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On the expansion of certain vector-valued
characters of U,(gl,) with respect to the
Gelfand-Tsetlin basis

VIDYA VENKATESWARAN

Macdonald polynomials are an important class of symmetric func-
tions, with connections to many different fields. Etingof and Kir-
illov showed an intimate connection between these functions and
representation theory: they proved that Macdonald polynomials
arise as (suitably normalized) vector-valued characters of irreducible
representations of quantum groups. In this paper, we provide a
branching rule for these characters. The coefficients are expressed
in terms of skew Macdonald polynomials with plethystic substi-
tutions. We use our branching rule to give an expansion of the
characters with respect to the Gelfand-Tsetlin basis. Finally, we
study in detail the ¢ = 0 case, where the coefficients factor nicely,
and have an interpretation in terms of certain p-adic counts.

1. Introduction

Macdonald polynomials were originally discovered in the 1980s [9, 10], and
have found a variety of uses in mathematics, appearing in a number of dis-
parate fields (mathematical physics, combinatorics, representation theory
and number theory, among others). These polynomials have the key prop-
erty of being invariant under all permutations of their n variables. They are
indexed by partitions A with length at most n, and form an orthogonal basis
for the ring of symmetric polynomials with coefficients in C(q, t) with respect
to a certain density function. The existence of such polynomials was proved
by exhibiting particular difference operators which have these polynomials as
their eigenfunctions. Macdonald polynomials contain many important fami-
lies as particular degenerations of the parameters ¢ and ¢. In particular, the
ubiquitous Schur functions are obtained by setting ¢ = ¢; crucially, these are

Research supported by NSF Mathematical Sciences Postdoctoral Research Fel-
lowship DMS-1204900.

223



224 Vidya Venkateswaran

characters of irreducible representations of G L,,. Hall-Littlewood polynomi-
als are recovered in the limit ¢ = 0, and these have interpretations as zonal
spherical functions on p-adic groups. Some other important subfamilies are
the monomial, elementary, and power sum symmetric functions.

Given the various connections to representation theory, one might ask
whether Macdonald polynomials arise as characters of certain irreducible
representations. Etingof and Kirillov discovered such a realization in [2],
where they demonstrate that Macdonald polynomials are ratios of vector-
valued characters of representations of the quantum group U,(gl,,). Recall
that the finite-dimensional, irreducible representations V) of Uy(gl,) are
indexed by \ € PJ(:L) ={(A1,.--yA\n) : A\; — Aig1 € Zy}. Note that elements
of Psrn) can be written as (a,a,...,a) + X, where a € C and A is a standard
partition of length n. Let k € N be fixed, then they show the existence of an
intertwining operator (unique up to scaling):

k
(1) o : Vit (e=1)p = Vat(h—1)p @ U,

where U >~ Vix_1).(n-1,-1,..,—1) and p = (”T_l,%_?’,,l_T”) Note that U
has the special property that all weight subspaces are one-dimensional. Fix
the normalization of qS/\k so that vyy(k—1)p = Vry@k—1)p ® uo + - -+, where
Unt(k—1)p 18 a fixed non-zero highest weight vector for Vy, (;_1), and ug is
a fixed non-zero vector in the (one-dimensional) weight zero subspace of U.

Consider the corresponding trace function of this operator:

O (1, a) = Te(0f - a") € C(q) 2t ..., 2],

n
where 2/ - v =z - - x% - v for v a weight vector with weight (w1, ..., wy,).
Then Etingof and Kirillov proved the following intimate connection between
these trace functions and Macdonald polynomials:

Theorem 1.1. [2] There are formal power series

Px(230,t) € Cg, t)[z1,- - ., 4]
uniquely determined by

~ 1
Dy (z1,. .., Tpiq,q") = mq’f\k)(ﬂfl,---wn) (for all k € N),
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and the Macdonald polynomial Py(x;q?,t%) is given by the ratio

Oy (z:q.t
Pr(z;¢%, %) = D)
Do(;q,t)

In particular, for k € N we have

k
o ()
oy ()

Py(z;¢%,¢%%) =

The two-parameter family @ (z;q,t) is constructed in [2] as the trace
function of an intertwining operator analogous to (1), where Vy (1), and
U are replaced by suitable infinite-dimensional, irreducible representations
of Uy(gl,,). Note that we renormalize the functions from [2] by a factor of
—=ns Where k is a formal parameter satisfying ¢ = q~.

