Math. Res. Lett.
Volume 24, Number 4, 1097-1131, 2017

Perverse Nori motives

FLORIAN IVORRA

Let k= C be the field of complex numbers (one can also choose
a field of characteristic zero k with a fixed embedding of fields
ok — C). Assume that K is a field. In this work, we show that
the Tannakian formalism developed by M. Nori also applies to
representations T : Q@ — & with values in a K-linear Abelian cat-
egory & which is Noetherian, Artinian and has finite dimensional
Hom groups over K. As an application, we define a relative version,
modeled after perverse sheaves, of the Abelian category of motives
constructed by M. Nori over k.
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Let k = C be the field of complex numbers (one can also choose a field of
characteristic zero k with a fixed embedding of fields o : k < C). In this
work, a k-variety will be a quasi-projective k-scheme. The reader, if he
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wishes, may work also with separated k-schemes of finite type. In partic-
ular, perverse motives make sense over such bases.

1.1. Using a Tannakian approach, Madhav Nori has defined a category of
mixed motives NMM(k) over k. Though M. Nori himself did not publish his
construction, several accounts of it are available in the literature (see e.g.
[10, 14, 24]). Roughly speaking, NMM(k) is the universal Abelian category
having a faithful exact Betti realization in the category of finite dimensional
Q-vector spaces and a relative homology theory for pairs consisting of a k-
variety and a closed subscheme of it. Being a motive in NMM(k) is the finer
structure that one can put on the relative homology of a pair of k-varieties.
In particular, as the relative homology of pairs carries a (polarizable) mixed
Hodge structure, the Betti realization factors through the Abelian category
MHS& of polarizable mixed Q-Hodge structures i.e. one has a faithful exact
functor

NMM(k) —+ MHS},.

1.2. Assume that K is a field. In this work, we show that the Tannakian
formalism developed by M. Nori also applies to representations T : @ — &
with values in a K-linear Abelian category &2 which is Noetherian, Artinian
and has finite dimensional Hom groups over K. The proof of this result is
an application of Nori’s statement and the characterization of categories of
comodules over K-coalgebras obtained by M. Takeuchi in [21].

1.3. As an application, we develop a relative version, modeled after perverse
sheaves, of the Abelian category of motives constructed by M. Nori. More
precisely, for every quasi-projective k-scheme X, we construct a Q-linear
Abelian category A4 (X) of “perverse motives”, with a faithful exact functor

raty : A (X) = 2(X)

to the category &(X) of perverse sheaves over X. The category .4 (Spec(k))
is the category NMM(k,@Q) of M. Nori obtained by considering homol-
ogy with rational coefficients. The Betti functor rat}”{ factors through the
Abelian category MHM(X,Q) of mixed Hodge modules constructed by
M. Saito in [18, 19] and this provides a faithful exact functor

N (X) = MHM(X, Q).
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1.4. The category NMM(k) contains more motives, than expected a priori
from its definition: (a) M. Nori constructs a realization functor (see e.g. [14]
for a sketch of the construction)

DMy, (k) — DP(NMM(k))

where DMg,, (k) is the triangulated category of geometric motives con-
structed by V. Voevodsky in [23]; (b) in [1, Theorem 3.1], D. Arapura shows
that the Leray spectral sequence for Betti cohomology associated with a
projective morphism f : X — Y of quasi-projective k-varieties is motivic in
the sense of Nori i.e. is the image of a spectral sequence in the category
NMM(k) via the Betti realization functor.

In [12] we show that, for every smooth quasi-projective k-scheme X, the
derived category DP(.4#/(X)) is the target of a realization functor

DA (X,Q) — D" (A (X))

where DA (X, Q) is the triangulated category of étale constructible mo-
tives with rational coefficients introduced by J. Ayoub in [3, 4]. The cate-
gory DA (X,Q) is the Q-linear étale counterpart of the stable homotopy
category of X-schemes of F. Morel and V. Voevodsky (see [13, 16, 22]). By
[5, Théoreme B.1] and [15, Theorem 14.30, Lemma 14.21}), it is known that
the categories DMy, (k, Q) and DAE (k, Q) are equivalent.

1.5. Note that a higher dimensional analog of Nori’s construction, based
on constructible sheaves rather than perverse sheaves, has been developed
by D. Arapura in [2]. The category M (X, Q) constructed by D. Arapura in
loc.cit. is probably related to the category .4 (X) that we construct in the
present work. By analogy with perverse sheaves and mixed Hodge modules,
it may be possible that M(X,Q) is equivalent to the heart of a certain t-
structure on DP(# (X)) but we do not attempt in this work to prove such
a comparison result.

2. Statement of the result and some comments

2.1. Let K be a field. Following [9, Chapitre II, §4], recall that a K-linear
Abelian category & is said to be finite if it is Noetherian and Artinian i.e. &
is essentially small and any object in & has finite length. We shall say that
2 is Hom finite if for any objects P, @ in & the K-vector space Z(P, Q) is
finite dimensional. The main result of this section is the following theorem:
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Theorem 2.1. Let & be a K-linear Abelian category which is finite and
Hom finite, Q be a quiver' and T : Q — &2 be a representation of the quiver
Q with values in &2. Then, there exist a K-linear Abelian category <, a
representation R: Q — o/, a K-linear faithful exact functor F : o — &
and an invertible 2-morphism o : F o R — T such that for every K-linear
Abelian category B, every representation S : Q — A, every K-linear exact
faithful functor G : 8 — &2, and every invertible 2-morphism 3 : Go S — T
the following conditions are satisfied.

e There exist a K-linear functor H : o/ — % and two invertible 2-
morphisms

v:HoR =5 S; §:GoH S F

such that the square

GOHOR&GOS
lJ*R lﬂ
FoR e T

15 commutative.

o IfH : o — A is a K-linear functor and
v :H oR= S; §:GoH S F
are two invertible 2-morphisms such that the square

GoH’oRﬂGoS

Joor |s

FoR—2% >T

is commutative, then there ewists a unique 2-morphism 6 : H — H'

such that v' o (0 x R) =~ and 0’ o (G*0) = 4.

For & = mod(K) the category of finite dimensional K-vector spaces,
the result is due to M. Nori. A proof of Theorem 2.1 is given in Section 5.
The main tool is Proposition 4.1 which allows to reduce the general case to
the case considered by M. Nori.

'Recall that a quiver is simply a directed graph.
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2.2. Our main motivation behind Theorem 2.1 is to apply the Tannakian
formalism developed by M. Nori to representations of quivers in categories
of perverse sheaves.

