Ep, r(-) to a morphism

SPI,R(Wzv)ﬁ@@ Pt wysn — EPLR(WY)

M3 R

between locally free Ow,, ,,-modules. The pre-composition of this morphism

with the canonical morphism Ep, R(Wy') — P n)5n O Ep, rR(WY) gives
1 Oy r

a differential operator
dy : Ep, R (W) = Ep, R(WY)

of order m. (See [16, I1V-4, 16.8.1].) Moreover, this construction is compat-
ible with composition of morphisms.
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Proof. The first statement follows immediately from Lemma The con-
struction is compatible with composition of morphisms because the identi-
fication

<‘31>1,1«2(S}’Hﬂgm(uﬁ))g Myin/Sn

in Lemma [{.18]is compatible with the canonical morphism
Sym_,, (1) @ Syme,y (ulh) = Sym,, (u%)
for all 0 < m,m’,m” with m” <m +m’. a

For each m > 0, let us define Z\ier /5, to be the canonical extension
of . . /Sn> n?mely EE??R(SymSm(uﬁ)). (This is consistent with the con-
struction of ﬁMggr /s, 1n Section For our purpose, we do not need to
know any interpretation of ;@M%? /s, and ‘@M%‘ZTR /sy i log geometry. )
Lemma 4.20. The canonical morphism Ow,, , — Py /sn over My r ad-

s R
. . . " tor
mits a unique extension Oy, — ‘@M;‘ZTR/SR over My'p.

Proof. Note that Pyer /s, = Slgi?R(SymSm(uﬁ)) is locally free, and there
is a canonical decomposition

—m ~ a1
Pigrassn = O Sym* Qg s, )

as Oper-modules. (This decomposition is compatible with restriction to
My g.) For any 0 < a < m, since the composition of the canonical morphism

OMrie = PNy /s, With the canonical projection

1
'\T/rILH,R/SR - Syma(QMH,R/SR)

is nothing but the a-th symmetric power of the universal derivation d :
Oy = Qllle /S the lemma follows from the fact that, by the very def-

inition of ﬁ,{er /Sy the morphism (Mg g < M";).(d) sends the subsheaf
Ormgr,, of (Myg g = M), (O, ) to the subsheaf Qe /s of (Myr =
M) (U, s, 0
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Proposition 4.21. For any integer m > 0, the morphism (4.11) corre-

sponds under the functor f)?f‘R( -) to a morphism

&R L (WY) ® Q’Mmr S EPr (W)

tor
M ,R

between locally free ﬁMcor -modules. The pre-composition of this morphism
with the canonical morphzsm ER(WY) — @Mtor N ® EFPR(WY) (in-

Mtor
duced by the extended canonical morphism in Lemma u ) gives a log dif-
ferential operator
d¢ gcan (W2 ) - gcan (Wl )

of order m. Moreover, this construction is compatible with composition of
morphisms.
The analogous statements for the functor 58‘1'0 () are also true.

Proof. The case of E§"5( - ) is similar to the case of £g, r(-). (See the proof
of Proposition 4.19]) The case of 55“b () then follows by applying ® %p

tor
MR

to all Opeer -modules.

Remark 4.22. While the restriction gives rise to (log) differential
operators, the original morphism gives rise to (log) HPD differential
operators. The attachment of the restriction to then corresponds
to the attachment of a (log) differential operator to a (log) HPD (or rather
PD) differential operator, as in [4, paragraph following Def. 4.4].

For later reference, let us record the following observation:

Lemma 4.23. If there exists integers ag and mg such that Grg*(Wy') # 0
only when a1 < ag, but Grp2(Wy') =0 for all ag > ag + mo, then there is
no nonzero morphism as in (4.9) with m > mg. Therefore, the construction

of Proposition (resp. Proposition |4.21)) gives no nonzero differential
operator (resp. log differential operator) of order greater than mg from Wy
to W

Proof. This is because all elements in uy have H-weight —1. U

4.3. Standard complexes and de Rham complexes

Let W € Repr(G1) be locally free as an R-module, which we also consider
as an element of Repp(P1) by restriction to Pj.
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Let us identify up with gr/pr as algebraic representations of Py as usual.
Let n denote the relative dimension of Mg‘f over Sy, which is also the rank
of uy as a free R-module. Consider the complex of U(gr)-P1-modules

(4.24)
0 — Verm (/\"(ug) % W) & Verm </\"_1(u}_%) %) W)

dn_;l .. d# Verm <(ul_%) % W) d% Verm(W)

with differentials given by morphisms

o Vo (1) W ) = Uta) & (A0(ug) )

— Vi A ug ®W):U ® (/\“_1 = ®W>
erm (W) W) = Vlam) @ (A ) g

of U(gr)-Pi-modules, for 1 < a < n, defined by

(4.25) do(u@((z1 ANz AN+ NTg) ®0)
= > (=D uz) @((x1 A Adi A Axg) ®0)
1<i<a
+ ) (D u@((@mr A Al A A ) D))
1<i<a

for all u € U(gr), x1,...,%q € up, and v € W. We omitted the usual terms
involving [z, z;] (see [33, 2.2]) because uj is abelian. (When W = R is
the trivial representation, this is induced by the standard Koszul complex
resolving the trivial U(gr)-module R.) One can easily check (with any free
R-basis of uy) that this complex is exact.