In this paper we consider the expansion of the trace function @E\k) (x) with
respect to the Gelfand-Tsetlin basis of V) (x_1),- We give explicit combina-

torial formulas for the diagonal coefficients of the intertwining operator qu\k)
with respect to this basis, as sums of products of well-known rational func-
tions appearing in symmetric function theory, specialized to t = ¢*. Inspired
by Kashiwara’s theory of crystal bases [4], we consider the ¢ — 0 limit of
these coefficients (with algebraically independent ¢). We find that for t = p~*
with p an odd prime, this limit is proportional to a count of certain chains of
groups of p-adic type. While it is well-known that Hall-Littlewood polyno-
mials are intimately related to p-adic representation theory, it is interesting
to find p-adic quantities arising from quantum group constructions. Other
connections between p-adic quantities and quantum groups have been pro-
vided in the literature, for example, we refer the interested reader to [11] for
an earlier work which deals with an interpolation between real and p-adic
limits using the quantum Grassmannian.

We will now state our results more precisely. First recall that a Gelfand-
Tsetlin pattern of shape )\673( " s a sequence A=\0) = A1) = ... = \(n=1)

where \(V) ¢ P(f ) and = denotes the interlacing relation: )\(Hl) )\gll €

(@) (i+1)
L, )\j-‘rl )‘]-i-l
rows with the parts of ) in the first row, parts of A in the second row, etc.
There is a canonical basis of V) which is indexed by GT'(\), the Gelfand-

Tsetlin patterns of shape A.

€ Z. This may be visualized as an array consisting of n

Our aim is to compute the expansion of the trace function @g\k) in the
Gelfand-Tsetlin basis for V) (,_1),,. We would like to index these patterns in
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a uniform way with respect to the parameter £ € N. Conveniently, there is a
canonical way of doing this for the Gelfand-Tsetlin patterns whose coefficient
in the expansion of @g\k) is non-zero:

Definition 1.2. Let A € PJ(:L), and let A= p© 5 M 5 ... 5 p=D be
such that:

1) u® e PJ(rn_i).

2w — W ez 1<j<n—i-L
3) ul) — M <k-1,2<j<n—i

Define 7 = @ + (k — )pp_i+ (k—1) - (i/2,...,i/2), then () =
M = ... = 7"1) is a Gelfand-Tsetlin pattern of shape A 4 (k — 1)p,,.

We can now give our formula for the coefficients in the expansion of
<I>g\k) () in the Gelfand-Tsetlin basis, along with a new branching formula
for the functions EI;(:U;q,t). This will be expressed in terms of functions
¥y/s,§Y, /5, which are plethystic substitutions of skew Macdonald polynomi-
als, and d,, which is the norm with respect to a particular inner product,

see Section 2 for more details.
Theorem 1.3. For ;i C A with \ € PJ(:L), W e Pin_l), define

(a5 t%)

Q0 2 2.
dg(q?,t?) 8/ul 1)

(2) CA,u(Qv t) = d,u(q2v t2) Z

,36735:7'_1)
nCB=A

Then the trace functions 6(3; q,t) satisfy the branching rule:

O (@)= > enulat) - B0 (wig,t) - 2l

(n+1)
neP
HCA

where |A| = > \;.
Moreover, with respect to the Gelfand-Tsetlin basis of Vyy(—1)p,, the

diagonal coefficient of the intertwining operator gbg\k corresponding to the
Gelfand-Tsetlin pattern A = (A = ... = X"y € GT (A + (k — 1)p,) is
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equal to
H cai-n 70 (g, &), IO ... 0 purN)
1<i<n—1 , .
eale,d) =9~ 5.t A = 7
0, otherwise

Kashiwara’s crystal bases [4] allow one to interpret finite-dimensional
representations of Uy(gl,,) in the “crystal limit” ¢ — 0. Remarkably, there is
a rich combinatorial structure in the crystal limit. Since the Gelfand-Tsetlin
basis yields a crystal basis for V), it seems natural to consider the limit
as ¢ — 0 of the coefficients in Theorem 1.3. A priori this limit need not
even exist, but in fact we are able to obtain a simple closed formula, in a
factorized form:

Theorem 1.4. Let p C A with A € Pin), W E Pin_l), then we have

Here the coefficients sk, (t) are those studied in [7, 13] in the context of
Pieri rules. A precise formula for b,(¢?) is found in the next section of the
paper, in (9). Note that when ¢ = p~! for an odd prime p,

skaju(t) = "N 70 ay (i p),

where a (15 p) is the number of subgroups of type p in a finite abelian p-

group of type X. For § = (@ > pM 5 ... 5 pu»=D) with p) € Pin_i), we

define the coefficient
(4) Sks(t) = Sk‘u(o)/uu) (t)sku(l)/u(z) (t) cee Sk,u(n—2)/u(n—l) (t)

