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From state integrals to g-series

STAVROS GAROUFALIDIS AND RINAT KASHAEV

It is well-known to the experts that multi-dimensional state inte-
grals of products of Faddeev’s quantum dilogarithm which arise
in Quantum Topology can be written as finite sums of products
of basic hypergeometric series in ¢ = e?™" and § = e 2™/7. We
illustrate this fact by giving a detailed proof for a family of one-
dimensional integrals which includes state-integral invariants of 4,
and 59 knots.

1. Introduction
1.1. State-integrals and their g-series

Multi-dimensional state integrals of products of Faddeev’s quantum dilog-
arithm appear in abundance in Quantum Topology, and were studied among
others by Hikami [Hik01], Dimofte-Gukov-Lennels-Zagier [DGLZ09],
Andersen-Kashaev [AK], and Kashaev-Luo—Vartanov [KLV16]. It is well-
known to the experts that such state-integrals can be written as finite sums
of products of pairs of ¢g-series and ¢-series. The reason for this is a factorized
structure of Faddeev’s quantum dilogarithm, the structure of the set of its
poles, and the specific form of exponential factors of the integrand of the
state-integrals, while its derivation is based on an application of the residue
theorem. Instead of formulating a general theorem for multi-dimensional in-
tegrals which obscures the principle, we will give a detailed proof for the
case of a family of 1-dimensional integrals and illustrate it with some con-
crete examples taken from [AK, KLV16]. Similar computations appear in
mathematical physics [BDP14].
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To state our results, recall that Faddeev’s quantum dilogarithm function
() is given by [Fad95]

B (627rb(r+cb); Q)oo
(1) (I)b(w) - (62ﬂb71($_cb);q>oo )
where
q= 627Tib2, qg= 6_27”1’72, cp = %(b + b_l), %(b2) >0

Remarkably, this function admits an extension to all values of b with b? ¢
R<gp. ®p(x) is a meromorphic function of z with

poles: ¢, + iNb 4 iNb 1, zeros: — ¢, — iINb — iNb L.

The functional equation

si-

By (2) Dy (—) = €™ By (0)?, ®y(0) = g2 g~

allows us to move ®,(x) from the denominator to the numerator of the
integrand of a state-integral.

For natural numbers A, B with B > A > 0, we consider the absolutely
convergent integral

Zap(b) = / Oy (z)Be A 4y
R+ie

with small positive e. The condition B > A > 0 ensures not only the con-
vergence of Z4 p(b) for F(b%) > 0, but also the convergence of the g-series
and the g-series (for |¢|, |G| < 1) that appear in Theorem 1.1 below.

To express the above state-integral in terms of series, consider the gen-
erating series

00 ATI’L Am(m+1) _
(2) Faplgz Z a™, Fap(¢,x) = Fp-a5(¢2).
m=0 m

Consider the operators § and & (for k a positive natural number) which act
on the space of functions of x as follows

k—1_s

B)  (6F)@)=20,Fx), (GF)@) ="

1—
s=1
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Likewise, there are operators § and gk which act on the space of functions
of z and with ¢ replaced by ¢. It is easy to see that any two of the operators
9, 0k, 0, 0) commute and they freely generate over @ a commutative ring
D ® D, where

D =Q[6,61,65,...], D=®Q5,0,...].
Let

Dy = 'D[(Qﬂ'i)fl, bil, €2,€4, €6, - - .],

Dy = 5[(27Ti>_1, bil, €2, €4, €6, . . ] ,

where ¢; = ¢;(§) = &,(1) € Z[[§]]. Consider the following operator valued poly-
nomial:

(4) P4 g = Resy—o (eﬁwuf\w(b(ué)ﬂ,ﬂ(g+%)))A
~ ~ \ B
o(bw, 34)(b™"w, bs) _
Dy, ® D
X( b(1—eb™'w) €Dy @Dy,
where
9] 51 l
(53) (,b(w, 5.) =exp | — ﬁw
=1
. B L
o s (2 T aod)
=even

=9

o~

X €xp (—Z !l(—w)l> .

=1
For a series F(z,z), we define:
(6) (F(z,2)) = F(L,1).