Definition 4.26. The complex (4.24)) with differentials given by (4.25)) is
called the standard complex (of U(ggr)-Pi-modules) for the module W in
Reppr(G1), which we shall denote as Stde(W).

Proposition 4.27. Under the functor Ep, r(-) (as in Proposition [4.19),
the canonical morphism

(4.28)
wY %Symgl(uﬁ) N v vat %uﬁ rwe(cte)rw®e+ Z (yjw) ®(cf;),
1<j<n
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for all c € Ry, e € up, and w e WY, and for any free R-basis y1,...,yn of

up with dual free R-basis f1,..., fn of uﬁ, is associated with the canonical
morphism
(4.29) &, R(WY) ®@ Py s, =& rWY) @ Oy

Oy r Omyy n

inducing the Gauss—Manin connection defined as in Definition [2.5].

Proof. As explained in the proof of Lemma the canonical morphism
e@,\lﬂ%R/sR — Qll\/IH,R/SR corresponds to Sym, (uj) — uﬁ :c+ e e, for all
c€ R and e € up. The canonical morphism |i inducing the Gauss—
Manin connection is defined by (the restriction to pri(Ep, r(WY)) of) s* —
Id* on &p, r(WY) ﬁ@ yl%/lH,R/SR, satisfying

(s* =Id")(z®@z) = ((s" = Id")(z®@ 1))z + z®((s" — 1d")x)
for all sections z of Ep, r(WY) and sections z of ‘@I\I/IH /S0 Decause
((s* —1d")(z®1)) ®((s* —Id")z) = 0.

Since (s* —Id*)z is known to agree with the image of the canonical mor-
phism Q&H,R/SR — Qll\/IH,R s, When restricted to sections z in pr3(Owm,, ),
it remains to study (s* —Id*)(z ®1).

Let us adopt the notation in the proof of Lemma with two projec-
tions pry, pry : M%)R — My g. Then pri HI®(A/My g) = HE (pr} A/I\?I%?R),
and we obtain a morphism

(57 —1d%) - H{™(A/ My p) = H{M(A/Mor) © D, s,

My, R

For any section v of m,{h «/Sp We obtain a morphism H®(A/My ) —
E?R(A/I\/IMR) respecting (-, - ), and inducing a trivial morphism on the
top Hodge graded piece (after taking quotient by the bottom Hodge graded
pieces). If we identify

(H{(A/M3R), (-5 - )as Omnye o (1), L€k g, (1)

with

<(L071 S5 LE)/,I(]')) 1(? ﬁMH,RJ < Ty T >can.7 ﬁM’H,R(l)7 L%(l) I? ﬁMH,R))
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by any section of &p, ® R, this morphism induced by v defines a section wu,

of the pullback of up to My, . (This is compatible with the identification
Ep, r(u ) oy /SR based on Corollary 4.13[ and the Kodaira—Spencer
isomorphism (2.17]).) Hence,

v(s* = 1d*)(z®1) = uyz,

and so
("~ el = 3 (1) el
1<j<n
by duality, as desired. Il

Corollary 4.30. The complex associated with Stde(W) under the functor
Ep, r(-) (as in Proposition|4.19) is canonically isomorphic to the de Rham
complex

(W) | © D5, V).

My, R

Proof. For each 1 < a < n, the morphism d, corresponds to the morphism

dy - wVY ® A () ® Sym, (uf) — WV ® A% (u)

defined by
dY(w@((eg Aea A~ Aeg_1) @(c+ eq))
=w®(eg Aeg A Aeg—1 Aeg)
+ > (yw)@(er Aea A+ Aea1 A(cfy)),
1<j<n
for all w e WV, e1,...,eq-1,€q € up, and c € R, and for any free R-basis

Y1, -+, Yn of up dual to a free R-basis f1,..., f, of uR (This can be checked
using the explicit bases we have chosen.)
By Proposition the morphism associated with d;/ under the functor

Ep, r(+) is the composition of the canonical morphisms

1,

e, r(WY) @ QMH #/Sh /j® P, Sk

M3 R

\ 1
_>8G1,R(W )ﬁ® QMH r/Sr M®,R QMH,R/SR

%ggl,R(WV) (%9 QMH 0/Sw

MHR
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inducing the Gauss—Manin connection, as desired. ]

Proposition 4.31. The analogues of Proposition[{.27 for the canonical and
subcanonical extensions are true, and the complezes associated with Stde(W)
under the functors Eg:(+) and Ef}ik”R( -) (as in Proposition are canon-
ically isomorphic to the log de Rham complexes

&R (WY [}V v
( R )ﬁ® M8 /Sr )

MR
and

(géulkfR(WV)ﬁ® QM“" /sR7V>,
MR

respectively.

