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Compact Kahler manifolds with positive
orthogonal bisectional curvature

Hurrao FENG, KEFENG LiU, AND XUEYUAN WAN

In this short note, using Siu-Yau’s method [14], we give a new proof
that any n-dimensional compact Kéahler manifold with positive or-
thogonal bisectional curvature must be biholomorphic to P™.

1. Introduction

In the celebrated paper [14], Siu and Yau presented a differential geometric
proof of the famous Frankel conjecture in Kéahler geometry, which states that
a compact Kéahler manifold M"™ with positive bisectional curvature must be
biholomorphic to P". Using the method of Siu-Yau, Seaman [12] in 1993
proved that any compact Kéahler manifold M"™ with positive curvature on
totally isotropic 2-planes must be biholomorphic to P”. On the other hand,
there is also a concept of orthogonal bisectional curvature (cf. Definition 2.1
in this paper) for Kéhler manifolds of dimension n > 2, which was introduced
by Cao and Hamilton in the late 1980’s. Note that the condition of positive
orthogonal bisectional curvature is weaker than both the conditions of posi-
tive bisectional curvature and positive curvature on totally isotropic 2-planes
for a Kéhler manifold M™ with n > 2. Hence a natural question is whether
a compact Kahler manifold M™ (n > 2) with positive orthogonal bisectional
curvature is biholomorphic to P™. Inspired by an observation of Cao and
Hamilton in an unpublished work! that the nonnegativity of the orthog-
onal bisectional curvature is preserved under the Kahler-Ricci flow, Chen
[3] in 2007 gave a positive answer, under the extra condition ¢ (M) > 0, to
this question by using the Kéahler-Ricci flow method. Chen further asked
whether this extra condition could be dropped. Later, H. Gu and Z. Zhang
[7] in 2010 showed that ¢; (M) > 0 holds for any compact Kéhler manifold
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M™ with positive orthogonal bisectional curvature. Therefore, by combining
the results of Chen and Gu-Zhang, one has

Theorem 1.1. Let M be an n-dimensional compact Kdhler manifold with
positive orthogonal bisectional curvature, then M is biholomorphic to P™.

In this note, we will give a new proof of the above theorem by using
Siu-Yau’s method [14], which answers a question of Chen raised in [3]. Note
that Chen’s proof depends heavily on the Kéhler-Ricci flow techniques. More
precisely, by assuming c;(M) > 0, he can show that a Ké&hler metric with
positive orthogonal bisectional curvature flows to a metric of positive holo-
morphic bisectional curvature, and then he got a proof of Theorem 1.1 by
using Siu-Yau’s result. Compared with Chen’s proof, our proof is more direct
and geometric.

This note is organized as follows. In Section 2, by computing directly the
second variation of the energy of maps f : P! — (M, h), we prove that an
energy minimal map f must be holomorphic or conjugate holomorphic when
(M, h) is a compact Kéhler manifold with positive orthogonal bisectional
curvature, which is the key step of our proof of Theorem 1.1. In Section 3,
we will complete the proof of Theorem 1.1 by using Siu-Yau’s method [14].

2. Complex analyticity of energy minimizing maps

In this section, we first compute the first and second variations of the total
energy of smooth maps f : P! — (M, h), and then prove the main result of
this section that an energy minimal map f must be holomorphic or conju-
gate holomorphic when (M, h) is a compact Kéhler manifold with positive
orthogonal bisectional curvature. Note that Siu-Yau [14] used O-energy in
their proof.