Theorem 1.1. We have:

B-3A

g BH2(A+1)

(1) Tap®) = <Z> T by (Fasla 0)Fan(@®) ).
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Corollary 1.2. Writing Pa g = >, prPy (a finite sum), for p; € D}, and
P, € Dy, it follows that

B-3A

) Tup = (1) 7 e S ala)Gu(@
where
(9) 9k(q) = (PkFaB), G(q) = (P.Fap) .

Remark 1.3. The left hand side of Equation (8) has analytic continuation
to the cut plane C\ {b?|b? < 0} whereas each of the series g, and G}, is
only well-defined in the upper-half plane {b? |3(b%) > 0}.

Remark 1.4. P4 g, as a polynomial in the variables es, e4, ... has degree
B — 1, where the degree of ¢; is [. P4 p as a Laurent polynomial in b has
b-monomials of degrees in {—-B+1,—-B+3,...,B—3,B —1}.

1.2. g-difference equations

Next we describe a linear g-difference equation of F4 g(g, ). Consider the
operators & and F which act on f(z) € Q(q)[[z]] by:

(Ef)(z) = flqz),  (@f)(2) = 2f(x).
Observe that Bz = qiF.
Lemma 1.5. (a) We have:
(10) Faplg™,2) = Fap(q,).

(b) Fa p satisfies the linear g-difference equation

(11) ((1 BB - (—1)AqAxEA> Fap(g,z)=0.
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Corollary 1.6. (a) If we define w(q,z) = F4a (¢, qz)/Fap(q,x) and
w(g, ), = H?zl w(q,¢’), then w satisfies the nonlinear equation

B
O(—l)j <?>w(q,$)j — (—l)AqAazw(q, x)a =0.

J

(b) F is an admissible power series in the sense of Kontsevich-Soibelman
[KS11, Sec.6], the limit lim, w(q,z) = w(x) € Q[z]] exists and satisfies
the algebraic equation (also known as the Nahm equation or the gluing
equation)

(12) (1 - w(@)? = (=) aw(@)?.

The Nahm equation has been studied by several authors including [Zag07,
Sec.3], [Vla, VZ11], [RV, Sec.4].

1.3. The case of the 4; knot

We now specialize Corollary 1.2 to the invariant of the 4; and 52 knots is
given by [KLV16, AK]

T =14, Ioz =1s, .

In this section, let

g sn(n+1)
(13) F(g,7) = Frag ) = Z(—U"q(zﬂxn.

v Q)7
Corollary 1.7. (a) We have:

i (q 2 SO T ey
(1) 70 =3 (1) 66@a@ - v 6@la)
where
B oo - nq%n(n+1)

1—g° (@)

> 2 gs(mtD) gamm+1)
(15b) Glg)=)_ [1+2m—4)" (—1)"™
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(b) The series g(q) and G(q) are given in terms of F'(q,z) by:
(16a) 9(q) = (F)

(16b) G(q) = ((2+ 25 — 46,)F)

(c) F satisfies the linear g-difference equation

(17) F(q,q"'z) + F(q,qz) = (2 — 2)F(g, )

The series g(q) that appears in Theorem 1.7 was known to the first au-
thor and Zagier to be closely related to the 4; knot. For a detailed discussion
of experimental facts below, see [GZ]. Empirically, it appears that

e the pair (g(q), G(q)) is related to the 3D index of the 4; knot,

e the radial asymptotics of the pair (¢(q), G(q)) are related to the asymp-
totics of the Kashaev invariant of the 47 knot,

e the above observations for 41 also hold for the case of 59 knot discussed
below.

Recall that the index of an ideal triangulation was introduced in [DGG14,
DGG13], necessary and sufficient conditions for its convergence was estab-
lished in [Gar16] and its topological invariance was proven in [GHRS15]. For
a detailed discussion of the above experimental facts, see [GZ].

