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Boundedness of log Calabi-Yau pairs

of Fano type

Christopher D. Hacon and Chenyang Xu

We prove a boundedness result for klt pairs (X,B) such that KX +
B ≡ 0 and B is big. As a consequence we obtain a positive answer
to the Effective Iitaka Fibration Conjecture for klt pairs with big
boundary.

1. Introduction

Let X be a smooth complex projective variety. The canonical ring R(KX) =
⊕m≥0H

0(ωm
X ) is one of the fundamental birational invariants used to study

the geometry of X. Since R(KX) is finitely generated ([BCHM10, CL12]),
if R(KX) �= C, then there is a natural rational map X ��� Z = ProjR(KX).
This map is known as the Iitaka fibration and it is birationally equivalent to
the map φm : X ��� P(H0(X,mKX)∗) for any m > 0 sufficiently divisible.
It is an important problem to understand for which values of m, the map
φm is birational to the Iitaka fibration. It is classically known that for curves
m ≥ 3 suffices and for surfaces m ≥ 24 suffices (in fact by work of Bombieri,
if X is a surface of general type, then m ≥ 5 is sufficient). This leads to the
following natural conjecture (cf. [HM06]).

Conjecture 1.1. Fix a positive integer n. There exists an integer k > 0,
which only depends on n, such that if X is an n-dimensional smooth complex
projective variety, then |kKX | defines a map birational to the Iitaka fibration.

For threefolds, the conjecture is answered affirmatively in [Kaw86, FM00,
VZ09, CC10]. We remark that for threefolds, suchm can be computed explic-
itly. However, in many cases finding the optimal bound is a difficult task.
Furthermore, in [Tsu06, HM06, Tak06], Conjecture 1.1 is verified for vari-
eties of general type and arbitrary dimension, however no explicit expression
for m is known. Finally, the recent work [BZ14] gives a positive answer under
the additional assumption that the general fiber F of the Iitaka fibration is
bounded in an appropriate sense (more precisely, the smallest integer b > 0
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such that |bKF | �= 0 is bounded as well as the middle Betti number of a
desingularization of the corresponding degree b cyclic cover F̃ → F ).

In many applications, it is important to study log pairs. If we consider
the pairs (X,B) = (P1, P1 + P2 + tP3) where the Pi are distinct points on
P1 and t ∈ Q>0, then |m(KX +B)| is birational only for m ≥ 1

t . Therefore,
the analog of (1.1) for log canonical pairs does not hold unless we put some
restriction on the coefficients. As observed in [Kol94], the right condition for
the coefficients of the boundary should be that they satisfy the descending
chain condition (DCC) i.e., every non inecreasing sequence is eventually
constant. With this assumption, we can extend the above conjecture to the
context of log pairs.

Conjecture 1.2 (Effective Log Iitaka Fibration Conjecture). Fix a
positive integer n ∈ N and a DCC set I ⊂ [0, 1] ∩Q. There exists an integer
m > 0 which only depends on n and I such that if (X,B) is an n-dimensional
complex projective log canonical pair such that the coefficients of B are in
I and κ(KX +B) ≥ 0, then |m(KX +B)| defines a map birational to the
Iitaka fibration.

Various low dimensional cases of Conjecture 1.2 are known (see [Kol94,
Ale94, Jia13, Tod10, TX09]). In arbitrary dimension, we also have an affir-
mative answer in the log general type case (cf. [HMX13, HMX14]). How-
ever, the case of intermediate Kodaira dimension is more complicated and
very little is known in arbitrary dimension. The well-known strategy, first
developed in [FM00], is to use the canonical bundle formula, which is a far
reaching generalization of Kodaira’s formula for elliptic fibrations, to reduce
the above question to questions about the general fiber and the base pair
which is of log general type.

More precisely, let f : X ��� Z be a morphism birational to the Iitaka
fibration, then the pluricanonical ring R(KX +B) can be described in terms
of the pluricanonical type ring R(KZ +BZ +MZ) where (Z,BZ) is a klt
pair, the coefficients of BZ belong to an appropriate DCC set and KZ +
BZ +MZ is big. Here BZ denotes the boundary part which measures the sin-
gularities of the map f and MZ is the moduli part which measures the vari-
ation of the fibers of f : (X,B) → Z. If one can show that (Z,BZ +MZ) is
also a log canonical pair and the coefficients of MZ also belong to a DCC (or
finite) set, then the result would follow from the results in [HMX13, HMX14].
Therefore, the main difficulty of this approach is to control the corresponding
moduli divisor MZ . This is a difficult question. An affirmative answer would
follow from the effective adjunction conjectures in [PS06, Conjecture 7.13].
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In [BZ14], the authors treat MZ as a divisor class (rather than an actual
divisor) and develop results similar to those of [HMX14] in this context.

