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Commutators of singular integrals, the
Bergman projection, and boundary
regularity of elliptic equations

in the plane

ALEXANDER TUMANOV

We obtain estimates of commutators of singular integral operators
in Lipschitz spaces and apply the results to boundary regularity of
elliptic equations in the plane. We obtain an explicit asymptotic
formula for the Bergman projection.

1. Introduction

In this paper we are concerned with sharp boundary regularity in Lipschitz
spaces CF® of first order elliptic equations of the form

(1) fe=a(2)f: +0(2) fz + c(2)

in a smooth bounded domain €2 in complex plane C. Here f, = 0f/0z and
fz = 0f/0z. We impose the ellipticity condition

(2) la(2)[ +[b(2)] < ao <1

for some constant ag. We first consider the scalar equation (1) with the
Dirichlet type boundary condition Re f|yn = fo for given function fy on the
boundary. Suppose a,b, ¢ are in C**(Q), k>0, 0 < o < 1. Suppose fy is
in CF+12(bQ). We would like to conclude that every generalized solution
of (1) with Re f|yo = fo is automatically in C*T1.2(Q). Apparently, this
classical question is not covered in the extensive literature on the subject.
In particular, the case of first order equations does not follow from the
classical results on boundary regularity of elliptic equations [1, 11]. If in the
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scalar equation (1), the coefficient b = 0, then the conclusion is rather simple
(see [12], Proposition 2.1). Tadeusz Iwaniec explained to the author that for
k > 1 the Equation (1) can be reduced to a second order equation, and then
the conclusion follows from Schauder’s theory [11]. In this paper we give a
proof for all k> 0. We also consider the vector version of (1) and give a
proof of the regularity of the Dirichlet problem for a = 0.

Another common boundary condition for Equation (1) is Kqf = fo. Here
Kq is the Cauchy type integral (15) and fy is a given holomorphic function
in Q. In particular, the homogeneous condition Kq f = 0 means that f holo-
morphically extends to C\ € and vanishes at infinity. Solving (1) with this
boundary condition is equivalent to the problem of inverting the operator
f e f—Talaf, +bf3), here Tq is the Cauchy—Green operator (14). The
vector version of this problem with ¢ = 0 and small b arises in constructing
small pseudoholomorphic curves (see [4, 7, 9]). We prove the boundary reg-
ularity of this problem in the scalar case for general a and b satisfying (2)
and in the vector case for a = 0 and ||b||oc < 1, answering a question raised
in [4].

A classical approach [2, 13] to Equation (1), in particular, the Beltrami
equation consists of reducing (1) to an integral equation with the operator
Sq given by (3) or its modifications. The solution operator of the integral
equation is bounded in LP(Q) for p close to 2. In this approach, it is essential
that ||Sqll2 < 1. However, there is more precise information about the oper-
ator Sq, in particular, Sc is an isometry of L?(C), that is, ScSc = I. There
is a related property of SoSq that we derive in Section 4. An iteration of the
integral equation corresponding to (1) with b # 0 involves the term SqbSqb,
here b denotes the operator of multiplication by b. Since So and Sq do not
stand next to each other, in order to make use of SqSq we need information
about the commutators of Sq with multiplication operators, namely, their
smoothing properties.

There are well known LP estimates of commutators of singular integral
operators with multiplication operators (see, e. g., [5, 6]). However, appar-
ently, C*® estimates of the commutators are covered in the literature only
for the case of Cauchy type integrals and similar operators (see [10], Sec-
tion 3.4.1). We present results on the matter for the operator Sq. Although
we use complex variable notations, the results are real in nature and could
be established for more general Calderén—Zigmund operators.

As we mentioned above, the scalar equation (1) with b =0 is rather
simple. If b = 0, then the Equation (1) can be reduced to the case a = b =0
by changing the independent variable. Our method involving SqSq and the
commutators now lets us deal with the case a = 0, b # 0. In the scalar case,
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it suffices for treating the general equation (1) because we can reduce it
to a = 0. However, in the vector case, obviously, the reduction to a = 0 by
changing the independent variable is not possible in general, thus we only
handle the vector equation (1) for a = 0.

In Sections 2 and 3 we include results on C*® regularity of commuta-
tors of S with multiplication operators. In Section 4 we study properties
of SqSq. In Section 5 we give an asymptotic formula of the Bergman pro-
jection for © in terms of SnSq. In Section 6 we treat integral equations
corresponding to the vector version of the Equation (1) with a = 0. Finally,
in Sections 7 and 8 we study the boundary regularity of the Equation (1).

2. Commutators of singular integrals

For a domain  C C, we consider the Calderén—Zigmund operator (see [2,
13])

U 2
(3) Sou(z) = p.v. /Q (t("_) i)j

Here for brevity d?t = (2mi)~'dt A df, and the integral is understood as
Cauchy principal value. Let a(z) be a function in . We use the same no-
tation a for the operator of multiplication by a. We are concerned with
smoothing properties of the commutator

(4) [Sa, alu(z) :/Q(tz)gu(t) d’t

in Lipschitz spaces. As usual C**(Q) denotes the space of functions whose
derivatives to order k > 0 satisfy a Lipschitz condition with exponent 0 <
a < 1. We also sometimes write C%(Q) = C%*(Q2) and C**+(Q) = CF*(Q).
We do not make a difference between C**(Q) and C*(Q). If k is integer,
then we use C*(Q2) for the usual C*-smooth functions. We use C**(Q, R)
for the set of real valued functions in C*%(Q). We denote by LY, and C’Ik%’a
the spaces of functions respectively in LP(C) and C*%(C) with support in
the disc |z| < R.

Theorem 2.1. Let0<a<1,0<f8<a, R>0. Let S = Sc.

(i) If a € C%(C), then the commutator [S, a] is a bounded operator L3 —
CH(C) and C}, — C*(C).
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(ii) If a € C**12(C), k>0, then [S,a] is a bounded operator Cﬁ’a —
Ck+1,a(@).

