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Torsion in the Lichtenbaum Chow group
of arithmetic schemes

A. ROSENSCHON AND V. SRINIVAS

We give an example of a smooth arithmetic scheme X — B over the
spectrum of a Dedekind domain and primes p with the property
that the p-primary torsion subgroup of the Lichtenbaum Chow
group CH} (X){p} has positive corank. This also implies that the
unramified cohomology group H2 (X, Q,/Z,(2)) is infinite.

1. Introduction

Let E be an elliptic curve over Q with conductor N and with complex
multiplication by the ring of integers of an imaginary quadratic field K,
and let X = F xg E. Langer-Raskind [15, Theorem 0.1] have shown that if
p is a prime not dividing 6N, the p-primary torsion subgroup CH?(X){p}
of the Chow group of codimension 2 cycles is finite. In fact, they show the
following: If p is a prime number not dividing 6NV, let B be the spectrum of
the ring Z with the primes dividing 6 Np inverted, and let X be a smooth
proper model of X over B. By a result of Mildenhall [18, Theorem 5.8] the
kernel of the natural map CH?(X) — CH?(X) is finite, which implies that
CH?(X){p} is finite if and only if CH?*(X){p} is finite. Langer-Raskind use
this equivalence and prove the quoted finiteness result for the Chow group
of the model.

For both X and X (or more generally, smooth schemes over a field or
the spectrum of a Dedekind domain) Bloch’s cycle complex [2] defines a
complex Z(n) of Zariski sheaves (on the small sites Xy, or Xz,,), and one
can consider the groups

CHyy(X) = H73, (X, Z(n)) and  CHyy(X) = H7,, (X, Z(n)).
It follows from Zariski descent that the group CHy;(X) defined in this way
coincides with the classical Chow group CH"(X), and an easy argument
shows that in our case of interest we also have CH?(X) = CH3;(X). We may
also view Z(n) as a complex of sheaves in the étale topology (on the small
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sites X¢ and Xg;), and write Z(n)g for this complex. The étale motivic or
Lichtenbaum Chow groups we consider are the hypercohomology groups

CHE(X) = HZ'(X,Z(n)) and CHL(X) = Hg'(X,Z(n));

for details, see Section 2. Since CHE (X){p} is a quotient and CH?*(X){p}
is a subquotient of H3, (X, Q,/Z,(2)), the p-primary torsion in both Chow
groups is of finite cotype, and a priori there could be more torsion in the
Lichtenbaum Chow group. We show:

Theorem 1.1. Let E/Q be an elliptic curve with complex multiplication
and conductor N. Let p be a prime such that p{ 6N and such that E has
ordinary reduction at p, and let S be the set of primes dividing 6 Np. Set
X = E xqE, and let X — Spec(Zg) be a smooth proper model of X. Then

(a) CHE(X){p} has positive corank,
(b) CHE(X){p} contains a copy of Qp/Z,.

To prove this, we first establish a sufficient criterion in terms of étale
cohomology for CH? (X){p} to have positive corank, and then show that this
condition is satisfied. The second step involves local computations using p-
adic Hodge theory and is already implicit in the proof of Langer-Raskind.
For the convenience of the reader we give the full argument.

As suggested by the referee, we state the following corollary. With the
notations as in Theorem 1.1, consider the unramified cohomology group

Hir(%v Qp/Zy(2)) = ker{Hg’t(K, Qp/Zp(2)) — xe%%m H?et("f(x)a Qp/Zp(1))},

where K is the function field of X, (@) denotes the set of points z € X such
that dim Ox , = a, and k() is the residue field of the point.

Corollary 1.2. Let X — Spec(Zg) and p be as in Theorem 1.1. Then
the unramified cohomology group H3 (X, Q,/Z,(2)) is infinite. Furthermore,
0 (X, Qp/7Z,(2)) is infinite.