In this note, we show that the results of [HMX14] imply a (strong)
boundedness result for klt pairs (X,B) such that KX +B ≡ 0 where B is
big. Before stating the main result we fix some notation. Given a DCC set
I ⊂ [0, 1] ∩Q and a positive integer n ∈ N, let D(n, I) be the set of all n-
dimensional projective klt pairs (X,B) such that B is big, the coefficients
of B are contained in I and κ(KX +B) = 0. Let C(n, I) be the subset of
D(n, I) consisting of those pairs (X,B) satisfying KX +B ≡ 0.

Theorem 1.3. Fix I ⊂ [0, 1] ∩Q a DCC set and n ∈ N. There exists an
integer k > 0 which only depends on I and n such that if (X,B) ∈ D(n, I),
then h0(k(KX +B)) = 1. Furthermore, the set C(n, I) is bounded (cf. Sec-
tion 2.2).

As a consequence, by [BZ14], we also obtain a positive answer for (1.2)
when the general fibers of the Iitaka fibration have a big boundary.

Theorem 1.4. Fix a DCC set I ⊂ [0, 1] ∩Q and an integer n ∈ N. Then
there is an integer k > 0 depending only on n and I such that if

1) (X,B) is an n-dimensional projective klt pair,

2) the coefficients of B are in I,

3) κ(KX +B) ≥ 0 and (X,B) ��� Z is the Iitaka fibration, and

4) if η is the generic point of Z and Xη the corresponding fiber, then
Bη := B|Xη

is big (see Definition 2.3),

then |k(KX +B)| is birational to the Iitaka fibration of (X,B).

As an immediate corollary of (1.3), we obtain the following result which
can be used to generalize [BL15, Theorem 5.2] from birational boundedness
to boundedness (see [BL15, 3.4]).

Corollary 1.5. Fix two positive integers n and m. Consider the set of n-
dimensional weak Fano varieties X with Cartier index m, i.e., X is klt,
−KX is big and nef and −mKX is Cartier. Then the set of all such X is
bounded.
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2. Preliminaries

2.1. Notation and Conventions

Notation 2.1. We follow the usual notation from [KM98] and [BCHM10].
We say that a pair (X,B) is ε-klt (ε Kawamata log terminal), if its total
discrepancy is larger than −1 + ε.

Let (X,B) be a log pair and Bi be the components of the support of B.
We say that (X,B) is log smooth ifX is smooth andB has snc (simple normal
crossing) support. Given a log smooth pair (X,B), we say that V ⊂ X is a
stratum of (X,B) if either V = X or V is a component of Bi1 ∩ . . . ∩Bir . We
say that a log smooth pair (Y,D) with a morphism f : Y → S is log smooth
over a smooth variety S if every stratum of (Y,D) (including Y ) is smooth
over S.

LetX andX ′ be two normal projective varieties. We say that a birational
map f : X ��� X ′ is small if both f and f−1 do not contract any divisor,
i.e., X and X ′ are isomorphic in codimension 1.

If X ��� X ′ is a small birational map between normal Q-factorial pro-
jective varieties, then we say that X ′ is an SQM (small Q-factorial modi-
fication) of X. If X ′ → X is a small birational morphism of normal quasi-
projective varieties such that X ′ is Q-factorial, then we say that X ′ is a
Q-factorialization of X.

If f : X → S is a morphism and s ∈ S is a point (not necessarily closed),
then we denoteXs = X ×S s. If L is a line bundle, then we denote Ls = L|Xs

.
If f is equidimensional with reduced fibers, s ∈ S is a smooth point, B is
a Q-divisor whose support does not contain any component of Xs, then we
denote by Bs ⊂ Xs the divisor on Xs given by B ·Xs.
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Definition 2.2. Let X be a normal projective variety, L be a Q-Cartier
divisor. If we assume κ(L) ≥ 0, then there is a rational map φ : X ��� Z
such that dimZ = κ(L) and κ(L|Xz

) = 0 where z is a very general point of
Z. This map is defined (up to birational isomorphism) by |kL| for k > 0
sufficiently divisible. We say that φ is the Iitaka fbration of L (see [Laz04,
2.1 C]).