Example 2.2. Let k be a field of characteristic zero with an embedding
o : k — C into the field C of complex numbers. Given a separated k-scheme
X of finite type, we consider the complex scheme X, obtained from X by
base change along the embedding o, and the triangulated category DP(X, Q)
of complexes, with algebraically constructible cohomology, of sheaves of Q-
vector spaces for the classical topology on the associated analytic space
X, (C).
If A, B are objects in D2(X,Q), their Hom group is given by?:

Hom (A, B) = Hompy(x,0)(Qx, R#Zom(A, B))
= HOme(Q) (Q, RW*R%O’H’L(A, B))
= H(Rm,R#Zom(A, B))

where R7Zom is the internal Hom and R, is the direct image along the
structural morphism X/k. In particular, as R7#om and Rm, preserve con-
structibility, the Q-vector space Hom(A, B) is finite dimensional.

Let Z2(X) := Perv(X,Q) be the heart of DP(X,Q) for the perverse -
structure. By [6, Théoreme 4.3.1.(i)], the category &?(X) is Noetherian and
Artinian. As it is also Hom finite, it satisfies the assumption of Theorem 2.1.

2.3. Note that the universal property of Nori’s construction is unfortunately
not exactly stated in the available literature [7, 14, 24] as we have stated it
in Theorem 2.1. Formulations of the universal property that may be found
in the literature are simplified by assuming implicitly at some point that
some equivalence of categories is the identity. The statement obtained with
such an assumption is not correct but its formulation is simpler and more ap-
pealing to readers wishing to avoid the cumbersome language of 2-categories.
The correct formulation of the universal property is however needed here to
prove Theorem 2.1 and for sake of completeness we have included the proof
that Nori’s category does indeed satisfy the universal property as stated in
Theorem 2.1 when & = mod(K) (see Theorem 3.2).

“Note that DP(Spec(k),Q) is nothing but the triangulated category D, (Q)
of complexes of Q-vector spaces with finite dimensional cohomology, and is also
equivalent to the homotopy category KP(mod(Q)) of the Abelian category mod(Q)
of finite dimensional vector spaces.
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In the rest of this section we formulate the universal property of Theo-
rem 2.1 in terms of 2-categories and 2-initial objects.

2.4. Let ® be a strict 2-category. We will denote the composition of 1-
morphisms (resp. 2-morphisms) by the symbol o. Given a diagram of the
form

! k
X JaY 5 Z
\g/f \H}/

we will denote by Sxa : ko f — ho g the so-called horizontal composition
of the 2-morphisms « and B. If a = id, we will simply write f x 5 = id x 5 and
similarly if 8 = id we will write k x & = a * id. Given two objects X, Y € O,
we denote by D(X,Y) the category formed by the l-morphisms from X
to Y.

Definition 2.3. Let ® be a strict 2-category and X be an object of ®. Then
X is said to be 2-initial if for every object Y in @, the category ©(X,Y) is
non-empty and every object of ©(X,Y) is initial.

This means that me may find at least a 1-morphism from X to Y and for
every two such 1-morphisms f, g, there exists one and only one 2-morphism
a: f=g. Such an object X in ® is then unique up to an equivalence
which is unique up to a unique invertible 2-morphism. Indeed if X and
X' are two objects in ® that are 2-initial, then there exists a 1-morphism
f:X — X’ and any such l-morphism is an equivalence. Moreover given
two 1-morphisms f,g: X — X', there exists one and only one 2-morphism
« : f = g and this 2-morphism is invertible.

Remark 2.4. If Y and Y’ are equivalent in D, then the category ©(X,Y)
and D(X,Y’) are equivalent. In particular, if one of the category is non-
empty and all its objects are initial, the same is true for the other.

2.5. Let & be a K-linear Abelian category and T : Q — & be a represen-
tation. With this representation is associated a strict 2-category ®¢ defined
as follows.

e Anobject in D is a 4-uplet (&7, R, F, o) where &7 is a K-linear abelian
category, R: Q — & is a representation, F': & — & is a K-linear
faithful exact functor and « : F'o R — T is an invertible 2-morphism.
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o If (¢/,R,F,a) and (%,S,G,3) are two objects, a l-morphism
(#,R,F,a) = (A,S,G, ) is a triple (H,~,d) where H : & — A is
a K-linear functor and

v:HoR = S; §:GoH S F

are invertible 2-morphisms such that the square

GOHOR&GOS

Jour E

FoR @ T

is commutative.

o If (H,v,d) and (H',~',0") are 1-morphisms between the same two ob-
jects, a 2-morphism (H,~,d) = (H',~/,d') is a 2-morphism® 0 : H —
H' such that v/ o (§ x R) =~ and ¢’ o (G x0) = 4.

Theorem 2.1 may be reformulated as follows: if & is a K-linear Abelian
category which is finite and Hom finite, then for every representation 7' :
Q — & of a quiver Q the 2-category ®r has a 2-initial object. It will be
convenient in the sequel to use the following definition:

Definition 2.5. We say that the category & has the property N if, for
every quiver Q and every representation T : Q — &, the 2-category ®r has
a 2-initial object.

2.6. Let us fix a quiver Q and a representation T : Q@ — . Note that a 2-
morphism 6 in D is invertible in 7 if and only if it is invertible as a natural
transformation. A similar result holds for 1-morphism. More precisely:

Lemma 2.6. Let («/,R,F,«a) and (A,S,G,3) be two objects in Dp. A
1-morphism

(H,v,9): (,R, F,a) — (A,S,G, )
s an equivalence in D1 if and only if H is an equivalence of categories.
Proof. 1f (H,~,0) is an equivalence in D, then it follows from the definition

that H is an equivalence of categories. Assume now that H is an equivalence.
There exist a K-linear functor H' : 8 — <7, an invertible 2-morphism ¢ :

3i.e. a natural transformation.
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Ho H —idyg and an invertible 2-morphism 1 : H o H — id,, such that
H' x¢ =1 H and H 1 = ¢« H. Consider the 2-morphisms ¢,  obtained
respectively by the composition of the following sequences of 2-morphisms:

GoHoH'oHoR GoHoH'oHoR

U G+ H&H'*v
GoHoH'oS FoH'oHoR

TN N
Q GoS P ; Q FoR L.
~_ ¥ 7 S S
T T

We have the equality € = 7. Indeed ¢ precomposed with G x ¢~ !« H x R
is equal to B o (G %) while  precomposed with G x H x ™' x R is equal
to ao (0 * R). The equality follows then from the equalities a0 (0 x R) =
Bo(Gx*vy)and ¢ x H= H x1). From this one deduces that
ao(Fxy)=co(0 s H xy ) =no (07 +H v 1) =50 (8 *9).
This shows that
(H',~,§):(%,S5,G,8) = (#,R, F,a)

is a 1I-morphism in ®7. By definition of the composition in D,

(H',~',8)o(H,v,6) = (H o H,y o (H x7v),60(§* H))
= (H' o H,%)x R,G %1).
Hence 9 is a 2-morphism in ®7. Similarly ¢ is a 2-morphism in ®p. As

both of them are invertible, this shows that (H’,~’,4’) is a 1-morphism in
D quasi-inverse to (H,7,d). d

3. Review of Nori’s contruction

We denote by mod(K) the category of finite dimensional K-vector spaces. If
V' is a finite dimensional K-vector space, then the dual of V as a K-vector
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space is denoted by V'V := Homg (V, K). All K-coalgebras are assumed to
be coassociative and counitary.
Let O be a quiver and

T:Q — mod(K)

be a representation of Q with values in the category of finite dimensional
K-vector spaces mod(K). We will recall the unpublished construction of M.
Nori. For detailed expositions of the work of M. Nori with complete proofs
we refer to [7, 14, 24].