Proof. By functoriality and compatibility between &p, r(-) and E"%(-),
the identification Ep, r(u ) Ql /S based on Corollary 4.13 and the
Kodaira—Spencer isomorphism (|2 extends to the identification

E (u7) = QerR/sR

based on the extended Kodaira—Spencer isomorphism (|2 . Then, by . in
Proposition [2.27, we have the canonical morphism L@Mmr Sk QMH #/Sn

extending &, wn/Sn Q n/Sn? inducing the log de Rham complex

can \% 0°

tor
MY R

extending (&g, (WV) ® OV, n/Sn , V) (by its verify construction in Sec-

H,R
tion . Then the proofs of Proposition [4.27] “ 7| and Corollary 4.30| also work
for the canonical extensions, and show that (E&",(WY) ® QMtor sro V)
17 Vi

tor
MR

is associated with Stde (W) under the functor E57"5( - ). (The case of SS“b m(+)
then follows by applying ® #p to all ﬁM;:f-l—modules as usual.)

tor
MR



122 K.-W. Lan and P. Polo

Corollary 4.32. The de Rham complez

My, R

& wY oy \Y
( Gl’R( )ﬁ® M3, r/Sr? )

and the log de Rham complexes

<5éafR(Wv) ® Ql.wgng/sRav>

tor
MR

and

(55;1111?R(Wv)ﬁ® Ql.vl;ng/stv)

all satisfy the Griffiths transversality. (The remark following Definition

is now justified.)

Proof. By Corollary and Proposition it suffices to note that in
1) the action of u; on W increases the H-weights by 1 (cf. the proof of

Lemma . O

5. Main results
5.1. Notation

Let R be any Rj-algebra. Let X+ <p =X, (resp. Xf\r/[’if = Xj,) if the
residue characteristics of R are all zero and let 7

+,<p . +,<p =+, <p =+, <p
Xen =Xa, (resp. X0 =X )

as in Definition B.I7] if otherwise.

For each p1 € X+’ , let Vi) r € Repg(G1) be defined as in the last para-
graph of Section [3.5 E Slnce the underlying R-module of V] g is locally free,
we can consider the contragredient representation V[ IR € Reppr(Gy). Then
we have the associated automorphic bundle

Viir = €a.r(Vi) r)

over My g, and its canonical and subcanonical extensions

(Vi)™ = EETR (Vi )
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and
(Vg r)"™ o= EE RV R)s

respectively, to M. Similarly, for each v € XJr <p , let W, r be defined as
in the last paragraph of Section For any w € W 1 we define

(Although Viu),R, ® @ is irreducible by definition, Wy, r, 90 is not necessar-
Z

ily irreducible when G1 is not connected.) Then we define W M;,[ SR

(EX; [ul.R ) and ( S“b in the obvious way.
The connectlons , , and (2.36) define respectively the de

Rham complex

[u], R

(V[vu],Rﬁ@@ D /5 V)

M3 R

and the log de Rham complexes

<(V[#l R0 Qg /se V)
and

((VELLR)sub ® QMcor /SR’V)'

tor
M HoR

5.2. BGG complexes

Definition 5.1. A complex of U(gr)-Pi-modules formed by direct sums
of Verma modules (see Definition is called a summand of degree zero
of another complex of U(gr)-Pi-modules formed by direct sums of Verma
modules if both the embedding and the splitting morphisms defining the
summand are defined by direct sums of morphisms of U(gr)-P1-modules of
degree zero (see Definition [4.7).

For any integer a > 0, we denote by WMt (a) the elements w in WM:
with length [(w) = a.
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Theorem 5.2. Let i € Xé’pr, and let Vi) r € Repr(G1) be defined as in
Section . Then there exists an F-filtered complex of U(gg)-P1-modules

d
(5.3) 0 = BGG,(V,r) = BGGh1(Viy,r)
— -+ = BGG1(Viy),r) 4 BGGo(Vj,r),

canonically F-filtered quasi-isomorphically embedded as a summand of

Stde(V]y,r) (see Definition |{.26) in the category of F-filtered complexes of
U(gr)-P1-modules, where

(5.4) BGGa(V[MLR) = E?A Verm(Ww.[uLR)

weWMi(a)
(as U(gr)-P1-submodules) for each 0 < a < n. Moreover, the induced com-
plex

GI‘F(BGG.(‘/[M],R))

is a canonical (quasi-isomorphic) summand of degree zero of Gre(Stde(V],),r))
with trivial differentials.