Definition 2.3. For an effective Q-divisor B on X and a proper rational
map X ��� Z, we say that B is big over the generic point η of Z, if for some
resolution g : X ′ → X inducing a morphism X ′ → Z, the restriction of the
divisor B′ = g−1∗ B + Ex(g) to the generic fiber X ′

η is big. Alternatively, this
is equivalent to saying that for such X ′ there is a relatively big divisor B′

over Z satisfying g∗B′ = B.

2.2. Boundedness

We say that a collection of log pairs C is bounded if there exists a pair (X ,B)
and a projective morphism of quasi-projective schemes f : X → S such that
any (X,B) ∈ C is isomorphic to the fiber (Xs,Bs) of f for some closed point
s ∈ S.

Proposition 2.4. Fix ε > 0. Let f : X → S be a morphism of quasi-
projective varieties, B a divisor on X . Assume that there is a dense set
of points si ∈ S (i ∈ I) such that each (Xsi ,Bsi) is an ε-klt pair. Then there
exists a dense open set U ⊂ S such that (KX + B)|X×SU is Q-Cartier and
klt.

Proof. After replacing S by an open subset, we can assume that (X ,B) has
a log resolution μ : Y → X such that (Y, μ−1∗ B + E) is log smooth over S,
where E is the sum of the μ-exceptional divisors. We run a minimal model
program for KY + μ−1∗ B + (1− ε)E over X which, by [BCHM10], terminates
with a relative minimal model g : X ′ → X .

Let ν : Y ��� X ′ be the induced birational map. Since KX ′ + ν∗(μ−1∗ B +
(1− ε)E) is nef over X , it follows that

(KX ′ + ν∗(μ−1
∗ B + (1− ε)E))|X ′

si
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is nef over Xsi . Let gi : X ′
si → Xsi be the induced morphism.

X ′
si

� X ′

Xsi

gi

�
� X

g

�

Since ν∗E is g exceptional, by semicontinuity of the fiber dimension, it
follows that after restricting over an appropriate open subset of S, ν∗E|X ′

si

is gi exceptional. Since

(KX ′ + ν∗(μ−1
∗ B + (1− ε)E))|X ′

si
− g∗i (KXsi

+Bsi)

is an effective divisor whose support equals the exceptional divisor ν∗E|X ′
si
,

by the negativity lemma, it follows that ν∗E|X ′
si
= 0 and X ′

si → Xsi is a small

birational (KX ′
si
+ (ν∗μ−1∗ B)|X ′

si
)-trivial morphism.

Let φ : X̄ → X be the relative log canonical model of KX ′ + ν∗μ−1∗ B
over X . Since φ contracts all (KX ′ + ν∗μ−1∗ B)-trivial curves over X , it fol-
lows that X̄si = Xsi . Therefore, after possibly shrinking S, we may assume
that ν∗E = 0 and φ : X̄ → X is an isomorphism. In particular KX + B =
g∗(KX ′ + ν∗μ−1∗ B) is Q-Cartier. Finally, we may assume that KX + B is klt
as it is the relative log canonical model of the klt pair KY + μ−1∗ B + (1−
ε)E . �

Proposition 2.5. Fix ε > 0. Let f : X → S be a projective morphism of
quasi-projective varieties and B a divisor on X . Assume that there is a
set of points si ∈ S (i ∈ I) such that each (Xsi ,Bsi) is an ε-klt pair. Then
there exists a family (Y,D) → T over a quasi-projective base T such that
for any given proper birational morphism Y → Xsi whose exceptional set
consists of finitely many divisors with non-positive discrepancies with respect
to (Xsi ,Bsi), there exists a closed point t ∈ T and a birational morphism μt :
Yt → Xsi such that the birational map νt : Yt ��� Y is small and KYt

+Dt =
μ∗
t (KXsi

+ Bsi).

