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Some instability properties of resonant
invariant tori in Hamiltonian systems

ABED BOUNEMOURA

In this article, we consider the dynamics in a neighborhood of a
quasi-periodic torus which is invariant by a Hamiltonian flow, we
discuss several notions of stability and we prove several results of
instability when the frequency of the invariant torus is resonant.

1. Introduction and main results

1. Let n > 2 and T" := R"/Z". Consider a Hamiltonian system on T™ x R™
associated to a C!, [ > 2, function of the form

(1) HO,I)=w-I+A0)]-1+R(6,1), (0,I)cT"xR"

where - denotes the Euclidean inner product, w € R", A : T" — Sym(n,R)
is a C! map taking values in the space of real symmetric matrices of size n,
and R(0,1) = O3(I) is of order at least 3 in I. The set 7, := T" x {I = 0}
is invariant by the Hamiltonian flow of H, it is a Lagrangian quasi-periodic
torus with frequency w, and any such torus (on an arbitrary symplectic
manifold) is of this form.

Assuming that the frequency w is non-resonant, that is, k-w # 0 for
any k € Z™ \ {0}, the invariant torus 7, possesses, generically, some stability
properties. First, if H is smooth and the invariant torus is Kolmogorov non-
degenerate (that is, the symmetric matrix Ao := [, A(#)df is non-singular),
then it is KAM stable in the following sense: in any sufficiently small e-
neighborhood of 7, there is a set of smooth Lagrangian quasi-periodic in-
variant tori which has positive Lebesgue measure and density one at T,
and these tori are ev(e)-close to invariant tori associated to some inte-
grable Hamiltonian Hy([), for some function v(e) that goes to zero as e
goes to zero. This is well-known when w satisfies a Diophantine condition
(that is, |k - w| > v|k|~" for some constants v > 0 and 7 > n — 1, and for all
ke 7"\ {0}), under a weaker assumption on w (namely that w has finite
uniform Diophantine exponent) but requiring H to be real-analytic, this
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was proved in [10]. The general case was subsequently obtained in [5], with
Ho(I)=w- -1+ Apl-I and v(e) = \/u(e), where u(e) is a function, that
depends on the arithmetic properties of w, which goes to zero as ¢ goes to
zero (see [5] or the definition (5) below). A consequence of the KAM stabil-
ity is the following stability property: for any ¢ > 0 sufficiently small, most
solutions (0(t), I(t)) for which I(0) has a norm equals to ¢ satisfy

(2) |[I(t) —1(0)| <ev(e), teR.

Still assuming w non-resonant and without further assumptions, the invari-
ant torus is also effectively stable (or Nekhoroshev stable): for all solutions
(6(t),1(t)) for which I(0) has a norm equals to ¢, one has the estimate

(3) [1(t) = 10)] < eple), [t <T(e)

where T'() is at least of order e ~!(e)!=!. In particular, if H is smooth then
T(¢) is at least of order e~ u(e)~* for any fixed k € N, and if H is a-Gevrey
smooth, for some o > 1 (the case o = 1 corresponding to real-analytic), this
power estimate can be replaced by an exponential estimate where T'(¢) is at
least of order e~ ! exp <u(5)_"‘71>. Proofs can be found in [2], [3] and [4]. In
fact, when w satisfies a Diophantine condition and H is a-Gevrey smooth,
under a generic condition on H one may even prove a double exponential
estimate where T'(¢) is at least of order e~ ! exp exp ,u(e)*aﬂ) (see [6]).

Finally, there is another more classical notion of stability: the invariant
torus is topologically stable (or Lyapounov stable) if it has a basis of invari-
ant neighborhoods. Observe that for n = 2, if the invariant torus is KAM
stable on each energy level sufficiently close to the zero energy level (which
contains the invariant torus), then it is topologically stable, but in general
this notion is not related to KAM stability or effective stability. Extrapo-
lating on conjectures of Arnold (see [1]), one expects that generically, for
n > 3, the torus is topologically unstable. However, essentially nothing is
known (in the smooth case one only knows how to construct examples, see
[9]) and absolutely nothing is known in the real-analytic case (no examples
are known).

