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Radon inversion formulas over local fields

JONATHAN WANG

Let F' be a local field and n > 2 an integer. We study the Radon
transform as an operator M : €, — C_ from the space of smooth
K-finite functions on F™ \ {0} with bounded support to the space
of smooth K-finite functions on F" \ {0} supported away from
a neighborhood of 0. These spaces naturally arise in the theory
of automorphic forms. We prove that M is an isomorphism and
provide formulas for M~!. In the real case, we show that when
K-finiteness is dropped from the definitions, the analog of M is
not surjective.

1. Introduction

1.1. Some notation

1.1.1. Let F be alocal field (i.e., F' is either non-Archimedean or R or C).
Let G denote the topological group GL, (F) for an integer n > 2.

Let K be the standard maximal compact subgroup of G (i.e., if the
field F' is non-Archimedean then K = GL,(0), where O C F' is the ring of
integers, if F' =R then K = O(n), and if F' = C then K = U(n)).

1.1.2. We fix a field E of characteristic 0; if F' is Archimedean we assume
that I equals C. Unless otherwise specified, all functions will take values
in F.

1.1.3. Let € denote the space of K-finite C* functions on F"\ {0}. In
§2.2 we define the subspace €, C C consisting of functions with bounded
support and the subspace C_ C € consisting of functions supported away
from a neighborhood of 0.
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1.2. Subject of this article

In this article we consider the Radon transform as an operator
M €+ — C_.

When F' is non-Archimedean, M is known to be an isomorphism [1, Propo-
sition 7.4]. An explicit formula for the inverse was, however, not present in
the literature. There is a ‘classical’ inversion formula due to Cernov [4] on
the space of Schwartz functions, but its relation to M ~! is not obvious. We
formulate and prove a simple formula for M ~! in the non-Archimedean case
and relate it to Cernov’s formula.

In the Archimedean case, the invertibility of M was a priori unclear due
to the nonstandard nature of the function spaces C4. We prove that M is
indeed an isomorphism when F' is Archimedean and provide formulas for
M~ (here K-finiteness of € plays a crucial role).

1.3. Motivation

Our interest in the operator M originates from the classical theory of au-
tomorphic forms. Let G denote the algebraic group SLy and N (resp. N ™)
the subgroup of strictly upper (resp. lower) triangular matrices and 7" the
maximal torus of diagonal matrices. Then

G(F)/N(F) = F>\ {0} and G(F)/N™(F)=F*\ {0},

The operator M is the standard (local) intertwiner M : C{(G(F)/N(F)) —
e (G(F)/N=(F)).

While we work only with the local field F', one gets a global analog
of M by considering the standard intertwiner M : C4(G(A)/T(F)N(A)) —
C_(G(A)/T(F)N(A)) where F' is a global field and A the adele ring. The
intertwiner plays an important role in the theory of Eisenstein series and
their constant terms [2, §3.7]. The constant terms of automorphic forms
reside in the space C_(G(A)/T(F)N(A)), which makes it a natural space to
study in this setting. The results of this article are used to prove invertibility
of the global intertwiner in [5].

In the situation where F' is a non-Archimedean local field, the operator
M~ can be used to define the ‘Bernstein map’ introduced in [1, Defini-
tion 5.3]; the precise relation between the two is explained in [1, Corollary
7.7]. The Bernstein map is also studied in [15] (there it is called the asymp-
totic map) in the more general context of spherical varieties.
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In the real case, the Radon transform has been studied extensively by
analysts ([7], [10], [11]) over slightly different function spaces.

1.4. Structure of the article

In §2 we define the subspaces C1 C € and recall the definition of the Radon
transform over a general local field F'.

In §3, we consider the case when F' is non-Archimedean. We prove that
M is invertible and give a formula for M ! in Theorem 3.2.5. This is done
by relating the Radon transform to the Fourier transform (§3.3-3.5). We
deduce the previously known Radon inversion formula of Cernov [4] from
Theorem 3.2.5 in §3.6.

We consider the real case in §4. The formula for M ! is given on each
K-isotypic component of C_ in Theorem 4.3.3 in terms of convolution with
a distribution on R+ . The Mellin transform of this distribution is computed
in Theorem 4.4.1. The proof of the theorems is in §4.6. The invertibility of
M heavily relies on the K-finiteness assumption in the definition of €. In
§4.7, we prove (Corollary 4.7.4) that the analog of M is not surjective when
K-finiteness is dropped from the definitions.

In §5, the complex case is developed in the same way as the real case.
The inversion formula is given in Theorem 5.3.3 and the reformulation using
the Mellin transform is Theorem 5.4.1.

2. Recollections on the Radon transform
2.1. The norm on F"™

Let || denote the normalized absolute value on F' when F is non-Archimedean
and the usual absolute value' when F' is Archimedean. For a € F*, set
v(a) := —loglal. If I is non-Archimedean log stands for log,, where ¢ is the
order of the residue field of F'. If F'is Archimedean, log is understood as the
natural logarithm.

We define a norm ||-|| on F™ as follows. If F' is non-Archimedean, then ||-||
is the norm induced by the standard lattice O™ (i.e., ||z|| is the maximum of
the absolute values of the coordinates of x € F"). If F' is Archimedean, then

If F =R, then the normalized absolute value coincides with the usual absolute
value. If F = C, then the normalized absolute value is the square of the usual
absolute value.
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||I|| is induced by the standard Euclidean/Hermitian inner product (i.e., the
square root of the sum of the absolute values squared).
For z € F™\ {0}, set v(x) := —log||z||.