2. Preliminaries

We summarize the definitions and properties of motivic and Lichtenbaum
cohomology needed in the sequel.
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Let X be a smooth quasi-projective variety over a field k. The motivic
cohomology groups of X with coefficients in an abelian group A are defined
as

Hyi (X, A(n)) = Hz,, (X, (2"(—, ) ® A)[—2n]),
where 2" (—, e) is the complex of Zariski sheaves given by Bloch’s cycle com-
plex [2]. In particular, CH"(X) = H3(X,Z(n)) is the Chow group of codi-
mension n cycles. The complex z"(—, e) is also a complex of étale sheaves [2,

§11] whose hypercohomology groups define the étale motivic or Lichtenbaum
cohomology

Hi' (X, A(n)) = HE (X, (z"(—, ®)er ® A)[—2n]);
in particular, CH(X) = H2"(X, Z(n)). It is known that the comparison map
Hyi (X, A(n)) — Hi (X, A(n))

is an isomorphism with rational coefficients. Furthermore if £ 1 char(k) is a
prime, there is a quasi-isomorphism (Z/¢"Z)(n)s — p5" [10, Theorem 1.5],
thus with finite coefficients Lichtenbaum and étale cohomology coincides

H (X, Z/¢"(n)) = Hg (X, pg").

Let R be a Dedekind domain and let X — B = Spec(R) be an essentially
smooth B-scheme. The complex z"(—,e) on X also defines a complex of
sheaves for the Zariski and for the étale cohomology. Following Geisser [11],
we define the motivic and étale motivic or Lichtenbaum cohomology of X as

Hyi (X, A(n)) = Hz, (X, A(n)) and  H{/(X, A(n)) = Hg (X, A(n));

we also set CHY(X) = Hi(X,Z(n)) and CHM(X) = H"(X,Z(n)). We re-
mark that it not clear that the groups Hyj(X,Z(n)) coincides with the coho-
mology of Bloch’s cycle complex of abelian groups in general (this is known,
for example, in case X is essentially of finite type over B = Spec(A), where
A is a discrete valuation ring [11, Theorem 3.2]). However, in our case of
interest we can compare the exact localization sequences along the evident
maps

CH*(X,1) — @ Pic(Y,) — CH3*(X) — CH}*X) =0
vgS

| Ll

Hyi (X, Z(2)) — ;BSHm(%,Z( ) = Hy(X,Z(2)) — Hy(X,Z(2)) =0

IR
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where the isomorphisms result from the facts that for X one has Zariski
descent, and that for a smooth variety Y one has Z(1)za ~ O5[—1] (2,
Corollary 6.4]. Hence CH?(X) = CH3,(X), i.e. the motivic Chow group of
the model we consider does indeed coincide with the classical Chow group.

We remark that if € : X5 — Xyzar is the canonical morphism of sites and X
is essentially of finite type over B, the map Q(n)za, — Re.Q(n)¢ is a quasi-
isomorphism [11, Proposition 3.6], hence we have with rational coefficients

Hii (X, Q(n)) = HT' (X, Q(n)).

Let X — B be an essentially smooth scheme over the spectrum of a
Dedekind ring. In what follows we will use two properties of the Lichtenbaum
cohomology groups of X whose proofs require the use of the proof of the
Bloch-Kato conjecture, i.e. the assertion that for a field F' and a prime
number p t char(F') the norm-residue map between Milnor K-theory and
étale cohomology

Ko (F)/p" — HE(F, py™)

is an isomorphism. This has been shown for the prime p = 2 by Voevodsky
[23], and in general by Rost-Voevodsky [24], see also [25]. Making use of
the norm-residue isomorphism, Geisser has shown the following [11, Theo-
rem 1.2]:

(A) The morphism Z(n)zay — T<n+1R€eZ(n)e is a quasi-isomorphism, thus
Hyj(%,Z(n)) 2 H(X,Z(n)) for m < n + 1.