Let P! be the complex projective space of complex dimension one with
a fixed conformal structure w and M a compact Kéhler manifold with a
Kéhler metric h. In local holomorphic coordinates on P! and M, we write
w and h as following respectively:

w = Ndw ® dw,

h= Y hypdz"®dz".
a,B=1
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For any smooth map f: (P',w) — (M, h), the energy of f can be written,
with respect to h, as following:

(2.1) E(f):/ﬁm<:;i,gi>ﬁdedw
z/ (Fa £+ £2£2) hopV/=Tdw A da,

Pt

where the summation convention is used, and

o Of* 4 _0f"
(22) fw_ 871}’ fu7_ 871}’
of 9\ .0 -5 0
(23) ow I (aw) = fuge T figza

Let VO be the Chern connection with respect to the Kéhler metric h. The
Christoffel symbols I'g. are defined by

and given by

By = 027
Let f(t):P' — M, t € C, |t| < ¢, be a family of smooth maps param-
etrized by an open disc in C. Denote by D the pullback connection f(t)*V",
then by definition,

D en D on D en _ oCh
QD 55 = Vi go = Vio.z g T Vi0.s 5T Vi0.4
Therefore,
0
2 dFE —
23 as) (5)

)

(550) 20+ (2.8 (2))) s
0 )ﬁdumdw

>> V—1dw A dw
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where the first identity uses the fact that D is compatible with the metric,
the second and fourth equalities are by the torsion-freeness of D.
The harmonic map equation is

D (0f\ D (0f\
(2.6) 8w<8w>_0 or 8w<8w>_0’

which is equivalent to

a2fa

(2.7) OwoOw

+T9, fafh=0.

In the following, we compute the second variation of the energy (2.1).
Note that similar formula has been derived by Moore from a different point
of view ([10] , (6)). Suppose that f is a harmonic map, i.e. f satisfies (2.6),
then

(2.8) D?E(f) (;,;) = —2/]le <g{,§5£ﬂ (;{)>>ﬁdedw
af af of\ of af D D [0Of
——?L(@%ﬂ<mwm>m)+<mwmm<&)>>
x v/ —1dw A dw
2 (B%2%)- (n(%2) £.5)
P Oow Ot Ow Ot ot’ ow ) Ow’ Ot
x v/ —1dw A dw

o /of DOof ~
_2/p>1&u<&f’(%&u>ﬁdedw
L (BEEH-0 2 E%)
p1 Ow Ot dw Ot ot ow ) ow’ ot
x v/ —ldw A dw

A GIRECEIE NI

ot dw ) ow’ It
where the second equality is by definition of curvature operator

(% 97\ _DD DD
ot’ ow

T otow  Ow ot

the fourth equality is given by the Stoke’s Theorem.
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By (2.3) and

Of 0 d o0
ot "t ge T g

we see that the curvature term in (2.8) is given by
Of OFNOF OF\ _ pn (rapB _ pa B\ (p1 75 170
(2.9) <R (at &U) o at> = Rogos (F200— 1207) (£207 = £7F2)

since (R(X,Y)Z, W) depends on X,Y,Z linearly, and it depends on W
conjugate linearly, where R 3.5 is given by

o 0 o 0
21 2.5 = _— RN —
(2.10) Rajns <R <820‘7 825> 027’ 825>
— th’YS + R ah’ﬂ' 8h05
0200zP 0z« 9z8

Before giving the main result, we first recall the definition of positive
orthogonal bisectional curvature.

Definition 2.1. A Kéhler manifold (M,h) of dimension n > 2 is said of
positive orthogonal bisectional curvature if

(2.11) R(X,X,Y,Y)>0
for any nonzero vectors X,Y € THM with (X,Y) = 0.

The main result of this section is the following Theorem 2.2, which is
also the key step in our proof of Theorem 1.1. The key point in the proof
of Theorem 2.2 is that holomorphic and conjugate holomorphic sections are
actually orthogonal to each other, which has been observed already in Siu
[13] and Futaki [5].

Theorem 2.2. Let (M, h) be a compact Kaihler manifold of dimension n >
2 with positive orthogonal bisectional curvature. Then any energy minimizing
map f : P — M must be holomorphic or conjugate holomorphic.