2.2. The spaces C, C., CL

Let € denote the space of K-finite C*° functions on F™ \ {0} (recall that
if F' is non-Archimedean, C*° means locally constant). Let C. C € be the
subspace of compactly supported functions on F" \ {0}.

Given a real number R, let C<rp C C denote the set of all functions
¢ € € such that ¢(§) # 0 only if v(§) < R. Similarly, we have C>pr, Csp,
and so on. Let C_ denote the union of the subspaces C<p for all R. Let C
denote the union of the subspaces €>p for all R. Clearly €_ N Cy = €, and
C_+CL=¢C.

2.3. Radon transform

Equip F with the following Haar measure: if F' is non-Archimedean we
require that mes(O) = 1; if F' is Archimedean we use the usual Lebesgue
measure. Let the measure on F™ be the product of the measures on n copies
of F. Fix the Haar measure on F'* to be d*t := %.

Let f € C4. The Radon transform Rf (¢, s), for ¢ € F™ \ {0} and t € F*,
is defined by the formula

RAED = | F@)ie-o—t)d

where £ -x =&z + -+ &y and 6 is the delta distribution on F'. The
expression for Rf (£, t) can also be written directly as

RF(E,1) = / £ () dpe

Ex=t

where dji¢ is the measure on the hyperplane § - x = t such that ducdt = dx.
We get an operator M : C4 — C_ by setting

2.1) IO = | Jwine

Proposition 2.3.1. For any number R one has M(C>gr) C C<_g.
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Proof. Let f € C>p and £ € F™\ {0} with v({) > —R. Then -2z =1 im-
plies v(z) < R, so f(xz) = 0. Therefore M f € C<_p. O

2.3.2. The natural action of G on F™\ {0} induces a G-action on C by
(g f)(x):= f(g71x) for g € G, f € €,x € F"\ {0}. Then

(2.2) M(g- f) = |det g|*(g") "' M f

for f € @ and g € G, where g7 is the transpose matrix, and d = 1 if F # C
and d = 2 if F = C (i.e., |det g|? is the normalized absolute value of det g).

3. F non-Archimedean

In this section we consider the case when F'is a non-Archimedean local field.
Let O the ring of integers, p the maximal ideal,  a uniformizer, and F, the
residue field of F'.

The main result of this section is Theorem 3.2.5. In order to state the
theorem, we must first define a new operator 73 : €. — €, which is done
in §3.2.

3.1. K-finite functions

The action of G on F™\ {0} is continuous and transitive. Since F' is non-
Archimedean, K is an open subgroup of GG, and we have the following de-
scription of K-finite functions.

Lemma 3.1.1. A C* function ¢ on F™\ {0} is K-finite if and only if
there exists an open subgroup H C K such that o(h&) = p(§) for all h € H
and £ € F"\ {0}.

Proof. Let W denote the span of the K translates of f. By assumption W is
finite dimensional, and this implies that there exists a compact open subset
X of F™\ {0} such that the restriction map W — C*°(X) is injective. Any
locally constant function on X is fixed by an open subgroup of K, which
proves the lemma. O

One may sometimes wish to consider the group SL,(F') rather than
GL,(F) acting on F™ \ {0}. The next lemma shows that this does not change
the corresponding subspaces of invariant functions in €.
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Lemma 3.1.2. For an integerr > 0, set K, := ker(GL,(0) — GL,(O/p")).
Then the following properties of a function ¢ on F™\ {0} are equivalent for
n > 2:

(i) ¢ is stabilized by K, N SL, (F),

(ii) p(§') = @(§) for &, € F*\{0} satisfying v(§’ — &) = v(&) +r,
(11i) ¢ is stabilized by K, .

Proof. Suppose that ¢ is stabilized by K, NG. Take £, & € F™\ {0} with
v(& —€) > v(€) + r. We can find a basis vy, ..., v, of O" with v; = w?(€)¢
and vy = o V€'~ (&' —=&). Let g send vy to vy + '€ =O-v )y and v to
vg for k> 1. Then g € K, NG and g€ = £'. Thus ¢(£') = p(§). This proves
(i) implies (ii). The other implications are easy. O

3.2. The operator Tz : C_ — C4

Let D} (F) denote the space of generalized functions® 3 on F such that for
any open subgroup U C 0%, the multiplicative U-average® Sy has compact
support and [ By (s)ds = 0. Note that if [, B(s)ds = 0 for some U, then
it is true for all U.

3.2.1. We would like to define T : € — C4 for § € D (F) by

Tpo)a) = [ Ble- m)ole)as

but we must explain the meaning of the r.h.s.
Fix ¢ € €_ and z € F™\ {0}. For any open compact subgroup A C F"
let

I(A) = /A B(E - 2)p(€)de.
Then we define T by
(Ty)(x) = lim I(A)
A

where we take the direct limit over all open compact subgroups A C F™.
The next lemma shows that this limit is well-defined.

Lemma 3.2.2. There exists A such that I(A") = I(A) for any A’ contain-
ing A.