(B) If the prime p is invertible in B, there is a quasi-isomorphism of com-
plexes of étale sheaves Z/p"(n)e — py”" (where the sheaf i is in
degree 0). Hence

HY' (X, Z/p" (n)) = HE (X, 45" for m € Z,
3. Proof of the Theorem

Proof. (of Theorem 1.1) Let p > 3 be a prime such that E has good ordi-
nary reduction at p, and let X = E Xg E and X — Spec(Zg) be as in Theo-
rem 1.1; in particular, the prime p is invertible in Zg. Note that by standard
arguments involving the Leray spectral sequence associated with the mor-
phism X — Spec(Zg), the étale cohomology groups HJ} (X, ,u?i-”) are finite,
the groups HZ} (X,Q,(n)) are finite-dimensional Q,-vector spaces, and the
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groups HZ} (X, Q,/Zy(n)) are of finite cotype, see [15, proof of Lemma 3.1],
for instance.

In both topologies 7 = Zar and 7 = ét, the map ‘multiplication by p"’
induces the short exact sequence 0 — Z(2), — Z(2); — Z/p"(2); — 0 of
complexes of sheaves, from which we obtain short exact universal coeffi-
cient sequences in motivic and Lichtenbaum cohomology. Comparing these
sequences along the morphism X¢ — X7z.:, we get the following commuta-
tive diagram with exact rows

0 — H (X, Z(2))/p" — Wy (X, Z/p"(2) — CHA(X)[p'] —0

oo e l

0 — HY(X,2(2))/p" — HL(X, ") — CHLX)[p] —0

Here we have used the quasi-isomorphism Z(n) = 7<,11ReZ(n)g from (A)
to obtain the left vertical isomorphism and the quasi-isomorphism Z/p" (2)¢t
= ,up 2 from (B), which allows us to identify in the bottom row the groups

H} (X,Z/p"(2)) = HE (X, 137).

Note that, as remarked above, H3, (X, u®2) is finite. Furthermore, the ker-
nel of the map CH?(X) — CH?(X) is finite [18 Theorem 5.8] and CHQ( )[p"]
is finite [15, Theorem 0.1], thus CH?(X)[p"] is finite, and hence all groups in
the above diagram are finite as well. Taking the direct limit over all r of the
bottom row shows that CH? (X){p} is a quotient of HZ (X, Q,/Z,(2)), thus
is itself of finite cotype. Hence we have an isomorphism

CHE (X){p} = (Q,/Z,)** @ F, F a finite group.

If A is an abelian group, let T,(A) = Hom(Q,/Z,, A) be the p-adic
Tate module, and let V,(A) = T,(A4) ®z, Q, be the corresponding Tate
Qp-vector space. From the above description of CH?(X){p} we see that
T,(CHZ(X){p}) = ZS, thus V,(CH2 (X){p}) = Q%*, and we have

CHZ (X){p} has positive corank <« V,(CHE(X){p}) # 0.

Consider the Qp-vector spaces

Hy(X) = [lim HY, (X, Z(2))/p"] @z, Qp,

r

HL,(X) = lim B} (X, Z(2))/p"] ©z, Q.

r
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Since CH?(X){p} is finite, T,(CH*(X){p}) = 0 and V,(CH?*(X){p}) = 0.
Taking in (1) the inverse limit over all » (which is exact in this case) and
tensoring with Q,, we obtain the following commutative diagram whose
bottom row is exact

Hu(X) = [imH (X, 157)] ©z, Q

r

o |

0 = Hp(X) — HZ (X, Qp(2)) — V,(CHE(X){p}) —0

If K = im(k), this immediately implies that
(3) Vi (CHE (X){p}) = H (X, Qp(2)) /K.
If Q(X) is the function field of X, define
NHZ (X, 1p?) = ker{H (X, 15?) — B (Q(X), )3,

and
NHY (X, Q,(2)) = [im NHE(X, 1) @2, Q.