We begin the proof with a simple formula. We introduce the difference
and shift operators

Anf(2) = f(z+h) = f(2),  Onf(z) = f(z+h)
Lemma 2.2. For the operator S — S¢, the following formula holds.
(5) AR[S, alu =[S, Apa] opu + [S, a] Apu.
Proof. Clearly [Ap,,S] =0, [0p,S] = 0, and [Ap, a] = (Apa)dp. Then

Ah[S, a] = AhSa - AhaS = SAha — AhCLS
= S([An,a] + aAp) = ([Ap, a] + aAp)S
= S((Apa)dp + aAp) — ((Apa)dp + aAp)S
= [S(Apa)dn — (Apa)Sop] + [SalAp — aSA]
= [S, Aha] op + [S, a] Ay,.
(|

Proof of Theorem 2.1. (i) Without loss of generality we can assume a(z)
has compact support because if a(z) = 0, say for |z| < 2R, then the result
is obvious.

Let f =[S, alu. We will write Cy, Cy, ... for constants that may depend
on «, §, and R. First of all

£ < lallen o / £ — 22722
[t|<R

Hence || f|looc < Cillal|ce||t|loo- Define

K(z,t) = K(2)(t) = w

In estimating Ay, f(z) for simplicity put z = 0. Introduce

S &

For |t| < 2|h| we use the estimate

[F®)] < llallea(Jt = h[*7 + [t*72).
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For |t| > 2|h| we rewrite F'(¢) in the form

h(2t — h)(a(t) — a(h a(h) —a(0
Flt) = (2¢ tQ()t(—(tfz)‘Z (h) ()t2 ()’

in which the first term does not exceed Col|a| ¢ |t|*~3|h|.
We have A f(0) = [ F(t)u(t)d*t = Jy + Jo — (a(h) — a(0))J3. Here

_ U 2
= /| o FOUO

h(2t — h)(a(t) — a(h
(6) J22/|t>2h| - 752()75((/2)2 SR
_ u(t)
J3—/|t>2h| 2 d-t.

Then J; and Jy admit the following similar estimates

] < laflo- < Csllafl ol

/ (|t — A2 4 [t|*2)u(t) d*t
[t]<2[h]

/ |t|23u(t) d*t
[t|>2|h]

Let u € L. Then J3 has the obvious estimate

| Jo| < Cullallc=|h| < Csllallo= llullool|.

/3] < Hulloo/ [t/7%|d*t] < Cglog |h] ™" [|u o
2|h|<|t|l<R

Hence ||Afflloo < Crllallce||t)ls|h|? and f € CB(C), which completes the
proof of the first assertion in part (i).
Let u € C’g. Since S is bounded in C¥,

B u(t) —u(0)
Su(0) /t o

< 1Su(0)| + Csllullcs|pl? < Crllullca.

| J3] =

Hence f € C%(C), which completes the proof of (i).
(ii) Let k=0, a € C1*(C), u € C%, and f =[S, alu. We estimate the
second difference A? f. It suffices to show |A? f| < Cs|lal|cre [|ullca|h[1Te.
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By Lemma 2.2
A%f = Ap[S, Apa) dpu + Ap[S, a] Apu.

Consider the first term A; = Ap[S,b]v, here b = Apa, v = dpu. Then by
the same method we obtain |A1(0)| < Cs||b||c=||v]|ca|h|*. Clearly ||b]|ce <
Cyllallg.«|h] and [[vfloe = [ullo~. Hence [|A1loe < Croflallcre [[ullce|h|* .

The second term Ag =Ap[S, a] v is more involved. Here v=Apu, ||v]|s <
||u||ce|h|®. Using the same notation as above, we write |A2(0)| < |Ji|+
|Jo| + ||a]|cr.o|hJ3|. The terms J; and J3 are handled in the same manner
as above; they admit the desired estimate. In particular,

Apu(t
[t]>2[R|

t2

Apu(t) — A
:‘AhSU(O)— / nult) 2 nul0) oy
tl<2p

We rewrite the remaining term Jo = Jy + J5 as a result of splitting the factor
(2t — h) in (6) into the sum 2t — h = h + 2(t — h). Then

e a—a) o _ att) —a(h) .\
Ji=h /ﬁﬂh s (Ot s 2h4|>2|h| s (et

< Cullullga|h]*.

Since ||v]loo < ||ullca|h|®, the integral J4 admits a simple estimate

4] < llallene e B2+ /

[t]7%|d%t| < Crzllallcrelull o |h[TF
je>21h

For the remaining term Js, we use Taylor’s formula
(7) a(t) — a(z) = a.(2)(t — 2) + az(2)(t — 2) + O(|t — 2|*T¥).

Then J5 = 2h(a.(h)Js + az(h)J7 + Jg), here

Apu(t) d*t t —h Apu(t) d*t
J6 = 2 5 J7 = t h 2 )
[t[>2[h] [t[>2[h] *

and Jg comes from the remainder in (7). The term .Jg has the order |h|??,
which is even better that we need. The term Jg is the same as J3 above.
Hence the desired result for the commutator [S,alu is equivalent to the
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estimate
(8) |J7| < Chsllullc=|h|,

which is independent of a. Instead of dealing with J; directly, we observe
that (8) is equivalent to the desired result for [S,a]u with a(z) = z. In this
case the commutator turns into an integral similar to the well known Cauchy-
Green operator (14), for which the needed result is well known (see [2, 13]).
This remark completes the proof of (ii) for k = 0.

We now consider k£ > 0. By induction we assume that the result is al-
ready known for lower values of k. Let Dpu(z) = %L:Ou(z + th) denote the
directional derivative of u in the direction h. Let a € C**1® and u € C]l;’o‘.
Then the result obtained for k£ = 0 lets us pass to the limit in (5) to obtain

Dy[S, alu =[S, Dpalu + [S, a] Dpu.