2Recall that a generalized function is a linear functional on the space of compactly
supported, smooth measures.
3The multiplicative U-average [y is defined by By (s) = ﬁ(U) Jo B(ts)d*t.
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Proof. Choose & € F™ such that & -z =1 and v(&)) = —v(z). Then F" =
F¢ @ H where H is the hyperplane {£ | -2 =0}. Lemma 3.1.1 implies
that ¢ € C_ is fixed by the homothety actions of an open subgroup U C O*.
Therefore we can replace 3 by the multiplicative average ;7. Let p* C F be
a fractional ideal containing the support of 5. Lemma 3.1.2(ii) implies that
(s + &) = p(€) if s €p’ and v(€) < v(&) + i —r, where ¢ is stabilized
by the congruence subgroup K,. Put j:=r —i. Let A :=p'¢od{¢ € H |
v(§) = —v(z) —j}-

Now suppose A’ is a subgroup containing A. Define A” ={£ e A" | ¢-
x € p'} D A. Then I(A') = I(A”) since p’ contains the support of 3. Now
A" =pity @ (A N H). Thus

I - 1) = [ [ ulsyetsto + )leoldsdre
EE(AN\ANH Jpi
Note that & € (A”\ A) N H satisfies v(§) < —v(z) —j and hence ¢(s&y +
&) = ¢(&). We conclude that I(A”) = I(A) since (fy, 1) = 0. O

Corollary 3.2.3. Let R be any number. If o € C<_pg, then Tgp € C>p_j,
where j is an integer depending only on B and the stabilizer of v in G.

Proof. We use the notation from the proof of Lemma 3.2.2. Note that the
choice of j is independent of = € F™\ {0}. It follows from our definition
above and the proof of Lemma 3.2.2 that

(Trg)() = / . / B (0)0(s0 + ©)l€oldsdiec.
&)>—v(x)—
which is zero if v(z) < R — j. O
Thus we have a well-defined operator T : €_ — €.

Remark 3.2.4. For ¢ € C_ we have Ts(gp) = |det g|(97) ™1 (Tsp) where g7
is the transpose. In other words, the operator C_ — {measures on (F")*\
{0}} defined by ¢ — (Tsp)dx is equivariant with respect to the action of G.

The goal of this section is to prove the following.

Theorem 3.2.5. The operator M : C4 — C_ is an isomorphism. The in-
verse of M is Ty, , where (3, is the compactly supported generalized function
on F equal to

l—q - -
5n:$("s_l| "= slT).
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The generalized functions |s — 1|7 and |s|™" are defined as in [8, Ch. 2,
§2.3], ie.,

/F 87" (s)ds = /F S (f(s) — £(0))ds

for a test function f € C°(F).

We will first prove an analog of Theorem 3.2.5 for the Fourier transform.
Then we will use the relation between the Fourier transform and the Radon
transform to prove Theorem 3.2.5 in §3.5.

Remark 3.2.6. The integral of 3, along any compact open subset of F

has value in Z[%]. This is not true for the generalized function 11_7‘5: |s| ™.

3.3. Fourier transform

We assume without loss of generality that E contains all roots of unity.
Choose a nontrivial additive character ¢/ of F' which is trivial on O but
nontrivial on w~'O. The Haar measure we chose for F is self-dual with
respect to 1. Note that ¢ € Dj(F'). Define the Fourier transform ¥ : ¢_ —
Cy by

F:=Ty.

On the other hand, we also have an operator ¥ : €, — C_ defined by

(3.1) FfE) = (@) (P(=€ - ) = 1)da.

Fn

Moreover for any number R, one observes that F(C>g) C C<_pg.
Proposition 3.3.1. The operators F and F' are mutually inverse.

Proof. Proposition 2.3.1 and Corollary 3.2.3 imply that FF (C>r) C C>pyq
and FF(C<_g) C C<_p_, on functions stabilized by K, for a fixed r > 0.
As a consequence, it is enough to check the equalities FF' = id and F'F = id
on the subspace €. = CL NC_.

Let f € Cc. Then the usual Fourier transform f is a compactly supported

function on F". Note that F' f(£) = f(£) — f(0). By the definition of &, we
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have
FF f(x) = /A (F(6) — FO))(€ - )

for any sufficiently large open compact subgroup A C F". Since f is com-
pactly supported, the usual Fourier inversion formula implies that

/A F(©)u(e - w)de = f(x)

if A contains the support of f Since x is nonzero, [, ¥(& - x)d{ =0 for A
large enough. Therefore FF'f = f.

In the other direction, let ¢ € C.. Then Fp(x) = ¢(—x) is compactly
supported on F™. Again the Fourier inversion formula implies that

FFp(€) = / p(a)p(—€ - x)d — / p(x)dz = p(€) — 0(0) = (€).

n I:]

n

3.4. Actions on C4

For any real number R, let A<pr be the space of distributions a on F*
whose support is contained in {t € F'* | v(t) < R}. Let A_ denote the union
of all A<p for all a. Then A_ is an algebra with respect to multiplicative
convolution. This algebra acts (by convolution) on C_. One similarly defines
A>pr, Ay, and an action of A4 on €.

Define an isomorphism oy, : A< = A>_g by

on(@)(t) = a(t™)|t ™"

3.4.1. We would like to define a multiplicative convolution action of A
on Dy (F) by

@8 = [ awaes)

for @ € Ay and € D (F), but we must explain the meaning of this formula
as a generalized function on F'.

Let D(F) denote the space of compactly supported smooth measures
on F.

Lemma 3.4.2. Let p € D(F) andt € F*. Then [, Bt s)u(s) =0 if v(t)
is sufficiently large.
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Proof. Since p is locally constant and compactly supported, there exists an
open subgroup U C O* that stabilizes p under homotheties. Thus we can
replace 8 by the multiplicative average Sy, which is compactly supported.

Then [, B(t 1 s)u(s) = fsupp,BU Bu(s)u(ts). If v(t) is large enough such that
f is constant on t(supp fy), the integral vanishes since [ By(s)ds =0. O

Define the generalized function & * 8 € D} (F') by

J@esyu= [ aw [ s ot

for p € D(F'), which is well-defined by Lemma 3.4.2 and the fact that o €
Al

Remark 3.4.3. Observe that A<p* C<p C C<pyp and A>r*xCsp C
C>pr+r for any numbers R, R'. Moreover if & € A>g and € Dj(F) has
support contained in p?, then the support of & * 3 is contained in pf*t,

Remark 3.4.4. The convolution action of A4 on D} (F) is indeed an action,
Le., oy x (qgx ) = (a1 * o) * B for ay, a9 € Ay and § € D) (F). One sees
this by restricting 5 to F* and identifying A with the space of distributions
on F* with bounded support.