Note that when t = p~!, skg(t) is (up to a power of t) the number of nested
chains of subgroups with types specified by the sequence S. We also let

wh(S) = ([ a2 D] O] @ O]~ uO)]),
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Theorem 1.5. Let \ € P(f). Then

N e S b ()
OF e =5 > shs(2)a"5).
S=(A=p@opuM 5 Dpn=)
,u(i)e’])i"*i)

The simple combinatorial structure of our formula in the limit ¢ — 0
seems to suggest a possible connection to crystal bases, but we have not
found a direct link and leave it as an open question to describe this relation
more precisely.

The remainder of the paper is organized as follows. In Section 2 we in-
clude background definitions and results from symmetric function theory,
most of this material is from [10]. Section 3 contains the proof of Theo-
rem 1.3. Finally, in Section 4 we analyze the ¢ — 0 limit and prove Theo-
rems 1.4 and 1.5.

Acknowledgements. The author would like to thank Pavel Etingof for
suggesting this work, and for many helpful discussions and comments. She
would also like to thank Eric Rains and Ole Warnaar for helpful comments.
Finally, she would like to thank an anonymous referee for many suggestions
which have greatly improved the clarity and presentation of this paper.

2. Background on symmetric function theory

As in the introduction, we let Py(x;¢,t) denote the Macdonald polynomials
in parameters ¢, t. When unclear from context, we shall write P;\n) (x;q,1) to
specify that these are polynomials in n-variables (x1,...,x,). We will also
use this superscript similarly for other functions to denote the number of
variables. We will now set up some notation from symmetric function theory
that will be relevant throughout the paper.

Recall that A = (A1,...,\y) € (Z4)™ is a partition if \; > A\;11. The
length of a partition, [(\), is the number of nonzero parts and the weight,
|A|, is the sum of the parts. We let m;(\) denote the number of parts of A
equal to i. For 1 <k <n, we will write A|; to denote the restriction to the
first k parts, i.e., the string (A1,..., \g).

There is a partial order on partitions defined by A > p if and only if
> Ai =) p; and for some k < n we have \; = pu; for all ¢ <k and A\gyq1 >
tg+1. We will work with polynomials of n variables, i.e., over Clxy, ..., zy].

For \ € Z", we let 2* = x%l Ceapn
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We fix k € N, and set t = ¢*. Let p = (”TA,"T{)’,,PT") be half the
sum of the positive roots; we will also write p, when it is not clear from

context. Note that

n—1n-—3 1—n
(6) pn_pn—1—< ) ) 2 9ty 92 )

n—2 n—4 ano
2 ) 2 PR ) 2 )

(1 11-mn
- 27"'727 2 )

where the subtraction should be taken over n-tuples by appending a zero at
the end of p,—1.
We recall the g-Pochhamer symbol

(k—1
H(l—aqj), itk>0

=0

aca), — 4 1K
(3 0)k H(l—aq_j)_l, it k<0

j=1
L1, if k=0.

We also let
(a;q) = [ (1 — ag").
k>0

We now define a number of different coefficients arising from symmet-
ric function theory, see [10]; we also review some relevant results from the
literature.

Definition 2.1. Define the functions g(v; ¢%,t?) for v = (y1,...,7m) € Z2,
by N

— 21l (%% 6%y - (20 6%)s, .

2 42
g(v;q°,t7)
(@%6%)4 - (6% 4%)y,

Definition 2.2. Let cgu(q, t) be the coefficients in the following Pieri rule:
m{ (@) P (w5q,8) = Y ¢, (a0, ) PY” (w14, 1),
0

where m(vn) (z) denotes the monomial symmetric functions.
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We note that the coefficients cfsw

basis coefficients {m(vn) ()} — {qun) (;q,t)} in conjunction with the Pieri

can be determined via the change of

coefficients that express the product Pén) (z;q, t)P,S") (x;q,t) in the Macdon-
ald polynomial basis.

Definition 2.3. Let Qﬂ/u(qQ, ¢**) be the coefficient on Pgn_l)(x; ¢, ¢*) in
the expansion of

PIE” (z; 4%, ¢*"

in the basis {Pﬁ(n_l)(fﬂ; i q%)}ﬁ-

We now recall the following result which provides the coefficients when
one expands a Macdonald polynomial in n-variables over the (n — 1)-variable
basis.