3.1. Assume that Q has finitely many objects. Consider the ring of left
endormorphisms of 7. By definition, it is the subring Endg (7") of

H Endg (T(q))

qeQ

formed by the elements e = (e4)4c0 such that for every objects p,q € Q and
every morphism m € Q(p, q) the square

is commutative. The ring End (T") is a K-algebra which is finite dimensional
as a K-vector space and its dual

AT = EndK(T)V

is a K -coalgebra which is finite dimensional over K. For every object ¢ € Q,
the finite dimensional K-vector space T'(¢) has a natural structure of left
Endg (T')-module via the projection

Endg(T) — Endg (T(q))

and thus a structure of left Ap-comodule. This shows that the representation
T may be lifted to a representation

Ry : Q — comod(Ar)
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by simply viewing the finite dimensional vector space T'(¢q) as a left Ap-
comodule. Nori’s abelian category <7 (T') is then the category comod(Ar) of
finite dimensional Ap-comodules. The representation 71" is then obtained as
the composition of Ry and the forgetful functor

Fr : comod(Ar) — mod(K)

which is K-linear exact and faithful.

3.2. Let now Q be a quiver which may have infinitely many objects. Con-
sider for every finite full sub-quiver @' C Q, the induced representation

T :=T|g : Q — mod(K)

and the associated coalgebra Ar.. If Q" is a finite full subquiver of Q that
contains @', the inclusion @ C Q" induces by projection a morphism of
K-algebras

I1 Endx(T(9) = ] Endx(T(q))

qeQ” qeQ’

which induces a morphism of K-algebras Endg(T'|g») — Endg(Tgo ). This
provides a morphism of K-coalgebras Apy,, — Ar|,. Nori’s K-coalgebra
associated with the representation 7' : @ — mod(K) is then the coalgebra
obtained by taking the colimit over all finite full sub-quivers of Q:

Ar = gl Ar,
and Nori’s category is then the Abelian category
o/ (T) := comod(Ar)

where comod(Ar) is the category of finite dimensional left comodule over
Arp. For every object ¢ € Q the finite dimensional K-vector space T(q) in-
herits a structure of left Ap-comodule and the representation 1" factors as a
representation

Ry : Q — comod(Ar) := o/ (T)
via the forgetful functor Frp : comod(Ar) — mod(K') which is K-linear exact

and faithful. Note that by construction Fro Rp =T and therefore
(o7 (T), Ry, Fr,ar) where ar = id is an object in Dp.
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3.3. Now let us consider the functoriality of this construction. Let T} : Q1 —
mod(K) and T : Q2 — mod(K) be two representations of quivers. Let F :
01 — Qs be a morphism of quivers, and « : T o F' — T3 be an invertible 2-
morphism. Assume first that Q1 and Qs have finitely many objects. Consider
the morphism of rings:

(1) [T Endw(To(a2) T [] Endw(Ti(ar)
q2€95 G EQ,

where the map II, is defined for every e = (eg,)g,c0, by

Ha(e) = (Oé “CR(q) " a_l)q1€Q1'

If for every objects pa, g2 € Q2 and every morphism mgy € Qa(p2,g2) the
square

T2 mo
T5(p2) Llmy) To(q2)

€py €aqp

T2 mo
T5(p2) Llmy) To(q2)

is commutative, then in particular for every objects p1,q1 € Q1 and every
morphism my € Q1(p1,q1) the square

T1 ma
T (p1) mm (q1)
o (e)p, a(e)q,

T1 ma
T1(p1) hlmy) T1(q1)

is commutative. This shows that the morphism of rings (1) induces a mor-
phism of K-algebras Endg(72) — Endg(7T7) and thus a morphism of K-
coalgebras: A(F'): Ap, — Arq,. If Q1 and Qy are not finite, then for any
finite sub-quivers @} C Q; and Q) C Qs such that F(Q}) C Q) one has a
morphism of K-coalgebras

AT1 — AT2

|Q’1 ‘Q’z'

By taking the colimit one obtains a morphism of K-coalgebras

A(F) : AT1 — ATQ.
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This morphism induces by restriction of scalars a K-linear exact functor
o (F) : o/ (T1) := comod(Ar,) — &/ (Ts) := comod(Ar,).

The invertible 2-morphism « lifts and provides an invertible 2-morphism
OzZRT2 OF:>.£Zf(F)ORT1 i.e.

F

91 o))

RTll 4, lRTQ

(1) L ().

3.4. Let us recall the main result related to these categories. For a complete
proof we refer to [24, Satz 3.28] or [11, Theorem 7.1.20].

Theorem 3.1 (M. Nori). Let &/ be a K-linear Abelian category and o :
o/ — mod(K) be an exact faithful functor. Then the representation

Ry: o/ — /(o)
1s a K-linear functor and an equivalence of categories.
As a corollary, one obtains the following result:

Theorem 3.2 (M. Nori). The K-linear Abelian category mod(K) of finite
dimensional K -vector spaces satisfies the property N.