1.4. The case of the 55 knot

In this section, let

F(q,7) = Fa3(q,) Ztm ™, F(g,%) = Fi3(¢,%) = Y Tn(@)7"

m=0
where
i) = Lo g = (g
(@3 7 (9)3
Let
Rpnn(q,9) 752 L+ 4m + 4m” = 6E{™ (q) — 12mE{™ (q) + 9E{™*(q) — 3E{™ (q) )

1
2

n—n® = 6ES”(@) + 3B (@) + 6nES™ (@) - 9BV (@) + 3EL7 (D))

QL (1 +2m = 3E(" () (1+2n - 65{"(3))

(
7 (-
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where El(m)(q) are defined in Equation (29a). For k =1,...,4 let

18)  gl@ =Y im0, Gh(@ =S Pun)T(@),
m=0 n=0

where

(19a) Prm(q) = 1+ dm + 4m? — 6E™ (q) — 12mE™ (q)
+ 9E§m)2(q) _ 3E§m)(q)

(19b) Pom(q) =1+ 2m — 3E\™(q)

(].QC) p3’m(q) =1

and

(20a) Pi(q) =1
(20b) Pym(q) =1
(20c¢) P; . (q)

+2n - 6E™(§)
—n—n?— 6E§0)((§) + 3E§n) (q) + 6”E§n) (9)
—9E™M*(q) +3E(d).

Corollary 1.8. (a) We have:

S Run (4, (0T (@)

L
N—
0|~

@) Toslg) = (‘-Z

m,n=0
. 8 2
=% (1) (- 5060 - gm@6i)

)
+ 300G + ' m(0Gal@))

(b) F and F satisfy the linear g-difference equations

F(q.q°x) — (3 — ¢*2)F(q, ¢*z) + 3F(q, gz) — F(q,2) = 0

F(g,q°x) = 3F(q.¢°x) + (3 — ¢°x) F(q.qz) — F(q,2) = 0.
Remark 1.9. A computation gives that P(A,B)= P(B— A,B) for
(A,B) = (1,2) and (A, B) = (2,3) corresponding to the invariants of the

4; and 52 knots. In all other cases that we tried, we found that P(A, B) is
not equal to P(B — A, B).
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2. Proofs
2.1. A residue computation

To relate the state-integral Z4 g to a sum, we will apply the residue theorem
on a semicircle v with center 0 and radius R, oriented counterclockwise in

the upper half-plane:
ﬂh

Then, we will take the limit R — oco. To compute the residue of the inte-
grand, we need to expand ®,(z) near the pole

Tmn = Cp + 1bm + ib~'n

for natural numbers m and n. Let

m+1 .
) (o) = L
e ( ) ((j aq 1)n
(24 ) = GGer, Do (@ 1657 V)
Lemma 2.1. We have:
(39 1 1 Om (27b) ;b/n(27rb_1x)
(25> q’b(ﬂf + xm,n) - @7 q~)oo (q; Q)m (d—l; q—l)n 1 — e2mb 'z :

Proof. Equation (1) implies the functional equations

Oy(z+cp+ib) 1
Sate) 1 g
Py(z+cp+ibt) 1
Dy (z + ¢p) T 1 — G lemtiz
which give
Dz + ) = Byl + 1) 1
T+ =Py(z+c
e (T

1 ( 27rbx’ q)

Pp(x+¢p) = - - .
b( + b) 1_627rb—z(q627rb I7Q)oo
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Thus,
(:9)0 1 1
Pp(x + 2 = — P
@+ mn) (@ @)oo (¢ Q)m (T 5G Vn
1 (qe2ﬂbx§ )oo (da d)oo (q; Q)m (Cjil?qil)n

X 1 — e2nb 'z (q; Q)oo (quTrbflcc; Cj)oo <q627rb:c; q>m (q‘—leQTrb* z q—l)n
(@0 1 1
(@ @)oo (@ @)m (@57 n
L (@™ ) (d) (@ q Hn
1 — e2nb 'z (qm+1; Q)oo (q~827rb*1x; q)oo (671827rb*196; (jfl)n

X

The result follows. O

The decoupling of (m,n) in the quadratic form comes as follows: since
A, m,n are integers, eA™"" = 1 and a computation gives

e—ATri(ac—&-acn,m)? _ iA (?)
q

where

o[

t4,(q) A (@)e A+ 2Ame (om0 7 (et 5)

m(m+1) ~ _ An(n+D)
to(q) = (—D)AmgM e, (g = (-1

The Dedekind function n(7) = ¢*/?*(¢; q) oo (With ¢ = €2™7) satisfies the mod-
ular equation n(—7"1) = /—irn(7) [And76]. It follows that