Lemma 3.4.5. Let o€ A_, 3 € D|(F), and ¢ € C_. Then

Tﬂ(a * 90) = Un(a) * Tﬂ90 = Ton(a)*ﬁ(@)

Proof. By Corollary 3.2.3 and Remark 3.4.3, we reduce to the case where
a€A_NA; and ¢ € C.. Consequently, ax p € C.. Fix x € F\ {0}. We

have
Ti(ax 9)(a /’ﬁ / a(t)p(t€)de

= [ atoler [ ste- e

by a change of variables. Substituting ¢ with t~! in the last integral shows
that T(a * ) = op () x Tp. One observes that oy, (o) x T = T, (0)4(®)
essentially by definition. O

Remark 3.4.6. One easily checks that if o« € A_ and f € Cy, then
M(op(a) * f)=axMf.
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3.5. Relation between Radon and Fourier transforms

Note that ¥’ and M are both operators €y — C_. Comparing formulas (2.1)
and (3.1), we deduce the formula

(32) grlf = Qg * Mf

where f € C; and ag := (Y(—t) — 1)d*t is a measure in A_.
Recall that we defined a compactly supported generalized function 5,
in Theorem 3.2.5.

Lemma 3.5.1. We have an equality of generalized functions
Bn = O'n(a?/) * 1.

Proof. Let € D(F). Then

[iontarycw-u= [ rwo -1 ([ sewu) e

This is equal to the value of the Fourier transform of [t|" 1 (v(t) — 1), con-
sidered as a generalized function on F', at the measure . It is well-known [8,
Ch. 2, §2.5-6] that the Fourier transform of [¢|"~! is 11__‘3;:: |s|~™. Therefore
we conclude that o, (ag) * Y = 5, O

Observe that F = Ty, and Tp, are both operators €. — C. Let ¢ € C_.
From Lemmas 3.4.5 and 3.5.1, we deduce the equality

(3.3) Tg,¢ = on(ag) * Fp.

Proof of Theorem 3.2.5. We deduce from (3.2) and Proposition 3.3.1 that
M has a left inverse sending ¢ € C_ to F(ag * ¢). Lemma 3.4.5 and (3.3)
together say that JF(ag * @) = T3, . Applying M to (3.3) and using Re-
mark 3.4.6, we see that MTg, = F'F = id. Therefore T, is both left and
right inverse to M. O

3.6. Comparison with Cernov’s Radon inversion formula

Let f be a compactly supported C'*° function on F". Recall that the Radon
transform Rf (€, s) is a C*° function on (F™\ {0}) x F' (in particular it is
defined at s = 0), and Rf(&,s) =0 if |s|-|&]|7F is sufficiently large. The
following “non-archimedean Cavalieri’s condition” is also well-known:



576 Jonathan Wang

Lemma 3.6.1. The integral [, Rf(&,s)ds does not depend on &.

Proof. The integral of f over F™ along a pencil of parallel hyperplanes does
not depend on the direction of the pencil. ]

3.6.2. It was previously known ([4, Theorem 5], [13, formula (8)]) that the
following inversion formula holds:

1— qn—l —n .
A= 0 =g /Hn:l/F!é’! Rf(n,s+n-x)dsdn

where x € F™\ {0} and n ranges over norm 1 vectors in F".

34)  flz)=

3.6.3. We will deduce formula (3.4) from Theorem 3.2.5. Since f is com-
pactly supported on F™, we have f € C; and Theorem 3.2.5 implies that

f(z) = T, Mf(x) = / Bo(€ - )M (E)de

v(§)=R

for z € F™\ {0} and R a sufficiently large number. We can write £ = t~!n
where t € F* and n € F™ with ||n|| = 1. This gives the equality

_ . -1, . M —1 N dnd>t.
s = [ el

Homogeneity of Rf implies that |t|=1M f(t~1n) = Rf(n,t). Therefore we
have the formula

1— qnfl
1-—g¢H(Q—q™)
/ / (-2 — 8" — |n- 2| "™)R S (n, ).
v(t)<—R J||n||=1

(3.5) flz) =

Choose ng € F™ with v(ny) = —v(z) and np-z=1. Then n-xz —t = (n—
tno) - x. Note that if v(t) > v(z), then translation by tny preserves the unit
sphere of norm 1 vectors. Moreover smoothness of Rf implies that Rf(n +
tno,t) = Rf(n,t) if v(t) is sufficiently large. Therefore the inner integral
of (3.5) is zero if v(t) is sufficiently large. Thus we may integrate over all
t € F' and switch the order of integration.

Lemma 3.6.4. The integral ||

\\Ti||=1’77 -x|7"dn equals zero.
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Proof. Using the G-action, we may assume that = = (1,0,...,0). Then 7 -
x = 11, the first coordinate of 7. One sees that anH:l\mF”dn =(1-q¢hH+
J » I |~"dn1 (1 — ¢'=™). A simple calculation shows that the latter expression
vanishes. |

Lemmas 3.6.1 and 3.6.4 imply that an”:l|17 x| ™" [ Rf(n, t)dtdn = 0,
so the |- z|™™ term in (3.5) vanishes. After a change of variables s =t —
n -z, the formula (3.5) becomes equal to Cernov’s formula (3.4).

