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A representation-theoretic proof of the
branching rule for Macdonald polynomials

Y1 SuN

We give a new representation-theoretic proof of the branching rule
for Macdonald polynomials using the Etingof-Kirillov Jr. expres-
sion for Macdonald polynomials as traces of intertwiners of U, (gl,,)
given in [11]. In the Gelfand-Tsetlin basis, we show that diagonal
matrix elements of such intertwiners are given by application of
Macdonald’s operators to a simple kernel. An essential ingredi-
ent in the proof is a map between spherical parts of double affine
Hecke algebras of different ranks based upon the Dunkl-Kasatani
conjecture of [8, 9, 13, 20].
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1. Introduction

The Macdonald polynomials Py(z;q,t) are a two-parameter family of sym-
metric functions indexed by partitions A which form an orthogonal basis for
the ring of symmetric functions with respect to a (g, t)-deformation of the
standard inner product. They were originally introduced by Macdonald (see
[21]) as a generalization of many known families of special functions, includ-
ing Schur functions, Jack and Hall-Littlewood polynomials, and Heckman-
Opdam hypergeometric functions. Macdonald proved a branching rule for
the P\(x;q,t) and conjectured three additional symmetry, evaluation, and
norm identities collectively known as Macdonald’s conjectures. These con-
jectures were proven by Cherednik using techniques from double affine Hecke
algebras in [6]. Etingof and Kirillov Jr. realized the Macdonald polynomials
in [11] in terms of traces of intertwiners of the quantum group Uy (gl,,); using
this interpretation, they gave new proofs of Macdonald’s conjectures in [12].

The purpose of this paper is to give a representation-theoretic proof
and interpretation of Macdonald’s branching rule from the perspective of
quantum groups. We give a new expression for diagonal matrix elements of
Uq,(gl,,)-intertwiners in the Gelfand-Tsetlin basis as the application of Mac-
donald’s difference operators to a simple kernel. We then show that the re-
sulting summation expression for Py(z;q,t) becomes Macdonald’s branching
rule after a summation by parts procedure. A key ingredient which is of in-
dependent interest is the construction of a map Res; between spherical parts
of double affine Hecke algebras of different ranks. Our construction makes
essential use of the Dunkl-Kasatani conjecture stated in [8, 20] and proven
in [9, 13] and is compatible with Cherednik’s SLy(Z)-action on spherical
DAHA.

In the remainder of the introduction, we summarize our motivations,
give precise statements of our results, and explain how they relate to other
recent work.

1.1. Macdonald polynomials

Let p = ("Tfl, ceey 177") and let e, denote the elementary symmetric polyno-
mial. For a partition ), the Macdonald polynomial Py(z;q?,t?) is the joint
polynomial eigenfunction with leading term 2* and eigenvalue e, (¢>*t??) of
the operators

t2x; — x;
r 2 42\ _ 4r(r—n) v J
Dn,az(q )=t E , I | i — Te2,1,
|I|=riel,j¢I
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where Tq2,[ = H
that we have

ier T and Tz i f (w1, .., ) = f(z1,...,¢%%;, ..., 1) sO

D'Z,x(q27t2)P)\(x; q21 t2) = er(qut2p)P)\(x; q27t2)'

Note that our normalization of D, ,(¢% ¢*) differs from that of [21]. An
integral signature A is a sequence A = (Ay,...,\,) with \; — A\; € Z, and it
is dominant if A; > A\; 1. We extend the definition of Macdonald polynomials
to arbitrary signatures by setting

P(/\1+c,...,)\"+c)($;q27t2) = (w1 2n) Pr(w; 4%, 7).
We say that dominant integral signatures p = (u1 >+ > pp—1) and A =
(A1 > --- > \,) interlace if
AM > > Ao > 2> 1 > Ay

Denote interlacing by u < A and write |A| = >, A, A Gelfand-Tsetlin pat-
tern subordinate to A is an interlacing sequence

p={ cgen = {pt < g2 << p <t = A

ending in \. Define the g-Pochhammer symbol by

(s q)o0 = [] (1 = ug?™).

n>0

In [21], Macdonald showed that Py(z;q,t) satisfies the following branch-
ing rule, which yields an explicit summation expression for Py(x;q,t) over
Gelfand-Tsetlin patterns subordinate to .

Theorem 1.1 ([21, V1.7.13’]). The Macdonald polynomials satisfy the
branching rule

P)\(.%'l,...,xn;q, Zw/\/,u q? xl?"'axn—l;qut)xk\‘iluh
B=A

where the branching coefficient is

g pj g —i+1. Ai= X —it1.

¢A/M(Q7t) = H Eq —piA14g—i
(
(q

o \q™
q)\ —Ajr1tlgi—i.

7 ) o0

1<i<<(p

/J‘J+1t-] i. q J+1+1t] i.

qa 1 q )

i
Ai—pii—it+1. q

?

7

qti— Aj+1gi—i+1. q

Y [e.o]

q)oo q)
7)00( ’)00
@)oo ( q)
oo )
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Corollary 1.2. The Macdonald polynomials admit the summation formula

CCTURIND VI | (PR | e
i=1

pl=<e<pn—l<pr=Xi=1

1.2. The quantum group Ug(gl,,)

For a generic value of ¢*/2, let U,(gl,,) be the associative algebra with gen-

hi . .
erators e;, fi fori=1,...,n—1 and ¢* = fori=1,...,n and relations
by _hi 1 hi _hq 1
q2¢€q 2 =(q2¢, q2¢€i—19 2 =q 2€i—1,
Rio, kg 1 By ki 1
g2 fig 2 =q 2 fi g2 fic1q 2 =q2 fi,

eiej — (a+q~)eieje; + ejef =0,
o= (Ha OV ififi+ fiff =0 for li—j| =1.

We take the coproduct on U,(gl,,) defined by

hip1—h; hi—hiiq

Ale;)) =€, ®q 2 +q 2 ®e

hit1—hq hi—hit
Alfi)=fiwqa = +q¢ = ®f;
[ hy hy

Algz)=q2 ®q>.

Denote the subalgebra generated by f; and q% by Uq(b_). For each r <
n, the subalgebra generated by e1,...,e.—1, f1,..., fr—1, and thl, . ,q%r
forms a copy of U,(gl,) within U,(gl,). Finally, we denote the finite di-
mensional irreducible Ug(gl,,)-representation corresponding to a dominant
integral signature A\ by L.

1.3. Etingof-Kirillov Jr. approach to Macdonald polynomials

Etingof and Kirillov Jr. gave an interpretation of Macdonald polynomials
via representation-valued traces of Uy(gl,) in [11]. Let Wj_; denote the
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Uq(gl,,)-representation

Lk 1) (1) (b-1)....—(h—1)) = Sym*=D(C™) @ (det) =71,

and choose an isomorphism Wj_1[0] ~ C - wi_q for some wg_1 € Wi_1][0]
which spans the 1-dimensional zero weight space Wj_1[0]. Define the weight
Pn = (”T_l, cees I_T”) Writing p for p,,, for a signature \, there exists a unique

intertwiner
DNt Ly k—1)p = Lag(k—1)p @ Wi—1

normalized to send the highest weight vector vy, (x—1), in Ly;(x—1), t0
Urt(k—1)p @ Wr—1 + (lower order terms),

where (lower order terms) denotes terms of weight lower than A + (k —1)p
in the first tensor coordinate. Traces of these intertwiners lie in Wj_1[0] =
C - w1 and yield Macdonald polynomials when interpreted as scalar func-
tions via the identification wy_; — 1. Write 2" for 2 = x}l“ e :L‘Z", where in
any U, (gl,)-representation we interpret xf as acting on the p weight space

by 24"

Theorem 1.3 ([11, Theorem 1]). The Macdonald polynomial Pj(z;
q?, %) is given by
Tr(4ah)

L2 2kN
P/\(x,q » q )_ Tr(q)gxh)

Proposition 1.4 ([11, Main Lemma]). On L(;_;),, the trace may be
expressed explicitly as

ECSNCES)
Te(@fa") = (21 zn) HH zi — q*x;).

s=11i<yj

Remark. Our notation for Macdonald polynomials is related to that of
[11] via PEE (25q,t) = Py(x; 42, t2).