2. Our aim here is to investigate the case where one drops the requirement
that the frequency w is non-resonant. More precisely, our aim is to prove
instability results for a generic Hamiltonian as in (1), assuming that the
frequency w is resonant.
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To state our results, we start by assuming that the vector w is of the
form

(4) w=(0,0) € RY x R* ¢

for some 1 < d < n — 1 and some non-resonant vector @ € R”¢. This is no
loss of generality, as by a linear symplectic transformation one can always
put w in this form. Up to a constant time change, we may also assume that
|w| = |@| = 1, where | .| denotes the supremum norm.

Next we define, for Q > 1, the function ¥ = ¥, by

U(Q) :=max{|k-&| | k= (ki,..., knq) € Z" %,
0 < |k + -+ [kn-a| <Q}

and for z > ¥(1) = |©|~! =1, the function A = A, by

A(z) :==sup{Q =2 1| Q¥ (Q) < z}.

For some constant x which depends only on n, we define, given a small
parameter € > 0, another small parameter

(5) pu(e) = (A (ke )",

Since Q¥(Q) goes to infinity as @ goes to infinity, u(e) always converge to
zero as € goes to zero. From Dirichlet’s theorem on rational approximation,
p(e) 2 em—4 so the convergence cannot be too fast and without further as-
sumption, the convergence to zero can be arbitrarily slow. In the special case
where w is resonant-Diophantine (meaning that ¥(Q) defined above grows
at most as a power 7, for some 7 > n —d — 1), then p(e) < slﬁ; moreover
when w is periodic (that is n — d = 1), it is resonant-Diophantine with 7 = 0
hence p(e) ~ ¢ in this case.

Recall that we are considering H as in (1) in a small neighborhood of
the origin, which, without loss of generality, will be chosen to be the domain

T" X Bge :=T" x {I e R" | |I] < 3¢}
for € > 0. Letting
(6) I:=el, H®,I):=cH(®,I),
it is then equivalent to consider the Hamiltonian

(7) HO,I)=e*H(O,I)=c'H(0,e]) =w- I +eA0) - I+ *R(0,1)
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on the domain T" x Bj, with the estimates
(8) |Alcirny < C1, |Rlei(raxpy) < Co.

Here, |.|ct(rnxB,) denotes the usual C'-norm on the domain T" x Bs, and
| |ci(y the usual C'-norm on T™.
Let us now define the map A : T¢ — Sym(n,R) by

(9) A(Hl,...,Hd) = A(Gl,...,Gd,9d+1,...,0n)d0d+1 d@n
Tn—d

Obviously, A is of class C! and |A|c (ry < C1. Our first generic assumption
is as follows.

(A.1) The function A :T¢ — Sym(n,R) is non-constant. Hence there
exist 0* € T? and an integer i = i(6*), 1 < i < d, such that A} := 9y, A(0*) €
Sym(n,R) is non-zero.

This assumption (A.1) is important to derive instability results; in The-
orem 4 below we will see that if (A.1) is not satisfied, then generically the
invariant torus is KAM stable.

Now given the assumption (A.1), let us define

C:={veR"|Ajv-v=0}

that is C}" is the isotropic cone of the quadratic form associated to the matrix
A7. Since A} is non-zero, the complement of C} in R" is open, dense and of
full Lebesgue measure.

3. We can finally state our first result.

Theorem 1. Let H be as in (1) satisfying (8) with | > 3 and with w as
in (4). Assume that (A.1) is satisfied, and fir 10 € R™\ CF with |I°] = 1.
Then there exist positive constants o = po(n, Cr, Ca, AL, 1:0), c=
c(n,Ch, Af, fo) and § = o(n, Cl,A;k,fo) such that for all € > 0 small enough
satisfying

p(e) < po,

there exists a solution (6(t), I(t)) of the Hamiltonian system associated to (1)
such that
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Moreover, there exists a positive constant C = c(n,Cq,Ca, , Af, I~0) such that

(Y T(0)] < |
dﬂ?%nm(ﬂ I;(0)| < Ceple)

