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Sharp lower bounds for Coulomb energy

JACOPO BELLAZZINI, MARCO GHIMENTI, AND TOHRU OZAWA

We prove LP lower bounds for Coulomb energy for radially sym-
metric functions in H*(R?) with £ <s < 2. In case 1 <s <1 we
show that the lower bounds are sharp.

1. Introduction

In this paper we prove lower bounds for the Coulomb energy

Jfo B

if radial symmetry of ¢ is assumed.

In the general case, without restricting to radial functions, the upper
bound for the Coulomb energy is given by the well known Hardy-Littlewood-
Sobolev inequality while lower bounds have been proved only very recently.
In particular if one can control suitable homogeneous Sobolev space H* (R3)
the LP lower bound for the Coulomb energy is given by the following in-
equalities

(1) pllzomy < CO Mol (// M@Mdm@m

R3 xR3 \x—y\
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with 6 = 36 pr—t Here the parameters s > 0 and 1 < p < oo satisfy
pe 3f28 21“:%:_ if0<s<1/4,
p:3—625_21tt458 ifs=1/4,
pE :211?,3_628: if1/4<s<3/2,
pe :211?,00) if s =3/2,
pE :211%:,00] if s >3/2.

These bounds have been proved in [3] while the case s = % has been first
considered in [4]. These bounds follows from a suitable Gagliardo-Nirenberg
inequality, see Theorem 2.44 of [1], together with the following well known

identity
// | ‘90( )| dxdy: CH()OZHZ
RS xR? |z — | H= (R2)”

We shall underline that in many physical applications involving Sobolev
norms and Coulomb energy the radially symmetric assumption of ¢ is nat-
ural due to the rotational invariance of energy functionals (see e.g [9] in
the context of stability of matter). Our purpose is to see if it is possible to
control lower LP norms if one assumes radial symmetry of ¢. In the sequel
we use two theorems that are crucial for our improvement in case of radial
symmetry. The first is the following pointwise decay for radial functions in
H*(RY) N LL(RY), see [6], where LE(R?) is the weighted Lebesgue space with

the norm
el g ey = ( / |a:|“|u|Qd:c)
Rd

Theorem 1.1 (De Napoli [6]). Let ¢ be a radial function in H®(R%) N
LIRY) with s > 3 and —(d — 1) < a < d(q — 1), then

lp(2)] < C(d, 5,9, @)l 7l (=A) 2 G2y 11l 5 e

2as+2ds—a—2s

where 0 = Segto g

2 _
2sq+2—q’ 0=

Remark 1.1. The strategy of the proof of Theorem 1.1 is based on Fourier
representation for radial functions in R? (identifying the function with its
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profile)
olo) = (2m)3 a5 | J%<|x|p>¢<p>p5dp

where Ja—2 a2 is the Bessel function of order %52. The argument is similar to

the one developed in [5] for the pointwise decay of radial function in H*(R%),
i.e to split ¢ into low and high frequency parts. The pointwise decay of the
high frequency part of ¢ is controlled by the boundness of Sobolev norm
while the decay of low frequency part by the boundness of the weighted
Lebesgue norm.

The second theorem is the following lower bound for the Coulomb energy
by Ruiz, see [11].

Theorem 1.2 (Ruiz [11]). Given o> %, there exists ¢ = c(a) > 0 such
that for any measurable ¢ : R? — R we have

2
2 2

[[ M ([ e,

RixRe |T — Y| R |z| =z (1 + |log|z||)®

Let us define

= {p € H:,(R?) st// Fle(y)” " —dxdy < oo}
R3xR3

!fr— yl

with

il = <H90||2 oo+ ([ EHE0E da:dy>;>;.

Following the argument of Ruiz [11] it is easy to show that || - ||¢- is a norm
and C§°(R?) is dense in £%. In [11] Ruiz proved that for £ the following
continuous embedding

El P pe (178,6]

The result by Ruiz follows from two steps: first, Theorem 1.2 proves that
g c H! (R N L2(R3,V (x)dzx) where V(z) = (1+|x\)” with v > £, second,
a weighted Sobolev embedding for radial function proved by Su, Wang and
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Willem [12] gives the inclusion

r

H! (R NL2R3,V(z)dzx) ¢ LYR3) qe [2(“7), 6}

2. Main results

The aim of our paper is to find continuous embeddings and hence better
lower bounds for the Coulomb energy assuming radial symmetry when % <
§ < % As a particular case we recover the left end-point exponent found by
Ruiz [11] when s = 1.

Theorem 2.1. &% < LP(R?) continuously for

16s+2 6
i e 1/2 < s <3/2.
E<68+1’3—28] f1/2<s<3/

The above result is sharp when % < s <1 as shown by the following

Theorem 2.2. Let % < s <1, then the space £° is not embedded in LP for

16s+2
P < 6s+1 °

From the continuous embedding for £° in the radial case it is elementary
to derive the scaling invariant lower bounds for the Coulomb energy given
by (1.1) for p € (lﬁisjf, 3f25] and % <s < % Moreover, the best constants
in the lower bounds for radially symmetric functions are achieved.