4. F real

In this section we prove the invertibility of M when F' = R. Recall that in
this case K = O(n). The inversion formula is given in Theorem 4.3.3, and
a reformulation using the Mellin transform is given in Theorem 4.4.1. The
K-finiteness of € plays a crucial role in the proofs, so we begin by recalling
the classification of the K-isotypic components of C.

The non-K-finite situation is considered in §4.7.

4.1. Spherical harmonics

Let S™~! denote the unit sphere centered at the origin in R"™, which has
a natural action by O(n). Let C(S™"!) be the space of smooth K-finite
functions on S”~!. For a nonnegative integer k, let H* denote the space of
harmonic polynomials on R" of degree k.

Theorem 4.1.1 ([10, Theorem 1.3.1], [12, Theorem 3.1], [14]). Let
H¥|S™=1 denote the space of harmonic polynomials restricted to S"™1. Then

(i) the restriction map H* — HF|S™1 is an isomorphism,
(ii) €(s" 1) = Di>o H*|S"1 as O(n)-representations,

(iii) the O(n)-representations H* are irreducible and not isomorphic to
each other.

4.2. Decomposing € into K-isotypes

We have a decomposition R™ \ {0} = R~ x S"~1, with O(n) acting on the
S"~1 component. Let G(R~() denote the space of smooth functions on R<g
and define the subspaces C+(Rsg), C.(Rxg) as in §2.2.
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Theorem 4.1.1 implies that there is a decomposition

¢ =EPeRso) @ H.
k>0

For u € C(Rsg) and Y € H*, we define u®Y € C by (u®Y)(z) := u(|z|) -
Y (Z).

|z

4.3. Radon inversion formula

4.3.1. We have an isomorphism Inv : €_ — €, defined by

(v o)) = el (2 )-

Set M := Inv—! oM. Consider R as a subgroup of diagonal matrices in G.
Then it follows from (2.2) that M is a K x Rs( equivariant operator from
G+ to €+.

4.3.2. Let A denote the space of distributions on R~ supported on (0, 1].
Then A is an algebra under the convolution product * induced by the mul-
tiplication operation on R<g. The action of Ry on €y induces an action
of A.

Theorem 4.3.3. The operator M : Cy — C_ is an isomorphism. The in-
verse M~ : C_ — C is given by the formula

M™tp = B, + Inv(p)

for o in C_(Rsq) ® H, where By, is the distribution on Rwq defined by

_ 1 k-1
(4.1) Br(t) = 2y (222 1)t

n+k—1 k3
(—Z) <t"‘“’+1(1 — %), ) dt.
d

The derivative 7; is applied in the sense of generalized functions. For A € C
with Re()\) > —1, the generalized function (1 —¢)} is defined by [;°(1 —
)3 fo(t) fo (1 —t) M fo(t)dt for fo € C.(Rsg). This generalized function
can be analytlcally continued to all A € C not equal to a negative integer [9,
§1.3.2]. We define (1 —#2)} = (L+¢)*- (1 —¢)}.
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Corollary 4.3.4. For any number R one has M_l((?S_R) C C>pg.

Proof. Observe that fj is supported on (0, 1] for all k. O
4.4. A formula for M in terms of convolution

For t € (—1,1), define Av; : €(S" 1) — €(S™1) such that (Av; f)(z) is the
average value of f on the (n — 2)-sphere {w € S"! |w-2 =t}. Then Avy
is O(n)-equivariant, so by Schur’s lemma it acts on H¥[S"~! by a scalar
ay(t). Since H* is stable under complex conjugation, ay(t) is real valued.
One observes that ay is a smooth function on (—1,1), |ax(t)| <1 for all
t e (—1,1), and lim¢—; ax(t) = 1.

Suppose that f € C(Rsg)® H* and there exists C >0 and o >n — 1
such that |f(z)| < C||z|~7 for all x with ||z| > 1. Since the intersection of
S7=1 with the hyperplane {w |w -z =t} has radius (1 —t?)'/2 for a unit
vector x, we deduce that

(4.2) Mf = oy * f

where ay, is the measure mes(S™2) -t~ - a;(¢)(1 — tQ)%dt on the interval

(0, 1) extended by zero to the whole R+, and mes(S"~2) denotes the surface

area of the (n — 2)-sphere. The convolution oy, * f is well-defined because of

the bound on | f(z)]. In fact, [7, Proposition 2.211] says that ag(t) is the scalar

multiple of the Gegenbauer polynomial 015,7)@) normalized by ax(1) = 1.
The Mellin transform 9May, is defined for s € C by integrating t° against

ay if Re(s) > n — 1.

Theorem 4.4.1. The distribution oy is invertible in A. The inverse By is
defined by (4.1). The Mellin transforms are given by

L ek D(stk) TC3E41)
May(s) L(s—n+1) T(sHH)

(4.3)  MPi(s) =

Theorem 4.4.1 implies Theorem 4.3.3. We will prove the former by relat-
ing the Radon transform to the Fourier transform. Then we use the (one-
dimensional) Fourier inversion formula to perform a calculation.

4.5. Relation to Fourier transform

Let S(R™) denote the space of Schwartz functions on R™ and 8'(R") the dual
space of tempered distributions on R™. The Fourier transform is defined for



580 Jonathan Wang

an integrable function f on R™ by
FfE) = | fla)e > da.
Rn

This definition can be extended [16, §1.3] to the space of tempered distribu-
tions. After this extension, ¥ becomes an isomorphism F : 8'(R"™) — §'(R™).