Theorem 2.4. We have the following branching rule for Macdonald poly-
nomaials

P (250,0) = Y 2l lyy ) (g,6) PO (@3 g, 1).

H=EA

Proof. See (1.7) of [8] for example. O

Remark. There is a product formula for the coefficients v, ,,(q,t) appear-
ing above ([10] p 342)

11 F(@" ) f(gh )

@Z}A/p(% t)= flgri—riti=t) f(qri—i+rti—t)’

1<i<j<l(p)
where f(a) = (at)oo/(aq)oc With (@)oo = [[;50(1 — aq’).

Proposition 2.5. We have

mbyet =[] Q-
{3:Nj=n
and N =p,  +1}

if A/ is a horizontal strip, and zero otherwise.
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Proof. This follows from the branching rule for Hall-Littlewood polynomials
(see for example [10] p228 (5.57), (5.147)). O

Definition 2.6. Let

Pr/u(t) = | ]
[N, = +1
and )‘;'+1:,“';+1}

if \/p is a horizontal strip, and zero otherwise.

Note that these coefficients are the ¢ — 0 limiting case of certain coeffi-
cients ¢, /u(q7 t) in parameters ¢ and ¢ which also arise as branching coeffi-
cients (see [13] for an explicit formula, and also the remark below).

Remark. The functions ¢),3(q,t), 23/5(¢,t) have interpretations in terms
of the skew Macdonald polynomials @ /B(X ;q,t) with plethystic substitu-
tions. In particular, we have ¢y/(q,t) = Qy/3(1) and Qg/s(q,t) =
Qs/n (%) = t\B/ﬂ\Qﬁ/ﬁ ( 11__q1{t), where the evaluations denote plethystic sub-
stitutions, and both these quantities have nice factorized forms. The reader
may refer to [13] for more details on skew Macdonald polynomials and

plethystic subsitutions, as well as these identities.

We will write 1/, (t), g(7;t?), etc. to denote the limit ¢ — 0 of these
functions.

Definition 2.7. [5, 7] For any skew shape A/p, define the coefficients

A=, p M/‘
shiau(t) = 12 (72" H( ! H) '
t

Theorem 2.8. [5, 7] For a partition A and r > 0, we have

Py (s t)st () = kg p (P (a5 ),
pun

with the sum over partitions A C A+ for which |\ + /| = r.

We now recall two inner products that will appear throughout the paper.
We let (-,-),, denote the Macdonald inner product (defined via integration



232 Vidya Venkateswaran

over the n-torus). In particular, letting A and p be partitions of length < n,
we have

(7) (P (254,1), P (234,0))n

—/ P (w0, t) P (@5 ¢, ) A (a5 g, t)dT
S

e 5 —_—
Ao d)\((L t) 7

where an explicit formula for dy(g,t) can be found in [10]. Note that the
coefficient dy(q,t) depends on n; in keeping with the notation in [10], we

supress the superscript n for dy(q,t) and other coefficients. Here Agn) (x;q,1)

is the symmetric density

A@gn= ] (xi/xj;q)

\<idjen (12i/T534)

expressed in terms of the (infinite) g-Pochhammer symbol (a; q).

We now briefly recall another scalar product that is relevant to this
discussion. Let py denote the power sum symmetric functions. Then (-, -) is
defined on this basis as follows:

1 g
(PasPu) = Oxpu2n H =y

where

Z\ = Himi()‘)m A)!

1>1

We define the coefficients by (g, t) via the following normalization:

(Pﬁn)(x;q,t),P/sn)(ac;q,t)y =

bA(Qv t) .

and Q,(ln) (z3q,t) = bu(q, t) Py p" )(:z q,t) are scalar multiples of the Macdonald
polynomials. We have

(8) (P (@3 4,), Q) (w5.0,1)) = Sy e
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Note that this inner product is independent of n, and we have lim (-,-), =

n—oo
(-,+)". We have

9) ba(t) = H (0 (1),

i>1

where m;(\) denotes the number of times ¢ occurs as a part of A and
brlt) = (L= t)(1 =) (1= 1").

We also have

dr(t) = (1—1t)" I ¢ @),
i>0

so that if I(A) = mn, bx(t)(1 — )" = d\(¢).
We recall the following fact relating the branching coefficients ¢, 5 and
¥asp [10].