Now by induction the result holds for all £ > 0. The proof of Theorem 2.1
is complete. Il

Remark 2.3. The commutator [S, a] in Theorem 2.1(i) is in fact a bounded
operator LY, — CP(C) forp = %75 Indeed, along the lines of the above proof
one can show that ||K(2)||, < C|lalc and |ALK(2)|, < Cllallca|h|?, here
% + % = 1. Then the conclusion follows by Hoélder inequality.

3. Commutators in a bounded domain

We extend the result of the previous section to a bounded domain.

Theorem 3.1. Let Q C C be a bounded domain of class CH*, 0 < a < 1.

(i) If a € C¥(R2), then for every 0 < B < «, the commutator [Sq,a] is a
bounded operator L>=(Q) — CP(Q) and CP(Q) — C*(Q).

(ii) If Q and a(z) are smooth of class C**1% k >0, then the commutator
[Sq, a] is a bounded operator C**(Q) — CkT1.(Q).

Taking into account Remark 2.3, the commutator [Sq,a] in (i) is in fact
a bounded operator LP(Q2) — C?(Q) for p = ai_ﬁ

We first recall some simple estimates. Denote by s = dist(z, b$2) the dis-
tance from z to b€). Let r,n > 0 be integers. Introduce

(= 2) ult) dt A d

Quu(z) = /C I
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Lemma 3.2. Let Q C C be a bounded domain of class C*the k>0, 0 <
a < 1. Let u € CH*(C). Then there is a constant C > 0 depending on €, k,
and a so that for z € Q)

) O u(2)| < Cllul|or.a if 3<n—r<k+3,
" “ | Cllullgres®t if n—r=k+3.

Proof. Using induction on k, let kK =0, n —r = 3. Then

Qe = [ IS AR e,

in which the first term clearly admits the estimate O(s%~!) by integrating the
modulus of the integrand. The second term will be automatically considered
simultaneously with the general case.

Now let £ > 1 and assume the estimate (9) for lower values of k. We
also allow k =0, u = 1. Let b2 be a level set of a function of class C*+1he,
Then on b) we have df = ¢(t)dt, here ¢ € CH*. We assume ¢ extends to
the whole plane and has compact support. Introduce

, (t—2)"u(t)dt
K = —
“0) = [
By Stokes’ formula
n-1(ud) = (n = 1)Quu + Qp_yu..

The term @), u. satisfies (9) by induction. Hence it suffices to show that
K’ (u) satisfies (9) for u € C**(C), k > 0.

Integrating by parts for m > 1 yields
(1 —m)Klu=rK"1 (ug) + K, (us + uze).

Starting with m = n — 1, we successively integrate by parts all resulting
terms while still possible. If n —r < k + 3, then all final terms will have the
form K%,(¢) with m < p + 2, 1 € C%. They are clearly bounded. If n —r =

k + 3, then all final terms will have the form K7, (1) with ¢ € C*. We have

K7 o() = [ O ok ,00(0)
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The first term clearly has the estimate O(s*~1). For the second one, we
again reduce the exponent p by integration by parts and eventually obtain
the same estimate O(s*~1). O

Proof of Theorem 3.1. (i) The assertion about the map L>(Q2) — C%(Q)
follows immediately from the corresponding assertion of Theorem 2.1 be-
cause a € C*(Q2) can be extended to a function of C*(C), and for R large
enough, L*>(Q2) C Ly by trivial extension. So we focus on [Sq,a] on the
space C?(Q).

We again consider the extension of a € C*(2) to the whole plane (which
we still denote by the same letter a) that has compact support, smooth in
C\ Q, and whose first derivatives admit the estimate O(s*~1). Similarly, we
extend the restriction alpq inside Q so that the extension a is smooth in 2
with first derivatives of the magnitude O(s*~!). Finally, we extend the given
function u € C#() to the whole plane so that the extension has compact
support and belongs to C#(C). Then for z € Q,

[Sa aJu(z) = [Se, alu(z) — vn(2) — va(2),
e A, o [ —ale)
0 (z) = /C\Q TSR e () /C\Q P

By Theorem 2.1, the first term [Sc, a]u has the desired properties. Differen-
tiating v1 yields

U 2 a(t) —a(z
1) ) =il [ A0 / \Q“)”u(t)dzt.

cve (E—2) (t = 2)°

For u € C? the first integral in (11) is bounded. Since @, = O(s*~ 1), the
first term in (11) is O(s*1).

The second integral in (11) has the estimate O(f|t\>s [t|9=3|d%t|) =
O(5*71). The z-derivative of v1 is estimated similarly but slightly simpler.
Then by Hardy-Littlewood lemma, v, € C*(Q).

We now consider v = vy = bw. Here b=a —a € C¥(), by =0, b=
O(s%); w = Sg\qu. Let 2, 2" € Q; without loss of generality z is closer to bS2
than 2’. We estimate Av = v(z) — v(2’) in terms of h = |z — 2/|. We have

(12) Av = Abw(z) + b(Z')Aw

Since u € C?(C), we have w(z) = O(1), w.(z) = O(s™1), Aw = O(hs™!).
Let h < s. Then Ab = O(h?*), b(z") = O(s%). Plugging these estimates in (12)
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yields
Av = O(h® + s*hs™ 1) = O(h%).
If h > s, then v(z) = O(s%), v(2') = O(h®), and again Av = O(h®). Hence
[Sq,alu € C*(Q) as desired.
(ii) Let a € C*¥T1%(Q). We again assume that a(z) and u(z) are extended
to the whole plane. (We do not need the other extension a.) We represent

[Sq,alu = [Sc,alu — v, v = [Se\q, alu,
L)
o(z) = /C\Q F St

By Theorem 2.1, [Sc, alu € C*19(Q). To see that v € C*+1Y(Q), we first
differentiate it (k + 1) times. One term will have the form

—DFlg Se\oUs

here D**1g denotes any derivative of order (k4 1). This term is clearly
in C%(2). To show that the other terms are in C'“(Q2), we show that the
first derivatives of these terms have the estimate O(s*~!). Then by Hardy-
Littlewood lemma we will obtain v € C*+12(Q). By differentiating one more
time, we obtain the following terms. There will be one term of the form

ne = [ . )

while all other terms will be constant multiples of integrals of the form

U 2
Ta(2) = DPa(2) / (t)d*t

oo (t—2)7t2

Here p+q=k+ 2, p>1, hence ¢ + 2 < k + 3. Then the terms of the form
Jo are all bounded by Lemma 3.2. For the term .J;, we use Taylor’s formula

(13)  a(t) —a(z) = Z apg(2)(t — 2)P(T —2)T + O(|t — 2[FT1F9).