1.4. Gelfand-Tsetlin basis

The representation Ly of Uy(gl,) admits a basis {v,} indexed by Gelfand-
Tsetlin patterns p subordinate to A\. The weight of a basis vector v, is

wi(oa) = ("] = 1", L] = Lt D).
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It was shown in [28] that these basis vectors may be expressed in terms of
lowering operators d,.; in Ug(gl,.) N Uy(b_) C Uy(gl,,) applied to the highest
weight vector vy. More precisely, we have the following.

Proposition 1.5 ([28, Theorem 2.9]). There exist lowering operators
dri € Uy(gl,) NUy(b_) so that the Gelfand-Tsetlin basis vectors are given
by

n—1

1 2 1
I | | N S
Up = dy dy dy, Ux,
where d = d; - - - dy, for a partition 7.

1.5. Statement of the main results

Computing the trace of U, (gl,)-intertwiners in Theorem 1.3 in the Gelfand-
Tsetlin basis of L, (,—1), yields an expression for P (x; ¢?,t?) as a summa-
tion over Gelfand-Tsetlin patterns subordinate to A + (k — 1)p. Our main
result shows that diagonal matrix elements of these intertwiners are given
by application of Macdonald’s operators to a simple kernel.

Theorem 4.4. In the Gelfand-Tsetlin basis, the diagonal matrix element
of ¥ on the basis vector corresponding to the Gelfand-Tsetlin pattern

{ol < <" <A+ (k—1)p}

with of = p; + (k — 1)™L=2 for all [ is given by

k—1
< HDn—l,qQﬂ(QQGS g2, 2=
a=1

LT = 1 4+ %G = Dker [ Ll = X+ 5G =)+, — 2]k—1>

i<j 1<j
[Tl = s+ kG — i)+ k= 102 T — A+ kG —4) — 10,
i<j 1<j
where i; = pi; — k(i — 1), [m] = =2, [mly = [m]--- [m — k + 1], and
n—1
Dpygon (%, 82) = > (=10 D) ea (6P, 87).
r=0

Using Theorem 4.4, we give a new representation-theoretic proof of Mac-
donald’s branching rule.
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Theorem 5.1. At t = ¢* for positive integer k, we have

P)\('Tla ey Ty q27 q2k) = Z x‘rN_l“lPM(Ila ey Tp—1; q2’ q2k)¢>\/p(q27 q2k)

H=A
with
Uy/u(@® ) = HigiDo —pi + FG = i) + k= 1k
S Higj[ﬂi—ﬂj“‘k(j_i)‘i'k_1]k—1
[Licjlpi = Aj + k(G — 1) — 11
[Tic;IN = A + (G —8) — 1k

Remark. This formulation is equivalent to that of Theorem 1.1. To see
this, note that for each A and p the branching coefficients ¢y /,(q,t) are
rational functions in ¢ and ¢ and are therefore uniquely determined by their
values at (¢2, ¢**) for all positive integers k.

Remark. Theorem 1.3 gives Py(z;q?, ¢**) as a summation over Gelfand-
Tsetlin patterns subordinate to A + (k — 1)p and Macdonald’s branching
rule gives it as a summation over Gelfand-Tsetlin patterns subordinate to
A. Our result explains how these summations over different index sets are
related.

1.6. Maps between spherical DAHA’s of different rank

Denote by H,(q,t) and eH,(q,t)e the double affine Hecke algebra of GL,,
and its spherical part (see Section 3 for precise definitions). An essential
ingredient in our proof is a map

Resl(qz) : e?—[nl(q_m, qQ)e — e?—ln(q_Q, qu)e

between spherical DAHA’s of different ranks which results from the Dunkl-
Kasatani conjecture of [8, 9, 13, 20]. We show in Theorem 3.7 and Corol-
lary 3.8 that Res;(¢?) commutes with Cherednik’s SLo(Z)-action on DAHA
and that it intertwines the map Res;(¢?) : C[(X#)™]% — C[X]% of spher-
ical polynomial representations given by

Res;(¢?) : X¢ s 2U-H20) x,

Remark. Such maps were considered in the rational limit in [5], [17, The-
orem 7.11], and [27].
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1.7. Degenerations of our results and connections to recent work

Considering our results under the many degenerations of Macdonald polyno-
mials to other special functions yields some connections to recent literature
and some interpretations of independent interest. In this section, we discuss
the Heckman-Opdam, Jack, and Hall-Littlewood limits and a generalization
to the Macdonald functions of [14].

e In the quasi-classical limit ¢ = e%, t = ¢*, A = |[e7'A|, = = ¥, and
€ — 0, the Macdonald polynomials become the Heckman-Opdam hy-
pergeometric functions introduced in [18, 19, 23, 24]. These functions
were recently realized as integrals over Gelfand-Tsetlin polytopes in [3]
by taking a scaling limit of Corollary 1.2. In [27], the expression of [3]
was lifted to an integral over dressing orbits of a Poisson-Lie group by
integration over the Liouville tori and an adjunction procedure involv-
ing Calogero-Sutherland Hamiltonians. The techniques of this paper
degenerate to the techniques used in [27] under the degeneration from
Macdonald-Ruijsenaars to Calogero-Sutherland integrable systems.

e The Jack polynomials are a scaling limit of Macdonald polynomials
under the specialization t = ¢* and the limit ¢ — 1 and have a similar
branching rule. They were given in [10] as traces of intertwiners of
U(gl,)-modules using a degeneration of the Etingof-Kirillov Jr. con-
struction, under which our methods degenerate to a representation-
theoretic proof of the Jack branching rule.

e In the specialization ¢ = 0, the Macdonald polynomials become the
Hall-Littlewood polynomials. In [29], a summation expression was given
for matrix elements of the Ug(gl,)-intertwiners ®% in the Gelfand-
Tsetlin basis; this expression factors and becomes particularly simple
in the Hall-Littlewood limit. In the notation of [29], Qg/,(¢?, ¢**) can
be non-zero only if p; < 5; < u; + (k — 1), meaning that the prelimit
expression of [29, Theorem 1.3] is a sum over an index set similar
to that which appears in Proposition 4.3. It would be interesting to
understand if the factorization which results from degenerating [29,
Theorem 1.3] may be obtained by degenerating our Theorem 4.4.

e Replacing the finite dimensional module Ly (;_1), by the Verma mod-
ule M), in the Etingof-Kirillov Jr. construction yields the Macdonald
functions of [14]. In particular, for a (possibly non-integral) A, for the
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normalization factor

k—1
o) = [T T - a 2020

a=11i<j
and U \ My — My ® Wi_1 the unique intertwiner so that
Uy (vy) = vx @ Xi_1(N)wp_1 + (lower order terms),

the Macdonald function is the joint eigenfunction of the Dy . (q2,¢*%)
given by

q2(l€—1)(p,)\—p)Tr(CI;/\7pxh)
HZ<] Ha 1(q 6 Zi _‘rJ)/2 — q_ae(xj_wi)/2)

Note that our notation is related to that of [14] by the substitution
kv~ k+ 1. For a dominant integral signature A\ and 7 a dominant
weight in the root lattice, if \; — A\j;1 > [ for some [ > 0, the quotient
map M)y — L) is an isomorphism in the (A — 7)-weight space. The fact
from [14] that the branching coefficient for Macdonald functions is a
rational function in ¢ and ¢/ therefore implies the branching rule

QO()\7 .T) - Z o Z {/;l)f/,u(QZ)gp(lu’a Llye-- 7xn—1)€mn(|)\‘7|'ul)

H1EN —Z>0 Pn—1€EAn_1—ZL>0

e\, x) =

with branching coefficient given by

- o - - B A
B8 (%) = g~ DRE=D 2201 (p A=) (o p) ) Xi—1( ;% oo/t (@ )

~1(p
— (q— g HE=Do- 1)Hz<J[ — A +]_Z k-1
[Licjlii =y +3 —i— 1k
Higj[)"*ﬂjﬁLk*l]k 1Hi<j[ﬂi*)\ — 11
[Licilmi = pg + k= g TLic [N = A — -1

Our techniques apply to this setting. For any M > 0, there is some
[ > 0so that if |7| < M and A\; — Aj11 > [, the matrix elements of U)_,
on the Gelfand-Tsetlin basis elements of M)_, of weight A —p —7
coincide with those of xx—1(A)®Y_,. As shown in [14], the matrix
elements are rational functions, hence coincide with the expression of
Theorem 4.4 for all (possibly non-integral) A. Applying a adjunction
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argument similar to that of the polynomial case yields the branching
rule for Macdonald functions.