Proof. By the argument in [33, 4.4] (using [20}, Sec. 8.2] and [33] Cor. 1.11

b)]), since U and hence ug are abelian, we have A%(up) = & Wyo,r
weW™M1 (a)
as P;-modules, and hence

(5.5) Stda(Vig,r) = @ Verm(W,.o),r)
weW™M1 (a)

as U(gr)-P1-modules. (When some residue characteristic of R is p > 0, the
argument in [33], 4.4] requires that p > h — 1, where h is the Coxeter number
of G1. As pointed out in [33, Rem. 2.1], this is automatic if there is any p €
X &P to begin with.) As in [33] 4.5], since Stda (V] r) = Stda(Vig,r) D Vi)

(as complexes of U(gr)-P1-modules), we deduce from (j5.5) (and the tensor
identity [12, Prop. 1.7]) that

(5.6) Stde(Viy),r) = e%%Ml Stdw (Vi,r)

where
Stdw(v[,u],R) = Verm(Ww[O},R % V[,u],R)
(W0, ® Vju,r being a tensor product in Repgr(P1)) appears in degree
R

I(w), and where the differentials are inherited from those of Stde(V],),z)- (In
particular, (5.6)) is not a decomposition into subcomplexes.)
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By the same argument as in [33] 2.7] (using also [I§]), the complex
Stde(V],),r) admits a canonical direct sum decomposition

Stde(Vinp) = @ Stde(Viup)e = @ [ @ Stdu(Viy p)s. ),
( [/”/]7R) jEJ ( [U}?R)Xg jEJ(wEWMl(a) 'LU( [,U'LR)XJ>

indexed by some finite set J, such that the center of U(gr) acts on the reduc-
tion mod p of each direct summand Std.(V[ML R)x, by a distinct character ;.
The direct sum with respect to j € J is a decomposition into subcomplexes
of U(gr)-Pi1-modules, because the action of the center of U(gr) commutes
with the action of P;. Take the unique index jo € J such that xj, = X[u ps
where the latter is the unique character of the center of U(gr) that acts
nontrivially on the reduction mod p of V|, g. Then we define

BGGe(Vi,r) := Stde(Viu),r)x,, = Stde(Viu, ) xp.0-
Thus, (5.6) has a refinement

(5.7) BGGe(Vjr) = @ Stdw(Viu,r) .,
weW™1
Since p€ X&' <P, by [33, Lem. 2.3, all weights of A*(ug) @ ViR
1,R R ’
are p-small. Then, for each w € WM, there exists a finite filtration on

W.l0],r @ V]u),r such that the graded pieces are of the form W, r for some
R

Ve X;@f}f . Since the functor Verm(-) (see (i is exact (because U(gpr) is

free over U(pr)), there is a corresponding finite filtration on Stdw (Vi) =

Verm(W,.01,r ® Viu,r) by U(gr)-P1-modules, whose graded pieces are of the
R

form Verm(W, r) with W, r appearing as a graded piece on the finite fil-
tration on W,.0].r % Viu,r- We have a similar finite filtration for the direct
summand Std (Vi r) 5y, Of Stdw(Viy,r). As in [33] 2.7, 2.8] (using also
[18]), for v € Xf\r/[’if, the U(gr)-P1-module Verm(W, r) appears as a graded
piece of such a filtration on Stdy(V},,r)x,,, if and only if the following two
conditions hold:

1) W, r appears as a graded piece on the finite filtration on
W01 & Vi -

2) Xvp = X[u],p» OF equivalently when v = w' - i for some w' € WM and
some ' € [u].
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But then, as explained in [33, proof of Lem. 4.5], this happens only when
w' = w, and the multiplicity is exactly one for each p'. (It suffices to check
this in the universal case R = Rj, and hence after base change to the char-
acteristic zero field R; % Q.) This shows that

(5.8) Stdw(v[,u},R)f([u],p = Verm(Ww-[u],R)'

Thus, (5.4) follows from the combination of (5.7) and (5.8]).

As for last statement, first note that the morphisms of U(gr)-P1-modules
defining Grg(BGGe(V]y),r)) as a summand of Grg(Stde (V] r)) are of degree
zero because Ur and hence up act trivially on F-graded pieces. Since there
is no nonzero Pi-morphism from any Pj-summand of WL‘M’ R to WJI.[ML R
when w1, wy € WMt satisfy wy # wy (which is the case when I(w1) # I(w3)),
the differentials of Grg(BGGe(V},,z)) (Which are sums of morphisms be-
tween Verma modules) are sums of morphisms that are either zero or of pos-
itive degree (in the sense of Definition 4.7)). By Lemma (with mo = 0),
this shows that the differentials of Grr(BGGe (V] r)) are all zero, as de-
sired. g

5.3. Dual BGG complexes

Theorem 5.9. For any u € Xg’l?, there is a canonical F-filtered complex

BGG" (Viyn) )

with trivial differentials on its F-graded pieces, such that

G (00 (Vi) ™) = (700)

weWM1 (a)

as ﬁM%ﬁfR -modules, together with a canonical quasi-isomorphic embedding

can

-0
® QM%O"R/ Sk
ﬁMg({)‘rR ,

in the category of complexes of Owyer -modules, realizing the left-hand side
as a summand of the right-hand side.