Note that the Q,-vector space N HZ, (X, Q,(2)) defined above does not
necessarily coincide with the first level of the usual coniveau filtration, i.e. if

N'HG, (X, Qp(2)) = lim ker {HE (X, Qp(2)) — HE (X\ 3, Qp(2))},

where the limit is taken over all closed subschemes 3 C X of codimension
one, there is an injective map N’ H, (X, Q,(2)) — N HZ (X, Q,(2)), which is
not an isomorphism in general, see [15, Remark 2.1].

We claim that K = im(x) C N HZ, (X, Q,(2)). To see this, note first that

(4) K = [limim(r,)] 2, Qp.

r

The composition Hy (X, 7Z/p"(2)) = HZ (X, ,ug’?) — Hgt(Q(X),u?iZ) coin-
cides with HY(X,Z/p' (2))  B(Q(X), 2/p" (2)) — H(Q(X), Z/p' (2)).
where the first map is the zero map, because the motivic Zariski sheaf
H3,(Z/p"(2)) on X is trivial (this follows from the existence of a Gersten
resolution [2, §10] and a local argument; see also [11, §4]). Thus im(k,-) C
NHZ (X, uf?,»z), and our claim follows from (4).
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Given K C N H2 (X, Q,(2)), the composition of (3) with the evident quo-
tient map HZ (X, Q,(2))/K — H3 (X, Q,(2))/ NHZ, (X,Q,(2)) yields a sur-
jective map

(5) Vp(CHE (X){p}) — HE (X, Qp(2))/ NHE (X, Qy(2))-
In particular, to show CH? (X){p} has positive corank it suffices to show
(©) dimg, N (X, Qy(2) < dimg, B (X,Q,(2)) — 1

Let G'g be the Galois group of the maximal extension of Q in Q which
is unramified outside of S. For v € S let X, = X x5 Q, and write G, =
Gal(Q,/Q,) for the absolute Galois group and H"(G,,, M) = H"(Q,, M) for
the continuous Galois cohomology groups with values in a G,-module M.

Let V = H% (X, Q,(2)) and consider the localization map

H'(Gs,V) = @SHI(GU,V);
ve

we recall that by results of Flach [7] this map becomes surjective after passing
to a suitable quotient on the right hand side.

In general, given a QQ)-linear representation V' of Gg, we have for a non-
archimedian completion Q, of Q the following Q,-subspaces of HY(Q,, V)

H}(Gv,V) C Hy(Gy, V) CHY(G,, V),

defined by Bloch-Kato in [3, §3] as follows: If v # p, let Q)" be the maximal
unramified extension of Q,, set H}J (Q,,V) =HYQ,,V), and

H}(Qy, V) = ker{H"(Q,, V) — H'(Q}", V)}.

v

If v = p, let Beris and Bppg be the rings defined by Fontaine in [8], and set

H}(Qy, V) = ker{H"(Qy, V) = H'(Qy, V ®gq, Beris)},
H,(Qy, V) = ker{H'(Q,, V) — H'(Qu, V ®q, Bpr)}-

If T'is a G g-stable Zy-lattice, define A by the exactness of the sequence
0-THVE A0

Let W, = H}(Qv, V) C HY(Q,, V) (where we set H}'(Qv, V) =0 for the
archimedian place v = 00). Let Mg be the set of all valuations of Q and
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define
H},(Q,V) ={z € H(Q,V) | z, € H}(Q,, V) for all v € Mg}.

Using Tate’s global duality theorem, Flach has shown [7, Proposition 1.4]
(cp. [3, Lemma 5.16]) that the localization maps induce an exact sequence

Hl(@vaA) —1

HY(Gs,A) — @ — (W),

veS PTy (WU)

where
W' = Hj,(Q,V*(1)) and V*(1) = HZ (X, Qp(1)).