1<p+q<k+1

The term corresponding to the remainder in (13) is estimated directly; it
has the order O(s*~!). Now by Lemma 3.2 the estimate Ji(z) = O(s*™!)
follows. Theorem is proved. O

Finally we include a simple result that applies to [Sq, a] above.
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Proposition 3.3. Let QQ C C be a bounded domain Let k Q xQ—=C
satisfy |k(z,t)] <[z —t]*72, 0 <a < 1. Let Ru(z) = [ k( t)d*t. Let
p>1.Letp<r< 2_ap (zf2 —ap <0, thenp <r S 00). ThenR LP(Q)
L"(82) is a bounded operator, which in particular holds if r =p + §.

Proof. For completeness we include a proof. Since §2 is bounded, for A > —2
there is a constant C'(A) > 0 such that fQ |z — t|Md?t] < C(N).

Let 0 <c<1, 1—1—7—1 1yl —i—f—l hence s = Tp . By Holder in-
equality,

|Ru<z>|=1 / Kz, u(t) &%) < / o] R % K1 |24
(9] Q

1/r 1/s 1/q
< ( / \u|prk|“|d2t|) ( / |u|p|d2t) < / |k|<1—c>q|d2t|) ,
Q Q 9]

[ Rull; = /Q |[Ru(z)|" |d*2] < C((a = 2)er)C((a = 2)(1 = ¢)q)/|lull,

provided that (o —2)er > —2 and (o — 2)(1 — ¢)g > —2. These conditions
yield the desired bounds for r. O

4. The operator SaSa

The standard approach to the Beltrami type equations (see [2, 13]) involves
the Cauchy-Green operator

w(t) d2
(14) Tgu(z):/QW

t—=z

for a domain 2 C C. We also consider its modification suitable for solving
the Dirichlet problem in the unit disc D = {z € C: |z] < 1}.

— u 2 ZT 2
Tyu(z) = Tou(z) — Thu(z-1) :/D (t)d H/D (Wt

t— =z 1— 2t

Both operators T and T} solve the d-problem, and T} in addition satisfies
the boundary condition Re Thulyp = 0. Consider the operators Sq and Sy,
the O-derivatives of T, and T7. Then

B u(t) d*t u(t) d*t
Siu(z) = p.v./D (e + /D (e
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In other words

_ v(t) d*t
— Spu— B Bu(z) = — [ 222
Siu = Spu , v(z) /D 1=

Here B is the Bergmann projection in D (in this notation d*t < 0). It is
well known (see [2, 13]) that S¢ and S; are isometries of L?(C) and L*(D)
respectively, that is, ScSc = I and S1S; = I, here I = id is the identity
operator. (Note Si = S¢ and S} = S7.) We make the following observation.

Lemma 4.1. SpSp =1 — B and BSp + SpB = 0.

Proof. Introduce the conjugation operator tu = @. Then 2 = I. For every
operator P we have by definition P = (P or 1P = P, in particular 7 = ¢.
For simplicity put S = Sp. Then we write S; = S — Bt, S1 = S — Bu. Using
B? = B we obtain

id = 5151 = (S — B)(S — Bt)
=SS — BuS — SBi+ BiB.= (SS + B) — (BS + SB)u.

Now by separating linear and anti-linear terms, we obtain the desired rela-
tions. ]

We now consider the operator Bo = I — SqSq for an arbitrary smooth
domain 2 C C. We will see in the next section that Bq is related to the
Bergmann projection for 2. Here we only care to what extent B2 = B holds
for Bg. Invoke the Cauchy type integral

1 u(t) dt
1 Kou(z) = ~— Q.
(15) oulz) =5 /m t—z  °F

For z € bQ we interpret Kqu(z) as a boundary value of the function Kqu
in Q. With some abuse of notation we write du(z) = 0,u(z) and Ju(z) =
Ozu(z). We recall the Cauchy-Green-Pompeiu formula

KQ+TQ5:I.

The following result is similar to one by Kerzman and Stein [8] who discov-
ered that Ko — K{ is a smoothing operator.

Theorem 4.2. Let 2 C C be a bounded domain of class C*, here k> 1
may be fractional. Then P = Kq + Kq — I is a bounded operator L' (b2) —
Ck2(bQ) (if k > 2) and C*(bQ) — C*1(bQ).
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Proof. Observe for z € Q, t € bS)

dt dt t—z t—z t—z
- = di | = = dilog ( = = 2i dy arg(t — z).
t—2 1-z t—=z t<t—z> tog(t—z) idparg(l = 2)

Then for z € Q
(Ko + Ko)u(z) = l/m u(t) < i _ dt) _ 1/bQ u(t) dy arg(t — 2).