1.8. Outline of method and organization

We briefly outline our method. Our main technical result is Theorem 3.7,
which constructs and characterizes a map Res;(¢?) between spherical
DAHA’s of rank nl and n. We use Theorem 3.7 to relate Macdonald dif-
ference operators in n variables at t = ¢! to Macdonald difference operators
in nl variables at t = ¢'/". Combining this with an explicit summation ex-
pression for Uy (gl,,) matrix elements given in [1], we obtain in Theorem 4.4
a new expression for diagonal U,(gl,,) matrix elements as the application of
Macdonald difference operators to an explicit kernel.

To obtain Macdonald’s branching rule, we interpret the Etingof-
Kirillov Jr. expression for the Macdonald polynomial Py (z; ¢%, ¢°) as a sum-
mation formula over Gelfand-Tsetlin patterns subordinate to A + (k — 1)p.
Applying Theorem 4.4, the symmetry identity, and summation by parts re-
duces this to the summation over Gelfand-Tsetlin patterns subordinate to
A found in the branching rule.

The remainder of this paper is organized as follows. In Section 2, we give
some necessary background on Macdonald polynomials and reformulate the
results in a convenient form. In Section 3, we define a map Res;(¢?) between
spherical double affine Hecke algebras of different rank and prove the key
Theorem 3.7 which allows us to compute the image of a certain Macdonald
operator in Lemma 3.10. In Section 4, we prove the main Theorem 4.4 on
matrix elements of Uy (gl,, )-intertwiners by applying the technique developed
in Section 3 and a formula from [1]. In Section 5, we put everything together
to derive a new proof of Macdonald’s branching rule. Section 6 contains some
technical manipulations of the result of [1] postponed from Section 4.

2. Quantum groups and Macdonald polynomials
2.1. Notations

We will frequently need to consider expressions involving a signature and
various shifts; we collect here the conventions we use to denote these. Set
Pni = ”T'H —dand 1= (1,...,1). For any set of indices I, let 1; denote the
vector with 1’s in those indices and 0’s elsewhere. Define p,, = p,, — ”T_ll
so that pni=—(—1) and pp—1; = pp,. For any signature A, define the

shifts \ = A+ (k —1)p and A = A\ + kp so that \; = \; — (k — 1)(i — 1) and
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i = \i — k(i — 1). Finally, denote by [a] = q;:q:f the g-number, [a]! = [a] -
[a — 1] - - - [1] the g-factorial, and [a],, = [a] - [a — 1] - - - [a — m + 1] the falling
g-factorial.

2.2. Macdonald symmetry identity

In this subsection, we state the Macdonald symmetry identity and use it to
produce conjugates of the Macdonald difference operators acting diagonally
on the Macdonald polynomials via their index.

Proposition 2.1 (Macdonald symmetry identity). We have

NN ARG —i) + k-1
P)\(q2u+2kp,q2’q2k) _ H [ J ( ) ]k

22+2kp. 2 q2k).
| 1 — R G — 1) + o — 1l |

P,U«(q )
i<j

We would like now to produce Macdonald operators acting on indices of
Macdonald polynomials. For this, we write D] _, g2 for Macdonald difference
operators acting on the variables ¢%*.

Proposition 2.2. The operator
Dy gon (¢*,¢*) = H[ﬂz —fij+k =1k o Dy_y son (4%, ¢*%)
i<j

o [Tl — i + & — 11!

i<j

satisfies

5 S OTI (1 — i + Kl — iy =k + 1
D:Lfl,qm(qzquﬂ - : [aj_ = Hf _ j + 1] Tq271
|I|=ri€l,j¢l,i>j i = Myl =

and
Dy (@ ) Pu(@; 2, ¢*) = er(2) Pu(z; %, ).

Proof. The expression for 152_1 o (¢2,¢*) follows by direct computation,
and the eigenvalue identity from the Macdonald symmetry identity. [l

2.3. Adjoints of Macdonald difference operators

We would like now to consider adjoints of Macdonald operators with respect
to a Jackson-type inner product. Fix lower and upper limits ¢ = (¢,¢™)
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with ¢~ = (¢,...,¢, ), ¢t =(¢, ..., ¢ ), and ¢ — ¢ € Z>p. Define
the inner product

Z f 2u Q;L

w=¢~

where we define the iterated summation symbol by

(2.1) Z Z ' Z
p=q- =¢; Hn—1= Cn—l
We will consider situations where g vanishes along a border of the region of

summation. In particular, we say that the function g(¢**) is ((,1)-adapted
if g(¢**) = 0 on the set

{ul ¢ <pi < ¢ +lor ¢ —1< p < for any i}

We now characterize adjoints with respect to (, )¢ when applied to an (¢, 1)-
adapted function.

Proposition 2.3. If f(¢**) is (¢,l)-adapted, we have for any g that

<HD;‘+iq2“ qa, q )Tf,g> <f,HDn 1,q27 q q )g> ,
(C—,¢t+i1) ¢
where

D:L—l,qQﬁ(q27 M)t = H[ﬂz — i+ k— 1]1;_11

1<j

o Dy g2 (q7%, ) H[ﬂz —fj k=1
i<j

Proof. First, we check by a direct computation that

N + &k — ][ — jij — k]
D' an(g?, %) = i — 7 Ty
n-1q2(4°,47") Z , H . [ — iy — Ul — i) o
[I|=ricl,j¢li>j
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Now, for any subset of indices I, we have

Ct+1r
(2.2) <fTug<—Zf Mgty = 3" f(gP P ))g(g")
=% u=C~+1y

= <Tf17271f7 g)((’+117C++11)'

Using this, we induct on [. For [ = 1, we have

<l~)’2—1»q2"‘ (a”, q2k)Tf’g>(<* ¢H1)
<++1 k._ —k‘
=Y > I PRt b g

— —1
u=C= |I|=riel,j¢l,i>j ['u 'uJ HM My]

C+
= Z Z f(qzu)Tq I

‘I|:7"/‘:<_*11
H [ — pij + k — ][ — py — K] g(qQ(“ﬂ’))
weryitisy A= Ul = )
¢r _ _ _ _
R e
_ Z Z f(qQM) H [/L _ﬂ] _ ]['L_L ,L_L] : ]g(qQ(u—i—lI))
i weriirisy P AgllA = A+

= <f, Dy gor (7, q2’“)g>< :

where the second equality follows from (2.2), the third follows because f is
(¢, 1)-adapted, and the last equality follows from Proposition 2.2. Now sup-
pose the claim holds for I — 1. If f is (¢, 1)-adapted, then D;* 1.g2 (2, )T f

is ((7,¢T + 1,1 — 1)-adapted, so we have by applying the cases of [ — 1 and

then 1 that
<H Dy (@ d )Tf7g>
(QQE Y
<Dn1 1qm(q )y, 1_[1):#11 i 7, q )g>
(€7t +1)

l
= <fv H D;ifl,q‘lﬂ (q27 q2k)g> .
¢

i=1
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2.4. Reformulating the Etingof-Kirillov Jr. construction