(5.10)  Gre (BGG* (Viyz) ) < Grr ((Vlvulﬂ)



Dual BGG complexes 127

The embedding ((5.10) is induced by taking F-graded pieces of a canonical
F-filtered morphism

(5.11) BGG*® ((K[VMLR>CM) — (K[V,L],R)C&n(@?@ Qg /5
Wi

in the categories of complexes of sheaves of R-modules, with morphisms
in each degree given by differential operators (rather than morphisms of
Omer,, -modules).

Proof. The existence of the complex BGG'((KELL 7)) (with required prop-
erties) follows from Theorem [5.2] and Proposition [4.21] (Implicit in the con-
dition of being F-filtered is that its differential and its Hodge filtration satisfy
the Griffiths transversality, which is true because the action of u; on any
P1-module increases the H-weights by 1, as in the proof of Corollary )

The existence of the F-filtered morphisms ((5.10) and (5.11]) in the cate-
gories of complexes of sheaves of R-modules, with morphisms in each degree
given by differential operators, also follows from Theorem and Propo-
sition and from Proposition m The fact that is an embed-
ding in the category of complexes of ﬁMgng—modules follows from the fact
that Grr(BGGe(V|y,r)) is a quasi-isomorphic summand of degree zero of
Grr(Stde(V]y),r)) (see the last statement in Theorem [5.2)). O

Corollary 5.12. With the setting in Theorem[5.9, by setting

o (1)) = po (van) ™) 2 7o

tor
M3 R

we obtain an F-filtered complex

BGG* < (K[VM],R) SUb> ;

with trivial differentials on F-graded pieces, such that

Grr (BGGa <<VEL]’R) SUb>> = wGWE?“(a) (KZ]'[M]’R)SH}J

as ﬁMggrR—modules, together with a canonical quasi-isomorphic embedding
(5.13)

Grr <BGG' ((V[VMLR)S%)) < Grg <(V[VM],R)SUb @ Q,:A%/SR>

O\t
MR
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in the category of complexes of ﬁMgng—modules, realizing the left-hand side
as a summand of the right-hand side.

The embedding is induced by taking F-graded pieces of a canonical
F-filtered morphism

(5.14) BGG® ((V[VHLR)Sub> - (V[V‘L]’R)Subﬁ@@ Trrse, /5
gty

in the categories of complexes of sheaves of R-modules, with morphisms
in each degree given by differential operators (rather than morphisms of
Owser,,-modules).

Proof. Simply apply ® p to all Oy -modules in Theorem |5.9 OJ

tor
My R

Remark 5.15. The canonical objects and morphisms in Theorem [5.9] and

Corollary are all functorial in R. In fact, by the smoothness of M;irl —

S1, in order to prove Theorem and Corollary it suffices to treat the

universal cases R = Ry (for p € X5?) and R = Ry ® Q (for p € X&' <P but
1 7 1,R

uwé Xé’fp , which can happen only when the residue characteristics of R are
all zero).

Remark 5.16. If we are in the modular curve case, and if [u] is chosen
such that KELLR =~ Hlx(A/My g), then the degree zero term of 1’ can
be identified with a morphism

Lieav my, . = Hir(A4/Mar)

of sheaves of R-modules. If the residue characteristics of R are all zero,
then we know that this is an embedding which splits the (relative) Hodge
filtration globally. This is a differential operator but not a morphism of
Owmggr,,-modules.

5.4. Characteristic zero bases

Proposition 5.17. If the residue characteristics of R are all zero, then
the canonical morphisms (5.11)) and (5.14) are (F-filtered) quasi-isomorphic
embeddings (cf. [9, Sec. 3] and [10, Ch. VI, Sec. 5]).

Proof. Since all objects involved can be defined over a field extension of Fjy
that can be embedded into C, we may assume that R = C. Then we can
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verify the statements of quasi-isomorphisms of sheaves after analytification.
We shall denote the analytifications of objects over C by the subscript “an

By the comparisons given in [24, Sec. 4 and 5.2], the algebraic and ana-
lytic constructions are compatible with each other for the Shimura varieties
and their toroidal compactifications, and for the automorphic bundles and
their canonical extensions. Based on these objects, the algebraic and ana-
lytic constructions of differential operators from morphisms between Verma
modules are also compatible with each other.

Then the proposition is known thanks to the same arguments in [9), Sec.
3 and 7] and [10, Ch. VI, Sec. 5]:

Over My an, which is a finite union of arithmetic quotients of Hermitian
symmetric spaces, we know (by [9, Sec. 3 and 7], by verifying the statements
over each connected components) that the canonical morphism

BGG*(Vijan) = Yijan  ® D,

[u],an
MH an

is a quasi-isomorphic embedding realizing the left-hand side as a summand of
the right-hand side, and both sides give resolutions of the same local system
V[ 1], Betti attached to the dual of the irreducible representation of G ® C

containing the highest weight . Moreover (by [9, Sec. 7]) the analytlﬁcatlons
of (5.11)) and (5.14) realize the canonical embeddings

BGG* (Vigan) ) = (Magan = Mi,) (BGG (V]1.))

and

206" (1)) > (it > Wi (B (1))