Theorem 1 clearly shows that generically, the invariant torus is not ef-
fectively stable as the estimate (3) cannot be satisfied for all solutions. It
also shows that generically it is not KAM stable. Indeed, the statement im-
plies the existence of “many” solutions for which 7(0) has a norm equals to
e but yet |I(1) — I(0)| > ce, for some positive time 7 and some constant ¢
independent of e, provided the latter is sufficiently small. By “many” it is
meant that we can find such solution for any choice of eI, provided I° ¢ Ct
and u(e) < pp where p depends on 1% on any sufficiently small ball around
the origin, the set of initial action that are not concerned with Theorem 1
consists of small cusps around directions associated to C;, and the relative
measure of this set goes to zero as the radius of the ball goes to zero. Hence
the consequence (2) of KAM stability cannot be true, and this shows that
under our assumption (A.1), the invariant torus cannot be KAM stable.

4. Yet Theorem 1 does not imply the existence of solutions for which the
action variables increase in norm. Under an extra generic assumption, this
can be achieved. For 1 < j <mn, let us denote by e; the j-th vector of the
canonical basis of R™.

(A.2) Assume that (A.1) is satisfied, and that the vector e;, with i =
i(0*) given by (A.1), does not belong to C¥. Hence Afe; - e; :=a) # 0, and
reversing time if necessary, we may assume that a} < 0.

Here’s our second result.

Theorem 2. Let H be as in (1) satisfying (8) with | > 3 and with w as
in (4). Assume that (A.2) is satisfied. Then there exist positive constants
po = po(n, C1,Ca,a7), c = c(n,Cr,a}) and 6 = 6(n,C1,a}) such that for all
e > 0 small enough satisfying

:U’(g) < [0,

there exists a solution (0(t), I(t)) of the Hamiltonian system associated to (1)
such that

I(0) = ee;, |I(7)] > (A +c)e =14 )|I(0)], 7:=0dcL.
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Moreover, there ezists a positive constant C' = c¢(n, C1, Ca,a}) such that

() — 10 < .
dﬁlgagxgn [1;(T) — 1;(0)| < Ceple)

This theorem implies in particular that given any sufficiently small ball
B around 0 € R", the domain T" x B cannot be invariant by the Hamilto-
nian flow. However, this is still far from proving that the invariant torus is
topologically unstable. The following question is therefore still open.

Question 1. Consider a Hamiltonian H as in (1) and assume that w is
resonant. Is is true that, generically, the invariant torus T, is topologically
unstable?

One expects that the answer to this question is positive, even without
the assumption that w is resonant. As explained in the Introduction, the
case where w is non-resonant is much more complicated. One only knows
examples of topologically unstable tori in the smooth category; in the an-
alytic category, examples are not known, even examples with the weaker
instability properties expressed in Theorem 1 and Theorem 2.

If w is resonant, examples are easily constructed, even in the analytic
case. For instance, consider the Hamiltonian

H@O,I)=w-T+ A1) -1

where w = (0,0) € R? x R"? with & non-resonant, A(6;) is a diagonal ma-
trix of the form Diag(ai(601),...,a,(01)) with functions a;(61), 1 < i <n,
chosen such that a; is identically zero and a}(67) > 0 for some 67 € T and
some 2 < j < n. Fix the initial angle to be 8(0) = (07, 62(0), ..., 0,(0)) with
(62(0),...,0,(0)) € T ! arbitrary. Choosing any non-zero initial action pro-
portional to e;, one easily sees that the corresponding solution is defined for
all time and that the first action component is unbounded, and hence the
invariant torus is not topologically stable.

Coming back to Theorem 1, we argued that it implies that the invariant
torus cannot be KAM stable. Yet we cannot decide if the invariant torus is
accumulated by other quasi-periodic invariant tori.

Question 2. Consider a Hamiltonian H as in (1) and assume that w is
resonant. Is the invariant torus T, generically accumulated by other quasi-
periodic invariant tori or is it generically isolated?
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Looking at the example we give above, it is easy to observe that any
initial action proportional to e; leads to a quasi-periodic invariant tori. Hence
even the much simpler question below is left unanswered.

Question 3. Construct a Hamiltonian H as in (1) with w resonant for
which the invariant torus T, is isolated.

5. Coming back again to Theorem 1, one drawback of the statement is that
one has to exclude small cusps around isotropic directions of the symmetric
matrix A7. If the latter is empty, one obtains a uniform statement. Let us
introduce another condition.