Corollary 2.1. Let ¢ be radially symmetric, then the following scaling in-
variant inequality holds

o o 30
1) Tl < ool ([ EOHEUE 4og,)
3 % R3

with 0 =

Here the parameters s and p satisfy

16s+2 6
i e £1/2 2.
€<6$+1’32s] 12 <s<3/

3p5p

Moreover the best constants in these lower bounds are achieved.
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Figure 1: Left endpoint exponent for p in (1.1) and in Theorem 2.1, as a
function of s: without radial symmetry the lower bound is 2+45 (dotted) and
for the radially symmetric case is 16“(:"2 (dash-dotted). The bold line plots
the right endpoint exponent for p in (1.1) and Theorem 2.1 given by the
Sobolev embedding exponent.

Remark 2.1. Notice that for the right endpoint exponent, p = %, our
inequality is nothing but Sobolev inequality. The existence of maximizers
for Sobolev inequality has been proved by Lieb, see e.g. [8].

Remark 2.2. Since our approach is based on Theorem 1.1 and Theo-
rem 1.2, there are no obstructions to study lower bounds for the Coulomb
energy with potential |z — y|~(“=2) in dimensions d > 3 in the radial case.
Here we decided to consider only the physically relevant case. We quote [10]
for a systematic study in this direction when s = 1.

In Figure 1 the left endpoint exponent for p in (1.1) and in Theorem 2.1
as a function of s is plotted.

Funding. J.B.issupported by FIRB2012 “Dinamiche dispersive: analisi di
Fourier e metodi variazionali”, J.B and M.G by GNAMPA2014 “Equazioni
di campo non-lineari: solitoni e dispersione”.

3. Proof of Theorem 2.1

Proposition 3.1. Let v > 2 and 3 < s < 2 then exists c(y,s) >0 such

that for any p € €9
([ 1l 1oz ) < 0
RB
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Proof. By elementary computation we notice that if 2s > v then

2
(/ !w\‘ﬂso?dw) < R¥*7Y / “"'2 da
R? B(O,R) |7[**

(1+R) / |0l
+ — ———dx | .
Ry B(o,r)e (1 + |z[)7

Notice that, if 0 < s < 3, the Pitt’s inequality [2] states that

2
® R s
(/ | Ldf)% ( [ e dg)zcswnzs(m
R3 ‘£B| R3

F(d 25) 2
tary inequality for T #£0

where ¢y = 72 . Moreover, taking v > 2, by means of the elemen-

L ()
(L)Y ™ a2 (1 + | log 1)

and by Ruiz’s Theorem 1.2 we have that

</ (1f||i|> > (// |m|—|ﬁ/(| )|ddy);

and therefore the desired inequality. O

Proof of Theorem 2.1. By Proposition 3.1 we have that £ € L?(R3, V (z)dx)

where V(z) = |z[77, v > 3. Let us call p* = 2114:, the left end-point expo-

nent for (1.1). Holder’s inequality assures that for p < p*

p(/ i)
B(0,1)
0 (ﬁ)?
<ol (/] @ 4,
R3XxR3 |z — y|

/ lplPda < u(B(0,1)) "
B(0,1)



Sharp lower bounds for Coulomb energy 627

with 0 = W On the other hand by Proposition 3.1 and the radial
decay given by Theorem 1.1 choosing a = —v, ¢ =2 and d = 3,

(3.1) / plPdz = / (@)l (@) P2de
B(0,1) B(0,1)

)

0(p—2) 0)(p—2 —o(p—
<l [ 2o

)

where § = &, 0 = 72%343%7. Now
i —278—1—45—0—7( 2) 3s+ 1 (v—2)
im ————— L(p—2) = _
7—)% 48 p 45 p

and this implies again by Proposition 3.1 that

/ |p|Pdr < 400
B(0,1)°

J(p—2) > 5, ieif p> A05t2, O

provided that (35+

4. Proof of Theorem 2.2

The proof of Theorem 2.2 is obtained constructing a counterexample, i.e a
function u such that

lully . gy =~ 1

2
(4.1) [/ |‘M)|ddy:1
R3 xR3 |z — y|
HuHLp (R?) — +00

Proof of Theorem 2.2.

The case s = 1 has been proved by Ruiz [11]. Set u : R? — R*
sm for Hx! —R‘ <S8
(4.2) u(z) =

0 elsewhere

where R > S > 1> ¢ > 0 will be precised in the sequel.
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We recall, by Ruiz [11, Section 4], that

2
R3 xR3 \a:—y\

and
2
Hqup (®?) > CePSR-.
Moreover we have
2 R?
(4.3) ||U”H ‘(®e) S C@-

The proof of (4.3) is not difficult and it will postponed to Lemma 4.1.