(term-by-term, compatibly) as summands of the canonical embeddings
(5.18)

v can V
(K[,u],an> ® QMtor (MH an — MH an) <V[u]7 ® Q )

tor
MH an M3¢ an

and
(5.19)

sub
(Vigan) ™ ,® D, = Maan = MiZL0) (V[u] ® QMW>,

tor
M'H an M3 an
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respectively. Thus, to show that (the analytifications of) (5.11]) and (5.14] - are
quasi- 1somorphlsms, it suffices to show that the Canonlcal embeddmgs
and (| are quasi-isomorphisms. (Note that, unlike their restrictions to
M7 ans the log de Rham complexes BGG'((V[M] an)“m), BGG'((V[H] )P,

Vv can 0° v sub ;
(K[uLan) ’ ®  Oper , and (KM’an) , ® QMtor _are not resolutions in
mtor ’ mtor

H,an H,an
general.)

According to [, Ch. III, Sec. 5, Main Thm. I and its proof], the con-
nected local charts of the toroidal compactifications about a boundary divi-
sor can be given by partial toroidal embeddings of punctured polydisk bun-
dles with fundamental groups canonically identified with a discrete subgroup
of the unipotent radical of some maximal parabolic subgroup of G 62@ C. (The

unipotent radical depends on the boundary divisor in question.) Since the lo-

cal system KEL],B otti 15 defined over My ., using the action of the same group

G ® C, the monodromy transformations along irreducible components of the
Z

boundary divisor D are all unipotent. (The automorphic bundles Km},an
can be realized as summands of the relative de Rham cohomology of the
log smooth morphisms from toroidal compactifications of Kuga families to
Mg_’iran By [19 VII], this implies that the eigenvalues of the residue maps of
the Gauss—Manin connections along irreducible components of D are non-
negative rational numbers strictly less than one. Therefore, by [19, VI], this
shows that the condition that the monodromy transformations of K[V}L]’Betti
are unipotent are equivalent to the condition that the Gauss—Manin connec-
tions of Z[vu]@n are nilpotent.)

: V .
Hence, since K[u],an ’ ® QM . is a resolution of V[ ] Bettis 28 explained
M3¢,an

in [I0, Ch. VI, Prop. 5.4], by local calculations and by reducing to the one
variable case using Kiinneth, we know that and are indeed
quasi-isomorphisms, as desired. (The unipotence of the monodromy is used
in the standard argument reducing these statements to the trivial coefficient
case; see for example [6, II, Lem. 6.9].) d

Remark 5.20. Suppose any residue characteristic of R is p > 0. Then dif-
ferential operators behave pathologically in general, and the left-hand sides
of the morphisms and might fail to be summands of the right-
hand sides for trivial reasons (because the differential operators may annihi-
late too many elements). This can be salvaged by introducing the language
of divided powers, which are quite natural because log crystals (realized as
coherent sheaves with log HPD stratifications) can be canonically attached
to the generalized Verma modules. This has been studied in the Siegel case
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in [31], Sec. 4-5]. However, since this has not been needed in the applications
we have in mind, we shall not carry this out in this article.

5.5. Decomposition of (log) Hodge cohomology

Variants of the following consequence of the canonical quasi-isomorphic em-
beddings (5.10) and (5.13)) on the F-graded pieces (without any reference to
(5.11) and (5.14])) suffice in most applications we know (including those in
[31] and subsequent works using patterns of Hodge—Tate weights):

Corollary 5.21. For any u € Xg’pr, we have a canonical isomorphism
(5.22) Ho (Mg, g | (Vi) @ Oy
: Mier, G | (YR © Sy, sk
~ a+b—1(w) tor a \% can
B wG%Ml H (MH’ » Gire ((Ew[u],R) '

The same is true if we replace (KEL’LR)C&H with (V. s ]R)bub.

The upshot is that the left-hand side of (5.22)) is a hypercohomology of
complexes of sheaves, while the right-hand side is a direct sum of cohomology
of sheaves. In practice, the right-hand side can be much easier to study.

Proof of Corollary[5.21] This is because of the quasi-isomorphisms ([5.10))
and (b.13]), and because the left-hand sides of them have trivial differentials.
O

Remark 5.23. Applications of (5.10) and (5.13)) to the study of torsion
in the cohomology of PEL-type Shimura varieties can be found in the joint

work of the first author and Junecue Suh. (See [27] and [2§].)