In this subsection we shift the weights of the representations used in the
Etingof-Kirillov Jr. construction to make restriction from U,(gl,,) to Uy (gl,,_1)
more notationally convenient. For a partition A, define the intertwiner

S Lyyk—1)5 = Layk—1)5 ® W1

to be ;I;?\ =dY ®id _k.-1n-1 . We now rephrase Theorem 1.3 in terms of
2

(det)

the intertwiners CTDS\L
Corollary 2.4. The Macdonald polynomial Py(x;q?, ¢**) is given by

T ;Iv)n h
Pr(w;¢%, ¢**) = 7r(~wh)-
Tr(®ga")

Proof. This follows from Theorem 1.3 and the relation
(k=1 (n=1)

Tr(®ha") = Tr(@ha") (z1 - a) ™ 2 . -

Corollary 2.5. The denominator in Corollary 2.4 is given by

Tr(@fa") = (21 ) ’“"”HH zi = q*';).

s=11i<yj

Proof. This follows from Proposition 1.4 and the definition of EIVDBL O

3. Spherical subalgebras of double affine Hecke algebras
of different ranks

3.1. Double affine Hecke algebras

Let #H,(q,t) denote the double affine Hecke algebra (DAHA) of GL,, defined
by [6]. Following [25], it is defined as the associative algebra generated by
invertible elements de, . ,Xﬁfl, Ylﬂ, ..., Y and Tlﬂ, ... ,Tn{ll subject
to the relations

o (T, —t'2)(T; +t7V2) = 0, TiT1Ti = Ty Ty Ti41, (T3, T;) = 0 for |i —
il #1;
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o T,X,T, = X;1, T, 'YiT7 ' =Yy, and [T, X;] = [13,Y;] = 0 for |i —
jl>1

o [X;, X;]=0; [Vi,V;]=0; VX1 X, =¢X1--XpV1; X{'Vo=
Yo XT3

Note that {7} } generate a copy of the finite-type Hecke algebra, and {73, X}
and {7},Y;} generate copies of the affine Hecke algebra. For o = s;, - - - 55, a
reduced decomposition in S, let T,, =T;, - - - T;,. Define the idempotent

1

_ @@=y (0)/2
e= @0 ; t T,.

The spherical DAHA is defined to be the subalgebra eH,(q,t)e. From the
results of [2, 4, 25, 26] surveyed in [22] on maps between the Drinfeld double
of the elliptic Hall algebra and the spherical DAHA, we may extract the
following small set of generators.

Lemma 3.1 ([22, Section 2.4]). Let pi(X)=X;+---+ X, and
p1(X) =X 4+~ + X1, and define pi(Y) and p_1(Y) similarly. The

n

elements ep1(Y)e, ep_1(Y)e, ep1(X)e, and ep_1(X)e generate eH,(q, t)e.

3.2. Polynomial representation of DAHA and
Macdonald operators

The double affine Hecke algebra admits a faithful representation p on
C[XTY, ..., X;F'] given by

p(Xi) = Xi - —

/2 _ p-1/2

(s — 1)

Xi/Xiy1—1

p(Y:) = p(Ti) -+ p(Tn1)sn—1- 1Ty x, p(T7 1) -+ p(T;2}),

p(Ty) = t'2s; +

where X; - — denotes multiplication by Xj;, s; exchanges X; and X;;; and
Ty x, is the g-shift operator in X;. The action of elements of eH,(q,t)e on
the symmetric part of the polynomial representation yields the Macdonald
operators.
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Proposition 3.2. The action of e-e.(Y1,...,Y,) e restricted to
(C[Xlil, ..., X;H]) is given by Macdonald’s operator

ple-er(Y1,...,Yn) - €) = pler(Y1,....Yn)) = D;, x (g, 1).
In particular, for any n-variable symmetric polynomial f, the operator
L= f(Y1,...,Yn)
is diagonalized on Py(X;q,t) with eigenvalue f(gt?).

Proposition 3.3. When restricted to C[X{',..., X;F1]5 the action of
e-p1 (Y1) -eis given by

n
— — _n—1 tr;, —x;
DZ,Xl((Lt) ODZ,X(qﬂt) ! - 2 ZH#Tq*,ﬁ
; K]
Proof. This follows from the fact that ep;(Y e =-¢e-e, 1(Y)e (Y1) e

and Proposition 3.2. O

Remark. By faithfulness, we will refer interchangeably to elements of the
DAHA and spherical DAHA and their images under the polynomial repre-
sentation in what follows.

3.3. SLy(Z)-action on DAHA
Define £(q,t) : Hn(q,t) — Hn(g~ ', t71) by
e(q,t): Xi = Y, Vi Xy, Ty T g g s t7]
and 71 (q,t) : Hp(q,t) = Hn(g,t) by
T X X T T Y Yo e ¢ 72X XY Y
These are algebra isomorphisms. Define also the composition 7 = e7 €.

Proposition 3.4 ([7, Section 3.2.2]). The map

Loy, AN
11 7= 0 1 T+

defines an action of SLo(Z) on H,,(q,t) which preserves eH,,(q,t)e.
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The action of 74 in the polynomial representation is realized via conju-
gation by the Gaussian

() = ¢>= /2,

T _

where ¢ X;. Here, we view 7,(¢q) as an element in the completion of
Hn(q,t) by degree of X.

Proposition 3.5 ([7, Section 3.7]). When evaluated in the polynomial
representation, the action of 71 on H, (g, t) is given by conjugation by v,(q).
That is, we have the equality

p(74(f)) = (@) p(f)m(a) "

3.4. Multiwheel condition and the restriction map

Following the generalization in [20] of the original wheel condition of [15, 16],
we say that (X),..., X!=1) € C" satisfies the multiwheel condition if the
indices may be permuted so that

XZ-C‘:X?t‘“1 forl<i<nand0<a<[-—1.
Define the ideal I,,;(t) C C[(X#)*!] by
I(t) ={f | f(X)=0if X satisfy the multiwheel condition}.
In [20], this ideal was characterized as a H,;(q, t)-submodule.

Proposition 3.6 ([20, Theorem 6.3] and [13, Theorem 5.10]). The
subspace I,,;(t) C C[(X#)*!] is a Hpi(g,t)-submodule and C[(X)*1] /L, (t)
is irreducible.

Remark. Along with some finer statements about the structure of I,;;(t)
and other submodules defined by similar multiwheel conditions, Proposi-
tion 3.6 was conjectured in [20, Conjecture 6.4] and in the rational limit
in [8]. These statements are known as the Dunkl-Kasatani conjecture and
were later proven in [9] for generic values of parameters and for all values of
parameters in [13, Theorem 5.10].
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Define the map Res;(¢?) : C[(X¢)*]% — C[X;]% by
ReSl(QQ)(Xg) — q171+2aXi.

The kernel of Res;(¢?) is I fll (¢?), so Res;(¢?) induces by Proposition 3.6 an
action of eH,;(¢~%, ¢%)e on (C[Xiil]sn, giving a map

Resi(¢%) : eHn(g %, ¢*)e — End(C[X1)5).
We claim that this map factors through the polynomial representation
eMn(q 2, ¢*)e — End(C[X %)
via a map of algebras Res;(¢?) : eHni(q~ %, ¢*)e = eHn(q7 2, ¢%)e.