Flach also showed that given our assumptions on F the Selmer groups
associated with V' and V*(1) are finite over Q [7]. This implies that the
group W’ appearing in the above exact sequence is finite, and further that
for the Q,-vector space V = HZ. (X, Qp(2)) the localization maps induce a
surjective map [15, Corollary 5.4]

1 Hl (Qv; V)
(7) H (Gs,V) — u?sm'

Consider now a smooth proper model X — Spec(Zg) of X as in Theo-
rem 1.1. The surjective localization map from (7) fits into the commutative
diagram

Hgt(:{a Qp(2)) — Uegs Hgt(Xw@p(?))

l l

H'(Gs,V) 2% & HY(Q, V)/H}(Q,, V)

where the left vertical map is induced by the Hochschild-Serre spectral
sequence, and the right vertical map comes from the Hochschild-Serre spec-
tral sequence, followed by the evident quotient map. We claim the left ver-
tical map H2,(X,Q,(2)) — H'(Gs, V) is surjective. Indeed, Ey® = H"(Gg,
H*(X,Q,(2))) =0 for r >2 by cohomological dimension [4, 2.11], and
E;” = 0 by a standard specialization argument, see [5, Theorem 1.5]. Thus
gr% H2,(X,Q,(2)) = 0 and Ey? = grb H2, (X,Q,(2)), i.e. the claimed surjec-
tion is the evident map F' HZ, (X, Q,(2)) — grk H (X, Q,(2)). Since p € S,
we may pass first to the quotient H'(Q,, V)/H}(Qp, V), and then further
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to HY(Qp, V)/ H; (Qp, V) to obtain a surjective map of Q,-vector spaces
(8) HZ (X, Qp(2)) = HY(Qp, V)/ Hg(Qp, V).

In our next step we show that the surjective map (8) factors through
the quotient HZ (X,Q,(2))/ NHZ,(X,Q,(2)). In the Hochschild-Serre spec-
tral sequence

Ep* = H'(Q, Hy (X, Qy(2))) = Hy (X, Qp(2))

Eg’g =0 by a weight argument, and Eg’l =0 by [1, Proposition 2.4]. Since
furthermore E5* = 0 for r > 2 by cohomological dimension, this implies that

9) H&(Xo,, Qp(2)) = H'(Qp, V).

Let Xz, = X xp Zp,and let j : Xg, — Xz, be the inclusion. It is immedi-
ate that the image of N H, (X, Q,(2)) in H'(Q,, V) is contained in the image
of NHZ, (X7,,Q,(2)) in H(Qy, V). In particular, to show the map (8) factors
through H2, (X, Q,(2))/ NH, (X,Q,(2)) it suffices to show that the image of
NHZ (Xz,,Q,(2)) in H'(Qp, V) is contained in the subspace H;(Qp, V).

If C* is a complex of sheaves on Xz,, we write 7<,,C*® for its truncation
consisting of terms in degree < n. In particular, if C* = Ry, ;@2 , then

HS(%ZIN TSZRJ*QP(2)) = [lgn Hg(%ZP7TS2Rj*M§2)] ®Z;n Qp’

™

and it follows from [16, Lemma 5-4] that there is an inclusion
(10) NHG (Xz,,Qy(2) € H(Xz,, T<2RjuQp(2))-

We need a result from p-adic Hodge theory, for an overview in a more
general setting, see [20, §2], for instance. There is a natural (injective) pull-
back map

(11) o H(Xz,, T<2Rj:Qp(2)) — Hg(Xo,, Qp(2)) = HY(Qy, V).

Let ¢ : Y}, = Xz, be the inclusion of the closed fiber, and let $1°8(n) be the
log syntomic complex defined by Kato in [14]. By a result of Tsuji [22, The-
orem 5.1], we have in Dlé’t(%7 Z/p"Z) for 0 < n < p — 2 a quasi-isomorphism

log

0 s (n) 3 i (ren RiE"):
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in particular, this holds for n = 2, provided p > 3. Consider now the group

H' (%, s55(n)) = lim H" (X5, 5% (n))] @z, Q.