Proof. Replacing S by a component of the closure of {si}i∈I , we may assume
that {si}i∈I ⊂ S is dense. By Noetherian induction it suffices to prove the
claim over any dense open subset of S. By Proposition 2.4, we may assume
that KX + B is Q-Cartier and klt. Let ν : X ′ → X be a log resolution and
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write

KX ′ +D′ = ν∗(KX + B) + E ,
where D′ and E are effective with no common components. After a (possibly
non-surjective) dominant base change, we may assume that (X ′,D′) → S is
log smooth with geometrically irreducible strata over S, and the induced
morphism from the corresponding fiber νi : X ′

si → Xsi is a log resolution of
(Xsi ,Bsi) (see e.g. [HMX13], bottom of page 1105). Furthermore, after a
possible further blow up, we can assume (X ′,D′) is terminal (see e.g., the
beginning of the proof of Theorem 1.8 in [HMX13]).

Note that by our assumption on the existence of the simultaneous log
resolution Y, the divisors of discrepancy a(E,Xsi ,Bsi) ≤ 0 are in one to
one correspondence with divisors E over X such that a(E ,X ,B) ≤ 0 and
all of these divisors are divisors on X ′. Denote this set of divisors by F .
By [BCHM10, 1.4.3], for any fixed subset F ′ ⊂ F there exists a birational
map X ′ ��� XF ′ over X such that XF ′ → X contracts precisely the divisors
in F ′. There exists a dense open set U ⊂ S such that for any t ∈ U and
any F ′ ⊂ F , (XF ′)t → Xt contracts precisely the divisors (Ei)t for Ei ∈ F ′.
Letting D′

F ′ be the pushforward of D′ on XF ′ , defining

T = �F ′⊂FUF ′ where UF ′ = U

and

(Y,D)|UF′ = (XF ′ ,D′
F ′)×S U,

and continuing by Noetherian induction, we obtain the required family
(Y,D) → T . �

2.3. Families of varieties of Fano type

Definition 2.6. A projective normal variety X is of Fano type, if there
exists an effective big Q-divisor B such that KX +B ∼Q 0 and (X,B) is
klt.

IfX is of Fano type, then as B is big, for any ample divisor A, there exists
a sufficiently small rational number ε > 0, such that B − εA ∼Q G ≥ 0. For
0 < δ 
 1, let B′ = (1− δ)B + δG. It follows easily that (X,B′) is klt and
since

−(KX +B′) ∼Q δεA,

the pair (X,B′) is a log Fano variety. In particular, if X is also Q-factorial,
then by [BCHM10, 1.3.2], X is a Mori Dream space. Thus the number of
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SQM (small Q-factorial modifications) of X is finite. Moreover, the Mori
chamber decomposition of Mov(X) is polyhedral, such that each SQM cor-
responds to a maximal dimensional chamber of Mov(X) (see [HK00, 1.10]).

Lemma 2.7. Let f : X → S be a projective morphism over an affine variety
S, such that the geometric generic fiber is of Fano type. Then there is a dense
open subset S0 ⊂ S such that for any line bundle L on X and for sufficiently
divisible m, the map

H0(X , L⊗m) → H0(Xs, L
⊗m
s )

is surjective for any s ∈ S0.

Proof. Let η ∈ S be the generic point, K the algebraic closure of k(η) and
XK = X ×S Spec(K). By assumption there is an effective big Q-divisor DK

on XK such that KXK
+DK ∼Q 0 and (XK ,DK) is klt. Therefore, we may

find a finite field extension k(η) ⊂ K ′ ⊂ K such that DK is induced by base
extension from K ′, i.e.,

DK = DK′ ×Spec(K′) Spec(K),

where DK′ is defined over K ′. Thus if we denote by XK′ = Xη ×η Spec(K
′),

then KXK′ +DK′ ∼Q 0 and (XK′ ,DK′) is klt.
By the flat base change theorem, it is clear that to prove Lemma 2.7, it

suffices to prove that there exists a dominant quasi-finite base change T → S
and

H0(X ×S T, L⊗m) → H0(Xt, L
⊗m
t )

is surjective for any t ∈ T 0, where T 0 is a dense open set of T . Therefore,
after replacing S by a quasi-finite dominant base change, we can assume
that S is affine and there is a big boundary D, such that KX +D ∼Q,S 0
and (X ,D) is klt. We may further assume that D ∼Q A+ B where A is
ample, (X ,B) is klt and that (Xs,Bs) is klt for any s ∈ S after a possibly
further shrinking of S. We take a log resolution ψ : X ′ → X of (X ,B) and
write