(A.3) The symmetric matrix A} is sign-definite. Reversing time if neces-
sary, we may assume that it is negative definite, hence there exists a negative
constant A} such that for all I € R?, A3 -1 < \3|I]2.

This condition is obviously much stronger than the condition (A.2). Even
though this condition is open, it is clearly not generic anymore. Our third
result is as follows.

Theorem 3. Let H be as in (1) satisfying (8) with | > 3 and with w as
in (4). Assume that (A.3) is satisfied. Then there exist positive constants
po = po(n, C1,C2, A7), ¢ = c(n,C1, A7) and § = §(n, C1, X)) such that for all
e > 0 small enough satisfying

u(e) < po,

given any Iy € R™ such that |Io| = 1, there exists a solution (0(t),I(t)) of
the Hamiltonian system associated to (1) such that

1(0) =ely, |I(r) = I(0)| > Ii(T) — L;(0) > cg, 7:=0dc"".
Moreover, there exists a positive constant C = c(n,Cq,Ca, X}) such that

Y T - |
dﬁ%?;nllﬂ(ﬂ L;(0)] < Ceple)

6. Finally, as we already mentioned, let us discuss briefly what happens if
the condition (A.1) is not satisfied. More precisely, consider the following
assumption.
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(A.4) There exists a non-singular matrix Ag € Sym(n,R) such that for
all (61,...,0q4) € T A(bs,...,0q) = Ao.

Under the above assumption, one can prove, as in [5], that the invariant
torus is KAM stable provided the Hamiltonian is sufficiently smooth. Here’s
our last result.

Theorem 4. Let H be as in (1) satisfying (8) withl > ly+ 1 > 3n and with
w as in (4). Assume that (A.4) is satisfied. Then there exist positive con-
stants po=po(n,Cy,Ca, Ay), c1=c(n,Cy,Ca, Ag) and co=ca(n,Cy,Co, Ap)
such that for all e > 0 small enough satisfying

wu(e) < po,

there exists a set KK C T" x Bs., which consists of Lagrangian quasi-periodic
tori invariant by the Hamiltonian flow of H. Moreover, each torus is of class
ch, for Ih <lo—2n+1, we have the measure estimate

c1v/ p(e)Leb(T™ x Ba:) < Leb(T"™ x Ba: \ K) < ca/u(e)Leb(T" x Ba.)

and the set K is e/ u(e)-close to invariant tori associated to Ho(I) = w -
I+ Apl-1.

Again, exactly as in [5] which deals with a non-resonant frequency, if the
Hamiltonian is more regular (smooth or Gevrey smooth) in Theorem 4, then
each of the invariant torus found are as regular as the Hamiltonian. Yet there
is a difference with [5]. Indeed, in the latter reference, if the Hamiltonian is
a-Gevrey smooth, one has a better measure estimate on the set of invariant
tori as u(e) in the measure estimate above can be replaced by the smaller
quantity

exp (—EM(E)*”‘_l) ,

for some positive constant ¢. In the context of Theorem 4, this improved
measure estimate (for a-Gevrey smooth Hamiltonians) do not hold in gen-
eral.

2. Proof of the results

1. The proof of Theorem 1 follows the strategy of [7] and [8], where the
following results (in a different setting) were proved: in [7], we showed that
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for a generic e-perturbation of a class of integrable non-convex Hamiltonians
with n = 2 degrees of freedom, there exist unstable solutions (with a drift
independent of ) whereas in [8], we proved that for a generic e-perturbation
of a generic integrable Hamiltonian with n > 2 degrees of freedom, there
exist “weakly” unstable solutions (with a drift of order at least /). The
essential step in the proof is the construction of a resonant normal form
on a sufficiently large domain, which was done in [3] and that we recall
below. Then, as in [7] and [8], the proof consists in constructing directly the
unstable solution for the normal form, and as the normal form describes the
original Hamiltonian on a sufficiently large domain, one finds an unstable
solution for the original Hamiltonian. Proofs of Theorem 2 and Theorem 3
proceed exactly the same way. Finally, the proof of Theorem 1 is analogous
to the proof of the main theorem of [5].