Proof. Let Q be a quiver and T : @ — mod(K) be a representation of Q in
mod(K). The construction of M. Nori recalled in §3.2, provides a K-linear
Abelian category 7 (T"), a representation Ry : Q — o/(T') and a K-linear
faithful exact functor Fp : «7/(T) — mod(K) such that FroRp=T. It is
enough to check that the object

((T), Ry, Fr,ar)

where ar = id, is 2-initial in the strict 2-category ®7 (see Definition 2.3).
Let & be a K-linear Abelian category, S : Q — £ be a representation, G :
% — mod(K) be a K-linear exact faithful functor and f: Go S — T be an
invertible 2-morphism.
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By Theorem 3.1, the representation Rg : Z — o/ (G) is a K-linear exact
functor and an equivalence of categories such that

2 L. o/ (G) = comod(Ag)

T e

mod(K)
is commutative, where Fy is the forgetful functor. Note that
(Rg,id,id) : (A, 5,G,B) — (Z(G),Rg o S, Fg, B)

is a 1I-morphism in 7. Since R is an equivalence, Lemma 2.6 assures that
the objects (%4, S5,G, ) and (& (G),Rgo S, Fg,3) are then equivalent in
. It is therefore enough, by Remark 2.4, to prove that the category

QT((%(T% RT7 FT7 OZT), (’Q{(G)7 RG o Sv FG7 /B))
is non-empty and that all its objects are initial. By functoriality of Nori’s
construction as recalled in §3.3, there is a morphism of K-coalgebras A —
Ag such that the functor

H : o/(T) := comod(Ar) — comod(A¢g) =: & (G)

obtained by restriction of scalars, fits into a commutative diagram

0o /(T
{
s| % |m mod(K)

e

Hence (H, 371,id) is a 1-morphism from (<7 (T), Ry, Fr, ar) to (7 (G), Rg o
S, Fq, ). Let H' : &/ (T) — o/ (G) be a K-linear functor and

7/:H/ORTi>RGoS; 8 :FaoH = Fr
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be two invertible 2-morphisms such that the square

(2) FGoH’oRTMFGoRGoS
lél*RT lﬂ
FroRp———T

is commutative. Let 6 : H — H' be a 2-morphism such that 7' o (6 x Ry) =
71 and § o (Fg % 6) = id. Then, for every V € comod(Ar), the morphism
Oy : H(V) — H'(V) is equal to (6{,)"! as a morphism of K-vector spaces.
Hence it is unique. The existence follows from the fact that the commuta-
tivity of (2) implies that every V', of the form V = Rp(q) for some g € Q,
the morphism (6(/)_1 is a morphism of A-comodules?. As they generate
o/ (T) = comod(Ar) as an Abelian category, the morphism 6y := (§{,)7! is
a morphism of A-comodules for any V. The commutativity of (2) assures that
v o(0xRr) =71 As §' o (Fg *0) = id by definition, this concludes. [

4. Finite and Hom finite K-linear Abelian categories

If A is a K-coalgebra, we denote by coMod(A) the category of left A-
comodules and by comod(A) the full subcategory of finite dimensional left
A-comodules. To obtain Theorem 2.1 from Theorem 3.2, we will need that
the K-linear Abelian categories which are finite and Hom finite are exactly
the categories of finite dimensional comodules over some K-coalgebra. More
precisely:

Proposition 4.1. Let & be a K-linear Abelian category. If & is finite and
Hom finite, then there exist a K-coalgebra A and a K-linear equivalence of
categories between & and comod(A).

Note that this characterization is simply a finite dimensional variant of
the result proved by M. Takeuchi in [21], and that we actually deduce it
from Takeuchi’s result. As a preliminary we need the following basic lemma:

Lemma 4.2. Let A be K-coalgebra.

1) The category comod(A) is the full subcategory of coMod(A) formed by
the Noetherian objects of coMod(A).

4The functoriality assures that /3 lifts as a morphism of A-comodules.
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2) The category comod(A) is a finite and Hom finite K-linear abelian
category.

Proof. The set of all sub-comodules of a comodule V' that are finite dimen-
sional over K is partially ordered, filtrant, and has union V (see e.g. [8,
Chapter II, Proposition 2.3]). Hence if V' is Noetherian it must be finite
dimensional over K. The reciprocal follows from the fact that the forgetful
functor coMod(A) — Mod(K) is K-linear exact and faithful. This implies
also that every object in comod(A) is Artinian. O

Let us now prove Proposition 4.1.

Proof of Proposition 4.1. By [9, Chapitre II, Théoreme 1], we may find a
locally Noetherian K-linear Abelian category .# and an exact® K-linear
functor & — % which induces an equivalence between &2 and the full sub-
category of .Z formed by the Noetherian objects of .. Since & is Artinian
and Hom finite, the category .Z is locally finite and, for every objects of
finite length X, Y € £, the K-vector space £ (X,Y) is finite dimensional.
We may thus apply [21, 5.1 Theorem, 5.8], to find a K-coalgebra A and a
K-linear exact functor

£ — coMod(A)

which is an equivalence between . and the category coMod(A) of A-
comodules. The result follows then from Lemma 4.2. 0

Note that Proposition 4.1 has the following corollary:

Corollary 4.3. Let & be a K-linear Abelian category. The following con-
ditions are equivalent:

1) & is finite and Hom finite;

2) there exist a K-coalgebra A and a K-linear exact equivalence of cate-
gories between & and the category comod(A);

3) there exists a K-linear exact and faithful functor w : & — mod(K).

Proof. The equivalence of conditions 1, 2 and 3 is a consequence of Lemma
4.2, Proposition 4.1 and Theorem 3.1. U

°The exactness is proved in [9, Chapitre II, Proposition 6]
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5. Proof of Theorem 2.1

We start with the following observation:

Lemma 5.1. If % is a K-linear Abelian category that satisfies the property
N, then every K-linear Abelian category Ps such that there exists a K-linear
exact faithful functor w : Po — 1 satisfies also the property N.

Proof. Let Ty : Q@ — &5 be a representation of the quiver ©. We may apply
the property N to the representation 77 :=woTh : Q — £, and find a K-
linear Abelian category @7, a representation R; : Q — &7, a faithful exact
functor I : @/ — Z?1, and an invertible 2-morphism oy : F} o Ry — T} such
that (7, Ry, F1, 1) is 2-initial in the category ©p,. We set

R2 = R1 % = 5%1
The representation 75 : @ — &5 and the K-linear exact faithful functor w :
Py — P, provide an object (o, T, w,id) in Dp,. Since (A, Ry, F1,aq) is
2-initial in ®7,, we obtain the existence of a K-linear functor F» : @%b —
and two invertible 2-morphisms

agiFQORQi)TQ; 5:woF2i>F1

such that the square

(3) (JJOFQORQ%WOTQ
lé*RQ
FloR —2 T

is commutative. It is enough to check that the object (o, Ra, Fa, as) of
D7, is 2-initial in D7,. For this let Ay be a K-linear Abelian category,
Sy 1 Q@ — %5 be arepresentation, Go : By — P be a K-linear faithful exact
functor, and (s : Go 0 So — T5 be an invertible 2-morphism. Let %, := %>,
S1:= 852, G1 :=wo Gq and P := w * fa. Since (A, R, F1, 1) is 2-initial in
D7, and (%1, S1,G1, 1) is an object in D7, we obtain a K-linear functor
Hy: o4 — %1 and two invertible 2-morphisms

71:H10R1—>51 (512G10H1—>F1
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such that the square