2 t—z t—7%2 T

If z € bS2, then passing to the limit yields

— 1
(Ko + Kq)u(z) = u(z) + - p.v./ u(t) dy arg(t — z).
b2
The only reason for principal value in this integral is the jump of —7 of
arg(t — z) at t = z. Otherwise the integral has a smooth kernel. Indeed,
suppose an arc of b2 has a parametric equation y(7) = 7 + i¢(7) with ¢ €
C*. Then for t = v(7), z = v(10), we have

SUEELI S

T —1T0

dy arg(t — z) = darctan <

Hence if u € L1(bS2), then Pu € C*~2(bQ). If u € C1(bS2), then by integrat-
ing by parts Pu € C*~1(b02). O

Corollary 4.3. Let Q C C be a bounded domain of class C*, here k > 2
is fractional. Then B% — Bq is a bounded operator LP(Q) — C*=3(Q) (if
p>1,k>3)and C*Q) = CF2(Q) (if0<a<1, k>2).

Proof. For simplicity of notation we omit the subscripts 2. We have

KP=KK+K-I)=K+ KK —-K =KK,
(16) B=I-SS=1-0(TO)T =1-09(—K)T =0KT,
B*=0K(TO)KT = 0K(I — K)KT = B — OKPKT.

Let u € LP(Q), p > 1. Then Tu € WP(Q), the trace Tu|pn € LP(b2), and
KTu € LP(bQ). By Theorem 4.2, PKTu € C*~2(b2). Since k is fractional,
we have K PKTu € C*=2(Q), and (B%? — B)u = ~OKPKTu € C*3(Q), as
desired.

Let u € C%(Q). Then Tu € C'**(Q) and KTu € C'**(Q). By Theo-
rem 4.2, PKTu € C*1(bQ). Since k is fractional, we have KPKTu €
C*=1(Q), and (B? — B)u € C*¥2(Q), as desired. O
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5. The Bergman projection

The main result of this section is an asymptotic formula for the Bergman
projection B = Bq for a smooth bounded simply connected domain 2 C C.
We will not need it in the rest of the paper.

Let H = H(Q2) be the Bergman space of all holomorphic functions of
class L?(€2). The Bergman projection B : L?(Q2) — H is the orthogonal pro-
jection onto the subspace H C L?().

Theorem 5.1. Let Q C C be a bounded domain of class C*, here k > 3 is
fractional. Let B, = I — (SS)", S = Sq, n > 1. Then

(i) For all n > 1, the difference B — B,, is a bounded operator L?*(2) —
Ck3(Q).

(ii) If Q is simply connected, then B = lim,_,o By,.

We can compare this result to the one by Kerzman and Stein [8]. Let
S : L2(bQ) — H?(bSY) be the Szegd orthogonal projection, and let K = Kq
be the Cauchy transform. Kerzman and Stein [8] proved that S — K is a
compact smoothing operator and S = K(I — A)™!, here A=K — K* is a
compact smoothing operator. If 2 is sufficiently close to the disc I, then
|A| <1, and the inverse has an explicit formula (I — A)~! =3 A"
In contrast, our formula B = lim,,_,~, B, holds for every simply connected
smooth domain.

We also compare Theorem 5.1(i) with the formula B = dET (Bell [3],
page 70). Here E denotes the harmonic extension from b{2 to Q2. For a general
domain, E is not explicit. If we replace E by K, then by (16) we obtain
the explicit operator B = By, which by Theorem 5.1(i) approximates the
Bergman projection B.

Lemma 5.2. The subspace H C L2(Q) is invariant for SS, and SS|py :
H — C*3(Q) is bounded.

Proof. By (16), the subspace H C L?() is invariant for B = I — SS, hence
for SS. Let Hy C H consist of such u € H that for every closed path v C ,
we have [ u(z)dz = 0. For u € Hy define Ju(z) = J2 u(t) dt along a path
in . Then for u € Hy

SSu=0(TO)(Td)Ju=0(I—K)I—K)Ju
=0 -K-K+KK)Ju=0KKJu=0KPJu.
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Since u € L%(Q), we have Ju € W12(Q). Then the trace Julyn € L?(bS2).
Then by Theorem 4.2, we have PJu € C*2(bQ), KPJu € C*~%(Q), and
finally SSu = K PJu € C*=3(Q).

If Q is simply connected, then Hy = H, and the proof is complete. Oth-
erwise, Hy has a finite dimensional (not necessarily orthogonal) complement
Hy in H of the form, say

H, = {ch(z —z) i€ (C}.

Here the points z; € C\ Q are fixed — one in each bounded component of
C\ €. Since H; consists of smooth functions, the operator SS|m, : H1 —
C*=3(Q) is bounded, hence the desired conclusion. O

Lemma 5.3. If Q is simply connected, then || SS||g < 1.

Proof. Note S = S*. Since SS|y is self-adjoint, compact, and SS >0, it
suffices to show that SS|y does not have the eigenvalue 1.

Suppose there is u € H such that SSu = u. Since [|S||2 < 1, we have
|SSull2 < [|Sull2 < ||ull2. Since SSu = u, we have in particular, ||Sulls =
lul|2. On the other hand, Sc is an isometry of L?*(C). Hence Su(z) = 0 for
z ¢ Q, that is, 0Tu =0 in C\ Q.

Since Tw is antiholomorphic on a connected set C\ € and 9Tu = 0,
the function Tu = const in C \ Q. In fact Tu|c\ = 0 because it vanishes at
infinity. By Lemma 5.2, u € C*~3(Q), hence T is continuous on C.

Since u is holomorphic, 90Tu = Ou = 0, that is, T is harmonic in €.
Since Tulpn = 0, we have Tu = 0 in . Hence u = 8Tu = 0, and the proof
is complete. O

Proof of Theorem 5.1. By (16), we have B(L*(Q)) C H. Since B is
self-adjoint, B(H') = 0. Indeed, for every u € H* and v € L?*(Q), we have
(Bu,v) = (u, Bv) = 0. Hence, SSH C H and SS|y. =1I.

We now compare B, with B on H and H+. On H* we have B(H') =
B,(H*) =0.0n H we have (B — B,)|g = (S9)"| : H — C*=3(Q), which
proves (i).

By Lemma 5.3, (SS)"|y — 0 as n — oo, hence the conclusion (ii). [

We realize that if €2 is not simply connected, then Lemma 5.3 and The-

orem 5.1(ii) fail as the following simple example shows.