2. Recall that, up to the scalings (6), the Hamiltonian (1) on the domain
T™ x Bse is equivalent to the Hamiltonian (7) on the domain T" x Bs, so
let us consider the latter. We define f = f. by

f(0,1):=AO)-T+eR(0,1)
so that the Hamiltonian (7) can be written as
(10) HO,I)=w-T+ef(0,1).

Let us also define the average, with respect to the resonant linear flow asso-
ciated to w = (0,w) € R? x R™" %, of the perturbation by

f(61,...,04,1) ::/ 01, 04,0441, 0, DdOgyy ... db,
Tn—d
=A(0r,...,0) - T+cR(0:,...,004,1).

The Hamiltonian (7), written as in (10), is an e-perturbation of a linear
integrable Hamiltonian, and we have the following resonant normal form.

Proposition 5. There exist p. = p(n, C1,C2) and Cy=Cy(n,Cq,Cs) such
that if

0 < /’L(E) S ,U,*,

then there exists a symplectic embedding ® : T" x Bo — T™ x B3 of class
C'=1 such that

HO(I)(ij) ZWi+€f_(01179d7j)+gu(€)f(97j)
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with the estimates |® —1d|ci-1(pnx,) < Cipi(e) and ’f‘cl—l('ﬂ‘anQ) < C.

This is a special case of Theorem 1.1 of [4], to which we refer for a proof.

3. The proof of Theorem 1 will follow from direct arguments using the
normal form Proposition 5.

Proof of Theorem 1. Under the assumptions of Theorem 1, it is sufficient
to prove that there exist positive constants uo = pio(n, C1, Cz2, A7, %, c=
c(n,Cy, A5, 1%), 6 = §(n, Cy, A, I°) and C = C(n,Cy,Ca, AF, I°) such that
if

0 < p(e) < po,

then there exists a solution (A(t), I(t)) of the Hamiltonian system associated
to (7) such that

and

pax () = L(0)] < Cple).

Indeed, in view of the scalings (6), this solution (8(t), I(t)) of the Hamilto-
nian system associated to (7) gives a solution (6(t),1(t)) = (6(t),eI(t)) of
the Hamiltonian system associated to (1) which satisfies the conclusions of
Theorem 1.

So let us prove the above statement for the Hamiltonian (7), and to
simplify notations, we remove the tilde so that the Hamiltonian (7) now
reads

HO,I)=w - T+eAO) -1+ *RO,I) =w-I+ef(0,1).

Fix Iy € R™ such that |Io| = 1 and Al - Iy # 0. Thus we can find a positive
constant v} = 7/ (Ip, A}) such that

(11) | A5 Lo - To| = [0, A(0%) 1o - Io| = 477

We first choose pg < ps so that Proposition 5 can be applied: it gives the
existence of a symplectic embedding ® : T" x By — T™ x Bjg of class C'~!
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such that

o®O, 1) =w-IT+ef(b1,...,00,1)+cu(e)f(8,1)

with the estimates

(12) [® — Td|o resmy) < Conle)

and

| flei-1(tnx sy < Ch.

Recalling that
fO1,....00,1) = A(01,...,00)]-1+ecR(61,...,04,1)

and that € < p(e), if we set

f10,1):= f(0,I) +eu(e) *R(b1,...,04,1)

then

Ho®0,I)=w-T+cA(01,...,00)1 - T+cu(e)f'(0,1)
with
(13) ‘f/|Cl*1(’]1‘“><Bz) <0 =04+ Cy.

Let us consider the solution (0(t), I(t)) of the Hamiltonian system associ-
ated to H o ®, with initial condition (6(0), 1(0)) = ®(0*, Iy), where, abusing
notations, we identify §* € T¢ with (6*,0) € T" = T? x T"~¢. Using the es-
timate (12), and choosing pg sufficiently small with respect also to 7, one
can ensure that

(14) 195, A(B(0))I(0) - 1(0)] > 37

The solution (0(t),I(t)) satisfies, for any 1 <1 <d and d+ 1 < j <n, the
equations

(1) = =<0 A1), .. 0a(t) (1) - 1() = epa(£)00, ' (0(8), 1),
agy | 6O = e £00,10)