Proof. Let f be an energy minimizing map. If f is neither holomorphic
nor conjugate holomorphic, then we will get a contradiction. To show this,
noticing that dim H°(P!, TP') = 3, we can take a nonzero holomorphic vec-
tor field va% of P'. Then by the assumption that f is neither holomorphic
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nor conjugate holomorphic, the following two vector fields of type (1,0)

o\ are 9
r= [f* (awﬂ = %w 02"
0
(v 2 L
“\ow ~ 0w 920

are nonzero on M, where [8](19) denotes the (1,0)-part of a vector field.
When there is no confusion, we also view X,Y as two sections of the pull-
back bundle f*T'M over P*. Since f is a harmonic map, i.e., it satisfies (2.7),
we have

D . D (af* 0N\ (P | s O
1) 55Y =5 (awa> —“<awaw+fwfwfﬂv 920 =0

(2.12)

Now we take such variation direction,

of(t)

2.14 =Y.
(2.14) AT
Therefore,

D of D [of D,
s (2 2 ()= By

Now by the second variation formula (2.8), we have

O°E o
8t8(tf ) /P 0] Rog,5 o fafa foy/=1dw A di

(2.16)
=2 [ |v|2R(X,X,Y,Y)V—1dw A dw,
]1:1)1

where |[v|72R(X, X,Y,Y) is taken to be zero at the zero points of v.
By (2.7) and (2.12), we have

D o2 f° p )
21 X e Y 71—‘04 — =0.

dw
By (2.13) and (2.17), we get

2

(2.18) 5o X.Y) = <£DX,Y> + <X, £UY> =0,
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which implies that (X, Y’) is a holomorphic function on P!. Since (X,Y) has
zero points on P!, thus

(2.19) (X,Y) =0,

that is, the type-(1,0) vector fields X,Y are orthogonal to each other and
has only finite number of common zero points on M. Now by the assumption
of positive orthogonal bisectional curvature, we get

2
(2.20) aafg) =2 [ || ?R(X,X,Y,Y)V—1ldw A dw < 0.
Pl

On the other hand, since f is energy minimal, we get Bgfa(tf ) > 0, which gives

a contradiction. Thus f must be a holomorphic or conjugate holomorphic
map. [l

3. The proof of Theorem 1.1

In this section, we prove Theorem 1.1 by using Siu-Yau’s method. To do
this, we first give following two propositions.

The first proposition has been proved in [7]. However, for reader’s con-
venience, we present a direct proof of it, in which we will use the Bishop-
Goldberg’s original statements (cf. [1] or [14], Theorem 3) to deal with the
part of parallel real harmonic forms.

Proposition 3.1. Let (M"™, h), n > 2, be a compact Kdhler manifold with
positive orthogonal bisectional curvature. Then the second betti number

ba(M) =1
and the first Chern class c1(M) is positive.

Proof. We first prove that by 1 (M) := dim HY(M,R) = 1. To do this it suf-
fices to show that every real harmonic (1,1)-form « is a real multiple of the
Kaéhler form wys of (M, h).

Denote E := T*M, the Kihler metric h induces a Hermitian metric h?
on the holomorphic vector bundle E. Let V = V¥ + 9 be the Chern connec-
tion of the Hermitian holomorphic vector bundle (E, h¥). Let (V19)* (resp.
0*) be the adjoint operator of V¥ (resp. d) with respect to the Kihler
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metric h and the Hermitian metric h¥. Set
A= VRV 4 (VRO AT = 570 4 90"

Suppose that
a= Zaﬁdzj ANdZ' e AN M, E).
i?j
Since « is harmonic, by using Bochner-Kodaira-Nakano identity (cf. [4],
Chapter VII, §1), we have

(3.1) 0= /M<A”a,oz>deM
/(Aa a)dV,,, + /([J—ilRE,A]a,aMVwM
/ |V10al|2aV,,,, /([MRE,A]a,a)deM.
M

where dV,,,, = , and A is the dual operator of the wedge product by wp;.