Theorem 3.7. The map Res;(¢?) : eHni(q~ %, ¢*)e = eHn(q2, ¢*)e defined

by
Resl(qQ)(ep(Xf)e) = ep(ql_le, . ,ql_le, o ,ql_an, o ,ql_an)e and
Resl(qQ)(ep(Y;“)e) = ep(ql_lYl, A ql_lYl, .. ,ql_lYn, R ql_lYn)e

for p € C[(X#)*]% is well defined and satisfies

Snt we have

(a) for any h € eH(q~%, ¢%)e, as operators on C[(X#)*!]
Res;(¢?) o h = Res;(h) o Res;(¢?);
(b) as operators on eH,; (¢~ %, ¢*)e, we have
Resi(q2) o (g™, ¢") = en(q ™%, 0™ o Resi(¢®);

(c) as operators on eH, (g%, ¢%)e, we have

Resl(qz) oTL =Ty o0 Resl(q2).



Representation-theoretic proof of the Macdonald branching rule 905

Proof. We first check that (a) holds on the generating set of Lemma 3.1.
This is evident for h € eC[(X®)*!]%e. For h = ep1(Y%)e, we compute

Resl<q2)Dan( l7q2>f(X1a"'7X’Vl)
n -1

b
1—ni Z H X - ¢ X;
=4 29X, — X,
i=1 a=0 (j,b)#(i,a) ‘ !
f(qlilX17 AR | qlilX:l? e 7q17l+2a72lX17 MR | qlian)
1 ol n H q2lXi . q2ij
q2l72Xi _ q2ij

=1 (4,b)#(i,l—1)

f( 1 le?' M '7q Xl)"'7q17lXi7' "7ql73Xi7q7171Xi7"'7ql71Xn)
n -2 2 22 2b— 2 2 2b—2

e q-( —q (¢ °Xi — ¢* X))
S e
i=1 b=0 J#1 b=0 ! J

Tq*Q,XReSz( ()X, .., Xn)

T n ¢ IX; — X;
:ql nligznijT 2xReSl( )f(Xla,Xn)

which shows that (a) holds for h = ep;(Y;*)e. A similar computation using
the expression of Proposition 3.3 yields (a) for h = epy((Y*)"!)e. We con-
clude that (a) holds for h in the generating set ep1 (X )e, ep1 (X ~1)e, ep1(Y)e,
ep1(Y ~1e. Therefore, the stated values of Res;(¢?) extend to a well-defined
map satisfying (a).

We now use (a) and the value of Res;(¢?) on the generators to prove
(b) and (c). For (b), by Lemma 3.1, it suffices to check on ep;(Y*!)e and
ep1(X*1)e. We give the computations for ep;(X)e and ep;(Y)e; the checks
for ep; (X ~1)e and ep; (Y ~1)e are analogous. For the first check, note that

Resi (¢ %) (emi(a ™, ¢*)(Dyy.x (%, %)) = Resi(¢ %) (p1,m (X))
=[] p1n(X), and
en(q % )Resy(@®) (D x (a7, ¢%) = enla %)) Dy x (a2, ¢*)
= [l] p1,n(X).
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For the second check, note that

Res; (¢ %) (eni(q™, ¢*) (1 (X)) = Resy(q~°

en(a™24*) (Resi(¢%) (p1(X7))) = enla™ 2 4*)

where we apply the fact from (a) that

Resi(q )Dan( 2 =11 Di,X(q_Q,qm)

with ¢ and ¢~! interchanged. This completes the proof of (b).

For (c), note that in H,(¢~%;¢?), we have
Resl(qQ)(q—ﬂig) _ Resl(qZ)(Xi“) _ Xiq2(1—l+2a) _ q—251+2(1—l+2a)'
This implies that

Resl (q2) ('Ynl (q_zl)) = Resl (q2) (q_l Zla(57)2)

= 2 E T Bl (20" o B (207 2y

which yields the desired by Proposition 3.5.
Finally, to obtain the claimed values on ep(Y )e for all p, we note by (b)
that

Res;(ep(Y;*)e)
= Res/(q )(5nl( 2a7?) (ep(X])e)
= en(q®, ¢ ") (Resi (¢~ ) (ep(X{)e))
en(d® q 2l)(ep(ql LD STV LD CTR Lt D G ,ql_an)e)
= ep(ql_lYl, YL Y, ,ql_lYn)e. 0

Corollary 3.8. The map Res;(¢?) commutes with the action of SLo(Z) on
the spherical DAHA.

Proof. By Theorem 3.7(bc) and the fact that the SLa(Z)-action is imple-
mented via e; and 7. O
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3.5. Extending the restriction map

In our application, we must extend the restriction map slightly. The assign-
ment

Res;(¢%) ((X#)1/?) = go=(=D/2 x 12

extends Res;(¢?) to an operator C[(X#)*1/2]5 — (C[X;/Q]S". If we identify

elements of the spherical DAHA with difference operators, they define valid
operators on the subspace

[T0xe 2 crxey=ys < elxey=v/2sy,

though they do not in general satisfy the spherical DAHA relations. We see
that Theorem 3.7(a) continues to hold in this setting.

Corollary 3.9. For h € eM(qg %, ¢*)e, as operators on [], ,(X#)'/?.

Cl(X#)*])5 we have
Res;(¢%) o h = Res;(h) o Resy(¢?).
Proof. We interpret both sides as operators

[Tz cleen)s - ] %, elx )

i,a i

and identify [, ,(X/)"2- C[(X#)*!)% with C[(X)*]* and [], X2
C[X % with C[X;"]%. For h € eC[(X{)*']e, both sides yield the map
of Theorem 3.7. For h = ep(Y*)e with p a degree r homogeneous symmetric
polynomial, both sides are equal to the map of Theorem 3.7 multiplied by
g !". Together, these give the claim. U

3.6. Computing Res;(g?) on a specific operator

Define the operator

(3.1) Dux(usq,t) =) (=1)""u"""D}, x(q,t).

r

Identify eH,;(¢~%, ¢%)e with its image under the polynomial representation;
in this identification, we now compute the image of a specific operator under
Resl.
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Lemma 3.10. We have the relation

Res;(¢°)(Dnt,x (45~ HDnX “qa% ¢,

Proof. Observe that

Dnl,X(u; q72l’q2) _ Z(_l)nlfrunlfrD;LX(qfﬂ7 q2)

T

= e(d®,q7%) Y ()" e (XY

r

= Enl(qm? q72) H(X’La - fb),

i,a

where @ = £,;(¢%, ¢~2)(u). Therefore, by Theorem 3.7(b) with ¢ and ¢!

interchanged we find that

Res;(¢*) Dy x (u; 42, ¢%)
= Resi(¢*)eni (™, ¢ 7?) H(Xia — 1)

2,0

= en(q®, ¢ ?)Resy(¢7%) [[(X¢ — u)

7,0

= en(@® ¢ [[(a> X —w)

2,0

-1
_ Sn(q2,q_2l) H <Z(_1)n—r(q2a—l+1u)n—rer(Xi))
a=0 r
-1
_ H (Z(_l)nr(qll2au)nr Z,X(QQ’QQZ)>
a=0 s

_ HDn,X( I—1— 2a7q 2,6]2[).

Setting u = ¢! implies the desired

Res;(¢*)(Dnix (¢ 54~ HDnX “qa% ).
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4. Computing diagonal matrix elements in the
Gelfand-Tsetlin basis

4.1. Factorization of matrix elements

For a choice of put,...,u" = A so that ph< e <t = X forms a Gelfand-
Tsetlin pattern subordinate to A, denote the pattern by gi. Let (g, A) denote
the diagonal matrix coefficient of vy in ®). For a signature pu < A, let the
pattern gt(u) be defined by

(4.1) gt(p)t = p; for I < n.

Define c(u, A) to be the diagonal matrix coefficient c(gt(s), A) of vg ) in D).

We show that ®, has non-zero diagonal matrix elements only on basis
vectors indexed by patterns of the form g and that these elements admit a
level-by-level factorization.

Lemma 4.1. If v, is not of the form vy, then v, has zero diagonal matrix
element in ®).