ψ∗(KX + B) + E = KX ′ +D′,

where E , D′ are effective and do not have common components. We can
assume that (X ′,D′) is terminal. By shrinking S, we may assume that
(X ′,D′) is log smooth over S and for any s ∈ S, X ′

s → Xs is a log resolution
of (Xs,Bs).
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Let L be a line bundle on X , then for any rational number 0 < λ 
 1,
the Q-divisor Aλ : = A+ λL is ample. By [HMX13, 1.8], for sufficiently
divisible m, the morphism

H0
(X ′,OX ′(m(KX ′ +D′ + ψ∗Aλ))

)

→ H0
(X ′

s,OX ′
s
(m(KX ′ +D′ + ψ∗Aλ)|X ′

s
)
)

is surjective. Since

ψ∗(KX ′ +D′ + ψ∗Aλ) = KX + B +Aλ ∼Q,S λL

and

KX ′ +D′ + ψ∗Aλ − ψ∗(KX + B +Aλ)

is effective and ψ-exceptional, this implies that

H0(X , L⊗m) → H0(Xs, L
⊗m
s )

is surjective for any sufficiently divisible integer m > 0. �

Proposition 2.8. Let f : X → S be a projective morphism of quasi-
projective varieties such that the geometric generic fiber is of Fano type.
Assume that there is a dense set of points {si}i∈I ⊂ S such that each fiber
Xsi is Q-factorial.

Then there exists a dominant morphism T → S, such that if we denote
XT = X ×S T , then for any t ∈ T ,

1) the morphism ρt : N
1(XT /T ) → N1(Xt) is an isomorphism,

2) ρt(Mov(XT /T )) = Mov(Xt) and there is a one-to-one correspondence
between the two Mori chamber decompositions.

Proof. By the proof of (2.7), after a dominant base change, we may assume
that S is affine, there is a big boundary B over S such that (X ,B) is a klt
pair, projective over S, each fiber (Xs,Bs) is a klt pair and

KX + B ∼Q,S 0.

After replacing S by a dense open set, it follows from [KM92, 12.1.7] and
our assumptions that every fiber Xs is Q-factorial.
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By [dFH11, 6.6], after restricting over a dense open set, we can assume
that for any s ∈ S, the morphisms

N1(X/S) → N1(Xs) and N1(X/S) → N1(Xs)

are isomorphisms. We note that the general setting in [dFH11] assumes that
the fibers are terminal Q-factorial Fano varieties and the base S is a curve.
However, the argument of [dFH11, 6.6] only needs H1(Xs,OXs

) = 0 and Xs

being Q-factorial, and it can be indeed applied to a base of any dimension.
This gives (1).

By Lemma 2.7, we can assume that (after a possible base change),

ρs : Eff(X/S) → Eff(Xs)

is an isomorphism for every s ∈ S (here Eff(X/S) denotes the relative pseudo-
effective cone i.e. the closure of the relative big cone). Let X 1,X 2, . . . ,X k be
the Q-factorial birational models corresponding to the maximal dimensional
chambers of the Mori chamber decomposition of Mov(X/S). Each X i is also
of Fano type, in particular, it is a Mori dream space (see [BCHM10, 1.3.2]).
The nef cones Nef(X i/S) (1 ≤ i ≤ k) are finitely generated polyhedral cones
and give the Mori chamber decomposition of Mov(X/S).

By shrinking S, we assume that for any s ∈ S, any 1 ≤ i ≤ k, Xs ��� X i
s

is a small birational map, which implies

ρs(Mov(X/S)) ⊂ Mov(Xs).

Furthermore, by Lemma 2.7, we can assume that for any line bundle L
on X , for any sufficiently divisible integer d > 0

H0(X , L⊗d) → H0(Xs, L
⊗d
s ),

is surjective for any s ∈ S.
If there is a movable divisor class Ls on Xs, then by our assumption it is

the restriction of an effective divisor L on X . If L is not movable, then the
stable base locus B(X/S, L) contains a divisor, which implies that B(Xs, Ls)
contains a divisor (since we have assumed that H0(X , L⊗d) → H0(Xs, L

⊗d
s )

is surjective for any s ∈ S). But this contradicts the assumption that Ls is
movable. Therefore, L is movable on X and so ρs(Mov(X/S)) = Mov(Xs).