Example 5.4. Let 0 <r <1 and let Q= {z:7 <|[z| <1}. Let u(z) =
1/z. Then one can find Tu(z) = 2log|z|. (It is independent of r.) Then
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SSu(z) = 0TOTu(z) = 0TI(2log |z|) = 0T (1/z) = 0(2log|z|) =1/z = u(z).
Then B,u =0, but Bu = u, so Lemma 5.3 and Theorem 5.1(ii) fail.

6. Integral equations with operator S

We now consider the integral equation
(17) u = S(Au) + b.

Here u and b are m-vector functions and A is a m x m matrix function in a
smooth bounded domain 2 C C; m > 1, S = Sq. In the future, with some
abuse of notation, we omit the parentheses in (17) and similar equations,
interpreting A as the operator of multiplication by A. We impose the condi-
tion ||Al|lec < 1. Here ||A||oc denotes the maximum of the Euclidean operator
norm of A(z) over all z € €.

Proposition 6.1. Let 2 C C be a bounded domain of class C*°. Let A,b €
Ch(Q),0<a<1,k>0,| Al < 1. Then the Equation (17) has a unique
solution u € L*(Q). This solution u € C**(Q), and for fizred A the operator
b u is bounded in C** (1)

The proof below goes through if  has finite smoothness of class C3#
(0<pB<1)ifk=0and C*2if k> 1.

Proof. The existence of a unique solution u € L?(12) is standard (see [2, 13]).
It follows because ||S o Allz < 1 as an operator in L%(12).
Iterating (17) yields

u=SASAu+b;, b =SAb+be CPYQ).
Interchanging S and A yields
u=SSAAu + by, by = S[A, S]Au + by.

We include the term S[A, S]JAu in by because by the results of Section 3
the commutator is “better” than wu. Recall SS =1 — B, B = Bgq. Since
[PQ, R] = [P, R]Q + P|Q, R], both Theorem 3.1 and Proposition 3.3 apply
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to B. We put v = AAu. Then
v = AA(v — Bv) + bs, by = AAb,.
Since |A| < 1, we have (I — AA)~! € CH<, and
v=—AgBv+by,  Ag=(I—-AA)TAA, by= (I AA) b3
Applying B and interchanging B and Ag yields

Bv=—-BAyBv + Bby = —([B, A(]] + AQB)B’U + Bby = —AgBuv + bs,
bs = —[B, Ag]Bv + Ao(B — B*)v + Bby.

Note that by Corollary 4.3 the term (B — B%)v is C*. Also note (I +
Ag) ™t =1T— AA and Ag(I — AA) = AA. Then

Bv=(I—- AZ)b5, v = —AAbs + by, u = SSv + by.
As a result, the initial equation implies
(18) u=Mu+ Nb,

where M is a smoothing operator with properties described in Theorem 3.1
and Proposition 3.3, and N is a bounded operator in C*.

We now use (18) for bootstrapping, successively improving the regularity
of the solution. Since u € LP, starting from p = 2, by Proposition 3.3, Mu €
LPT3  hence by (18) u € LP*2. We repeat this argument finitely many times
till we get w € L™, r > % Repeating it one more time, by Proposition 3.3 we
get u € L. We now repeat it again finitely many times using Theorem 3.1
and get u € C*® as desired. Note that the number of times we iterate (18)
depends only on k and a. O

We now consider a similar integral equation in the unit disc, namely
(19) u =5 (Aﬂ) +b.
Proposition 6.2. For the Equation (19), Proposition 6.1 holds.

Proof. The argument of the proof is similar to that for Proposition 6.1. The
difference is that the results of Section 3 do not directly apply to [Si, 4]
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because S; is not complex linear. Nevertheless we reduce the result to (the
proof of) Proposition 6.1. By the definition of Sy

u= SAu — BAu + b,
here S = Sp, B = Bp. By Lemma 4.1
Bu = —SBAu — BAu + Bb.
Multiplying by A and interchanging A and B yields
BAu = —ASBAu — ABAu + by, by = —[A, Blu + ABb.

Then v = BAu satisfies the equation v = —AS” — Av + by, which in turn
simplifies to

(20) v = A157 + by, Al = *(I +Z)_1Z, by = (I%Z)_lbl
This equation looks similar to (17), however ||A1||oc < 1 need not hold, so
the equation requires a little more care. Following the beginning of the proof
of Proposition 6.1, iterating (20) yields

V= Alszlgv + b3, bs = A1552 + bs.
Interchanging S and A; yields

v = AlﬂlSFU + by, by = Ay [S, Zl]gv + bs.

Since v = BAu and B? = B, we have SSv = v — Bv = 0. Hence v = by, and
the original equation takes the form

u = SAu + bs, bs = —bs+ b,

which is the subject of Proposition 6.1. By bootstrapping we obtain u €
Ch(D). O

7. Dirichlet problem

We consider the Dirichlet problem for an elliptic equation

(21) fz=a(2)f: +b(2) fz + c(2).
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In the scalar case the ellipticity means that either |a| + |b] < 1 or [|a] — [b] >
1; the two cases are related by the interchange f <+ f. We restrict to the
former case. Our main result is the following.

Theorem 7.1. Let Q C C be a simply connected domain of class CF+1e,
k>0,0<a<1. Let a,b,c € CH¥(Q), fo € CFTLQ,R), |a] + |b] < ag <
1, for some constant ag. Then the scalar equation (21) with boundary condi-
tion Re flyq = fo has a unique solution in the Sobolev class W12(Q). This
solution f € CkFT12(Q), and for fired a and b the map (c, fo) — f is a
bounded operator C**(Q) x CkTLa(bQ, R) — CF1e(Q).

For simplicity we assume that € is simply connected because our method
involves reduction to the unit disc. Thus we begin the proof with several
reductions.