(4) GioHioR; =woGo0HyoRy Gon ZoxGany G1o0851 =wxGq08y

\L(sl*Rl \LBIZw*ﬁQ
F1 ] Rl T1 = Wo T2

1s commutative. Let us set
H2 = H1 Y2 = 1-

Using the squares (3) and (4), we may apply again the fact that (<4, Ry,
Fi,aq) is 2-initial in ©7, to the 1-morphisms of D,

(G o Ha, By 0 (Ga071),01) (Fy, g, id)

to get an invertible 2-morphism &5 : Go o Ho — F5 such that w x do = d; and
such that the square

GQOHQORQﬂGQOSQ

léfz*RQ lﬁz

FQ o R2 @ T2

is commutative. Now let H) : o/p — %5 be a K-linear functor and
"yé:HéORQ—}SQ (552G20H2—>F2
be two invertible 2-morphisms such that the square

Ga*v)

Go o Hyo Ry G2 059
léé*Rz lBQ
Q2
FQ (¢} R2 T2

is commutative. By composing with w, since w x 83 = (1, a1 = w * g, G =
wo Gy and F} = w o F, we obtain the existence of a unique 2-morphism
0 : Hy — H/, such that

’YéO(Q*RQ):'YQ w*(&éo(GQ*e)):él.

Since 01 = w x dy and w is faithful, we obtain ) o (G2 x 0) = d2 as desired.
Note that 6 is the unique 2-morphism 6 : Hy — H) such that v} o (0 x Re) =
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72 and 05 o (G2 % 0) = 62 since such a 2-morphism satisfies also
Yy 0 (0% Rg) =9 wx (650 (Gax0)) = w*da = 4.

This relation ensures the uniqueness since (<7, Ry, F1, ) is 2-initial in D, .
This shows the lemma. O

Proof of Theorem 2.1. Let us fix a K-linear Abelian category & which is
finite and Hom finite. By Corollary 4.3, there exists a K-linear faithful exact
functor

w: P — mod(K).

By applying Theorem 3.2 and Lemma 5.1, we obtain that &7 satisfies also
the property N. This concludes the proof. O

6. Remarks on functoriality

In this section, we draw some simple remarks concerning the functoriality
of the previous construction.

6.1. Let o/, # and ¢ be K-linear Abelian categories and F : &/ — 4 and
G : P — € be K-linear exact functors. We denote by o/ x4 % the category
obtained by glueing &7 and £ over €. An object in this category is a b-uplet
(A,B,C,a, ) where Ac o7, Be B,C €% anda:F(A)—C,[5:G(B)—
C' are isomorphisms in €. A morphism

(A,B.C,a,8) = (A, B.C",d, §)
is a triple (a,b,c) where a € & (A, A"), be B(B,B’), c € €(c,) are such
that o’ o F(a) = coa and 8 o G(b) = co f.
This category is K-linear and Abelian with kernel and cokernel com-
puted componentwise, and there are projection functors
M : o xg B— o Mo: o x¢ B— B

that are K-linear and exact.

Remark 6.1. The comparison isomorphisms o~ o 3, provide a canonical
isomorphism of functors Go g — F o I;.

The following obvious remark will be useful:
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Remark 6.2. By construction if F is exact and faithful, then so is the
projection functor lMy. Indeed assume that MNg(a, b, c) = b = 0. Then

c=p0oGDb)op =0

which implies that F(a) =a’~locoa =0. As F is faithful, one has also
a=0.

6.2. Let O be a quiver, &y, ¥y be K-linear Abelian categories that are
finite and Hom finite and

T1: Qz—% 5@1, Té 222—6'522

be representation of quivers. Let (7, F1,Ri, 1) and (2, Fa, Re, a2) be 4-
uplets obtained by applying Theorem 2.1 to the representations Ty and T,
respectively.

Proposition 6.3. Let (®,¢) be a pair where ® : P — Py is an exact
K-linear functor and ¢ : ® o T1 — Ty is an isomorphism of representations.
There exist an exact functor V : .oy — a5, an invertible natural transfor-
mation p: PoF; — FooW, and an isomorphism of representations o : W o
Ry — Ry such that

Dxary

PoFioRi ——=do T,

~

p*R1 TQ

e

FQOWORlﬁFQORQ

15 commutative.

Remark 6.4. Note that in Proposition 6.3 the functor ¢ : & — &5 is
not assumed to be faithful. If ¢ is faithful, then the theorem follows from
Lemma 5.1 and the functor WV : @/ — @A is an equivalence. However, for
applications to functoriality of the categories of perverse motives introduced
in Section 7, it is necessary to consider the more general case where @ is only
K-linear and exact (e.g., if f:Y — X is an étale morphism, the pullback
functor f*: Z(X) — Z(Y) between the categories of perverse sheaves is
not faithful in general).
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Proof. Consider the glued category & := @%h X 5, &1 with respect to the
exact functors Fo : @ — P9 and & : ¥ — F5, and denote by

H1 .4 —%tﬂé, ng A — 521

the (exact) projection functors. Since Fg is exact and faithful, so is the
functor MMy (see Remark 6.2). Moreover we have a representation of quivers
T: 90— o

peQ — T(p):=(Ra(p), T1(p), T2(p), a2(p), 9(p));
m € Q(p,q) +— T(m):=(Ra(m), T1(m), Ta(m)).

Note that Ny oT =Ty and ;o T = Ry by definition. Apply then Theo-
rem 2.1, with respect to the representation Ty, to the 4-uplet (&7, M9, T,id).
It yields a triple (7,7, d) such that

MyoToR L MyoT

ié*Rl

Fl O Rl 444:3L44>'T1

is commutative, where T : o] — o7 is an exact faithful functor,v: T o Ry —
T is an isomorphism of representations of quivers and 6 : [T o T — Fy is an
isomorphism of functors. Now define

V:=Tl1oT, p:=Tj*n.

There is a canonical isomorphism of functors € : o [y — F5 o [y, such that
exT = a;l o ¢. Define p: ® o F; — Fo o W to be the composition

¢oF1m¢oﬂgoTﬂ>FgoﬂloT:: FooW.

One has then the commutative diagram

Drary

doFioR; boTy

PollboToRi —————=dollyoT
(Polly)*y
s*(\uoRl)l \LE*T:QQIO(b

F20w0R1:F20n10TOR1mF20n1OT

xRy ¢*51*R1l
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as desired. O

6.3. We have the following uniqueness statement.

Proposition 6.5. Let (P1,¢1) and (P2, p2) be pairs where 1, Py : P —
Py are exact functors and @1 : P10 Ty — To, ¢g : Py 0Ty — Ty are isomor-
phisms of representations. Let 0 : &1 — Po be a natural transformation such
that

P20 (0xT1) = ¢1.