Replacing S by an open subset, we may assume that for any s ∈ S and
1 ≤ i ≤ k, the X i

s are mutually not isomorphic. Thus the cones Nef(X i
s) give

different Mori chambers in Mov(Xs). This completes the proof of (2). �
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Proposition 2.9. Let (X ,B) be a log pair and f : X → S be a projective
morphism of quasi-projective varieties. Let si ∈ S (i ∈ I) be a collection of
points such that (Xsi ,Bsi) is a Q-factorial ε-klt pair, KXsi

+ Bsi ∼Q 0 and
Bsi is big. Then there exists a log pair (Y,D) and g : Y → T a projective
morphism of quasi-projective schemes such that if η : Xsi ��� Y is a small
birational map and KY + η∗Bsi is Q-Cartier, then there is a point t ∈ T such
that Y = Yt and η∗Bsi = Dt.

Proof. By Noetherian induction, we can replace S by a component of the
closure of {si}i∈I ⊂ S and assume that {si}i∈I ⊂ S is dense. Furthermore, by
Noetherian induction, it suffices to prove the assertion over some non-empty
open subset of S. In particular, we may assume that S is affine.

We first only consider smallQ-factorial modifications. By Proposition 2.4,
we can assume that (X ,B) is klt. Thus we can fix a > 0 such that KX +
(1 + a)B is klt. Let ν : X ′ → X be a log resolution of (X ,B) and write

KX ′ +D′ = ν∗(KX + (1 + a)B) + E

where D′ and E are effective with no common components. As in the proof
of Proposition 2.5, we may assume that (X ′,D′) is log smooth over S. By
[HMX13, 1.8], if mD′ is integral, then

h0(OXs
(m(KX + (1 + a)B)|Xs

)) = h0(OX ′
s
(m(KX ′ +D′)|X ′

s
))

is locally constant for s ∈ S. Therefore KXη
+ (1 + a)Bη is big where η is

the generic point of S. By Lemma 2.7, we also see that

KXη
+ Bη ∼Q 0.

Therefore Bη is big. By shrinking S, we can assume that KX + B ∼Q,S 0.
Since the SQMs of a Mori dream space are determined by the maximal

dimensional chambers in the Mori chamber decomposition of the moving
cone, by Proposition 2.8, after possibly shrinking S, if {X j} are the birational
models of X corresponding to the maximal dimensional chambers in the
Mori chamber decomposition of Mov(X/S), then the X j

si = X j ×S si are
the SQMs of the Xsi .

We now consider the general case. Let X ′
si ��� Xsi be a small birational

map and B′
si the proper transform of Bsi . Since (Xsi ,Bsi) is klt and Bsi

is big, it is easy to see that (X ′
si ,B′

si) is klt and B′
si is big. Thus there is

a Q-factorialization φ : X ′′
si → X ′

si (see [BCHM10, 1.4.3]). By what we have
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shown above, we may pick X p which is a SQM of X , such that

X p
si
∼= X ′′

si .

The pull back of Nef(X ′
si) corresponds to a face Σ of Nef(X ′′

si) which in turn
corresponds to a face Σ of Nef(X p/S).

Pick a line bundle L ∈ Nef(X p/S) in the open chamber Σ0. By (2.7), L
is relatively big over S and so it induces a morphism X p → (X p)′ over S,
where X ′

si
∼= (X p)′ ×S si. Since Nef(X p/S) is a polyhedral cone, we conclude

that there are only finitely many possible birational models (X p)′ with a
morphism X p → (X p)′. The proposition now follows by letting Y/T be the
disjoint union of the (X p)′/S. �

3. The main result

Fix I ⊂ [0, 1] a DCC set and n ∈ N. Let (X,B) be a klt pair such that the
restriction of B to the generic fiber of the Iitaka fibration is big, dimX = n
and B ∈ I. The goal is to find an effective integer m = m(n, I) such that
|m(KX +B)| induces the Iitaka fibration. If κ(KX +B) = 0 this simply
means h0(OX(m(KX +B))) �= 0. Recall the following result from [HMX14,
1.7].

Proposition 3.1. Fix I ⊂ [0, 1] ∩Q a DCC set and n ∈ N. Let G(n, I) be
the collection of all n-dimensional projective klt pairs (X,B) with KX +B ≡
0, −KX is ample and the coefficients of B are contained in I. Then G(n, I)
is bounded.

Proof. [HMX14, 1.7] proves the statement assuming that there is an ε > 0
such that for any (X,B) ∈ G(n, I) the total discrepancy of (X,B) is greater
than −1 + ε. Thus it suffices to prove that such an ε > 0 exists.