Let F: 8'(R) — 8'(R) denote the 1-dimensional Fourier transform. For
f € 8(R™), one gets the Fourier transform from the Radon transform by

(4.4) Ff(rw) = F(Rf(w,1))(r)

where F' is the Fourier transform with respect to the t variable, r € R, and
w € S" 1 is a unit vector.

Lemma 4.5.1. Let f be a locally integrable function on R™ for which there
exist C > 0 and o > n — 1 such that |f(x)| < C||z||~7 for all x with ||z| > 1.
Then:

(i) Rf is a locally integrable function on S"1 x R.
(i1) Rf(w,t) is bounded for |t| > 1.

(iii) The right hand side of (4.4) is well-defined as a generalized function
on R x S"1,

(iv) Equation (4.4) holds as an equality of generalized functions on Rsg x
St

Proof. Since Rf is defined by integrating f on a hyperplane of dimension
n — 1, the bound on |f(x)| implies that Rf is well-defined on S”~! x R. One
also uses this bound and local integrability of f to deduce that Rf is locally
integrable. If w € S"~! and t € R with [t| > 1, then integrating in the radial
direction on the hyperplane w - x = ¢, we see that |Rf(w,t)| is bounded by
a constant times fooo (r2 +t2)=9/2r"=2dr, which is equal to a constant times
[t|*~1=2. This proves (ii). Property (iii) follows immediately from properties
(i) (i).

Let ¢ be a compactly supported smooth function on R™ \ {0} = R>¢ X
S™~1. Consider f as a tempered distribution on R™. By the definition of Jf,



Radon inversion formulas over local fields 581

(4.5) / Ff(rw)e(rw)r" tdrdw
Rsyo X Sn—1
= / f(z) / go(rw)efzmr(w'“”)r"ildrdwdx.
" ]R>0 X Sn—1

Since t — fR>0 p(rw)e 2mrtyn=ldr is a Schwartz function on R, we deduce
from the decomposition dz = du,dt and property (ii) applied to |f| that the

integral
/ / f(:v)/ o(rw)e 2@ @)=L gp| daduw
Sn—l n R>O

converges. Then the Fubini-Tonelli theorem implies that (4.5) is equal to

/ / / Rf (w, t)e” T p(rw)r™ L drdtdw,
Sn=1 JR R>0

which proves (iv). O

4.6. Proof of Theorem 4.4.1

Let Y € H* and define f(z) = ||z|| =% - Y (;%) for s € C. If n — 1 < Re(s) <

[l

n, then f is locally integrable on R"™ and satisfies the hypothesis of
Lemma 4.5.1. Moreover by (4.2) and homogeneity of f we see that

Rf (w,£) = sgn()FH" M f(w) = sgn(t)F |t~ May(s)Y (w)
as a locally integrable function on S”~! x R. Then Lemma 4.5.1 implies that
Ff(rw) = Fsgu(t)*t["17*) (r)May,(s)Y (w).

It is well-known [9, §I1.2.3] that

(sfn7k+1))

F(sgn(t)*[t"1=5)(r) = ik(%)s,nﬂsm(ﬁ - =

D(n — s)sgn(r)F|r[s—™.
On the other hand, one can compute the Fourier transform of f directly:

Theorem 4.6.1 ([16, Theorem IV.4.1]). If0 < Re(s) < n, then

3@ =l (1),

]

where v = z‘*kws_gf(7"+§_s)/l“(5§k).
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Comparing constant multiples in the two formulas for F f above and applying
Euler’s reflection formula, we have

P(n+l2€fs)r(sfn;k+l )F(TL+]€<2|>178)
I’(#)I‘(n —5)

mak(s) _ 2n—1—sﬂ_n/2—1

for n — 1 < Re(s) < n. By analytic continuation, we deduce the equality for
all s € C away from poles. The duplication formula for the I'-function implies
that

k+1
_ gkt = D(s—n+1) - T(55H)

as stated in Theorem 4.4.1. To finish the proof of Theorem 4.4.1, it remains
to show that (93;) ! equals the right hand side of (4.6). By considering the
Beta function we see that I'(S=2=E + 1)/T'($t5EL) is the Mellin transform
of v(t)dt, where

2 n4+2k—3
(4.7) Y(t) = e TR )
F( n+22k 1 )
nt2k—3

The generalized function (1 — %), is defined in the paragraph after The-
orem 4.3.3. Multiplying the right hand side of (4.7) by I'(s+k)/
I's—n+1)=(s—n+1)---(s+k—1) amounts to replacing v by
Li(v), where Ly, == (=% -t —n+1)--- (=% -t +k — 1). Observe that L, =
tk_l(—%)”+k_1t". Therefore MpBy, = (May) !, where By, is defined by (4.1).
This proves Theorem 4.4.1.

In the case n = 2, the formula (4.6) is well-known (cf. [17, Lemma 7.17],
[2, Proposition 2.6.3]).

4.7. The non-K-finite situation

In this subsection we consider the situation where we remove K-finiteness
from the definitions of €1 and C_. Let 4 be the space of smooth functions
on R™\ {0} with bounded support, and let _ be the space of smooth
functions on (R™)* \ {0} supported away from a neighborhood of 0.

4.7.1. We have the operator .Z : ¢, — 6— defined by

MEE) = /( . f(z)dpe
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(cf. formula (2.1)). One can deduce that .# is injective from the injectivity
of M : €4 — C_. However we will show below that .# is not surjective, and
hence not an isomorphism.

4.7.2. Let f € €. Define Cy = supp(f) U {0}, which is a compact subset
of R™. Let 6f denote its convex hull.

Let C' C R™ be a convex set containing 0. Define C* C (R™)* to be the
set of ¢ such that the hyperplane (£, z) = 1 is disjoint from C. By convexity,

C*={¢] (¢ x) <1foral xeC}.