Let (Wi, p1,01), (Wa,p2,092) be triples where Wi, Vy : o) — by are exact
functors, p1 : P1oFy — Foo Wy, pg: ®y0Fy — Fy oWy are invertible natu-
ral transformations, 01 : W1 0o Ry — Ro, 02 : W5 0 Ry — Ry are isomorphisms
of representations such that

q)IOFlORlM;d)lOTl (DQOFlORlM;(DQOTl
&\ &\

pl*Rl TQ ﬂ2*R1 T2

F2OWIOR1?*&>F2OR2 FQO\UQORlWFQORQ

are commutative. Then there exists one and only one natural transformation
¥ : Wy — Wy such that

¢1OF1L>FQOW1 \UloRl
9*F1J/ \LFg*ﬁ ﬂoRll X\
¢20F17>F20\|12 \UzoRl?Rg

are commutative.

6.4. There is also a variant of Proposition 6.3 where one starts with two
quivers Q1, O, a morphism of quivers Q : @1 — 95 and two representations

T1:Q1—>e@1, T21Q2—>(@2.

Let (<#,F1,R1,a1) and (o, Fa,Re, a9) be 4-uplets obtained by applying
Theorem 2.1 to the representations T; and Tg respectively.
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Proposition 6.6. Let (®,¢) be a pair where ® : P — Py is an exact
K-linear functor and ¢ : PoT1 — To0Q is an isomorphism of represen-
tations. There exist an exact functor V : o) — o, an invertible natural
transformation p : ® o Fy — Fo o W, and an isomorphism of representations
0:VoRy — RyoQ such that

bxra

(5) ¢OF10R1%¢OT1

G

p*Ry T2 e} Q

%

FQOWORlﬁFQORQOQ

15 commutative.

Proof. The proof reduces to Proposition 6.3. Indeed consider the represen-
tations T1: Q; — #; and Th:=Ty0Q: Q1 — P of the quiver Q;. Let
(o7, FL, R, of) be a 4-uplet obtained by applying Theorem 2.1 to the rep-
resentations T4. By Proposition 6.3 applied to the pair (®,¢), there ex-
ist an exact functor V' : @/ — <7, an invertible natural transformation p/ :
®oF; — F,oVW and an isomorphism of representations ¢’ : W' o Ry — R),
such that

Doy

(6) ¢OF10R1*>¢OT1
p'*Ry T/2

/ / /
FoboWw oleFgoRQ

is commutative. Now apply Theorem 2.1, with respect to T}, to the 4-uplet
(o, Fa,Ra 0 Q, ag). We obtain a triple (T,,d) such that

Foxy

(7) FQOTOR,QHFQORQOQ

lé*RIQ laz

FyoRy — =T} :=Ty0Q
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is commutative, where T : .o — o is an exact faithful functor, v: 7T o
R, — R2 o Q is an isomorphism of representations of quivers and § : Fo o T —
F/, is an isomorphism of functors. Now let W = T o W/, define the natural
transformation p : ® o F; — Fo o W as the composition:

doF LR ow Y E o T oW = Fyow
and o : WoR; — Ry 0oQ as the composition
WoRlzTo\U’olefT‘oR’ZLRZOQ.

The commutativity of (5) is then an immediate consequence of the commu-
tativity of the diagrams (6) and (7). O

The uniqueness statement in Proposition 6.5 admits then the following
variant:

Proposition 6.7. Let (®1,¢1) and (P2, ¢2) be pairs where 1,y : P —
P are exact functors and ¢1 : P1oT1 > Tr0Q, ¢g: Py0T; = Tr0Q are
isomorphisms of representations. Let 6 : &1 — ®, be a natural transforma-
tion such that

¢2 [¢) (Q*Tl) = ¢1.
Let (Wi, p1,01), (Wa,p2,092) be triples where Wi, Vy : o) — b are exact
functors, p1: ®P1oF; — FooWy, po:®s0F; — FooWy are invertible nat-

ural transformations, 01 : W1 0R;y = R0 Q, 02: Va0R; — R0 Q are iso-
morphisms of representations such that

®xo Poxay

$ioFoRi ——=d10T, Py0F oR| —=Py0T,

p1*R1 Tg [¢] Q pz*R1 T2 [e] Q

a*xQ a*xQ

Fgo\UloRlFQ—*;FQORQOQ F20W20R1F2—*>92F20R20Q
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are commutative. Then there exists one and only one natural transformation
9 Wy — Wy such that

¢1OF1L>F20\|11 \U10R1
G*Fli inw ﬂoRll \
br0F; ——=Fy0W; Va0R; ——>Rz0Q

are commutative.

6.5. Consider two finite and Hom finite K-linear Abelian categories & and
2. There is finally a useful consequence of Proposition 6.6 where one starts
with a quiver Q, a representation of quivers

T:Q—-> &

a K-linear Abelian category %, a representation S: Q — % and a faithful
exact functor G: & — 2. We consider a 4-uplet (<7, F, R, «) obtained by
applying Theorem 2.1 to the representation T.

Proposition 6.8. Let (®,¢) be a pair where ® : & — 2 is an exact K-
linear functor and ¢ : ®oT — GoS is an isomorphism of representations.
There exist an exact functor V : o/ — 9B, an invertible natural transforma-
tionp: ®oF — Go WV, and an isomorphism of representations o : Vo R — S
such that

(DOFOR%(DOT

| |o

GoVWoR——=GoS
Gxo
15 commutative.

Proof. Let Q1 := Q, &1 := % and T1 := T. Now consider the category A
as a quiver Qs := 4, and set ¥y := 2, Ty := G and Q := S. The the 4-uplet
(%, G,id, id) satisfies the universal property for the representation To. Apply
Proposition 6.6. 0

The uniqueness statement in Proposition 6.7 implies then the following;:
Proposition 6.9. Let (®1,¢1) and (Po, p2) be pairs where ®1,$y : &P — 2

are exact functors and ¢1 : ®10T — GoS, ¢o: PooT — GoS are isomor-
phims of representations. Let 0 : &1 — &5 be a natural transformation such
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that
P20 (0% T) = ¢r.

Let (W1, p1,01), (Wa, p2, 02) be triples where W1, Wy : o&f — A are exact func-
tors, ®1oF = Go Wy, py: ®s0F — Go Wy are invertible natural transfor-
mations, o1 : V1oR =S, g9 : Wy 0o R — S are isomorphisms of representa-
tions such that

O xax [oPeYeY

PioFoR——=P10T Py0FoR——=Py0T

pl*R\L \L(]ﬁ P2*Rl \L@sz

GoWVioR——=GoS GoWyoR——GoS
G*p1 Gxp2

are commutative. Then there exists one and only one natural transformation
YWy — Wy such that

P1oF 2~ Gowy Wy oR
G*Fl J{sz ﬂoRJ/ X
<D20F7>G0\U2 WzoR?GoS

are commutative.