Proof. For some r < n, we cannot write u” = 7 for any 7. Let U C Wj_1 be

the U, (gl,)-submodule consisting of vectors of weight 0 for ¢+, ... ¢"" so

that U >~ Lg_1)(p—1,-1,..,—1) as a Uy(gl,)-module. Let pu" denote the trun-

cation of p" so that p” = p;. Consider the Gelfand-Tsetlin pattern £ given
by

7777

oo <pm <

&= {gt(p) < p""
Let L,,- C Ly be the Uy(gl, )-submodule with highest weight p" generated by
v¢. By Proposition 1.5, the diagonal matrix element of vy, lies in L, ® U,
hence is a multiple of the matrix element of v, in the induced U, (gl,)-
intertwiner

given by projection onto L, ® U. This intertwiner is zero because p” is not
of the form p” = 7 for some 7, giving the claim. O
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Proposition 4.2. For any Gelfand-Tsetlin pattern
~ o~ ~2 ~n _ Y
p={p <p7 <<t =2

subordinate to X, we have the factorization
n—1
_ i
c(p, ) = H o(p', :U’H_ )-
i=1
Proof. By induction on n, it suffices to check that

e A) = el Ne({i" <+ < "~ ).

Let o = p™~'. By Proposition 1.5, the basis vector vy lies in the Uy(gl,_1)
submodule L C Ly with highest weight vector vgy ). Let U C Wiy be the
Uyq(gl,,_1)-submodule consisting of elements of weight 0 under ¢". Consider
the Uy (gl,,_,)-intertwiner

¢:Lﬁ—>Lﬁ®U

given by composing ®, with the projection onto Ly ® U. The matrix element
c(p, A) lies in U, hence is the matrix element of vy in ¢. Notice that ¢ maps
the U,(gl,,_1)-highest weight vector vgp) to

c(, N)Vge(zy @ wr—1 + (Lo.t.)

so that ¢ = c(u, )‘)‘Eu and the matrix element of vy is the desired

e, A)C({ﬁl < ﬁ”‘l},u”‘1>-
4.2. Matrix elements as applications of Macdonald
difference operators

Our main technical result expresses matrix elements of U, (gl,,)-intertwiners
as the application of Macdonald difference operators to an explicit kernel.
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Define the elements A1 (1) and A5~ () by

AV ) = [T — g + (k= Dsa

i<j

A5 ) = [Tl — iy — ks

1<j

(4.2)

and the element A*~1(u, \) by

(4.3) A A) = TN =g + kG =)+ — 1oy
i<j
H[Mi —XNj k(1) = 1kt

We use Theorem 6.1 to compute the diagonal matrix elements of d ) In terms
of these elements, resulting in the following expression after manipulation.
We defer the proof of Proposition 4.3 to Section 6.

Proposition 4.3. Let ¢/ =pu+ (k—1)1, and v/ =v+ (k—1)1. Then
c(p, N) is given by

(1) (= (=1) ln=Dh(k—1)
AFTT AT ()
H 1
2= g+ (k= D)) — ]!
[Lic;lmi — 5 + & = op—1 [T, [75 — 7]
[Lic; 17} — B+ (k = Dkl — 7]k
[T =7+ (e = Dlea [ [ 17— X — U

i<j 1<y

& =1 = U =/
Z (=)= R 1= 1)

7=/ —(k—1)1

c(p, A) =

In this form, we can now identify the matrix element with an application
of Macdonald difference operators.

Theorem 4.4. Let ¢/ = p+ (k — 1)1. The matrix element c(u, \) is given

by

I D g (2% q72, D) AR (1 N)
AFHp)AFTH ’

where D,,_1 421 (¢*% ¢72,¢** V) was defined in (3.1).

c(p, A)
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Proof. For an expression F, let 1z =1 if F holds and 15 = 0 otherwise.
Interpreting Res;(¢?) in the sense of Subsection 3.5, notice that

-1
Resi(¢*) Din-nyrgee (0715072, 0%) [T 1T — 5 + k/2 [ [las = A5 = k/2)

a=01i<y i<j
n—1)i= 1] k((n—1)i— [ — A +1]
= Resi(¢?) [ Y (~1)-DiHlge=ni=i - TT [—ai_]—b]
I GaenGper i T H;

H X — 1§ 4+ 1 ayer + k/2] H [ — Xj = 1.aper — k/2]

i<j,a i<j,a
_ Z 1) =Dl r==11) T i — fij +a—b+1]
[ — iy +a — b

(i,a)€15(5,b)¢1
H [)\z — [ —a+ ll(j,a)el + l] H [/jz +a— j\j — ll(i,a)e[ — l],

i<j,a 1<j,a

where both sums are over subsets I C {(i,a) |1 <i<n—-1,0<a<Il-—1}.
If (i,a) € I and (i,a+ 1) ¢ I, then the corresponding term is zero, so the
only subsets I which contribute to the sum are those of the form

I ={(i,a) | a > s;} for some s1,...,8,1.

We rewrite the sum in these terms as

-1
Resi(¢2) Dinvygen (05072, ¢%) [T [T — a5 + k/2 T [IE — X — k/2)

a=01i<j 1<j
l
= > () e TN - g+ 20— sl
8140038 —1=0 i<j
-1 Sj_l

j+a—2>
Tl % —t+s— BT T IT 2 M,ZM_Z]]-

1<j 1,7 a=8; b=0
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Observe now that

-1 s;—1 . _
; uj+a b+ 1]
ljafgbﬂo Y

_HH — A+l _H[ﬂi—ﬂj"‘l]sj
,]bO — fij + s; — 0] ij [/ji_ﬁj"i'si]sj

)

:H [[Nz Nj+”2z+1[uz'—uj+si—sj] H [

i A= Ry =55+ Uigalfis — B + silipr £ [si)1 — s

Substituting this into the previous expression and changing variables to
r; =l — s;, we obtain

-1
Resy(¢*)Dn—1y,gn (00720 ) [T TN — 15 + k721 [ 15 — X5 — k/2]

a=0i<j i<j
l
— qkl(nfl)(_l)l(nfl) Z (_1)Ziriq*k2i T
T1yeeesTn—1=0
LI = g+ + 0] [l = 2 =i = 10
(5] 1<j

[ — i + 1 [bj — fbj — T+ 75 {]!
H[[u pi + o[ — o ]H[][H

i<y A+ il — g —ri + i ril[l — 3]’

On the other hand, we have that

Res; (¢ HHA — i} +k/2]H[ — ) —k/2]

a=0i<j

—H)\_M]+k_1k 1H —)\—1

i<j 1<j
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Therefore, by Lemma 3.10 and Corollary 3.9 with [ = k — 1 and X = g
we conclude that

I
I Pnvgee (@072 ) [N = g + k= Uea [ [l — A — Ui

1<j v<J
l
_ qkl(nfl)(_l)l(nfl) Z (_1)Zi ank ST
T1yeeryTn—1=0
[T =i+ + 0] [l = A =i = 10

i<j i<j
H (i — fij + o [ — fij — i + 1] H [1]!
(i = g + il — iy —ri 4+ g 20 !0 — ]!