Observe that C* is a convex set* containing 0. If C' C (R™)* is a convex set
containing 0, one similarly defines the dual C* C R™. Taking duals gives mu-
tually inverse maps between the collection of compact convex subsets of R"
containing 0 and the collection of open convex subsets of (R™)* containing 0.

Proposition 4.7.3. The connected component of (R™)* \ supp(# f) con-
taining 0 is equal to (Cy)*. In particular, it is convex.

Corollary 4.7.4. The operator M : €y — €— is not surjective.

Lemma 4.7.5. Let § € (R™)*\ {0}. If A f vanishes on a neighborhood
of the segment [0,&p] := {t& | 0 <t < 1}, then f vanishes on the half-space
<§0,{L‘> > 1.

Proof. By replacing f by a compactly supported function that is equal to f
outside of a small neighborhood of 0, we may assume that f is compactly
supported. There exists an open convex neighborhood C' of [0, &o] such that
M f vanishes on C. Then C' = C* is a compact convex subset of R” and
C* = C, so the integral of f along any hyperplane disjoint from C' vanishes.
Therefore [11, Corollary 2.8] implies that supp f C C. Since & € C, one sees
that C' is contained in the half-space (£y, z) < 1. O

We have the support function H : (R")* — R associated to Cy, which is
defined by
H(§) = sup{({,z) | = € Cr}.

For £ # 0, the set {x | (§,x) = H(§)} is a supporting hyperplane of éi‘ The
function H uniquely determines the compact convex set Cy, and (Cy)* =
H™ Y (Rey).

40~ is called [3] the dual (polar) set of C. Note that if C' is compact, then C* is
open. If 0 is an interior point of C', then C* is bounded.
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Proof of Proposition 4.7.3. Tt is clear that H~1(R.1) is an open subset of
(R™)* \ supp(.# f). Note that since supp(.# f) is closed, Lemma 4.7.5 im-
plies that if H(¢) =1 then & € supp(.# f). Thus (Cy)* = H ' (R<y) is also
closed in (R™)* \ supp(.AZ f). O

5. F complex

In this section we prove the invertibility of M when F = C. Recall that in
this case K = U(n). The inversion formula is given in Theorem 5.3.3, and
a reformulation using the Mellin transform is given in Theorem 5.4.1. The
K-finiteness of C plays a crucial role in the proofs, so we begin by recalling
the classification of the K-isotypic components of €.

5.1. Spherical harmonics

Let S?"~! denote unit sphere of norm 1 vectors in C® = R?", which has
a natural action by U(n). Let €(S?"~!) be the space of smooth K-finite
functions on S?"~!. For nonnegative integers p, ¢, let H”¢ denote the homo-
geneous polynomials of degree p + ¢ on R?” that are harmonic and satisfy

Y (A2t Azn) = NATY (21, ..., 20)
for A € C, (21,...,2,) € C" = R?",

Theorem 5.1.1 ([12, Theorem 3.1], [14]). Let HP4|S*"~! denote the
space of harmonic polynomials restricted to S*"~1. Then
(i) e(s?1) = D, >0 HP4| 5?1 g5 U(n)-representations,

(ii) the U(n)-representations HP are irreducible and not isomorphic to
each other.

5.2. Decomposing € into K-isotypes

We have a decomposition C" \ {0} = R x §?"~1, with O(2n) (and hence
U(n)) acting on the S?"~! component. Let C(Rsq) denote the space of
smooth functions on Rs(, and define the subspaces Ci(R<q), C.(Rsp) as
in §2.2.
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Theorem 5.1.1 implies that there is a decomposition

C= P C(Ro) @ H.
p,q=0

Foru € C(Rso) and Y € HPY we defineu®Y € Chy (u®Y)(z) := u(||z||) -
Y (%:).

[|]]
5.3. Radon inversion formula

5.3.1. We have an isomorphism Inv : €_ — C; defined by
_on T
(v o)) = 12" (25

where T is coordinate-wise conjugation. Set M :=Inv—! oM. Consider R0
as a subgroup of diagonal matrices in G. Then it follows from (2.2) that M
is a K x Ry equivariant operator from Cy to C,.

5.3.2. Let A be the space of distributions on R~ supported on (0, 1] (see
§4.3.2). The action of Rsg on €4 induces an action of A.

Theorem 5.3.3. The operator M : C4 — C_ is an isomorphism. The in-
verse M~ : C_ — C_ is given by the formula

Mo =B, % Inv(y)
for ¢ € C_(Rso) ® HPY, where [, 4 is the distribution on R-q defined by

1
£ —
’Bp7q( ) 2n+m72ﬂ-n71r(m)

n+m—1 d
11 (—dt t+p+q-— 2j> (P2t (1 — )P at

(5.1)

j=1
where m = min(p, q).

The derivative % is applied in the sense of generalized functions. The gen-
eralized function (1 — ¢?)? is defined by analytic continuation for A € C (see
the paragraph following the statement of Theorem 4.3.3). In particular, the

regularization of %(1 — 277 1dt at m = 0 is equal to §(1 — ¢).
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Corollary 5.3.4. For any number R one has M1 (C<_g) C C>pg.

Proof. Observe that 3, , is supported on (0, 1] for all p, g. O

5.4. A formula for M in terms of convolution

We consider the dot product on S?"~! ¢ C" induced by the dot product on
C™. For t € (—1,1), define Av, : C(S?"~1) — C(S?"~1) such that (Av, f)(x)
is the average value of f on the (2n — 3)-sphere {w € S?"!|w.-7 =t}.
Then Av; is U(n)-equivariant, so by Schur’s lemma it acts on HP4|S?7~1
by a scalar apq(t). One observes that a,, is a smooth function on (—1,1),
lapq(t)| <1 forall t € (—1,1), and limy; ap4(t) = 1.