From R¥ = [Vl 0 9F], we have locally
(3.2) (WV—IR®, Ao, @) = BBR* ™ a 70,5 Ry,

Ispjkpamypti o _ _
— h"*hI%h h Ozklamngm]

Fix any point p € M, we can choose a local coordinate system around p
such that h;; = d;; and «a;; = a;0;; at p. Then the positivity of orthogonal
bisectional curvature implies that

(3.3) ([WV=1RF A => Ryji(ai —aj)® > 0.

i<j
Now by (3.1), we get
V% =0 and ([V—1RE Aa,a) =0,
and so
a = awy,

for some real smooth function a. Therefore, we obtain da = 0 from V%o = 0
and V1% = 0, and hence da = 0 by a being real, that means that a is a
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constant. Finally we get
(3.4) bi1(M)=1.

Now we prove that ¢1(M) > 0. Suppose {e,} is an orthonormal basis of
TYOM at one point p € M, then for any o # 3, we have

(3.5) R(eq — €3,€q — €3, €q + €8, + €3)
= Ruogaa + RﬁBﬁB — RaBaB — Rgaga > 0.

Similarly, changing ez by v/—1leg, we have

(3.6) Raaaa + Rgpps + Ropap + Rpapa > 0.
Combining (3.5) and (3.6), we obtain that

(3.7) Reaaa + Razs5 > 0.

By (3.7), we have the following computations on the scalar curvature R of
(M, h),

(3.8) R= Z Rogsp =Y Rosss+ Z Ragaa

o fra
n

=> > Raasp + Z Rogaa + Z Rspp5

o fra

1"

=2 > Raspaty 5 Z i3 + By 571y 41571)

o fBra

1
+ i(Rnﬁnﬁ + Rlili)

> 0.

y (3.4) and ¢1 (M) € HY'(M,R), we can assume that for some constant k,
c1 (M) = kwyy.

So we have

1
k:/ w"M:/cl(M)/\wnM_lz/ Ruwly > 0,
M M nJm
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and so k >0 and ¢;(M) > 0. Now by Kodaira vanishing theorem, we get
H?(M,Oypr) =0, i.e., boa(M) = 0. Therefore, by(M) = by 1 (M) + 2boo(M)
=1. ]

Lemma 3.2. Let M be a compact Kdhler manifold with positive orthogonal
bisectional curvature. Let f : P1 — M be a nontrivial holomorphic map, and
L be a holomorphic quotient line bundle of f*T' M. Then ci(L) > 0.

Proof. Since holomorphic line bundles over P! are all of the form O(k), k €
Z, we assume by contradiction that L = O(k), k < 0. Then L* = O(—k) > 0.
It follows that there exists a nonzero holomorphic section s = s,dz% of L*.
Since L is a holomorphic quotient line bundle of f*T'M, it follows that L*
is a holomorphic subbundle of f*T*M. Then

(3.9) (V=1f*R*s,s) = ﬁ(R*)“zgsaﬁngdw A di
= V=U(=h"W7 R, )55 fodw A dib
= —V 1R 7 5(h7755) (h75) [ [ dw A di
= —V=1R,5(h"55) (W)vfavfwwdw A diw

= —V—1R(s", s*, XX)| B dw A dw,

where X = v%{ﬂ 62" which is defined by (2.12), s* := h%75, 2 57 -
Note that
(3.10) (s*, X)=0,

where the proof of (3.10) is the same as (2.19). By the positive orthogonal
bisectional curvature condition, one has

(3.11) (V=1f*R*s,s) = —/—1R(s*, 5% XX)| B dw A\ dw <0

almost everywhere on P!,
Since the curvature is decreasing on holomorphic subbundle, thus

(3.12) —k = /P c1(L*) < /Pl<ﬁf*R*s,s> <0,

which contradicts to the assumption k& < 0. Thus ¢;(L) > 0. O
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The following proposition is an analogue of Siu-Yau’s Proposition 3
in [14].

Proposition 3.3. Let M be a compact Kahler manifold with positive or-
thogonal bisectional curvature. Let Cy be a rational curve in M and fy :
P! — Cy be its normalization. Then there exists a proper subvariety Z of
P(TM) with the following property. If y € M and & € (T'M), — 0 define an
element of P(TM) — Z, then there exists a holomorphic map f : P! — M
homotopic to fo (when fo is regarded as a map from P* to M ) such that y
is a regular point of f(P') and the tangent vector of f(P') aty is a nonzero
multiple of &.