1<j

Dividing both sides by HKJ[ -\ =1 [i<;lii — mj + Ui, we obtain

Hfl:l anl,qzﬁ (q2a; q_27 q2l) Hz<] [)‘ IU’J +k— 1]k 1 Hz<][ A - 1]
Hi<j [Ai — Aj— 1]; Higj[#z Hj + 1
qk‘l(n—l)(_l)l(n—l)
[Licii =X = Wi Tyl — g + 10
l

> (—1)2””0kZ"“H[ri]![zl—ri]l [Ni = fij + 75 + 1]

T1yeeesT—1=0 7 i<j

Tt - % —ri— 1] ;= g + Uoga [ — g — ri + 75
7 7 — — — = 5
! [ =y + il = g = i+ Ui

1<J 1<J

where the second expression is equal to ¢(u — (k — 1)1, A) by Proposition 4.3.
Replacing p by its shift @/ = p+ (k— 1)1 and recalling the definitions of
A (), ABTE(N), and AR~ (u, \) yields the claimed expression

Hk 1 Dn L g2 (qQa;q—Q,qQ(k—l)) Higj[j\i_ﬂ;—fk__l]kfl Hi<j[la;_5\j_1]k*1
IL <l —n+k—1k—1 ITT, ;[N =X —1]k—1

for c(u, A). O
5. Proving Macdonald’s branching rule

We now put everything together to give a new proof of Macdonald’s branch-
ing rule, which we reformulate for ¢t = ¢* with k a positive integer.
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Theorem 5.1. At t = ¢* for positive integer k, we have

P)x(xla ceey T 927(1%)
= Z xl"f\l_m'PIJ‘(xlv sy Tp—1; q27 q2k)1/}/\/u<q27 q2k)

B=A
with

AR, \)
AT (AT

w)\/u(q q )

Proof. We induct on n. The base case is trivial because Py (z1; ¢, ¢**) = :c'l/\|.

For the inductive step, by Lemma 4.1, it is enough to consider matrix ele-
ments for basis vectors of the form vg. By Proposition 4.2 and the inductive
hypothesis, we thus have

Tr(®4z")

= Z e(p, ) - e(u )\)H ([ =[a=)

it < <pml<X

=3 (g, Nl =D n1)

ﬁ<x n—1 v .
Z C(MO)Ml)“'C(Mn_Qa,un_l) Hx‘iﬂ"—|li \
A< <pn2<[i Pl
— Z C('u, )\)x"nM_|“|_(k_1)(n_1)Tr(£IV)Z_1$h)
i<
=D clp, Nap T HEETVOTIE, (2567, ) Ta(R5 ),

<A
where = (z1,...,z,-1). By Corollary 2.5, we have that

k—1n—1

Tr(dn 1k .
T@G 2 gy )LD 0) T T G — )
Te(dpzh) il
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We conclude that

Tr(&&‘:vh)
Tr(dnah)
k—1n—1
= (21 20 ) T T (@i = 020) ™D el Nl Pz /an: 62, %)
s=1i=1 ﬁ<X
k—1n—1
( *Tp— 1 k ! H H _q xn -1
s=1 i=1
AT
> e N P/ i, ")
p=A, —(k=1)1
k—1n—1
O DHH = %)
s=1i=1
AT+ (k—1)1
'~ (k- 1)1, Nz P, Vs
> e = (k—1)1,)) (x/2n; 9%, 47,
=Xy
where A\| = (Mg, ..., \n) and AT = (\y,..., \,_1) are vectors of lower and

upper indices for p so that >0\ = Zifz& in the notation of (2.1). Note
that o < X if and only if A\; > p; > A\iy1 — (kK —1). By the expression for
c(p' — (k—1)1,\) given in Theorem 4.4, we obtain

Fn..h
Pa(z;¢%, %) = %Axh)
Tr(®fah)
k—1n—1 AT+(k—1)1
) 141 (TN SR
s=1 i=1 W=y

[1:21 D,y 20 (g9 2,2 ) Higj[j‘i_ﬂé'fk__l]k—l [T A=A — 1]k
[Tl =Ry +k=1]k—1 TL . j[Ai=Aj =1k -1 ’

Define the operator

En_17q2ﬁ/(q2a;q27q2k) _ Z( 1)n 1- Tq2a(n 1— T)D; L (q2’q2k)’

r
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and note that it is diagonalized on P, (z;¢?, ¢**) by Proposition 2.2. Notice
now that the function

H[j\i — i+ k=1 H[ﬂ; = Xj = U1
i<j i<j

is 0 for Nip1 — (B—1) <pl <Xg1 and A\ <pl <N+ (k—1), so it is
(A, AT,k — 1)-adapted. Applying Proposition 2.3 to this function yields

k—1n—1
P)\(ZL';QQ,qzk) _ x%k—l)(n—l) H H(xz _ q28$n)_1
s=1 i=1

Z |)\| HD” lqz“ ;q27q2k)Pu’(£/$n;q27q2k)

W=y
[Lis;N —m + k= k1 Tl — Ay — s
[l — 1+ k= pr [y N = Ay — 1k
k 1)(n—1) lﬁﬁ xz/xn _q
s=1i=1 Li —q23x
T — _ -
A o o LLisj N — 5+ k= Upen Tl — Ay — Ui
> TP (2%, 67) P —
w=A, Hz<][ﬂ Mj +k—1p1 Hz<j[ J Jk—1
= Z xlj“_lﬂwp‘u,(&; q2’ q2k) HZ>] [A lu’z + k — ]-]k 1 HZ<][ i\j — 1]k_1,
=X [Licyli; — 15 +k — 1k HKJ[ — N — g1
]

which is the desired result.
6. Specializing the expression for diagonal matrix elements

We will prove Proposition 4.3 using a result of [1] on reduced Clebsch-Gordan
coefficients. We normalize and translate this result to matrix elements to ob-
tain our desired expression. We first modify the intertwiner slightly. Consider

the composition
Uy Ly (e1)p = Lo e @ Wit = Ly o 1)5 (1)1 ® SymF=1nen,

The diagonal matrix element c(u, A) of vg ) in D, is equal to the matrix
element from vgy ) t0 vVgrm)—(k—1)1 In Yx. We will compute this matrix

element instead.
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6.1. The expression of [1] for reduced Clebsch-Gordan
coefficients

The Uy (gl,,)-representation L, ® SymPC" contains each irreducible with mul-
tiplicity at most one, meaning that for any 7/, there is a one-dimensional
family of intertwiners

L, — L; ® SymPC".

In [1], a general formula for the matrix coefficients in the Gelfand-Tsetlin
basis of one such map is given. Such matrix coefficients are known as Clebsch-
Gordan coefficients.

Remark. Note that [1] uses the coproduct Ass = A%, As bialgebras,
Ugz-1(gl,) equipped with A g and Ugy(gl,,) equipped with A are isomorphic,
so we state and apply here the formulas of [1] with ¢ and ¢~! exchanged.

Note that a Gelfand-Tsetlin basis vector v¢ for SymPC" takes the form
€ = (£,0,...,0), so we will denote this by &' = ¢°. For basis vectors vy €
L, and v, ® vg € L, ® SymPC", it is shown in [1] that the corresponding
Clebsch-Gordan coefficient is given by a product

/ n-1 i+l il it
[ 7] el e )
n €& o] Lo lo &

where product is over reduced Clebsch-Gordan coefficients whose values are
given by the following.

Theorem 6.1 ([1, Equation (3.4)]). The reduced Clebsch-Gordan coef-
ficient of the map

LT/ —>LT®Symp(Cn
is given by
! S n)S(r,n)S(r',7")S(n,
clm P 7= (',m) (/77) (/ /) (n n)[p_r]!m
S(r, )8 ')

nor.on
3 (—1)lelllge=r+1el—lnb S(o,0)*S(r’,0)?
S(o,n)2S(n,0)2S(1,0)?’

loa

where the sum is over o of length n — 1 satisfying

max{n;, 7i41} < oi < min{n;, 7:}
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and where b and S are given by

b= Z(Tz" =77 —7) = Z(m’- — ) (0} — ;)
+ Z(ﬁ§ ) =i+ 1) =) (7 =) =i+ 1)+ (p— )| = [n])

7

and
oJa; — b+ 5 —1]!

S(a,by? = sl b i — Al
[Licjlbi —aj+j—i—1]!

6.2. Specializing the reduced Clebsch-Gordan coefficient

We restrict now to our case of ¥y. The relevant parameters are

"= T=A—(k—-1)1 n=n

n=p—(k—1)1 p=n(k—1) r=(n-1)k-1).