Remark 5.24. If the residue characteristics of R are all zero, then it is
known that the Hodge spectral sequences

ab . rra+b or a can o
(523) Bt He (M%mGrF((%R) &, QM%fR/SR»

:>Ha+b tOr V can ® ﬁ.
MR YR oo T MR/Sk

H,R
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and

sub
(5.26) EY = H“*”( %rR,GrF<<VﬁL],R) ® QM;;JR/SE».))

tox

a+b MLor sub ﬁ'
= H H,R> (V[M] R) ﬁf@ Mo /S g

H,R

degenerate at their £ terms. As a result, being defined by F-filtered quasi-
isomorphic summands, the dual BGG versions of the Hodge spectral se-
quences

(5.27) B .= gotb (I\/IP,L‘meGrF (BGG' (( . R)Can)>>
~ we%%Ml Fa+b=l(w) (M%_(ZTR, Grg ((KWM,R) Can))

Ny (Mgng, BGG* ((VM R>Can))

and

sub
(528) E?’b = Ha+b < g_?I‘R’ GI'F (BGG. ((V[N] R> )))
sub
& wG%MI fotb—i(w) < ggrR’GI"F ((Wx)[u],R) >>

= Hot <M5§f ,BGG* ((V[VH], R)Sub>>

also degenerate at their E7 terms. These can be proved by first reducing
to the case R = C, and by realizing both sides of these spectral sequences
as summands of the corresponding Hodge spectral sequences of the toroidal
compactifications of Kuga families (or certain mixed Shimura varieties) with
trivial coefficients. (See [10, Ch. IV, Sec. 1-2] and [25] for the algebraic
construction of toroidal compactifications of PEL-type Kuga families, and
see [32] for the analytic construction of toroidal compactifications of mixed
Shimura varieties.) Alternatively, one may resort to Saito’s theory of mixed
Hodge modules (see [34]). (See [10, Ch. VI, p. 234] and [I7, Cor. 4.2.3] for
the methods of proving the degeneration.)

Remark 5.29. Suppose R = C. As explained in the proof of Proposi-

tion the right-hand sides of (5.25)) and (5.27)) (resp. (5.26]) and (5.28))
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are canonically isomorphic to
Ha+ (MH an, V[p] Bettl) (resp. Hg+b(MH,an7 KEL],Betti)) :

As a result, the left-hand side of 2) (resp. the analogue for (V[ ), R)°P)
gives the Hodge graded pieces of the cohomology of H “H’(MH ans V[ 1,

(resp. HET(Magan, Vil peisi))-

Betti)

5.6. Descending the BGG and dual BGG complexes

Up to modifying the choices of Opy () and R in Section , consider any
OF,,(p)-algebra R’ and any Rj-algebra R satisfying the following:

Assumption 5.30. There exist a faithfully flat homomorphism R’ — R,
and an O @ R'-module L, locally free over R', such that Ljy ® R = Lo ® R.
Z R R,

Remark 5.31. The upshot is that R’ does not have to satisfy Condition
as Ry does. (It does not even have to be an Opy (,)-algebra for some Fi.)

Remark 5.32. If O® Fj is a product of matrix algebras over fields (e.g.,
Z
if O®Q is a field), then, up to modifying the choices of Oy (,) and R; in
Z
Section R’ can be taken to be any OF,,(p)-algebra.

Let us denote by ¢1,10: R — R® := R® R the two natural homomor-
R/

phisms. By the theory of descent, the category of R’-modules is equivalent
to the category of R-modules with descent data. Namely, the datum of an
R’-module M’ is equivalent to the datum of a pair (M, dyr), where M is

an R-module, and where 6y, : M ® R? 5 M @ R® is an isomorphism
R,Ll R,Lz

of R%) R-modules such that the three pullbacks of 6y to R := R% R% R

satisfy the usual cocycle condition.

By Assumption and by imitating Deﬁnition with Opy () and Lo
replaced with R’ and Lj,, we obtain group functors G’, P/, and M’, together

with the canonical morphisms among them, such that their base changes
from R’ to R are compatibly isomorphic to G ® R, P ® R, and M; ® R. We

will fix compatible choices of the 1somorphlsms G’ ® R Gy ® R, P’ ® R
Py ® R, and M’ ® R=M; ® R, and suppress them in what follows We shall

con81der objects and morphlsms canonical if they canonically depend on
these fixed choices.
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Then we can define the categories Repp (G'), Repg (P’), and Repp (M)
as in Deﬁnition Moreover, we can define the analogues over R’ of all the
objects in Sections [2.2 with the superscript “1” replaced with a prime
in the notation system. For example, for W’ € Repp, (G’), we can define the
de Rham complex

<5G/’R/ (W/) ” ® QKA’H,R’ /SR/ 5 v)

and the log de Rham complexes

can IIr/ ol
g /7R/( ) ﬁ i@ QM":]-(L)TR’/SR/ 9 v
M or
H,R’

and

EFR W) © Dy 5,00V

mtor
H, R’/

as in Definition We can also define Hodge filtrations as in Section
Apart from the remark in the second paragraph of Section the construc-
tion of differential operators in Section {4 works verbatim when U(ggr)-P1-
modules are replaced with U(g’)-P’-modules. The pullbacks of these objects
from R’ to R all carry descent data in the same way as R’-modules (because
they are all given by complexes of sheaves of R'-modules).