7. Abelian categories of Perverse motives

Recall that k = C is the field of complex numbers (one can also choose a
field of characteristic zero k with a fixed embedding of fields o : k — C) and
that by a k-variety we mean a quasi-projective k-scheme. The reader, if he
wishes, may work also with separated k-schemes of finite type. In particular,
perverse motives make sense over such bases.

In this section we use Theorem 2.1 to construct a perverse analog over
k-varieties of the category NMM(k, Q).

7.1. Let X be a k-variety. We denote by .# (X)) one of the following Abelian
categories: (a) the category of perverse sheaves &?(X); (b) the category
of perverse sheaves of geometric origins &2(X)#° introduced in [6, 6.2.4];
(c) the category of mixed Hodge modules MHM(X,Q); (d) the category
MHM(X,Q)%° of mixed Hodge modules of geometric origin (see [20, (2.6)
Définition]). Recall that the derived categories DP(.# (X)), as X runs over
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k-varieties, are endowed with a six functors formalism

Db (X)) ; DP(A(¥)) DA (X))

We denote by
DM (X)) = (X)) icl

the cohomological functor associated with the usual ¢t-structure.

7.2. A relative X-triple is a triple (Y % X, Z,i) where Y is a k-variety,
a:Y — X is a morphism of k-varieties, Z is a closed subscheme of Y and
i € Z is an integer.

Definition 7.1. Let (Y % X, Z,i) be a relative X-triple. We set
T 5 X, Z,0) = H (" (u 'yl QX))
where v : U — Y is the open immersion of the complement of Z in Y.

Note that by definition T (Y % X, Z,i) is an object in .#(X) which
depends only on the reduced structure of Y and Z. If there is no confusion,

we will also use the notation (Y, Z,7) to denote a relative X-triple and write
TL (Y, Z,i) instead of TZ (Y = X, Z,1).

7.3. Using the formalism of the six operations, it is easy to construct two
different sorts of morphisms between these objects in .# (X): the functori-
ality morphisms and the boundary morphisms.

Let (Y1, Z1,1) and (Y2, Z2,1) be relative X-triples. Assume that f: Yo —
Y7 is a morphism of X-schemes, such that f(Z2) C Z;. The functoriality
morphisms are maps in . (X)

(8) F T (Yo, Zo,i) — TL (Y1, Z4,4)

such that if (Y3, Z3,4) is a relative X-triple, and ¢ : Y3 — Y3 is a morphism
of X-schemes such that g(Z3) C Zs, then

i ogt = (fo)f.
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The morphism (8) is obtained as follows. Consider the commutative diagram

fUD) —TUy —25 1,

R

Ui o Y, X

in which U; (resp. Usz) is the open complement of Z; (resp. Z3) and all arrows
are the canonical morphisms. Using Smooth Base Change and adjunction,
we have a morphism in DP(.Z(Y7))

Fi? (u2) (ua)y(az)! y — fi (u2)/ wl w’y (ua)y (a2).
I

[ (wa)wl [y (wn)?y(a1)!
[

I £ ) (n)g(ar)! —= () (w)7y (@) -
Applying successively (al)'{/{ and the cohomological functor H;/} to this mor-
phism, we obtain the morphism (8) in .Z(X).

Let (Y, Z,i) be a relative X-triple, and W C Z be a closed subset. Then
the boundary morphism is the map in .Z(X)

(9) T, Z,i) = TL(Z,W,i — 1)

defined as follows. Consider the commutative diagram

u

T .

U=Y\Z Y\ W —22Y

RN

Vi=Z\W-—"=7Z

where v, vy, j are the open immersions, z the closed immersion and a, b the
structural morphisms. The localization triangle in DP(.Z (Y \ W))

. . . +1
()i (2v)y = id = 57 5% =,

applied to (’Uy)!//[a!///((@‘)/? ), provides a morphism

5wty d Q) = (2v)i? vy bl (@)
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As z and zy are closed immersions, applying (vy)#, yields a morphism
| |
wwlyal Q) = 2" vy b, Q)]

Applying a‘/f , the cohomological functor H;/} yields the boundary map (9).

7.4. Let @)I\(Iori be the quiver with a vertex for every relative X-triple (Y, Z, 7)
and the following edges.

e Let (Y7,71,1) and (Y3, Z3,1) be relative X-triples. Then every mor-
phism of X-schemes f:Y5 — Y; such that f(Z3) C Z; defines and
edge

(10) (Y, Z9,i) — (Y1, Z1,4).

e For every relative X-triple (Y, Z,4) and every closed subscheme W C
Z, we have an edge

(11) (Y, Z,i) = (Z,W,i—1).
The quiver @}?Oﬂ admits then a representation
T R — H(X)

where the edges (10) and (11) are maps respectively to the morphisms (8)
and (9). As the functor rat : MHM(X, Q) — £(X) is compatible with the
formalism of cohomological operations, there is a canonical isomorphism of
representations of quivers

osz : rat‘;’?oT‘;’"{f%T;{).

7.5. Let X be a k-variety. Since the Abelian category of perverse sheaves
P (X) is Noetherian, Artinian and has finite dimensional Homs (see Exam-
ple 2.2), we may apply Theorem 2.1, to the representation

TY : IR — P(X)

to obtain an Abelian category 4% (X) together with a faithful exact functor
rat‘){ , a representation T‘)/(V :

raty - AH(X) 5 2(X) T 2R - (X))
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and an isomorphism of representations of quivers a)N(Oﬁ : ratj{ o Tj(’/ — T;{
such that the following theorem holds:

Theorem 7.2. For every k-variety X, the 4-uplet

has the following properties.

e For every («7/,B,T,a) where B: of — P(X) is a faithful exact func-
tor, T : .@}gori — @ is a representation, and o : Bo T — T;”Z s an 1so-
morphism of representations of quivers, there exists a triple (R, p, o)
where

R: A/M(X) = of

is a faithful exact functor, p: BoR — rat“)A(/ is an invertible natural
transformation and o : Ro T‘)/}/ — T is an isomorphism of quiver rep-
resentations such that

B
BoRoTy{ —%BoT
lpoTj{V ia
N ooTH % 12
ratX oTy X

15 commutative.

o If (R, 0, p) is another such triple, then there exists one and only one
natural transformation 6 : R — R’ such that

‘o(Bof)=p do(@oTY) =0

Remark 7.3. The category .4 “f(Spec(k)) is nothing but the category of
effective (homological) motives EHM (k) constructed by M. Nori (see [17] or
[14, Definition 3.13)).