Proposition 2.9. We have

¢>\/6(Q) t)/bk(% t) = ¢)\/5(Q7 t)/bﬁ(Q7 t)'

Note that, using (7) and (8), the coefficients c‘f\“ and sk, may be
defined in terms of inner products. We have

g 1) = (m{ (@) P (234, 1), QY (34, 1))
= ds(q,t)(m{" (2) P (a3 , 1), Py (259, 1))

and similarly
(P ()5 (), Q) (w50)) = sk ja(0).
3. The Gelfand-Tsetlin basis expansion

In this section, we fix k € N and set t = ¢*. We will prove Theorem 1.3 of
the introduction. Namely, we will expand the trace function @g\k) (1, 2p)
in the Gelfand-Tsetlin basis and compute the diagonal coefficients cp (g, t).
We will use the multiplicity-one decomposition of Vi, (r_1), as a Uy(gl,,_1)-
module, and iterate, in order to do this.

Etingof and Kirillov [2] provide the following closed form for the trace
function at A = 0:
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Proposition 3.1.

k—1
(I)ék)(gch ceyTp) = H H ($a/2 B q2ix7a/2)
1=1 aeR*

k—1
= z(k=Dp H H (1 —¢%x/zm)

i=1 n>l>m>1

We use this to provide the following formula for the following ratio:

Proposition 3.2.

k
o (21, ., )
k
q)(() )(1'1, NN 7-7571—1)
k=1)(pn—pn— L2 2k
:.7}( Jon=pn-1) Z g(FYaq 4 )xgylm—’y(xlv"wxn—l)a
Ve
a partition
where m—_~(x1, ..., x,—1) denotes the monomial symmetric function m., eval-
uated at acl_l, e ,l‘;il.

Proof. By Proposition 3.1, we have

(k) = x( - )(pnfpnfl) H H(l — q Z:cn/x])
@0 (ml,...,xn_1> i=1 ]:1
Now note that, for fixed 1 < j <n —1,
k-1
T i /o;) = (zn/2550%)k _ (2n/2556%)oc (@PTn/255 6
pale T (wnfria® (@ /500 (00/750%) s

_ (PPzn/7)¢%)x
(¢* 20 /253 4%) o0

Now, putting ¢t = ¢* and using the g-binomial theorem,

(xn/2j; P i t2¢% ¢*)m (2 f)™
/2330 Joo N0 G )m 2 .
(tPon/2550%)00 = (6*¢P)m ’
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Taking the product over all 1 < 57 <n — 1 yields

S enul O O st
I, ,ln—1=0 (q2’ qz)ll T (qz’ qz)ln—1 " ! n-l
= Z g(ry’ qQ,q2k)xl,7|m7,y(;p1’___ ,$n,1),
veZZ?
a partition
which completes the proof. O

Lemma 3.3. Let A\ be fized with [(\) = n. Then the map

2)) =t (k= Dpalus

u—>ﬁ=u+(k—1)(pn71+ (%%
s a bijection between:
® 1 C A, such that \jy1 —p; < k—1 forallj
o i 2 A+ (k—1)py, such that o — (k — 1)pp|p—1 € P+

Proof. Follows from the definition of the interlacing condition and Equa-
tion 6. U

Proposition 3.4. The following branching rule for trace functions holds:

@g\k) (21, ..., 2p) = cFDPa=pn1) Z xw*‘“‘a)w(q)@fp (X1, . Tp—1)
HCA

for some coefficients ay ,(q).

Proof. One first notes the multiplicity-free decomposition of Vy i (x_1),, as a
module over Uy (gln—1):

Vattb=1)p, U, (910 -1) = Ba=rt(k—1)p, Via-
Thus, we have

Or(w;q,¢") =Tr(gn-2") = D Te(oa- 2"y,
A=A+ (h—1)pn

= Z Tr ((Projv‘2 ®Id) o ¢y o th|vﬁ)7
ﬁj)\+(k_1)p7L

since trace only takes into account diagonal coefficients.
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We have
AV, Vi = Vage—1)p, @ U = Oa=rp(k—1)p, Va ® U,

thus
(Projy, ®Id) o ¢

is an intertwining operator. By [2], this implies that

VﬂZVﬂ—>Vﬁ®U

axi(q)  bp—(k=1)pp_> HH—(k—=1)pp—1 € Py

(Projy, ®Id) o ¢xly, =
" 0, else,

for some coefficients ay z(q). Thus, we have,

CI)g\k) (X1, Tp)

- M- k
- S analg) o™ (@),
A=ZA+(k—1)pn
ﬁ_(k/‘_l)pnfle'P#»