() = 26 A1), .. 0a()I() - €1 + enle) O S (0(1), 1(1)),

03(0) = G+ 22 A0, ... 0N T(E) - €5 + enle)Dn, £/00). 1)
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where @ = (Qg41,...,@,) € R*% For some 0 < § < 1 to be chosen below,
let 7 = de~ 1. From the first three equations of (15), one gets

max |1i(t) = L(0)] < 6(4nCh + p(e)C) < 6(4nCy +1), O<t<T

1<i
() = L0) < < <t<
dileen [L;(t) — I;(0)] < du(e)C" <6, 0<t<T7
max [6,(t) — 6,(0)] < 5(8nC1 + p(e)C') < 3(8nC1+1), 0<t<rT

provided pp < 1/C’. From these last estimates, and the estimate (14), one
can choose ¢ in terms of n, C1 and 7, such that

90, GBI - 1(1)] = 297, 0<t<r,
and, assuming o < 7;°/C’, one obtains
|€0, A(O1 (1), ..., 0q(t)I(t) - I(t) —eu(e)Oa, f(O(), I(t))] > evf, 0<t<T.
From the first equation of (15) this implies
1(7) — 1(0)| > 67
whereas from the second equation, we recall that

Ii(t) — I;(0)| < du(e)C’, 0<t<T.
w1 = LO) < op(e)C, 0<t<r
This solution of the system associated to H o ® gives rise to a solution
of the system associated to H, that we still denote, abusing notations, by
(0(t), I(t)). It satisfies I(0) = Iy and, requiring that po < (2C,)~1dv; and
po < (2C,)715C’, one obtains from the estimate (12) that

[1i(7) — 1i(0)| > 6v; /2

and
Ii(t) — L;(0)] < du(e)C'/2, 0<t<T.
w0 — L)) < op(e)C/2, 0<t<r
Letting ¢ := 07 /2 and C' := §C"/2, this proves the statement. O

4. The proof of Theorem 2 and Theorem 3 are direct consequences from
the proof of Theorem 1.
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Proof of Theorem 2. We proceed exactly as in Theorem 1, choosing Iy = ¢;
and thus v = —a} /4. The choice of the sign of a allows us to ensure that

and hence
Ii(t) > L;(0)+c=1+c.

Since I(0) =0 for 1 <k <mn, k #1i, it is easy to observe that |I;(7)| <1
and therefore
[I(T)| = Li(t) > 14+ c= (1+¢)|I(0)].
O

Proof of Theorem 3. Once again, we proceed exactly as in Theorem 1, choos-
ing an arbitrary Iy with |Iy| = 1 and with 7} = —\7 /4. O

5. To conclude, let us give the proof of Theorem 4, following the arguments
of [5], which is based on the application of the main theorem of [11].

Proof of Theorem 4. In view of the scalings (6), it is sufficient to prove the
statement for a Hamiltonian H as in (7), defined on the domain T" x Bs.
We assume that pg < ps so that Proposition 5 can be applied. Then observe
it is sufficient to prove the statement for the Hamiltonian H o ®: indeed, ®
is symplectic and the estimate (12) implies that it has a Jacobian arbitrarily
close to one, hence the measure estimate for the set of invariant tori for H o ®
is equivalent to the measure estimate for the set of invariant tori for H.

Let us denote H = H o ®. Using the assumption (A.4) and proceeding
as in the proof of Theorem 1, it can be written as

HO,I)=w-I+ecAgl -1+ eue)f(0,1)
where Ay € Sym(n,R) is a non-singular matrix and with
|f/|cl—1(’]1‘n><32) S C,.

Up to rescaling time by e, it is sufficient to prove the statement for the
Hamiltonian

e YHO, 1) =c w T+ Aol - I+ p(e)f'(0,1) := Ho(I) + pu(e)H,(0,1).

The above Hamiltonian satisfies the assumption of Theorem A in [11]. In-
deed, the Hamiltonian is of class C'~1, with [ —1 > Iy > 3n — 1, the inte-
grable part Hy is real-analytic and its Hessian at any point is constantly
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equal to the non-singular matrix 2A4g, hence it is bounded by C; and its
inverse is bounded by some uniform positive constant C;. Assuming that
Vu(e) < i where i = fi(n, C1,C") is some positive constant, the statement
follows directly from Theorem A in [11]. O
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