Suppose that f € C(Rsg)® HP? and there exist C' >0 and 0 >n —1
such that |f(z)| < C||z|| =27 for all  with ||z|| > 1. One can deduce as in
the real case that

(5.2) Mf=apg*f

where a,, is the measure mes(S**73) . t172" . q, (t)(1 — t?)""2dt on the
interval (0,1) extended by zero to the whole R-. The convolution «,, 4 * f
is well-defined due to the bound on |f(x)|, and mes(S?"~3) denotes the
surface area of the (2n — 3)-sphere. By considering zonal spherical functions,
one can check [18, Lemma 1.2] that a,, 4(t) is the scalar multiple of the Jacobi

polynomial Pr(rﬁr?(i"(s_q')(QtQ — 1) normalized by a,4(1) = 1.
The Mellin transform 9May, 4 is defined for s € C by integrating ¢* against

apq if Re(s) > 2n — 2.

Theorem 5.4.1. The distribution oy, 4 is invertible in A. The inverse By 4
is defined by (5.1). The Mellin transforms are given by

1

(5.3) M Bpq(s) = Maryg(s)

D) TR o a)

r(ted g 1) el g )

1—n

Theorem 5.4.1 implies Theorem 5.3.3. We follow the same strategy of proof
as in the real case.
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5.5. Relation to the Fourier transform

Let 8(C™) denote the space of Schwartz functions on C" and 8'(C") the dual
space of tempered distributions on C". The Fourier transform is defined for
an integrable function f on C™ by

FHO) = | fla)e M RCDdy,
Cn

This definition coincides with the one from §4.5 by identifying C" = R?",
The Fourier transform can be extended to an isomorphism of tempered
distributions ¥ : §'(C") — 8'(C") .

Let F:8(C) — 8(C) denote the Fourier transform over C. For f €
8(C™), one gets Ff from the Radon transform by

(5:4) Ff(rw) = F(Rf(@,1))(r)

where F is the Fourier transform with respect to the ¢ variable, r € C,
and w € §?"! is a unit vector. We have the following complex analog of
Lemma 4.5.1, which is proved in exactly the same way.

Lemma 5.5.1. Let f be a locally integrable function on C™ for which there
exist C > 0 and o > n — 1 such that |f(z)| < C||z|| 72 for all x with ||z| >
1. Then:

(i) Rf is a locally integrable function on S*"~1 x C.
(ii)) Rf(w,t) is bounded for |t| > 1.

(iii) The right hand side of (5.4) is well-defined as a generalized function
on C x §2n—1,

(iv) Equation (5.4) holds as an equality of generalized functions on Rsg x
SQn—l'

5.6. Proof of Theorem 5.4.1

Let Y € HP? and define f(x) = HxH_SY(H?;—”) for seC. If 2n—2<

Re(s) < 2n, then f is locally integrable on C" and satisfies the hypothe-
sis of Lemma 5.5.1. Moreover by (5.2) and homogeneity of f we see that

Rf(@, 1) = T2 2745 0] f(w) = PEI|t[ 2"~ 2 P95 Dy, o (5)Y (w)
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as a locally integrable function on $?"~! x C. Then Lemma 5.5.1 implies
that

Ffrw) = FPEP27P707%) (1) Mayy,4(s)Y (w)
as generalized functions on Rsq x 2771,
Lemma 5.6.1. If 2n — 2 < Re(s) < 2n, then
(27’L+|p*‘1|*3)

2
F( 8—2n+§+|p_Q| )

F(tPZQ|t|2nf2*p*qfs)(T) — 7_[_sf2n+1if|pfq| Tpfq‘r|572nfp7q

as locally integrable functions on C.

Proof. Apply Theorem 4.6.1 for n =2, k= |p —q|, and Y (z1,22) = (z1 +
ixe)P~1if p > qor Y(x1,22) = (1 —ixe)? P if p < gq. O

Alternatively, we can use Theorem 4.6.1 to find that
_ x
Ff (@) == Q”Y(m),

where = §7P=ars [ (228 /P (SEPHD) - Comparing the two formulas
we have derived for Ff and applying Euler’s reflection formula, we conclude
that

p(tle=a o oypee=e=d g 41

(5.5) May 4(s) = a1 S — ,
p,q 1—\( +}27+q>r< g q—n—l—l)

as stated in Theorem 5.4.1. The equation holds a priori for 2n — 2 < Re(s) <
2n, and we deduce by analytic continuation that it holds for all s € C, away
from poles.

To finish the proof of Theorem 5.4.1, it remains to show that (Smﬁp’q)*l
is equal to the right hand side of (5.5?. By considering the Beta function
we see that I'(*5—% —n + 1)/F(87|% —n+ 1) is the Mellin transform of
v(t)dt, where

_ 2 —p—q—2n+1 _ 42ym—1
(5.6) v(t) = mt (1—t)7
for m = min(p, ¢). Note that if m = 0, then v(¢)dt = §(1 — ¢). Multiplying
the right hand side of (5.6) by

F(Sﬂ;ﬂ) _n+ﬁ—1 <S+p+q_j>

r(temd )
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amounts to replacing v by Ly 4(v), where L, , is the differential operator

n+m—1 d
e || (—dt~t+p+q—2j).
j=1

Theorem 5.4.1 is proved.
In the case n = 2, the formula (5.5) is well-known (cf. [17, Lemma 7.23],
[6, Proposition II1.3.7]).
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