Finally we reparametrize by setting p = fi— (k —1)p,—1 — (k —1)(3)"!
and defining ay ,(q) = G p(g) with the condition that ay, =0 if \j4q —
p; < k —1 does not hold for all j. By the previous Lemma, we can rewrite
this as

k
<I>g\ )(331, ceeyTp)
A= || =2 k
= Z axu(q) - Tn 2 . (I);(H)-(k—l)(é)m) (1, oy Tp—1).
A=A+ (k—1)pn
ﬁ_(k_1)9n—1€7>+
ooy (emD(—m)

Pulling out the factor of (x1---zp_1) 2 x, 2 = g(k=D(Pn=pn-1) com-
pletes the proof. O

By iterating the branching rule of the previous propostion and recalling
that the Gelfand-Tsetlin basis is also obtained by iterating the multiplicity-
free decomposition, we obtain the following result.

Proposition 3.5. We have the following formula for @E\n)(x;q,qk) as a
sum over Gelfand-Tsetlin patterns (A XD XO=D) yith X0 = X +
(k - 1)pn ;

(Dg\k) (xl, c. ,IEn) = Z H a)\(i—l))\(i) (Q)l'wt(A)

AEGT (A +(k—1)p,) 1<i<n—1
A=(A©  A(=D)
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We will show that the coefficients ay ,(q) are equal to cy (g, ¢*) defined
in the introduction. We will prove this through a series of propositions. Recall
the definitions of the functions g(-;+,-),%.,.(,),¢..(;+) in the introduction.

Lemma 3.6. For any m € C, the branching coefficients ay ,,(q) satisfy the
shift invariance:

a/\+mn“u‘+mn—1 (q) = a,\yu(q).

Proof. The intertwining operator ¢*), as well as the multiplicity one decom-
position used in the proof of Proposition 3.4, is determined by the U, (sly)-
module structure. Indeed, U, (gly) differs only from U, (sl,) by the addition of
the central element ¢©** "¢ The result then follows easily from the obser-
vation that, as U, (sl,)-modules, V4 p,» is isomorphic to V) for any partition
A and any m € C. O

Remark. By the previous Lemma, to compute ay ,(q) for A € Pin), W e

Pin_l), we may assume that A, u are partitions with [(A\) =n, I(u) =n — 1.
We will make this assumption implicitly throughout the paper.

Proposition 3.7. The branching coefficients satisfy the following formula:

au@ = D 9 s ) (@ d7).
BRN(B)<n—1
vezggl
a partition

Proof. Combining Theorem 1.1 with Proposition 3.4 gives the following:

@ék)(xl,...,xn)

P (6%, ¢*%)

(I)(()k) (.C[,‘l, N ,xn_l)
= a0 7 P, () PY D (%, ).
HCA

We then use Theorem 2.4 to rewrite this as

(k)
Py (z1,...,xp _ n—
(10) 5 ( ) > alM Bl (g ) P (2562, 6%
(po (x1,...7$n_1) ﬁj)\
1(8)<n—1

= D) 3 by (@) PPV s, 0
pCA
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Combining the equation above with Proposition 3.2, and cancelling out
the common factor of 2k~ (Pn=rn-1) e obtain the equation:

> TP g (s 2, 6% )b (6P, *F)me (21, ) PET D (567, ¢7)
VEZLS!
a partition
5=
1()<n—1
=Y alay ()P (2547, 7).
nCA

Next we use Definition (2.2) to rewrite this as

> alTP g%, P s ) 5(P )P (50, )
veZLy!

BRAU(B)<n—1
n,y partitions

=l May (@) P (562, ).
pnCA

Since both sides of the above equation are expansions in the Macdonald
polynomial basis, the corresponding coefficients must be equal. (Note that
c‘i%g = 0 unless |y| = |B] — |u|, so the powers on z, on both sides of the
equation do agree, however we will find it convenient to avoid explicitly
restricting the summation to |y| = |8] — |u|.)

We then have

aul@) = D 9nid’ s ) 5P d),
BRNU(B)<n—1
Vezly’
a partition
as desired. O

Proposition 3.8. Let u C \ with I(n) <n — 1. Then we have

(¢”q
@)= D 9@ @ ) T e @ ).
BENI(B)<n—1 5(a% 4
l(y)<n—1
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Proof. Using standard facts about integration over T,,, we have

sl ) = (moy () Ps(5 6%, ¢*%), P (fff'q2 7)) du(q*, )

= du(¢?, ) (m, () Pu(; 6%, ¢°7), Ps(a;¢%,¢°"))
dﬂ(q25q2k)c (q q )
ds(q?, %) "
Combining this with the previous theorem gives the result. O

We will now show that the branching coefficients ay ,(g) are given by
suitable specializations of ¢y ,(q,t) as defined in Theorem 1.3.