(26) 50 _ 3 <q> Yyt

(@ @)oo q
After we set w = z/(27), the above discussion implies that
(27) Zap(b) = (Z) RS

tm(@) _ 2(3)

X Z (ReswzoFA,B,m,n(w))

m,n=0

where

~ B
(98)  Fppmn(w) = et HAu(bms 1)+ (D)) <¢m(bw> %("_1“’))

b(1 — eb™'w)
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2.2. The Taylor series of ¢, () and ¢y, (x)

In this section we express the Taylor series of ¢, (z) and ¢, (z) in terms of
the g-series El(m) (¢) and El(m) (q) defined by:

X -1 s(m+1)
(m) \ _ S _ m
(29a) E"™(q) = 2_:1 T (3i(2™))
—n+ EM(g) if1=1
(29b) EM(g) = { E™(g) if 1 > 1is odd

2El(0) (q) — El(") (q) ifl>11iseven

Proposition 2.2. We have:

(30a) ¢m(x) = exp (- Z ;!El(m)(q)xl)

(30b) on(7) = exp ( }!Tm)@xl) .
l

The proof of this proposition is given in Section 2.6. The first few terms
in Equations (30a)—(30a) are given by:

(31a)
m ]- m m
=1-E! )x+§<E£ 2 plmy?
1 m m m m
+6(—E§ B4 3™ Em — glm)g?
1 m m m m m m m
+ o B = 6B B 4 3By aB ™ Y - B )t -
(31b)
o) = oxp (B 4 JE22 4 LB 4 )

~(n 1 ~(n —(n
— 1+ E )x+§(E{ 21 E{M)a?
1 —(n —(n) =(n —(n
+ (B 4 3B EYY + B

1 —(n (n)2 (n —(n —(n) -(n —(n
(B 4 6 EMESY + 3B 4 4B EM + E{)at 4 -

T
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where El(m) = El(m)(q) and El(m) = El(m) (q).

2.3. The connection with the differential operators §; and gl

In this section we connect the series El(m)(q) and El(m)(cj) with the action of
the differential operators ¢; and d; on a series F'(z) and F(Z) respectively.
Consider formal power series

F(z) =Y tm)a™  F@) =Y tm)3am.

Lemma 2.3. We have:

(3) 3 (H B <q>) tm) = <H <»J.F>

m=0 \j=1 j=1
(33) n;i)m’“t(m) = (0"F)

and

(34 iﬁ ;E,(j”(c_?) ?<n>=<1f[la,ﬁ>
(35) i)nri‘v(n) = (d'F).

Proof. For a positive natural number [ we have:

> B @tm) =Y Gila™)t(m) = <<»<Z t(m)xm>> = (0iF).

m=0 m=0 m=0

Moreover, for positive natural numbers [, !’ we have:

> B @B (@)tm) = D () (v am))t(m)

m=0
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Now,
> Sl’—lqs
Grla™ ™ = 3 Tt m)a" = Gula")e(m)
1

s=

and summing up over m, we obtain that

> (Gu(a™)t(m)a™ = 6 F(q, x) .

m=0

It follows that

3" EM(@E™ ()t(m) = (5:6,F) .
m=0

The general case of Equation (32) follows by induction on r. Equation (33)
is obvious. O

2.4. Proof of Theorem 1.1

Fix natural numbers A and B with B > A > 1, and let

)

F(q,x) = Z t(m)z™

()5 ’ g

m=

t(m) =

and
(—1)(B*A)nq~(B—A)%

(@)7

Use Equations (27) and (28) and Proposition 2.2 to expand F g mn(w) as

t(n) = . F(Ga) =) tn)".
n=0

a power series with coefficients polynomials in the variables m, El(m (¢) and
n, El(") (¢) and b*! and (27i)~'. Now apply Lemma 2.3 to convert the vari-

ables m, El(m)(q), n, El(n)((j) in terms of the action of the operators 4, d;, g, 5
respectively. This concludes the proof of Theorem 1.1. ]

2.5. Some auxiliary power series

Consider the auxiliary series
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oo
[ = pla)e”
n=0

pn(a) = W Z Ap ma™ pola) = —

m=0

and A, ,, are Euler triangular numbers (sequence A008292 in the online
encyclopedia of integer sequences [Slo]) that satisfy the recursion

An,m = (n - m)An—l,m—l + (m + 1)An—1,m

and also given by the sum

_ZO <n+1>(m+1—k)”.