In this case, we see that

e S ()

b=
2
_ W(k —1) = (k= 1Al
#2014 - )03 - )
=m—-1)(k-1>%+n-1)(k-1)
= (n—1)k(k — 1).

Further, the constraint on o takes the form

max{p; —(k—1)— (k—1)i,\i1 — (k= 1)(i+ 1)} <o
min{u; — (k—1)i,\; — (k= 1) — (k — 1)i} > o,

soif o =v+ (k—1)p, we have

max{p; — (k—1),\it1 — (k= 1)} <v; <min{u;, \i — (K —1)}.
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Translating and canceling a factor, we have that

A—(k-1D1  nk-1 X
CLI—(k—m (n—1)(k-1) &

e S (k- DDSOL DS

- SOWA— (k—1)1)
=Tl k(1) S(@,9)*S(\, 9)?
;( ! ! S, — (k—1)1)28(, )2S(A — (k — 1)1,7)2

Denote the latter sum by 3(u, \) and the prefactor by B(u, A).

6.3. Computing the normalization factor

Write A for the truncation of A\, and note that both interpretations of Z are
equal. Further, denote by sgt(r) the pattern

{(k=1)<2(k—1) < <r(k— 1)},

where for 1 < i <r, i(k — 1) is identified with the length i signature (i(k —
1),0,...,0); note that vg(,) has weight (K —1)1 in Sym™*k-DCn,

We now consider the special case where p = A, which will allow us to
translate between normalization factors for the Clebsch-Gordan coefficients.
In this case, the constraint on v implies the sum is over the single term
v=pu—(k—1)1=A—(k—1)1, and the matrix coefficient is

A—(k-11  nk-1) X
A=(k=11 (n—1)(k-1) A

(n—1)k(k—1)

— g O g /2 () (e D) k(R ()
__SQA=(k=D1DSENSANSAN)2SAA=(k—1)1)?
SAA—(k—1)1)SAN)2S(AA—(k—1)1)2S (A—(k—1)1,A—(k—1)1)2
(1)) - e [k — }]!1/25@,})5@ A)S(X X (k-11)*
SAA = (k=1)1)S(A A = (k= 1)1)S(A, A)?

—_
~ |
|_|

= (-1
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Notice now that

~ ~ 2 _ _
s\ A — 72 (7= A — 12
( X )‘ I a=e 1 r—A—u

S(A7f)2 1<i<j<n—1 ’ 1<Z<j<n 1
_ = — A\, — 1]!
1<i<n 1<i<n Ti n )
n—1
= A = 7l TN = 7alllm — A = 1]
i=1

Applying this twice, we conclude that

A—(k—=1D1  n(k—1)
A—(k—11 (n—1)(k—1) A
P DA — A — &]!

_ (1)) 2D (
L 1/2
o A = A — 11 ) /

= (=)D (k) - ) e
h L S

>
[

n—1

I:1

i — Ml — Ay — 11 2
—An + (k- ]

Iterating this, we find that the diagonal Clebsch-Gordan coefficient of the
highest weight vector is

A=(k=D1  nk-1) X
gt(A— (k= 1)1) sgt(n—1) gt(})
1/2

_ (71 n(n—lZ)(k—l)q_Bn(n—lik(k—l) ) [S\i,_ 5\]' — 1]14:—1
iy i = A (k= 1)k

where we recall that gt was defined in (4.1).

6.4. Proof of Proposition 4.3

We now put everything together to prove Proposition 4.3. The diagonal
Clebsch-Gordan coefficient of each highest weight vector for Uy(gl,_;) in
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the Gelfand-Tsetlin basis is

[ A—(k-1D1  nk-1) }
gt(n— (k—1)1) sgt(n—1) gt(n)
A== 1) A
=e[TET0 Wil A

C[ﬁ:@—lﬂ <n—ww }
gt(ji — (k — 1)) sgm—m gt(f)

(n—1)(n—=2)(k—1) _ 3(n—1)(n—2)k(k—1)
2 1

= B( A)E( A)( 1)
1/2

—1],=
H : 11/2 :
i<j

— A+ (’f— D]

In terms of A’f_l and Ag_l from (4.2), the matrix element of U and hence
¥, we are interested in is ¢(u, A), which is given by

[X—(k—l)l n(k—1) X ]
gt(n—(k—1)) sgtin—1) gt(n)
~ ~ —1
B S s B N
gtA—(k—1)1) sgt(n—1) gt(A)
J(s-1) 2e=tpeen A7 )2 AT ()2
AT 2AL T ()2
_ (1) gDkn /21 AT (01
AL AN T ()1

S(ps A),

= B(u, )‘)E(:uv )‘)(_1)(”_1

S, 5 — (k= D1)S(\, NS (1, i)
SOMA = (k—1)1)

where

S(p, \) = Z(_l)\VI—Iulqk(IV\—\u\)X(V’M’)\)

14

with

S0, 7)25(\, )2
S, — (k—1)1)28(71, 7)25(A — (k — 1)1,7)2

X(v,pu,\) =
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Observe that

~ ~ _ _ 1/2
S(AA) - i — Al —X\j— k]!
S(MA—(k—1)1) (HP\ — +( —1)] 'H i — A — 1! )
— [k‘ o ]' n/2A11€ 1()\) UQAS 1( ) 1/2

and

» k- D — gt

= k- 11!% H[m — ] AR () VAR ()2,
1<j

We conclude that

(D) (h—1) (- k(1) TTro A5 (1)

i<j Ag 1(/\)
We now notice that
S@.Ji — (k- 1)1)°S(7, 7)?
_ Hi<j[17i - ﬁj + (k= D' — ]!
H7,<][/’L7' —Vj— k] [ :U’j - 1]
—HVZ fii]! ’Z—Vz] H[ﬁi—ﬂﬂr(k—l)]k[ﬂi—ﬁj]k
and that
S(A. ) i — ]! [ = Aj + k= 2!
S — (k- 1)1,7)? _ZHA—VJ 1)]11 7 — A —1]!
—H)\ — Uil 1H)\ — DB — N+ (k= 2)]h

We conclude that
S0, 7)25(\, )2
S@, i — (k= 1)1)2S(f, ﬁ)?S(X (k—1)1,7)2

o 5 D [)\1 Vzkl V]k 1VZ_)‘+(k 2)]
B N e e e e

1<j i 1<J

X(v,pu,A) =
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Putting everything together, the expression we obtain for the diagonal ma-
trix element is

. B . B - - Ak_l m
(i, A) = (—1) D=1 =0k T [ — fig] 2 (1)

i<j A57HN)
ll‘ N —
Z (—1)W=ul gh(vl=1ul) H[ﬁi — ] H 7 [)\ii_ Vf]k_l,
V:M—(k‘—l)l i<j i [Vi - /’Ll}'[ul - V’L]'

11 i — ol — Aj + (k — 21

iy 2= (k= Dkl — vl

In terms of p/ and v/, this is the desired

(n—1)(k—1)  (n—1)k(k—1) LN (7))
c(p, A) = (=1)" " | N evies

Mg — 1y -
i<j ! Ag 10‘)
M/
Z (=)=l gk =) H[,;l( _ ,7;, + k(G — )]
vi=p' —(k—1)1 1<j

A =7+ (k= 1))k
H 7 — i + (k= D]t — 7]t
i = 75+ (k= D17 — Aj — 1ra
1 [} — iy + (k= D]glp; — Vilk

’

n—1)(k—1) (n—1)k(k—1 H
_ (= : s )Z( oy S (g
Ay NAT (W) L T
H 1
oo =
[Licjlii — 5 +k = o1 [ 1,75 — 7]
Hi<j[ljl{ - /1; + (k — 1)]16['&; - D;]k
TTN =7+ (k= Dleea [T17 = A = L.

1<j i<j

1<J
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