Proposition 3.9. The branching coefficients satisfy ax ,.(q) = cx (g, q%).
Proof. By the previous proposition, we have

q
1
L2 2k 2 2k 8 (.2 2k
X 9V a” a0, ) ———5= 5 (a7 7).
Z /B dg(q2,q2k) Vb

Now, note that for fixed 3, we have

> gndt ®M)eE (g

I(y)<n—1

= ¥ q%M qufqz)m '(q;%QqZ;qQ)% L ()
I(y)<n—1 (@%6%)y, (0% 4% s

Z qQkM qj qz)% T (Q;‘Qk;]% @)y

i) <n—1 (@%6%) - (@% 4%,

x (ml V(@) P (g, ™), Q) (ws  ™))’

_ T (@2*¢% )y - (2 6%, D) (2)
. (@%50%) 7, - (@% 4%y, s K

)<n—1

/
x PV (w;¢%, ¢*), Q(B”_l)(rr;qQ,qQk)> :

Recall the following ¢, t-generalizations of the complete homogeneous sym-
metric functions h,(z), which are defined by the generating series (see [10,
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p.311]):
S onas g )y = [ U8 Do

We have the following identity from [10, p314]:
t2. 2
gr(m* 1) = ) (iiq%m (z).
[v|=r

Using this, we may write the previous equation as

S 9(ridha*) L d*)

I(y)<n—1

/

= < (Z ¢ g\ (w; ¢, q2kq2)> P (%, %), Q5 (2562, q2k)> :
r>0

From the definition of g,(z;q,t), we then we have

> gnd )L )
l(v)<n—1

!
Qxi; 2 00 (n— n—
- < | | MP}L 1)(x;q27q2k)7Q(5 1)($;q27q2k)>

i (@7556%) o
k
= Qﬁ/u(q27q2 )7

by the definition of Qg/#(q2, qF).
Combining this with the original sum, and comparing with the formula
for ¢y u(q, ¢*) from (2), completes the proof. O

Remarks. The coefficients c) (g, t) do not appear to factor nicely at the g-
level, due to the restriction on length in the sum. For example, for A = (2,1)
and u = (1) one obtains (1 —¢)(1 —qt?)(1 —q—¢*+1t)/(1 —qt), and the
term (1 — ¢ — ¢ +t) cannot be expressed as a product of (1 — ¢'t/).

We are now prepared to complete the proof of Theorem 1.3

Proof of Theorem 1.3. The formula for the diagonal coefficients with re-
spect to the Gelfand-Tsetlin basis follows immediately from Propositions 3.5
andN?E.% above. We will now complete the proof of the branching formula
for ® )\n .
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By Propositions 3.4 and 3.9 above, we have

O (21, 2p) = 2k Den=pe)
<> enuland) 8P (a1, ) -2l
Mepin«i»l)
HCA

By Theorem 1.1, it follows that the equation

O (g t) = Y eaulat) P (wsg,t) )T

,LLG'PE:LH)
HCA

holds for t = ¢* for any k € N. Noting that on both sides of the equation
the coefficients on a fixed monomial in x1,...,x, are rational functions of
q, t, it follows that equation must hold for generic . O

4. The q — 0 limit

We will look at the ¢ — 0 limit of the coefficients ¢ ,(¢,t). We find that
the formula has a nice product form, in terms of certain p-adic counts. The
simplification of these coefficients at ¢ = 0 may be related to the crystal basis
structure of the Gelfand-Tsetlin basis, although we have not investigated a
direct link.

The goal of this section is to prove Theorems 1.4 and 1.5 mentioned in
the introduction.

Definition 4.1. We let ¢y ,(t) denote liIr(l] exula,t).
q—

Theorem 4.2. Let A be a partition of length n, and p C A\, u € PJ(rn_l).
Then retaining the notation of the previous sections, we have

Z Oa/p ()2 M sk, (1),

B=A
l(ﬁ)<n 1

eapu(t)

Proof. We use Theorem 1.3, the functions there admit the limit ¢ — 0. We
also use that

pula,t) = Qm( L20) o, (1;?)
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and

: l—q
lim Qs (ﬁ) = skgu(t),

q—0

where the skew Macdonald polynomials are taken with respect to the pa-
rameters (g, t). This gives the following