For a detailed discussion on this subject, see [FS70]. A table of the first few
numbers A, ,, is given by

n\m |01 2 3 4 5 6 7 8
1 1

2 111

3 114 1

4 1111 |11 1

5 1126 |66 26 1

6 1157 |302 302 o7 1

7 11120 | 1191 | 2416 | 1191 120 1

8 1] 247 | 4293 | 15619 | 15619 | 4293 | 247 1

9 1] 502 | 14608 | 88234 | 156190 | 88234 | 14608 | 502 | 1

Lemma 2.4. For [ > 1, we have:

l

(37) il -log(1 — ¢" ") |a—0 = b'p1—1(¢") + b
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Proof. 1t follows from
d 1
B 1 k b:E =b(1
and Equation (36). O

For positive natural numbers [, r with [ > r and m consider the g-series
E"(q) defined by

(m) > qkr
E™(q) = B
Lemma 2.5. (a) We have
o0 s(m+1)
(m) q
(39) 77‘ (q) - 82:; al,S 1 _ qs
where
" - s
=y ~ &
(b) It follows that
-1
(40) > A Bl (@) = B ()

Proof. For (a), interchange k and s summation:

(oo} o
EP= Y Yo=Y S a®

k=m-+1 s=r s=1r k=m+1
) o) )

_ m+1)s sk __

- Z q( ) E aysq = Z Qaj s
s=r k=0 s=r

(b) follows from (a) and the fact that

q(m+1)s

1—¢*

Z Al 17«£U Zslls

(1—3:
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Lemma 2.6. We have:

(41) Om(x —exp< ZZZL‘ZAZ 1-E 1T+1 (¢)x )

Proof. 1t follows from Lemma 2.4 combined with

log(¢m(x)) = log (Wg))

(qm-i-l’ Q)oo
— Z (log(l —¢'e”) —log(1 — ql))
I=m+1

2.6. Proof of Proposition 2.2

Part (a) of Proposition 2.2 follows from Lemma 2.5 and Lemma 2.6. For
part (b), we will use the series

E" () =" S_lq_qs
s=1
Using
N . ~ 1. ~1
og(Bna)) = og (LR 1) o (LT )

and the proof of part (a) of Proposition 2.2, it follows that

log( ¢n :log( q(e“,q ) +log<<é T G- 1Z)n>

-1

1 1
:ZﬁZAZ 17“ lr+1 Zﬁ A 1,r Z[T]Jrl((j_l)xl
[n

=1 " r=0 r=0
00 1 -1 © |
0 ~,
= Z fl Al—lﬂ" (El 7"+1( ) lr+1 (C] 1)> xl

=1 r=0

where
n kr
n q

(42) BN @ =3 Gy
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Let
—n+ E"(q) ifl=r=1
(43) EV() = { B (@) if 1 > 1is odd
2El(2) (q) — EZ(T;) () ifl>1iseven
We claim that
(44) EN@)+ B (G = EP(G)
forl >r >1 and
0 ~ =~(n), ~
(45) BN @) + B = B (@)

Assuming Equations (44) and (45), it follows that

~ > 1 ~n)
log(n(x)) = > i ST A EY (@)

where the last step follows from part (b) of Lemma 2.5.
It remains to prove Equations (44) and (45). Equation (44) follows from

the definition of E’ﬁ)(é]) and

0) in] L 0 ~kr n (jfk(l r)
B0 B = 5
k:l 1
o ~kr n ~kr
q 1 q
=D o T DD a
_ Akl _ ~k\l
= (1-3q") —(1-q")
n ~kr > ~kr
q q
= (1+(-1)) T Y A
o (=gt 4= (14"
Equation (45) follows from
0 — —~ "
EN@+ BN =Y i m Dt

k=1 q k=1 q

oo L n () ~k
1—-1+ 1

= 1_(jkq - 1_dk:_n+z 13(%
k=1 k=1 k=n+1
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This completes the proof of Proposition 2.2. U
2.7. Proof of Lemma 1.5