Lemma 7.2. [t suffices to prove Theorem 7.1 for fo =0 and Q2 =1D, the
unit disc.

Proof. To reduce to fy = 0, we fix fi € C*1(Q) satisfying Re f1|pq = fo.
Then for the new unknown f = f — f1, the equation will have a form similar
to the original one, and the boundary condition will turn into Re ]E lbo = 0.

To reduce to €2 =D we can introduce a new independent variable ( =
(%), so that ¢ : Q — D is a C**1 diffeomorphism with positive Jacobian.
The equation will preserve its form and boundary conditions. Moreover, if
a =0 or b= 0, then by choosing a conformal map ¢ this condition can be
preserved also. O

Lemma 7.3. [t suffices to prove Theorem 7.1 for a = 0.

Proof. We change the independent variable by a Beltrami homeomorphism
1 : D — D of the equation

(22) Yz = pu(2)¢..

The Beltrami coefficient p will be determined later. The Equation (21) will
take the form

(23) g7 = age +bgz + G

here g = fo~!. We write ¢ = ¢(2). By straightforward calculations we
now find the new coefficients. We have

9z = ¢tz + gtz = alges + gz.) + b(gets + ges) + ¢
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By (22) we obtain
(24) Vz(1 — aft) gz — Yobuge = a(a — p)ge + ¥:bgs + c.

We solve (24) together with its conjugate as a system of two equations with
the two unknowns 9z and gc. By ellipticity it has a unique solution. In
particular,

&

(a — p)(1 —ap) + [b*p

25 =
) 1 — [l

<Y
Il

<

z

The equation a = 0 turns into a quadratic equation on pu of the form
(26) ap? — (1+ |af* = [b*)pu+a=0.

Due to |a| + |b| < 1, the equation has two distinct solutions p1, o, |p1 2] =
1. We chose p = 1, the one with smaller modulus. (If a(z) =0 at some
z, then p1(2) =0, pa(z) = 00.) It is easy to see p € C** and ||plle < 1.
Hence, the homeomorphism 1) € C*+1:% the new coefficients in (23) are in
C*® and @ = 0. O

Slightly changing notation, we now consider the equation

(27) fz=A(Z)fz+0b(2).

Here for the sake of generality, f and b are m-vectors and A is a m X m
matrix, m > 1. To complete the proof of Theorem 7.1 we need the following
result only in the case Q2 =D, fy = 0.

Theorem 7.4. Let Q C C be a simply connected domain of class CF+1e,
k>0,0<a<l1. Let A;be CH(Q), fo € CF12(bQ), ||Alloo < 1. Then the
Equation (27) with boundary condition Re f|pq = fo has a unique solution in
the Sobolev class WY2(Q). This solution f € C*1(Q), and for fired A the
map (b, fo) — f is a bounded operator C**(Q) x C*+1La(bQ) — CFL(Q).

Proof. By Lemma 7.2 it suffices to prove the result for Q =D and fy = 0.
For f € W12(D), the Equation (27) with boundary conditions Re f|yn = 0
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is equivalent to

(28) f=Ti(Afz+b).

If this equation has a solution in W12(ID), then u = f, satisfies the equation
u=S1(Au+0b).

The latter by Proposition 6.2 has a unique solution u € L?(ID). This solution
is in C*%(D). Then f := Ti(Au + b) € C*¥T1.%(D) satisfies (28) because f, =
S1(Au +b) = u. O

8. Inverting f — f — T'(af. + bf.) in Lipschitz spaces
Let Q@ C C be a bounded domain. We consider the integral equation
f=T(af.+bfz) +e

here a, b, and ¢ are given functions in 2, f is unknown, and 7" = Tg. Solving
this equation may be regarded as inverting the operator f — f—T(af, +
bf-). Note that the solution satisfies the boundary condition K f = K¢ be-
cause K'T' = 0, here K = Kq is the Cauchy type integral. To make the prob-
lem look similar to the one in the previous section, we again consider the
equation

(29) fe=a(2)f: +0(2) fz + c(2)

with boundary condition K f = K fj for a given function fy on 2. Our main
result in the scalar case is the following.

Theorem 8.1. Let Q C C be a domain of class C’k“’a, Ek>0,0<a<l.
Let a,b,c € CH*(Q), fo € CKTL(bQ), |a| + |b] < ag < 1, for some constant
ag. Then the scalar equation (29) with boundary condition K f = K fy has a
unique solution in the Sobolev class WH2(Q). This solution f € CkT1(Q),
and for fized a and b, the map (c, fo) — f is a bounded operator C**(£2) x
Ck+1,cx(bQ) — Ck+1’a(ﬂ).

We again begin with reductions. Note that €2 need not be simply con-
nected, so instead of the unit disc, we reduce to a domain of class C'°.

Lemma 8.2. [t suffices to prove Theorem 8.1 for fo = 0 and Q) of class C*°.
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Proof. To deduce to K f =0, we replace f by f— K fy. To reduce to a
C*°-smooth domain €2y we again introduce a new independent variable ( =
Y(2) by a CF1e diffeomorphism 1) : Q@ — Qg. To preserve the boundary
condition K f = 0, we first choose a conformal map 3 : C\ Q — C\ Qq, and
then extend it C**1“smoothly to €. (This procedure, however, will not
preserve the conditions a = 0 or b = 0 if they take place.) O

In contrast to the proof of Theorem 7.1, the reduction to a = 0 is not
straightforward because a Beltrami homeomorphism (22) does not preserve
the boundary condition. Furthermore, the derivative of ¢ enters the bound-
ary condition resulting in a loss of one derivative. We reduce to the case, in
which «a is small.

Lemma 8.3. Under assumptions of Theorem 8.1, let fo =0 and let € be
C*°-smooth. Let € > 0. There exists a C* diffeomorphism 1 : C — C that
transforms the Equation (29) in Q into the Equation (23) in Qy = (),
in which ||a||cre < €. The boundary condition Kqof =0 transforms into
Kq,9=Jg, here g= fou™! and J: L?(b) — C>®(bS) is a smoothing
operator. Moreover, ||1| cr+1.« is bounded by a constant independent of €.