Suppose that (Xi, Bi) ∈ G(n, I) is a sequence of pairs with lim εi = 0
where −1 + εi > 0 is the total discrepancy of (Xi, Bi). Passing to a sub-
sequence, we may assume that εi is decreasing and εi ≤ 1. Let (X ′

i, B
′
i) →

(Xi, Bi) be the pairs obtained by extracting a divisor of discrepancy −1 + εi,
then the coefficients of B′

i belong to the DCC set J = I ∪ {1− εi|i ∈ N}.
Hence the pairs (X ′

i, B
′
i) violate [HMX14, 1.5], a contradiction. �

Proof of Theorem 1.3. Let (X,B) ∈ D(n, I). By [BCHM10], running the
(KX +B)-mmp with scaling of an ample divisor, we may assume that (X,B)
is a good minimal model, i.e. that KX +B ∼Q 0 and hence (X,B) ∈ C(n, I).
Therefore, it suffices to show that C(n, I) is bounded.
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Let (X,B) ∈ C(n, I). The same argument as in the proof of (3.1) implies
that there is an ε > 0 which only depends on n and I such that (X,B) is ε-
klt. Let ν : X ��� X ′ be a minimal model forKX + (1 + a)B and h : X ′ → Z
the corresponding log canonical model where 0 < a 
 1 is chosen so that
(X, (1 + a)B) is klt. By boundedness of log canonical models [BCHM10,
1.1.5], we may assume that Z is independent of a. In particular, h∗B′ is
Q-Cartier, where B′ = ν∗B. Since

KZ + h∗(B′) ∼ (h ◦ ν)∗(KX +B) ∼Q 0,

it follows that KZ + (1 + a)h∗(B′) ∼Q ah∗(B′) is ample. Hence −KZ ∼Q

h∗B′ is ample. By (3.1), the set C′ of all such pairs (Z, h∗B′) is bounded.
Note that (Z, h∗B′) is ε-klt (see the proof of (3.1)) for some fixed ε > 0
which only depends on n and I, so we can apply (2.5) and denote by C′′ the
bounded family constructed there.

For any (Z, h∗B′) ∈ C′, consider a common resolution p : Y → X and
q : Y → Z, since

p∗(KX +B) = q∗(KZ + h∗B′),

it follows that the discrepancy of any q ◦ p−1-exceptional divisor E ⊂ X is
≤ 0 as

a(E,Z, h∗B′) = a(E,X,B) ≤ 0.

Hence, there exists a proper birational morphism g : X ′′ → Z such that the
induced rational map ψ : X ��� X ′′ is an isomorphism in codimension 1 and
(X ′′, B′′ : = ψ∗B) belongs to C′′.

Finally, note that as B is big, so is B′′ and (X ′′, B′′) is ε-klt, Q-factorial
with KX′′ +B′′ ∼Q 0. By (2.9) it follows that C is bounded. �
Proof of (1.5). By [Kol93], we know that there exists a uniformN = N(m,n)
such that | −NKX | is base point free. Let D be a general divisor in | −
NKX |, then the pair (X, 1

ND) satisfies the assumption of Theorem 1.3 and
the assertion follows. �
Proof of (1.4). By [Lai11, 4.4], we may replace (X,B) by a good minimal
model and hence we may assume thatKX +B is semiample. We note that in
[Lai11, 4.4], it is assumed that X is terminal. However, the same argument
can be applied if we only assume the pair (X,B) to be klt, since in the
argument the only used facts are that we can run MMP of (X,B) with a
scaling of an ample divisor, and the pluricanonical ring of (X,B) is finitely
generated. Both of these facts follow from [BCHM10]. Alternatively this
follows from [HX13, 2.10, 2.12].
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Let Z = Proj(R(KX +B)) and f : X → Z the induced morphism which
coincides with the Iitaka fibration. We can write

KX +B ∼Q f∗(KZ +BZ +MZ)

where BZ is the boundary part and MZ is the moduli part.
Let ν : Z ′ → Z be a resolution of Z and X ′′ be a resolution of the main

component of X ×Z Z ′, μ : X ′′ → X the induced morphism. Write

KX′′ +B′′ = μ∗(KX +B) +
∑

aiEi

such that each Ei is exceptional, and the coefficients of B′′ are contained
in the DCC set I ′ = I ∪ {n−1

n |n ∈ N} and ai > 0 for all exceptional divisors
Ei. B

′′ is big over Z ′ and so we can run a relative MMP of (X ′′, B′′) over
Z ′. Let f ′ : (X ′, B′) → Z ′ be the corresponding minimal model over Z ′.