Proof. The proof is basically the same as Proposition 3 in [14] except at two
places where they required T'M to be positive in the sense of Griffiths, both
of which follow from Lemma 3.2.

The first one is the proof of H'(V, Ny/) = 0:

Let V C P! x M denote the graph of fy, where fy is holomorphic map.
Let m:P'x M — P!, 6 :P!' x M — M be the natural projections. Since
T (P! x M) is isomorphic to 7*TP! & ¢*T'M and TV is isomorphic to 7*TP!,
it follows that ¢*T'M|V is isomorphic to the normal bundle Ny of V in
P! x M, that is, fo0T'M is isomorphic to Ny . By a theorem of Grothendieck
6], foTM splits into a sum of holomorphic line bundles Li,...,L,. By
Lemma 3.2, each L; is a positive holomorphic line bundle over V. Then by the
theorem of Riemann-Roch, H'(V, L;) = 0 for each i, then H(V, fiTM) = 0.
Since f3TM is isomorphic to Ny, it follows that H'(V, Ny) = 0.

The second one is that when fiTM/(TP! @ [E]) splits into a direct sum
of holomorphic line bundles @, ...,Q,, over P!, then each Q; is positive
line bundle, and this fact also follows from Lemma 3.2 directly. O

We are now ready to prove Theorem 1.1.

Proof. By Proposition 3.1, M is a compact Kahler manifold with ¢; (M) > 0,
by a theorem of Yau [15], there exists a Kdhler metric with positive Ricci
form and so M is simply connected by Theorem A of Kobayashi in [8].
Thus mo(M) and Hy(M,Z) are isomorphic. On the other hand, by(M) =
1 by Proposition 3.1. Now by the universal coefficient theorem, we have
H?(M,Z) = 7. Hence, there exists a positive holomorphic line bundle F
over M whose first Chern class c;(F) is a generator of H?(M,Z). Let g
be the generator of the free part of Ha(M,Z) such that ¢ (F')[g] = 1. Since
Hs (M) is isomorphic to 7o (M), we regard g also as an element of 7o(M). By
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the famous theorem of Sacks-Uhlenbeck (cf. [11], [14]), there exist minimal
harmonic maps f; : P! — M, 0 <4 < k, such that

1) the element of o (M) is defined by Z?:o fi is g and

2) Zf:o E(f;) equals the infimum of E(h) for all maps h : P! — M which
define the element g in mo(M).

By Theorem 2.2, each f; (0 < i < k) is either holomorphic or conjugate
holomorphic. So each f;(P!)(0 < < k) is a rational curve. Since ci(T'M)
is a positive integral multiple of ¢;(F') and the value of ¢;(F) at g is 1, it
follows that at least one f; is holomorphic. If £ > 0, then at least one f; is
conjugate holomorphic. We distinguish now between two cases.

Case 1. k= 0.

The line bundle TP* @ [E] is a subbundle of ;7'M and the quotient bun-
dle (f3TM)/(TP* @ [E]) splits into a direct sum of line bundles Q2, .. ., Qp,
where F is the divisor of the differential dfy of fo and [E] is the correspond-
ing line bundle over P! associated to the divisor E. By Lemma 3.2, each
Qi (2 <i<n)is a positive line bundle. It follows that

a(feTM) = cr(PY) + e ([E]) + ) er(Q)-
=2

Hence ¢i (T'M) evaluated at g is > n + 1. That is, ¢; (T'M) = Aci(F') for some
integer A > n + 1. By the result of Kobayashi-Ochiai [9], M is biholomorphic
to P™.

Case 2. k > 0. Without loss of generality we can assume that fy is
holomorphic and f; is conjugate holomorphic. By Proposition 3.3 and the
same proof as Siu-Yau [14], §6, we get a contradiction. Hence k = 0 and M
is biholomorphic to P". O
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