Proof. Let C*°-smooth functions ag and by be close to ag and by in C*(Q).
We find 1 by solving (26) using ag and by instead of a and b. We assume that
1o is extended to the whole plane. Following the proof of Lemma 7.3 we make
a substitution by a global Beltrami homeomorphism of the Equation (22)
with po instead of p. If ag and by are sufficiently close to a and b, then
by (25) the coefficient @ in (23), satisfies ||a|cr.« < €.

We now find out how the substitution affects the boundary condition
Kqf = 0. Let p be a defining function of b{)y with dp # 0 in a neighborhood
of b€dg. Then on b€y we have pcd¢ + pzdz = 0. Let (p € Qg be sufficiently
close to Q. With some abuse of notation we write z(¢) = ¥ ~1(¢), z = 2((),
20 = 2(¢p), etc. We have

1 f(z)dz 1/ 9(¢) (zcd¢ + ZZdZ)
b

0= K = =
af(z0) 21 Jyo 2 — 20 2mi

= Kayg(Go) — T9(Go).
1 1 2= g Pt
Tg(Go) = = /b ) 9(C) dC.

Z — 20

27 C—Co_ Z— 20
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To understand the last integral we introduce
P(C, Co) = 2(¢) — 2(¢o) — 2 (Q)(¢ = Co) — 2(C)(¢ — Co),
P(C, o) = p(¢) — p(Co) — pc(C)(C = o) = pe(€)(¢ = Co)-

We will use the last formula for ¢ € b, so we will have p(¢) = 0. Then
J = Ji + Js, here

1 (¢, Co) — Pglzng(g o)
hglo) = 2mi /bQD (¢ —<o)(z = 20)

_p(&) [ Pe 7O de
P9l0) = =5 /m C—Co)(z —20)

Since ®(C, ) = O(IC - Gol?) and 6(C, o) = O(C — Gof2), the kernel of the
integral Jy is C°°-smooth. Hence J; is a smoothing operator. The integral
Jo reduces to the integral K3 introduced in the proof of Lemma 3.2 by (10).
Since g € C*(Qg) € C*(p), the argument in the proof of that lemma im-
plies J2g(Co) = O(|p(Co)|*). This estimate means that Jog has zero boundary
values on b§2y, and J reduces to the smoothing operator .J;.

Finally, the C**1% norm of ¢ depends only on C*“ norm of ug (see
[2, 13]), which in turn depends only on C*® norms of a and b, hence the last
assertion in the lemma will hold automatically. The lemma is proved. O

We again state a special case of Theorem 8.1 in a vector from. Slightly
changing notation, we now consider the equation

(30) fz = A1(2) fo + Aa(2) fz + b(2).

Here f and b are m-vectors and A; and Ay are m x m matrices, m > 1. To
complete the proof of Theorem 8.1 it suffices to prove the following result.

Theorem 8.4. Let Q C C be a C*®-smooth domain. Let Ay, b€ CH(Q),
k>0, 0<a<]1. Suppose ||Az2|loc < 1. Then there exists € >0 such that
if Ay € CF*(Q) and [|A1llcraq) <€ then for every fo € CEFTH(bSY), the
Equation (30) with boundary condition Kqf = Kqfo has a unique solution
in the Sobolev class W12(Q). This solution f € C*+1(Q), and for fired A
and Az, the map (b, fo) = f is a bounded operator C**(Q) x Ck+L(bQ) —
Ck-i—l,a(Q)‘

Proof. By Lemma 8.2 we assume fy = 0. Let T'=Tg and S = Sq. For f €
W12(Q), the Equation (30) with boundary conditions Kq f = 0 is equivalent
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to

(31) f=T(As(2)f- + As(2)F= +b).

If this equation has a solution in W12(€2), then u = f, satisfies the equation
(32) u=S(Aju+ Ayt +b).

If Ay is small, then of course (32) has a unique solution u € L?(Q2). By the
proof of Proposition 6.1 the Equation (32) implies

u=Mu+ NS(Aju—+b).

Since the operator N S is bounded in C*% (), we choose 0 < € < ||NS||6%,Q(Q).
Then if [|A1][cre(g) <€ then (I — NSA;)~! is bounded in C**(Q) and
L?(2), and

w= Mu+Nb, M =(I-NSA) M, N =(I-NSA) 'NS.

By bootstrapping u € C**(Q). Then f := T(Aju+ Ao+ b) € CF1e(Q)
satisfies (30) because f, = S(Aju+ Asu+b) = u. O

Proof of Theorem 8.1. There is a unique solution f € W12(Q) of (29)
with Kqf = 0. Indeed, as we argued before, since |a| + [b] < ag < 1, there is
aunique u € L?() satisfying u = S(au + bu + ¢). Then f = T'(au + bu + c).
By Lemma 8.3, after the substitution ¢ = 1(z), the function g = f o ~!
satisfies (23) with small ||a|/cr+1.0 and Ko g = Jg. Since Kqf = 0, of course
Jg is holomorphic. Since Jg is C°°, by Theorem 8.4 we have g € C*t1.2(Qy).
Hence f € CF+he(Q). O

In conclusion we point out that Theorem 8.4 answers a question raised in
[4]. Let A be a m x m matrix function of class C¥*(Q), k > 0,0 < a < 1, in
a C'*°-smooth bounded domain Q C C, ||Al|s < 1, m > 2. The question from
[4] (Problem B) reduces to asking whether the operator f +— f — To(Adf)
has a bounded inverse in C*¥T1:%(Q). The affirmative answer is given by
Theorem 8.4 with Ay = 0, As = A. The authors also raise a similar question
(Problem A) for the operator f — f —Tq(AJf). However, in this paper we
are able to treat this question only in the scalar case (Theorem 8.1).
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