Since we assume p > 3, the quasi-isomorphism 7 induces an isomorphism

(12) H(Xz,, 55(2)) = H(Xz,, 7<a RjuQp(2))-

Let 1’ be the composition of this isomorphism with the map « from (11), i.e.
0 H (X, 505(2)) = HY(Q,, V).

The result we need is the following inclusion [17, Lemma 2.12] (which by [17],
and more generally [19, Theorem 3.1], is in fact known to be an equality)

(13) im(y') C HA(Qp, V).

In particular, by (10), (12) and (13) the image of N HZ (X, Q,(2)) in H'(Q,,
V') lies in the subspace H;(Qp, V'), thus (8) induces a surjective map

(14) Hg’t(x7@p<2))/NHgt(%a Qp(2)) — Hl(@pv V)/H:;(va V) =: 6.

It remains to show O, # 0. The dimension of this space can be computed
as follows [15, pg. 16] (see also [16, proof of Lemma 4-5]): Let W = V/(1)* =
HZ (X, Q,(1)), viewed as a G, = Gal(Q,/Qp)-module. Then

dimg, ©, = dimg, Dar(W)/Dyp(W) — dimg, Deris(W)7=" 4 dimg, WE.
For the first term we have isomorphisms
Dgr(W) = Hip(X/Q) ® Q, and Djp(W) = Fig, Hip(X/Q) © Q,

hence the dimension of this term is equal to dim H?(X,Ox) = 1.
For the second term, let Er, be the reduction of E at the prime p, and
let Xp, = Er, x Ep, . By the crystalline conjecture (cp. [9] and [6]) and the



Torsion in Lichtenbaum Chow groups 1501

crystalline Tate conjecture (proved for abelian varieties in [21] and [13])
Deio(W)/=1 22 (2, (X, /W (F,)) @ @)% = Pic(X,) © Q.
and therefore
dimg, Deris(W) =1 = 2 + dimg(Endg, (Er,) ® Q) = 4.
For the remaining term, let V,(E) = H'(E,Q,(1)), so that
dimg, W = 2 + dimg, Endg, (V,(E)).

Here we use that we have ordinary reduction at p. It follows that the prime
p splits in the CM field K, Q, contains K, and the complex multiplication
is defined over Q,. Thus dimg, Endg, (V,(E)) = 2, and therefore

(15) dimg, ©, =1 —4+4=1.

Now the combination of (6), (14) and (15) implies that CHZ(X){p} has
positive corank, and completes the proof of part (a) of Theorem 1.1.

To prove CH? (X){p} contains a copy of Q,/Z, we show that the kernel
of the map

CH{ (X){p} — CH{(X){p}

is finite. Consider the commutative diagram with exact rows and columns

o2 H, (Yo, Qp/Zy(1))

0 — H{ (X,2(2) ® Qp/Z, — HE(X,Q,/Zy(2)) — CH{(X){p} =0

g ; I

0 = HY (X, Z(2) © Qp/Zy = HEL(X,Qp/Zp(2)) — CHE(X){p} =0

& HE (Yo, Qp/Zp(1))

vgS

whose middle column is the localization sequence in étale cohomology. We
will make again use of Mildenhall’s result [18, Theorem 5.8] that ¥ =
ker{CH?(X) — CH?*(X)} is a finite group. Since in bidegree (3,2) we can
identify motivic and Lichtenbaum cohomology for both X and X, we may
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rewrite the localization sequence in motivic cohomology with integral coef-
ficients in the form

02 (X,7Z(2)) — H} (X,2(2) & & CHY(Y,) = ¥ — 0.
vegS

From the map ‘multiplication by p"’ we obtain a long exact sequence
B[] = im(9)/p" = & CH'(Y,)/p" = %/p" =0,
vgS
and taking the direct limit over all r it is immediate that the map

coker(a) = im(9) ® Q,/Z, — ?S CHY(Y,) ® Q,/Z,

has finite kernel. If Y}, is a smooth closed fiber, we have from the Kummer
sequence an injective map CH'(Y,) ® Qp/Z, — HZ (Y,, Q,/Zy(1)) such that
the diagram

coker () — coker(f)