By applying Theorem 7.2 to the 4-uplet
(MHM(X Q) ratX 7TX ,OéX )

where rat : MHM(X, Q) — 22(X) is the forgetful functor, one obtains a
faithful exact functor

RY : (X)) - MHM(X, Q)
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which takes its values in the full Abelian subcategory formed by the mixed
Hodge modules of geometric origin.

7.6. We now want to apply Proposition 6.6 to construct the categories of
perverse motives out of the categories of effective perverse motives.

Let o/ be a K-linear Abelian category and L : &/ — & be a K-linear
exact functor. Let us construct a category </[L~!] as follows. An object in
/[L7Y is a pair (A,n) where A is an object in &7 and n € Z is an integer.
Morphisms in </[L~!] are given by

Hom, i +1((A4,n), (B, m)) = colim Hom,, (LT (A), L°T™(B)),

where the colimit is taken over all integers ¢ € N such that ¢ +n > 0 and
i+ m > 0. There is a functor

o — ALY
A (A)0).

Lemma 7.4. The category </[L71] is K-linear Abelian and the functor
o — L7 is K-linear and exact. If L is faithful (resp. full) then o/ —
A/ L7Y is a faithful (resp. full) functor.

Proof. We only sketch the proof as the details are straightforward. The
category <7 [L™!] is K-linear and admits finite direct sums given by

(4,n) & (B,m) = (L™"(A) & L™ (B), —i)

where ¢ € N is some integer such that ¢+n >0 and i4+m > 0. Let «:
(A,n) — (B,m) be a morphism in «/[L7!]. Let i € N an integer such that
i+n>0and i+m >0 and a:L°""(A) — L°F™(B) a morphism in <
that lifts a. The maps Kera — L°*" and L*™™(B) — Cokera in </ define
maps

(Kera, —i) — (A,n) (B,m) — (Coker a, —1)

in o7[L!]. Using that L is exact, it is easy to check that these maps are
respectively a kernel and a cokernel of a in &/[L™!]. Since &7 is an Abelian
category, the canonical map

(A,n)/Kera = (L°""(A)/Kera, —i) — (Ima, —i) = Im «

is an isomorphism (here Im « denotes, as usual, the kernel of the cokernel
map). O
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Remark 7.5. Let A€ o7, and n € Z, r € N be integers. For every integer
i € N such that i +mn —r >0, the identity of L°*""(A) = L°+"=7(L°"(A))
induces an isomorphism between (A,n) and (L°"(A),n —r) in &Z[L71]. In
particular (A,r) is isomorphic to (L°"(A),0) in </[L™1.

Recall that by definition (we use the convention of §7.1)
Q];/Z(l) = T(I;/l(Gm,lm {1}7 1).

The Tate twist of an object A € #(X) is then defined by A(1):= AK
Q7 (1) where X : #(X) x . (k) — .#(X) is the external product.

Let X be a quasi-projective k-scheme. Consider the quivers Qq := Qs =
9)1\}‘”1 and the representations

Ty =T :=TY.
Consider the morphism of quivers Q : Q1 — OQo.
(Y, Z,i) — (Gm’y, sz uY,i+ 1)

where Y is embedded in G, y via the unit section. Denote by & : . (X) —
A (X) the functor which maps K to its twist K (1).

Lemma 7.6. There are canonical isomorphisms of representations of quiv-
ers

o o 0T =T 0Q
which are compatible via the functor rat’féﬂ.
Proof. Let z: Z — Y be a closed immersion, and u: U < Y be its open
complement. We denote by 7 : G, , — Spec(k) the projection and v : Gy, ; \

{1} = Gy, 1, the open immersion. The open immersion in G,y of the com-
plement of G, z UY is

uXpv:U X (Gm,k \{1}) = Gny-

Let o : Spec(k) = Gy, be the unit section. The triangle oi” o', — Id —

v/ v}/// BN yields the distinguished triangle

1
QY — "’ (@) = T vy (@)
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Via the canonical isomorphism m? 7' ,(Q) = Q7 & Q;” (1)[1], one gets
mi v vy Q) = @ (1)[1].
We have thus an isomorphism
(uxg0)!ylaxp 1) (QF) = ulyal ) (@) K o', (QF).

The object (a xj 7)i” (u x v) (u xv)' ,(a x 7) ,(QF) of DP(2(X)) is
therefore isomorphic to

! | ! | | |
(@ w/ vl ya Q) R (i vV 7 (@) = ai” wl ! yal 4 (Q ) (D)[1]-
Hence for every integer ¢ € Z, we have a canonical isomorphism
TGy, Gz UY,i+1)=TL (Y, Z,i)(1).

The right hand side is TZ(Q(Y,Z,i)) while the right hand side is
&L (T (X, Z,i)). One checks easily that this defines an isomorphism of
quivers as desired and this concludes the proof. O

Note that ¢ := CD;"? is an exact functor. Hence we may apply Proposi-
tion 6.6 which yields an exact functor L : AT (X) — #°f(X) an invertible
natural transformation p: ¢ o ratj{ — ratj{ oL, and an isomorphism of rep-
resentations of quivers p: Lo Tj{ — T}’{ o @ such that

vy Oxax V%
Poraty oTy ————=®do Ty

Ty et 0 Q

%

raty oLo Ty ——=rat{ o T 0Q

raty) xo

is commutative.
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The category of perverse motives .4 (X) is then defined by
N (X) = E(X)L7.
Since the functor L is faithful, the canonical exact functor

N(X) = A/ (X)
A (A)0).

is also faithful. It is easy to see that the functors on the category of perverse
effective motives ratj{ and R'f(f extend to compatible faithful exact functors

raty : A (X) - 2(X) R¥ : N/ (X)— MHM(X,Q).

Remark 7.7. Note that by Proposition 6.7 the Abelian category A4 (X)
does not depend up to an exact equivalence of categories on the choice of
the functor L (and all other functors satisfying the above conditions are
isomorphic).

Remark 7.8. The categories .4 *T(X) and .4/ (X) are the Abelian cate-
gories of perverse motives used in [12]. Note that instead of using the rep-
resentation T;'/; , we may also define Abelian categories of perverse motives
out of the representation

I8 — 2(X)
Y % X, Z,i) = Hj (o ulKT)

where u : U < Y is the open immersion of the complement of Z in Y and
K¢/ :=7',Q_ is the dualizing complex of U (here 7 : U — Spec(k) is the
structural morphism). For functoriality reasons, it might be simpler to work
with the categories of motives defined using dualizing complexes. If X is
smooth, it is easy to see that the two representations yield equivalent cate-
gories. This should also be true over singular schemes.
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