We may apply [Kaw98, Theorem 2] and write

KX′ +B′ ∼Q f ′∗(KZ′ +BZ′ +MZ′),

where BZ′ is the boundary part (in [Kaw98, Theorem 2], it is denoted by Δ)
andMZ′ is the moduli part. In particular, choosing Z ′ andX ′′ appropriately,
we may assume that MZ′ is nef.

Claim 3.2. There exists an integer r > 0 and a DCC set Λ such that

1) (Z ′, BZ′) is klt,

2) the coefficients of BZ′ belong to Λ,

3) rMZ′ is a nef Cartier divisor, and

4) KZ′ +BZ′ +MZ′ is big.

Since f ′ is birational to the Iitaka fibration of (X,B) and

KX′ +B′ ∼Q f ′∗(KZ′ +BZ′ +MZ′),

it follows that (4) holds.
To check that (3) holds, we follow [FM00, Theorem 3.1] which is known

to apply to the log setting, see for example [Tod10, §3]. Let F be the general
fiber of f and write (KX +B)|F = (KF +BF ), then KF +BF ∼Q 0 and
BF is big. So by (1.3), (F,BF ) belongs to the bounded family C(ρ, I) where
ρ = dimX − dimZ. In particular, there exists an integer b > 0 which only
depends on Λ and ρ such that b(KF +BF ) ∼ 0.
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We let η : F ′′ → F be a log resolution of (F,BF ). We write

KF ′′ +BF ′′ = η∗(KF +BF ),

then

DF ′′ := b{BF ′′} ∼Q b(−KF ′′ − �BF ′′�).
In particular, DF ′′ is an effective divisor.

We denote by φ : F ′′′ → F ′′ the corresponding degree b cyclic covering
branched over DF ′′ and ψ : F ′ → F ′′′ a resolution. Since (F,BF ) ∈ C(ρ, I)
and C(ρ, I) is bounded, it is easy to see that we can assume that (F ′, BF ′) ∈
C′ where KF ′ +BF ′ = (η ◦ φ ◦ ψ)∗(KF +BF ) and C′ is bounded. In par-
ticular, it follows that the middle Betti number Bρ(F

′) is bounded by a
constant l.

Lemma 3.3. Let ϕ be the Euler function, then there exists a positive integer
r such that rMZ′ is Cartier and ϕ(r) ≤ l.

Proof. When F is smooth and BF = 0, this is [FM00, Theorem 3.1]. The
general case is well known and similar to [FM00]. For the reader’s conve-
nience, we include a short sketch.

Following [FM00, 3.6], fix any divisor P on Z ′, let (Q ∈ W ) → (P ∈ Z ′)
be a base change, such that X ′ ×Z′ W admits a semistable model over a
neighborhood of the generic point of Q. Then rMZ′ is integral at P if the
local monodromy action on H0(F ′,KF ′) (where F ′ is considered as a fiber
over W ) factors through

μr : Z/rZ → C∗.

On the other hand, there is a μr-equivariant injection

H0(F ′,KF ′) ⊂ Hρ(F ′,Z)⊗ C,

whereHρ(F ′,Z) is the middle Betti cohomology of F ′. The eigenvalues of the
corresponding action on Hρ(F ′,Z)⊗ C are always algebraic integers, thus
we conclude ϕ(r) ≤ dimC(H

ρ(F ′,Z)⊗ C) = l (cf. [FM00, 3.7, 3.8]). �

To check that (2) holds, recall that for a codimension 1 point P on Z,
its coefficient in BZ′ is equal to

1− lctf ′−1(P )(X
′, B′, f ′∗(P )),
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where the log canonical threshold is computed locally around f ′−1(P ) (cf.
[Kaw98], [Amb99, 3.1.4]). Therefore, by [HMX14, Theorem 1.1], it is con-
tained in a DCC set.

By [BZ14, 1.2], it follows that there is an integer m depending only on Λ,
r and d = dimZ such that |m(KZ′ +BZ′ +MZ′)| defines a birational map.
Since

H0(X ′,mb(KX′ +B′)) ∼= H0(Z ′,mb(KZ′ +BZ′ +MZ′)),

it follows that |mb(KX′ +B′)| defines the Iitaka fibration. This concludes
the proof of (1.4). �
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