In order to have ||ul? ~ 1 we choose § = £3-1 R%-1. At this point

s (Rd)
we have

6s+1

2
// | |u( )| da;dy<C’€ £2s _1R2 _1R3 CEQ _1Rz —1
R3xR3

Ifﬂ— |

and we choose R = ¢ %41 to have the Coulomb norm bounded, so

8s _ 245
5—52—1R2—1 —52715 6+12—1 = g 6s+1)(2s-1) = g 5+1

We remark that, since s > 1/2, then 8s > 2 and R > S, as required in the
definition of u(z).
Concluding, we have

16542

> CePSR? ~ &P~ ot

el g

16542
6s+1

that diverges for p < when € — 0. The claim follows immediately. [

Lemma 4.1. Let u be defined in (4.2). Then

2 P2
9 e“R
||U”HS(R3) < C@~
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Proof. We want to compute the H® norm of u for s < 1, that is

u(z) — u(y)|?
”“H%IS(R;;) = C(s)/ dedy.

oy
R3 R3

where C(s) = 2217732 F(( S)) We observe that the set where u(z) — u(y) #
0 is contained in the following five subsets of R3 x R3:

A ={R-S<|y<R+S, |zg|] <R-S}
Ay={R-S<|y|<R+S, |z| > R+ S}
A3={R—-S<|z|<R+S, |y <R- S}
Ay={R-S<|z|<R+S, |y > R+ S}
As={R—S<|z|<R+S, R-—S<|y/<R+S}

and, by symmetry, we obtain

[l )2 )2
s (R?) u(z) — u(y)| // y)l
W) —9
C(s) / J |z ’3+2s T aBtes dedy " |x ‘34—23 o oaes drdy

(y)|? (y)|
+2/L12 |$_ |3+2s e drdy + " |$_ |3+25 o ares drdy

2
s jule) — ulw)?
2 — e
R—S5<|y|<R+5 R?

Therefore,
2 Ju(z) — u(y)[?
[l Fe®e) S C / / PErTT dxdy
R-S<|y|<R+S |z—y|<S
Ju(z) — u(y)l?
e / o —ypre W

R—S<|y|<R+S |z—y|>S
2 2
ec |z —y
<C —————duxd
- / / §2 ]z — g
R—S<|y|<R+S |z—y|<S

52
+C / / 7‘x_y‘3+28dxdy
R—S<|y|<R+S |z—y|>S
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using that |u(z) —u(y)| < supe [Vu(§)||r —y| < glr —y| in the first term
and that |u(z)] < e in the second term. At this point, with the change of
variable t = x — y we get

1 1
2 2
HUHHS(Rs) < Ce / §’t|1+2sdt+ / |t|3+2sdt dy
R—S<|y|<R+S ||t|<S [t|=S
r S 9 00 9
1 r r
2
S Ce / / 5’27«1+25d7‘+/ mdr dy
R—S<|y|<R+S LO S
S ] 00
< C£2R%S §r1 QSdr—i-/r 1=25qp
0 S
52—25 €2R2
~ 2p2 —2s|
_5RS[ 2 + 5 ‘s}_s%l -

Proof of Corollary (2.1). Let us consider the following scaling
x = Arp(Az),

such that [[pxllze@s) = [|#llLr(rs) for all A > 0. From Theorem 2.1 it follows
that

: , <// [oa(@) Plea(y)[? dxd>2
lloAllTe@sy < (H‘P/\”H *(R3) —— |z — vy Y

if pe (16(18:12, ﬁ} and if 1/2 < s < 3/2. By elementary computation one
gets

”SOH%IJ(]RB) < C()\"(32s H ||2 s(R3)

s ([ S ) ),

and minimizing the right hand side we get the desired inequality.
The argument to show the existence of maximizers is identical to the one
used to show Theorem 2.2 in [3]. We just give a sketch of the proof for

reader’s convenience. Let us fix p in the set (16685;*'12, 3f25). By homogeneity
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and scaling we can assume that an optimizing sequence ¢,, € £° satisfies

n\T 2 n 2
o = [ S e g
R3 XRR3 |z — y|

and
lenllzr = C(p,s) +o(1).

Thanks to inequality (2.1) we can find uniform upper bound on ||y - and
llon || zr2 for some p; < p < pa. Therefore, by the well known pqr-Lemma (see
e.g. Lemma 2.1 in [7])

inf |[{|en| > n}| > 0.

Now by Lieb’s compactness lemma in H*, see Lemma 2.1 in [3], there ex-
ists ¢ # 0 such that ¢, — ¢ € H*(R?) N LP(R?). Finally, by the non-local
Brezis-Lieb lemma for the Coulomb term (see Lemma 2.2 in [3]), and by
the Hilbert structure of H*(R?), i.e that

lon = @13 gy + 120 gy = lml3 gy + 000,

we prove the existence of a maximizer. ]
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