Part (a) of Lemma 1.5 follows from the definition of F4 p and ﬁA,B-
Part (b) follows from an application of Zeilberger’s creative telescoping
[Zei91]. To apply the method, define

m(m+1)
(_1)Aqu72
(@5

Then, observe that ¢ satisfies the recursions with respect to m and x:

xm

t(m,z) =

(1-— qm“)Bt(m +1,z)= (—1)AqA(m+1)t(m, x) t(m,qzx) = q"t(m,x).

Now, we eliminate ¢" from the above equations as follows. The second equa-
tion implies that t(m + 1,¢’z) = ¢/™tVt(m + 1, z). Expanding the first
equation, it follows that

B
/B .
S0 (FYitm -+ 1.0 = (-1 et )
— j
j
Summing for m > 0 implies (b). O

Proof. (of Corollary 1.6) The admissibility of F' in the sense of Kontsevich-
Soibelman, follows from [KS11, Sec.6.1] and [KS11, Thm.9]. Given this, the
Nahm Equation (12) for w follows easily from part (b) of Lemma 1.5. [

3. An application: state-integrals of the 4; and 55 knots
3.1. Proof of Corollary 1.7

Assume now that (A, B) = (1,2). Then,

1 1 bt
@R wr e PO
(bm(bw))® = 1 — 2B (q)bw + O(w?)

(Gn(b w))? = 1+ 2B ()b w + O(w?)

et Wi Hw(b(m+1/2)+b" 1 (n+1/2)) _ 1 4 (; + m) bw + (; + n> b~ lw + O(w?)
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Combined with EYL)((}) = —n—{—EF’)((j), it follows that the residue R =
Resw=0(F1,2.m.n(w)) is given by

= (s(3+m—25"0) -0 (j+u-25"@))

1o (n+1)

The above, together with the fact that ¢,(q) = (—1)”‘12((17)2 satisfies
(¢~ 1) = tn(q) implies Equation (14). Equation (17) follows from Equation
(11) for (A, B) = (1,2).

3.2. Proof of Corollary 1.8

Assume now that (A, B) = (2, 3). Then,

1 1 3t p2
Sz~ - T 0(),
w

OI—e@)F ~ wd 22
m 3 m m
(ém(bw))® = 1 =3B (q) bw + 5 (3E{™*(q) - E{™ (@) ) b0
+O(w?),
e — (n) r~\ 7. — 3 ~(n ~ —(n)/~ —
(@n(6~w))* =14 3B (@b~ w + 5 (3E{(@) + E{V(@)) b2
+0(w?),
2 w2 4+2w(b(m+1/2)+b" 1 (n+1/2))

e4ni
=1+ ((1+2m)b+ (1+2n)b" ) w

B+b? 1
+ |1+ i + —— 4+ 20?m? + 20 2n? + dmn
2 2mi

+2(14b*)ym +2(1 + b_2)n> w? + O(w?).

If R = Resy—0(F2,3mn(w)), then

b2 m m m m
R = = (1+4m-+4m? =6 E{™ (q) - 12mE{™ (q) +9E{™*(q) ~3E{" (¢))

2
- % + % (1+2m = 3B(0)) (1420 - 6E{(9))

b_2 ~ n ~ n ~ n ~ n ~
+ 25 (—n—n? = 6B (@) + 37 (@) + 6n B (@) - 9E(H(@) + 3E5 (@)
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This proves part (a) of Corollary 1.8. Part (b) follows from Equation (11)
for (A, B) = (2,3) and (A, B) = (1, 3). Note that Theorem 1.1 states that

i

(46) Tr3(q) = —€' (Po3(FF))

where

2 ~
&3:_%(1+M+4$—6&—1%&+9ﬁ—3@)

1 ) ~ ~ ~ ~ ~ ~
+ 5 1420+ % + 20 + 466 — 301 — 6061 — 662((}) — 601 — 12001 + 18(5151)

NP

+ - (—g— 52 + 351 + 6531 — 95% + 352) .
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