Suppose V' € Repp/ (G'), and suppose V := V’ % R decomposes as

(5.33) V= @ Vg

iely
where [y is an index set, and where pu; € XJG“1<Rp for each 7 € Iy and each
w; € [1i]. By Definition we have the canonical F-filtered complex of

U(g')-P’-modules Stde(V’) (resp. of U(gr)-Pi-modules Stde(V)), and
Stde (V') carries the descent isomorphism

Osiau(v) + Stda(V) @ R® 5 Stdy (V) 8 R®

canonically identifying Stde(V') as the pullback of Stde(V’) from R’ to R.
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On the other hand, we define (according to ([5.33])) the F-filtered complex
of U(gr)-P1-modules

(5.34) BGG.(V) = & BGGo(Viu.1)-

i€ly

By applying Theorem to [u;] for each i € Iy, we see that BGGe(V)
is canonically F-filtered quasi-isomorphically embedded as a summand of
Stde (V') in the category of F-filtered complexes of U(gr)-P1-modules. More-
over, the induced complex Grg(BGG,4(V)) is a canonical (quasi-isomorphic)
summand of degree zero of Grg(Stde(V')) with trivial differentials. (The em-
bedding of BGG4(V') as an F-filtered summand of Stde(V') is canonically
determined by the actions of U(gr) and P1.) Analogues of these statements
remain true when we replace R with any R-algebra.

Theorem 5.35. With the setting as above, there exists an F-filtered complex
of U(g')-P’'-modules

(5.36) 0 — BGGp(V') & BGGr_1 (V') — -+ — BGG1 (V') & BGGo(V),

canonically F-filtered quasi-isomorphically embedded as a summand of
Stde (V") (see Definition |4.20) in the category of F-filtered complexes of
U(g')-P’'-modules, such that

(5.37) BGG(V)®R=BGG, (V)= @ < & Verm(Wy..R)
R i€l \weW™1 (a) v

(as U(gRr)-P1-submodules) for each 0 < a < n. Moreover, the induced com-
plex

Grp(BGG, (V"))

is a canonical (quasi-isomorphic) summand of degree zero of Grg(Stde(V"))
(see Deﬁm’tion with trivial differentials.

Proof. Since U(ggr) and Py have models over R, the descent isomorphism

Sstau(v) : Stde(V) ® R® 5 Stda(V) @ R®

R,q R,

is compatible with the pullbacks of the actions of U(gr) and Py under ¢; and
t2 (on the two sides). Since these actions determine the canonical summand
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BGG,.(V) ® R® of Stde(V) ® R® and the corresponding canonical sum-
R,Ll RyLl

mand BGG,4(V) ® R of Stde(V) ® R®, the isomorphism dgq, (1) in-
R,LQ R,
duces a descent isomorphism

pac.(v) : BGGH(V) ® R® 5 BGG.(V) 8 R®),

R,Ll L2

whose three pullbacks to R®) satisfy the usual cocycle condition. Thus, the
F-filtered summand BGG, (V) of Stde (V') descends to an F-filtered summand
of Stde(V"), which is the desired complex BGG4 (V). O

Let V' := Eq p (V') and V' := Eqv p/(V"Y). (The notation makes sense
because they are canonically dual to each other.) Let
(Ve .= €& (V') and (V' ysub = Sé“,bR/(V ), and
(V) = EGT (V') and (V7)™ = £85 (V).
(Then (V') and (V'")®" are canonically dual to each other.)
By Theorem [5.35 since the construction of differential operators in
Section | works verbatim with U(gr)-Pi-modules replaced with U(g')-P’-

modules, the same proofs of Theorem and Corollary give the fol-
lowing:

Theorem 5.38 (cf. Theorem|[5.9]and Corollary [5.12)). With the setting
as above, there is a canonical F-filtered complex

BGG.((Z/V)CMI),
with trivial differentials on its F-graded pieces, such that

(5.39) Gre(BGGa((V'Y)cany) % R = Grp(BGG*((VY)®™™))

~ g o) W\/ can)
i€ly <w€WMl( )(7“’ )

as Owmgr, -modules, together with a canonical quasi-isomorphic embedding

(5.40) Grp(BGG* (V'V)™)) < Grp [ (V)™ ® QM%,/SR,

in the category of complexes of ﬁMm - -modules, realizing the left-hand side
as a summand of the right-hand side.
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The embedding (5.40) is induced by taking F-graded pieces of a canonical
F-filtered morphism

(5.41) BGGT (V)™ = (V)™ © Qe s,

in the categories of complexes of sheaves of R'-modules, with morphisms
in each degree given by differential operators (rather than morphisms of
Oppeor -modules).

H, R )

By setting

BGG.((K,\/)Sub) — BGGO((K/V)Can) ; ® jDa

we obtain an F-filtered complex
BGGH((V)™),

with trivial differentials on F-graded pieces, and with other properties simi-
lar to the above (with canonical extensions replaced with subcanonical exten-
sions).

Since Proposition [5.17] was proved by working over C, we also have:

Proposition 5.42 (cf. Proposition [5.17)). If the residue characteristics
of R are all zero, then the canonical morphisms (5.41)) and its subcanonical
analogue are (F-filtered) quasi-isomorphic embeddings.
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