Pa/p(t?)
() = du(t) S0 L2 sk ().
ds(t?)
5=
1(B)<n—1
Finally, one notes that
dg(t?) = (1 — )" bg(t?) and d,(t?) = (1 — )" b, (t%),

and by the ¢ — 0 limit of Proposition 2.9 we have

Da/p(t)/OA(E) = 1y /5(t) /bs(t);
using this in the previous equation gives the result. (|

Our next goal is to obtain a nice factorized product form for ¢y ,(t). We
use a ¢ — 0 specialization of Rains’ ¢g-Pfaff-Saalschiitz formula:

Theorem 4.3 ([12, Corollary 4.9]). Let u C X\ be partitions, then for
arbitrary parameters a,b,c we have the following identity:

> e o (17)n(155) = o on(i=7)

B

Proposition 4.4. Let A be a partition of length n and let p < X with [(p) =
n—1. Then

l

3 a5 M kg, (1) = sk, (82)
B=A

D bap)P kg (1) = (1= 17) - sky(£)
A=A
[(B)<n—1
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Proof. Take a = q, b= qt, ¢ = ¢* in in Theorem 4.3:

5 ((q ))ﬁ o <Q1 ) o <Qt i(i ) - ((qqt))i((qqg))i Qx/u <q1—_qt2> .

B

Using the relation Q)\/M(a‘fi:i’q) = q|’\/“‘Q>\/M(‘{—:It’), we have
(9)s t—q\ _ (@ulgt)x 1—¢q
27 (1)%/“(1 —t) - <qt>i<q2>AQW<1 —t)'

B
(1) then follows by taking the limit ¢ — 0.
To prove (2), it suffices by (1) to show that

> a0 M sky ) (87) = 87 - sky ), (8).
BN
1(B)=n

Reindex the sum by replacing 3 = 8’ + 1. Then we have

> by ) sk, ()
pa1e

We have the following two identities:

Dr/(+1m) (12) = da_10y/ (1)
Sk(ﬂ/+1¢L)/#(t2) = Skﬂ//('u‘_l(nfl))(t2)7

which can be seen by using the explicit formulas in Section 2. It follows that

Z qb A—1n /B/( )t2|ﬂ//('u_1n71)|t28kﬂl/(’u_1(n—l))(t2)
B=(A—1m)

=t sk 1) 100y (8).

Applying the identity above again completes the proof. O

We now provide a proof of Theorem 1.4, mentioned in the introduction.
The proof relies on the previous results of this section.
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Proof of Theorem 1.4. By Proposition 4.4, we have

b 2
rnlt) = A0S s sk (1) = P (1 P (),

B=A
l(,B)<n 1

which gives the first equality. By the definitions of by(t), sky/,(t), this is
equal to

[Ti>1 9m. (tz) (1= 2)2 %, (77) I1 <)‘3 - “3‘+1>
t2

HiZl ¢m7()\) (t ) j>1 '“; - /’L;Jrl

(Y, va—” (t?)
2% ( Hjtr
( )t J];[l ¢X Ajs (t2)¢)\;—M; (tQ)

(1—1) o5 (i X,y ()
" o () 3131@’ N (BB)0xg g, ()

RO (i ﬁ;;ﬂ) |

j>1 Jjt+1

where we have used m;(u) = pj — pj and N — 1 = py (because I[(A) = n

and I(p) =n—1). O
We recall that, as mentioned in the introduction, there is a p-adic inter-

pretation for coefficients sk),(t) and thus for ¢y ,(t). More precisely,

skayu(t) = "V W an (us7h);

where ) (u;p) is the number of subgroups of type u in a finite abelian
p-group of type A, see [13] for example, and the references therein.

Proof of Theorem 1.5. Recall that for S = (,u(o) >pM oo ,u("_l)) with
pd) e Pinii), we defined the coefficient skg(t) as a product of sk, ()
in (4). By Definition 1.2, one can associate to S a Gelfand-Tsetlin array A.
Thus, using Theorem 1.4, we have

) (1 t2)n 5
Using this along with Theorem 1.3 gives the result. U

Note that when ¢t = p~! for p an odd prime, the coefficients appearing
in both Theorems 1.4 and 1.5 are explicit p-adic counts.
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Corollary 4.5. Let \ be a partition. We have the following formula for the
Hall-Littlewood polynomial:

z Sks(tQ)xwt(S)

SZ(A:#(O)D,Lt(l)D"'D,LL(n_l))

peplt=?
P)\ﬂfl,...,l‘;t2 = —.
( nit7) by (t?) Z sk (t2)$wt(S )
S/:(On:#(o)gu(l)3...3M("*1))
p@epin?
Proof. Follows from Theorem 1.1 along with Theorem 1.5. O
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