! Ju

&, CH(Y)) ©Qp/Z, =5 & H; (Yo, Qp/Zy(1)

veS

commutes. Thus the kernel of the top horizontal map is finite. Given this, it
suffices to show the image of ker(3) — ker(v), or equivalently, the image of

s CH,(Y,){p} — CHE (X){p}

is finite, which also follows easily from Mildenhall’s Theorem. The diagram

v% CH'(Y,){p} — CH*(X){p}

| 1

s CHL,(Y,){p} — CHE(X){p}

commutes, and the top horizontal map factors through the finite group X{p}.
This proves our second claim (b), and completes the proof of Theorem 1.1.
O

Remark 3.1. If £/Q does not have complex multiplication and p > 3 is
a prime such that F has good ordinary reduction at p, it follows from the
proof of [16, Lemma 4-5] that dimg, ©, = 0.
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We prove Corollary 1.2.

Proof. (of Corollary 1.2) It suffices to show that there is an exact sequence

(16) H (X, Qp/Zp(2)) = HE (X, Qp/Zp(2)) — Hypo (X, Qp/Zy(2)).
Given this, we have using (A) a commutative diagram with exact rows

0 — HY (X, 2(2) ® Qp/Zp — Hyy(X, Qp/Zp(2)) — CHA(X){p} —0

| | I

0 — H (X, Z(2) @ Q/Zy — HE(X,Qp/Zy(2)) — CHE(X){p} —0

1%

and Corollary 1.2 follows from Theorem 1.1. To establish (16) we first work
with finite coefficients. Consider the spectral sequence (cp. [11, §4])

Bifi= & B (6(0), 2/ 22 a) = B (%, 2/072(2))

where chi/l =0 for a > 2, since Z/p"Z(n) = 0 for n < 0. Moreover, Eglg\'/l -
HY(X,H3,(Z/p"Z(2))) = 0, which implies that there is a surjective map

(17) HY (2, 2/0'Z(2)) = By
By construction, the group E;i/[ coincides with the homology of the complex
(18) Ko(K)/p" = @ w(x)"/p"— © L[p"L;

reX®) zEX(2)

here we have used that K;(F)/p" = Hi;(F,Z/p"Z(i)) for a field F and i =
0,1,2. There is an analogous spectral sequence for étale cohomology

ECY = @ HY(s(x), up ) = HE(X, 1S2).
€T

In this spectral sequence Egé’gt = 0 if a > b, since étale cohomology vanishes

in negative degrees. Note Ey7, = H2.(%, ug’?), thus there is an exact sequence

1,2
(19) 0 By

- Hzt(xa :U’SQ) — ng(%v M?Z)v
where Eézt is the homology of the complex

(20)  HAL(K.uSY) > @ Hh(s@)u)— @ H(n(x), u2)
zex® reX(2)
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Now the complexes (18) and (20) are isomorphic, since K;(F')/p" = H, (F,
pis') for a field F and i = 0,1,2. Thus E;IQ\/I = E;’zt, and we obtain from (17)
and (19) the exact sequence Hy; (X, Z/p"Z(2)) — H3 (X, ug’?) — 13 (%, /L??);
given this, the exact sequence (16) follows by taking the evident colimit.
For the second statement of the Corollary note that there is an inclusion

Hae (X, Qp/Zp(2)) C H3 (X, Qp/Zy(2)).
0

Remark 3.2. Let X be a smooth quasi-projective variety over a field k.
From [12, Proposition 2.9] we have the exact sequence

0 — CH*(X) — CH(X) — H2,(X,Q/Z(2)) — 0,

and Theorem 1.1 also implies that for the surface X/Q the groups QHQ (X)
and CEI%(X) differ by an infinite group; however, if X = X xg Q, then
CH?(X) = CH?(X).
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